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PREFACE TO THE NEW EDITION 


H andbook of Integral Equations, Second Edition, a uniquereferencefor engineers and scientists, 
contains over 2,500 integral equations with solutions, as well as analytical and numerical methods for 
solving linear and nonlinear equations. It considers Volterra, Fredholm, Wiener-H opf, Hammerstein, 
Urysohn, and other equations, which arisein mathematics, physics, engineering sciences, economics, 
etc. In total, the number of equations described is an order of magnitude greater than in any other 
book available. 

The second edition has been substantially updated, revised, and extended. It includes new 
chapters on mixed multidimensional equations, methods of integral equations for ODEs and PDEs, 
and about 400 new equations with exact solutions. It presents a considerable amount of new 
material on Volterra, Fredholm, singular, hypersingular, dual, and nonlinear integral equations, 
integral transforms, and special functions. Many examples were added for illustrative purposes. 
The new edition has been increased by a total of over 300 pages. 

Note that the first part of the book can be used as a database of test problems for numerical and 
approximate methods for solving linear and nonlinear integral equations. 

We would like to express our deep gratitude to Alexei Zhurov and Vasilii Silvestrov for fruitful 
discussions. We also appreciate the help of Grigory Y osifian in translating new sections of this book 
and valuable remarks. 

The authors hope that the handbook will provehelpful for a wide audience of researchers, college 
and university teachers, engineers, and students in various fields of applied mathematics, mechanics, 
physics, chemistry, biology, economics, and engineering sciences. 


A.D. Polyanin 
A.V. Manzhirov 


PREFACE TO THE FIRST EDITION 


Integral equations are encountered in various fields of science and numerous applications (in 
elasticity, plasticity, heat and mass transfer, oscillation theory, fluid dynamics, filtration theory, 
electrostatics, electrodynamics, biomechanics, game theory, control, queuing theory, electrical en- 
gineering, economics, medicine, etc.). 

Exact (closed-form) solutions of integral equations play an important role in the proper un- 
derstanding of qualitative features of many phenomena and processes in various areas of natural 
science. L ots of equations of physics, chemistry, and biology contain functions or parameters which 
are obtained from experiments and hence are not strictly fixed. Therefore, it is expedient to choose 
the structure of these functions so that it would be easier to analyze and solve the equation. Asa 
possible selection criterion, one may adopt the requirement that the model integral equation admits 
a solution in aclosed form. Exact solutions can be used to verify the consistency and estimate errors 
of various numerical, asymptotic, and approximate methods. 

More than 2,100 integral equations and their solutions are given in the first part of the book 
(Chapters 1-6). A lot of new exact solutions to linear and nonlinear equations are included. Special 
attention is paid to equations of general form, which depend on arbitrary functions. The other 
equations contain one or more free parameters (the book actually deals with families of integral 
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equations); it is the reader’s option to fix these parameters. In total, the number of equations 
described in this handbook is an order of magnitude greater than in any other book currently 
available. 

The second part of the book (Chapters 7-14) presents exact, approximate analytical, and numer- 
ical methods for solving linear and nonlinear integral equations. A part from the classical methods, 
some new methods are also described. When selecting the material, the authors have given a 
pronounced preference to practical aspects of the matter; that is, to methods that allow effectively 
“constructing” the solution. For the reader’s better understanding of the methods, each section is 
supplied with examples of specific equations. Some sections may be used by lecturers of colleges 
and universities as a basis for courses on integral equations and mathematical physics equations for 
graduate and postgraduate students. 

For the convenience of a wide audience with different mathematical backgrounds, the authors 
tried to do their best, wherever possible, to avoid special terminology. Therefore, some of the methods 
are outlined in a schematic and somewhat simplified manner, with necessary references made to 
books where these methods are considered in more detail. For some nonlinear equations, only 
solutions of thesimplestform are given. The book does not cover two-, three-, and multidimensional 
integral equations. 

The handbook consists of chapters, sections, and subsections. Equations and formulas are 
numbered separately in each section. The equations within a section are arranged in increasing 
order of complexity. The extensive table of contents provides rapid access to the desired equations. 

For the reader’s convenience, the main material is followed by a number of supplements, where 
some properties of elementary and special functions are described, tables of indefinite and definite 
integrals are given, as well as tables of Laplace, M ellin, and other transforms, which are used in the 
book. 

The first and second parts of the book, just as many sections, were written so that they could be 
read independently from each other. This allows the reader to quickly get to the heart of the matter. 

We would like to express our deep gratitude to Rolf Sulanke and Alexei Zhurov for fruitful 
discussions and valuable remarks. We also appreciate the help of Vladimir Nazaikinskii and 
Alexander Shtern in translating the second part of this book, and are thankful to Inna Shingareva for 
her assistance in preparing the camera-ready copy of the book. 

The authors hope that the handbook will prove helpful for a wide audience of researchers, 
college and university teachers, engineers, and students in various fields of mathematics, mechanics, 
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SOME REMARKS AND NOTATION 


1. In Chapters 1-11, 14, and 18 in the original integral equations, the independent variable is 
denoted by z, the integration variable by t, and the unknown function by y = y(z). 


2. For a function of one variable f = f(z), we use the following notation for the derivatives: 


4 mn 
aD pe pe p= and fo = © tor nes. 
v xv dx dx” 
Occasionally, we use the similar notation for partial derivatives of a function of two variables, 
for example, K/(z, t) = —K(z, t). 
Ox 


3. In some cases, we use the operator notation [ray | re which is defined recursively by 


n n-1 
[d2] ola) = so-Z{[rlad-2] ola} 


4. Itis indicated in the beginning of Chapters 1-8 that f = f(z), g =g(x), K = K(z), etc. are 
arbitrary functions, and A, B, etc. are free parameters. This means that: 


(a) f = f(z), g =g(x), K = K(x), etc. are assumed to be continuous real-valued functions of real 
arguments; * 


(b) if the solution contains derivatives of these functions, then the functions are assumed to be 
sufficiently differenti abl e;** 


(c) if the solution contains integrals with these functions (in combination with other functions), then 
the integrals are supposed to converge; 


(d) the free parameters A, B, etc. may assume any real values for which the expressions occurring 


‘ . : . ; A 
in the equation and the solution make sense (for example, if asolution contains a factor Ta’ 
then itis implied that A # 1; as arule, this is not specified in the text). 


5. The notations Rez and Im z stand, respectively, for the real and the imaginary part of a 
complex quantity z. 


6. In the first part of the book (Chapters 1-8) when referencing a particular equation, we use a 
notation like 2.3.15, which implies equation 15 from Section 2.3. 


7. To highlight portions of the text, the following symbols are used in the book: 
m indicates important information pertaining to a group of equations (Chapters 1-8); 


© indicates the literature used in the preparation of the textin specific equations (Chapters 1-8) or 
sections (Chapters 9-18). 


* Less severe restrictions on these functions are presented in the second part of the book. 
** Restrictions (b) and (c) imposed on f = f(x), g = g(x), K = K(z), etc. are not mentioned in the text. 
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Part | 


Exact Solutions of 
Integral Equations 


Chapter 1 


Linear Equations of the First Kind 
with Variable Limit of Integration 


> Notation: f = f(x), g = g(x), h= h(a), K = K(x), and M = M(a) are arbitrary functions (these 
may be composite functions of the argument depending on two variables x and t); A, B, C, D, E, 
a, b,c a, 2, y, », and ys are free parameters; and m and n are nonnegative integers. 


> Preliminary remarks. For equations of the form 


/ K(a, thy) dt = f(x), asxas<b, 
where the functions K(x, t) and f(a) are continuous, the right-hand side must satisfy the following 
conditions: 


1°. If K(a,a) #0, then we must have f(a) = 0 (for example, the right-hand sides of equations 1.1.1 
and 1.2.1 must satisfy this condition). 


2°. If K(a,a) = Ki(a,a) =--+ = KY" YP(a,a) =0, 0< |K(a,a)| < 00, then the right-hand side 
of the equation must satisfy the conditions 
f@)= fa) == f2'@ =0. 
For example, with n = 1, these are constraints for the right-hand side of equation 1.1.2. 
3°. If K(a,a) = K/(a,a)=---= K@-(a,a)=0, K‘(a,a) = 00, then the right-hand side of the 
equation must satisfy the conditions 
f@=fi@=-- = fe %@ =0. 


For example, with n = 1, this is a constraint for the right-hand side of equation 1.1.30. 


4°. For unbounded K(a,t) with integrable power-law or logarithmic singularity at 7 = t and 
continuous f(x), no additional conditions are imposed on the right-hand side of the integral equation 
(e.g., see Abel’s equation 1.1.36). 
In the case of a difference kernel, K(x, t) = K(a# —1), that can be represented as x — t in the 
form 
K(a-t) = A(v-t)* + o((x-1)*) (0 <|A| < ox), 


the right-hand side of the integral equation, for \ = 0, must satisfy the conditions 
fla) = fra) = = f(a) = 0, 


where [A] is the integer part of A. For —1 <  < 0, there are no additional conditions imposed on the 
function f(z). 
In Chapter 1, conditions 1°—3° are as a rule not specified. 
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LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


1.1. Equations Whose Kernels Contain Power-Law 


Functions 


1.1-1. Kernels Linear in the Arguments x and t. 


1. 


/ y(t) dt = f(a). 


Solution: y(x) = f/(2). 


[ e-oum at = feo. 


Solution: y(x) = fi",(2). 


jp + Bt+C)y(t) dt = f(x). 


This is a special case of equation 1.9.5 with g(x) = x. 


1°. Solution with B #—A: 


A x 
y= 2{ [As Beso] Ff [As Bec] Keoarl, 


2°. Solution with B = —A: 


y(a) = = lexo(-Ze) i exp(5") fie) a| . 


1.1-2. Kernels Quadratic in the Arguments x and t. 


4. 


[ @-eumat= fo, fa) = fia) = f(a) =0. 


Solution: y(x) = 4 roe h): 


[ e-Prymdt= fam, — flay= fia) =0. 
This is a special case of equation 1.9.2 with g(x) = 2”. 


1 
Solution: y(z) = a2 [aft (x) — fi(a)]. 


| (Ax? + Bt) y(t) dt = f(z). 
This is a special case of equation 1.9.4 with g(x) = x”. For B = —A, see equation 1.1.5. 


1. d- | oA) of 228 
Solution: y(x) = A+ Bde E A+B / t A+B AC) a 7 


/ ‘ (Aa + Bt? + C) y(t) dt = f(a). 


This is a special case of equation 1.9.5 with g(x) = 2’. 
Solution: 


d A_ fe B 
y(x) = sign v(x) {lor A+B / lo A+B f;(t) at}, g(x) = (A+ B)a? +C. 
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8. | i [Aa’ +(B - A)xt - Bt’| y(t) dt = f(x), f(a) = fi(a)=0. 


Differentiating with respect to x yields an equation of the form 1.1.3: 


/ “Daw + (B— A)tly(t) dt = f(z). 


Solution: 


1 d[_24 f* AB 
US ee ae x we | tA+B fi, (t) dt}. 


9. | (Aa? + Bt? + Cx + Dt + E)y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = Ax? + Cx and h(t) = Bt? + Dt +E. 


10. i; (Act + BU + Ca+ Dt + E)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = x, hy(t) = At + C, go(x) = 1, and 
ho(t) = Bt? + Dt +E. 


11. ‘| (Ax? + Bat + Cx + Dt + E)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g\(x) = Ba+D, h(t) =t, g(x) = Az? +Cx+ 8, 
and ho(t) = 1. 


1.1-3. Kernels Cubic in the Arguments and t. 


12. | (w-ty(t)dt = f(a), fla) = f(a) = f(a) = f(a) = 0. 


Solution: y(x) = 7 3 


13. [ (@-Pyodt= fm, fla)= fifa) =0. 
This is a special case of equation 1.9.2 with g(x) = x°. 


Solution: y(x) = = [there(@) —2f,(x)]. 


14. j : (Ax? + Bt?) y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(a) = x*. For B =—A, see equation 1.1.13. 
1 df _34 f*® _.3B 
Solution with O<a<z: y(a) = As ae E A+B | t A+B fi) a| 5 


15. | : (Aa? + Bt? + C)y(t) dt = f(a). 


This is a special case of equation 1.9.5 with g(x) = 2°. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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[ @t-obyinat=f@, — fla)= fila)=0. 
This is a special case of equation 1.9.11 with g(x) = x and h(x) = x. 
1 d@ fl 
Solution: y(«) = ——~|—f(a)]. 
x dx? |x 


| "(Av + Bat?)y(t) dt = f(a). 


This is a special case of equation 1.9.12 with g(x) = x* and h(x) = x. For B = —A, see 
equation 1.1.16. 
Solution: 


oS ear ee | rel dt 

rT)= — sv Sap Woe, : 

y (A+ B)a dx 2 dt | t 

| (Aa? + Bat”)y(t) dt = f(x). 

This is a special case of equation 1.9.15 with gi(x) = Az’, hi(t) = 1, go(x) = Bz, and ha(t) =0?. 


i ae + Ba*t)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = Ax, h(t) = 1, g(x) = Bx?, and 
ho(t) = t. 


/ "(aes + Bt?yy(t) dt = f(a). 

ai is a special case of equation 1.9.15 with g,(a) = Ax’, hi(t) = t, g2(x) = B, and ha(t) = t?. 
it “(Agt? + Bt?)y(t) dt = f(a). 

ace is a special case of equation 1.9.15 with g,(a) = Ax, h,(t) = t?, go(x) = B, and ha(t) = t?. 
| 7 (A3az* + B3t? + Aga” + Bot? + Aix + Bit + C) y(t) dt = f(z). 


This is a special case of equation 1.9.6 with g(x) = A3x° + Aja + Aja + C and h(t) = 
B3t} + Bot? + Bit. 


1.1-4. Kernels Containing Higher-Order Polynomials in x and t. 


23. 


fe —t)” y(t) dt = f(x), n=1,2,... 


It is assumed that the right-hand of the equation satisfies the conditions f(a) = fi(a) =---= 
f@=0. 
1 
Solution: y(x) = i a). 
n! 


Example. For f(x) = Ax™, where m is a positive integer, m > n, the solution has the form 


Am! 


gmnl 
ni(m-n-1)! 


ya) = 
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24. fl (a” —t” y(t) dt = f(x), f(a) = fia) =0, n=1,2,... 


ldff' 
Solution: y(x) = —— Fo) : 
n dx | «xr! 


25. / (ta! - 2" t"*") y(t) dt = f(x), n =2,3,... 


This is a special case of equation 1.9.11 with g(x) = x"*! and h(x) = x”. 


1 & yD) 


Solution: y(x) = ——~ 


1.1-5. Kernels Containing Rational Functions. 


26. | MN rs 
0 


xzt+t 


N 
1°. For a polynomial right-hand side, f(a) = }> Anx”, the solution has the form 
n=0 


NA, i g2as 
ya) =) 5-0", By =c1y"|na+ >"). 
n=o " k=l 


N 
2°. For f(x) = 2* S> A,x”, where \ is an arbitrary number (\ > —1), the solution has the 
n=0 


form 


N 1 4A4+n 
A tv” dt 
Xr non 
= _— Bn = < 
Us » pore | +t 
N 
3°. For f(x) = Ina( y Anz”) , the solution has the form 

n=0 


Antn n 
Bo 


N 4 N 
y(2) = Inc > Be + be 
n=0 ft n=0 


B,=Ciy"|n2+y>§ ~ | n=cy| 5+ OD | 
k=1 


N 
4°. For f(z) = >> An (In x)”, the solution of the equation has the form 


n=0 


N 
y(x) = >" AnYa(a), 


n=0 


where the functions Y,, = Y,,(a) are given by 


Lalo ae Oa Tee 
eee Wax LIOR. [a5 SF fos. ee Bee 
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N N 

5°. For f(x) = > An cos(An Inxz) + S> By sin(\, In x), the solution of the equation has the 
n=l n=l 

form 


N N 
y(x) = S > Cy, cos(An Inz) +S > Dy sin(An Inz), 


n=1 n=l 
where the constants C;, and D,, are found by the method of undetermined coefficients. 


6°. For arbitrary f(«), the transformation 
e=ze*, tafe", yO=e7w(r), f@)=e*g(2) 


leads to an integral equation with difference kernel of the form 1.9.27: 


= w(t) dr 7 
[. cosh(z—T) _ G2). 


© y(t) dt 
27. | —— = f(x), a>0, at+b>0. 
9 ax+bt 


N 
1°. For a polynomial right-hand side, f(a) = )> An«”, the solution has the form 


N 1 
Bex t” dt 
wed= De Bex fe 


n=0 


N 
2°. For f(x) = a > Anz”, where X is an arbitrary number (\ > —1), the solution has the 


n=0 


N 1 yA4+n 
Ap. 2s bn dt 
yeaa Fe”, Bas f HE 
n=0 0 


form 


n 


N 
3°. For f(x) =In x( > Ans") , the solution has the form 
n=0 


N N 1 1 
Bic ARGS 2 t” dt ‘Int 
yay tae 3° - y Be bee By = f cere Cuz | ear dt 


a n=0 


4°. For some other special forms of the right-hand side (see items 4 and 5, equation 1.1.26), 
the solution may be found by the method of undetermined coefficients. 


28 i EE Hie i; ants 
: = ; >0, +b>0. 
9 ax? + bt? - - ° 


N 
1°. For a polynomial right-hand side, f(a) = 5> An«”, the solution has the form 
n=0 
N 


> rr Dg dt 
= sy” By = ——.. 
a Sy mie tae 


n=0 uy 
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Example. For a = b = | and f(x) = Ax? + Ba + C, the solution of the integral equation is: 
y(x) = Ze o+ lca + mca 
1-In2 4-27 In2 
N 
2°. For f(x) = a > Anz”, where X is an arbitrary number (\ > —1), the solution has the 
n=0 
form 
N 1 yA+n41 
A t dt 
Xr n ntl 
L)=2x Gs By, = —_. 
y(@) om Bn ” | a+ bt? 
n=0 0 
N 
3°. For f(x) =In x( Se Anz”) , the solution has the form 
n=0 


N 1 yn+l 1 antl 
An AnCyn tr dt i? Int 
yo) = Inx )) Sa"! y ar eo. Be Sy is NOS = - 
n=0 ~~” 0 


dt. 
an a+ bt?’ a+ bt? 
“ y(t) dt 
29. —————_ = f(x), a>0, at+b>0, m=1,2 
9 ax™ + bt™ 
N 
1°. For a polynomial right-hand side, f(a) = }> An«”, the solution has the form 
n=0 
N 1 ymtn-l 
Aen cated pre 
_ aan m+n— Bn = : 
wos Dee, Bas | ar 
N 
2°. For f(x) = 2* S> A,x”, where \ is an arbitrary number (A > —1), the solution has the 
n=0 
form 


N 1 4A\+m+n-1 
A t dt 
y(a) = a y anh. B,= | —— 
n=0 a 0 


a+ bt™ 


N 
3°. For f(x) =In x( > Anz”) , the solution has the form 
n=0 


y(x) = ne a8 An mtn 1 > AnOn A nCn min 1 


~ Be ‘ 
n=0 n=0 
pmtn-l yt 1 pm+n-l In t 
B, -[ Ae i Ee ae 
a+ btm 9 a+bt™ 


1.1-6. Kernels Containing Square Roots. 


‘, vVa-—ty(t)dt = f(x). 


Differentiating with respect to x, we arrive at Abel’s equation 1.1.36 


d 


Ge 2 a xp fat 
s m dx c—t 


Solution: 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


[ (ve- ve) at = Fa, 


This is a special case of equation 1.1.45 with pw = > 


Solution: y(x) = oo [Va f(a). 
dx 


Me (AVa + Bvt) y(t) dt = f(x). 


This is a special case of equation 1.1.46 with p = 4. 


f (1+ bVa—t)y(t) dt = f(x). 


Differentiating with respect to x, we arrive at Abel’s equation of the second kind 2.1.46: 


b y(t) dt 
yes f — = fa(@). 


| " (t/a - xv/t )y(t) dt = f(a). 


This is a special case of equation 1.9.11 with g(x) = \/x and h(x) = z. 


/ " (AtVz + Bavt)y(t) dt = fle). 


This is a special case of equation 1.9.12 with g(x) = \/z and h(t) = t. 


* y(t) dt _ 
Lime 
Abel’s equation. 
Solution: 
“fOd _ or AS 
y(x) = cel = : 
x x-t 7 Jr-a “al 


@) Reference: E. T. Whittaker and G. N. Watson (1958). 


ad 1 


Let us rewrite the equation in the form 


t) dt ad 
pus f(a)- of y(t) dt. 


Assuming the right-hand side to be known, we solve this equation as Abel’s equation 1.1.36. 
After some manipulations, we arrive at Abel’s equation of the second kind 2.1.46: 


” y(t) dt 


ie +2 pus ” f(t) dt 


i omer 


= F(x), where F(x) = 


38. 


39. 


40. 


41. 


42. 


1.1. EQUATIONS WHOSE KERNELS CONTAIN POWER-LAW FUNCTIONS 


a (=- Sz )oat= fee. 


This is a special case of equation 1.1.45 with « =—3. 
Solution: y(x)=-2[a?/fi(@)|’, a > 0. 


a (= <) meat = = f(a). 


This is a special case of equation 1.1.46 with uw =—>. 


e /[a-t 
/ ,4/ —— y(t) dt = f(a). 
ap att 


Solution: 


y(@) = 


Qn V7? —- x dx 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992). 


7 y(t)dt | 
0 vane 
2d f? Lia di 


Solution: y = —— —_.. 
! Tv dx a a = t2 


© Reference: P. P. Zabreyko, A. I. Koshelevy, et al. (1975). 
re y(t) dt 


Vetaui a>0, a+b>0. 
0 ax 


V 72 — t2 


ama ¢ Hl F(t) als t), la i’ tLAO- 1 
dx 


N 
1°. For a polynomial right-hand side, f(a) = }> Anx”, the solution has the form 


n=0 


A» 7 t” dt 
w= Doge, Bas ae 
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N 
2°. For f(x) = x? >> Anz”, where \ is an arbitrary number (\ > —1), the solution has the 


n=0 
form 


pat dt 


y(a) = x — ", B,= ——.. 
» Bn, 0 Va+ bi? 


N 
3°. For f(x) =In x( > An”) , the solution has the form 
n=0 


N 1 
An ne t” dt 
(x) =Inz ye > x”, By - | a 
2 n=0 Bn, 0 Va +t bt? 


N 
V@= >> AnYa@s 


n=0 


-[ 


N 
4°. For f(z) = > An (In x)”, the solution of the equation has the form 


t? Int 


——- di 
vVa+ bt? 
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where the functions Y,, = Y,,(a) are given by 
ae | ge 1 2 dz 
Yn(a) = {lal} . 10)= | Ss. 
dX” | L(A) } J yo 0 Vatbz? 


N N 
5°. For f(x) = > An cos(An Inxz) + S> By sin(\, In x), the solution of the equation has the 
n=l n=l 


form 


N N 
y(x) = S° Cy, cos(An Inz) + > Dy, sin(A, Inz), 


n=l n=l 


where the constants C;, and D,, are found by the method of undetermined coefficients. 


1.1-7. Kernels Containing Arbitrary Powers. 


43. / “G -t)y(t) dt = f(a), f(ia)=0, 0<A<1. 


Differentiating with respect to x, we arrive at the generalized Abel equation 1.1.47: 


* y(t) dt ye 
| Soa-zho. 


Solution: ; 
_,d “ f@) dt __ sin(mA) 
eI q (e-tp’ ee TA 


@ Reference: F. D. Gakhov (1977). 


44, fe —t)*y(t) dt = f(a). 


For . = 0,1,2,..., see equations 1.1.1, 1.1.2, 1.1.4, 1.1.12, and 1.1.23. For 0 < p< 1, see 
equation 1.1.43. 
Set pp =n—A, where n = 1,2,... andO< <1, and f(a) = fi(a) =--- = f(a) = 0. 
On differentiating the equation n times, we arrive at an equation of the form 1.1.47: 


* y(t)dr — Mu-n+1) 


(n) 
goer” Daa. 


where ['(u) is the gamma function. 
Example. Set f(x) = Az®, where ( = 0, and let pp > —1 and z»-— G6 #0,1,2,... In this case, the solution has 
AT 1 
the form y(x) = ANB HY pw, 
Tat DEG - pw) 


© Reference: M. L. Krasnoy, A. I. Kisilev, and G. I. Makarenko (1971). 
x 
45. | (x¥ — t*)y(t) dt = f(x). 
a 
This is a special case of equation 1.9.2 with g(x) = x". 


Solution: y(a) = - [er f@)| 


/ 
Pa 


46. 


47. 


48. 


49. 


50. 


51. 
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a (Aa* + Bt") y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = 2". For B =—A, see equation 1.1.44. 


Soluti a a Fa: "ER pleat 
: = + + 
olution: y(x) = AaB dig x | ff, @ dt}. 
y(t) dt 
ead = f(x), 0<A<1. 
The generalized Abel equation. 
Solution: 
oe sint\) d [* f(t)dt _ sin(wA) f@ "fit dt 
ae dx J, (@-t)}h® ot (x-a)' ¢ ore 


@) Reference: E. T. Whittaker and G. N. Watson (1958). 


= 1 
b + ———_| y(t) dt = f(a), 0<A<1. 
fi | )dt = f(a) 
Rewrite the equation in the form 


” y(t) dt 
a (x > iA 


= f(x) i y(t) dt, 


Assuming the right-hand side to be known, we solve this equation as the generalized Abel 
equation 1.1.47. After some manipulations, we arrive at Abel’s equation of the second 
kind 2.1.60: 


b os) y(t) dt sin(tA) d [*” f(t)dt 
y(x) + a @— jE ars FS hl = F(x), where F(a) = = We 7 @-p)>" 


f (Ja -Vt)*y(t) dt = fiz), 0<A<1. 


Solution: 


__ f@d __ sin(7) 
wea al +) [ vi(/a-vt)*" > 


[~Ss fix), O<rA<1 
— ZL), . 
a (ve-vt)* 


Solution: 


_ sin(wA) d —_ f@dt dt 
UOy= af Vilvt vata 


/ : (Aa* + Bt") y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = Ax and h(t) = Btt. 
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52. 


53. 


54, 


55. 


56. 


57. 
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i [1+ AG! — 2 *)] y(t) dt = fla). 


This is a special case of equation 1.9.13 with g(x) = Ax" and h(x) = x. 
Solution: 


d xv % - ! Au i 
yo= 2 i. [t *feo), ona}, B(2) = exp(——y a" ), 


i : (Aa?t? + Bx®t*) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g;(x) = Axv®, h(t) = 07, g(x) = Bx®, and 
ho(t) = t. 


f [Aax*(t" — a) + Bar? (t7 — x7)| y(t) dt = f(a). 


This is a special case of equation 1.9.47 with gi(x) = Ax, hy(x) = x", g2(x) = Be®, and 
ho(x) = x7. 


j [Aa*t" + Bart — (A+ Bat] y(t) dt = f(x). 
This is a special case of equation 1.9.49 with g(x) = x. 


) t? (a — t#)y(t) dt = f(x), o>-l, pw>0, A>-1. 
The transformation 7 = t", z= x", w(T) = tot lat) leads to an equation of the form 1.1.43: 
/ (z-7)*w(r) dr = F(z), 
A 
where A = a! and F(z) = wf(z'/"). 
Solution with -1 < A <0: 


psin(7A) ad 


a wx? = dx 


© y(t) dt 
[ RS - te. 


(a + t)¥ 


| / ‘ tlt ty f@ dtl: 


This is a special case of equation 1.1.58 with A= 1 anda =b=1. 
The transformation 


rahe*, tale, y= u(r), fa)=e"*9@) 


leads to an equation with difference kernel of the form 1.9.27: 


Oe a, 


_oo cosh'(z — 7) 
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x y(t) dt 
58. ———— = f(a), a>0, at+b>0. 
0 (ax + bt») 

1°. The substitution t = xz leads to a special case of equation 3.8.45: 

1 

y(az) dz SiS 
ees = . 1 
if aa (1) 
2°. For a polynomial right-hand side, f(a) = S> Am«™, the solution has the form 
m=0 
"A 1 ymtMerl dy 
= 7ru-l eT Lm Po . 
ya)= a" > Tn OLS aa bee 


m=0 
The integrals [,,, are supposed to be convergent. 


3°. The solution structure for some other right-hand sides of the integral equation may be 
obtained using (1) and the results presented for the more general equation 3.8.53 (see also 
equations 3.8.34—3.8.40). 


4°. For a = b, the equation can be reduced, just as equation 1.1.57, to an integral equation 
with difference kernel of the form 1.9.27. 


f (/x + Va-t)”+ (/a-Vae-t)” 
a 2rJSax—-t 


The equation can be rewritten in terms of the Gaussian hypergeometric functions in the form 


59, y(t) dt = f(a). 


(e-'F(, Kept =) y(t) dt = f(a), where y=4. 


See 1.8.135 for the solution of this equation. 


1.1-8. Two-Dimensional Equation of the Abel Type. 


60. // go) Oe = f(xo, Yo)» 
ie (yo - y)* - (ao - x)? 


Here A is an isosceles right triangle with apex at the point (9, yo) and base on the x-axis. 
Solution: 


uo, Yo) = (34-34) g(xo w)= [ff eves — 
; 2m? \ dap ys)’ ; K (yo — y)? — (a9 — x)? 


© Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


1.2. Equations Whose Kernels Contain Exponential 
Functions 


1.2-1. Kernels Containing Exponential Functions. 


1. | : e*@) y(t) dt = f(a). 


Solution: y(a) = fi(x)-Af (2). 
Example. In the special case a = 0 and f(x) = Az, the solution has the form y(a) = A(1 — Az). 
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2. | ere*Pta(t) dt = f(x). 


Solution: y(x) = e+" | f! (a) —Af(a)]. 


Example. In the special case a = 0 and f(x) = Asin(yx), the solution has the form y(«) = Ae~Ot+)® x 
[y cos(yx) — A sin(yx)]. 


3: / : [er -1ly@)dt= f(x), f(a) = fi(a) =0 
Solution: y(x) = 4 x Ste(®) — f(x). 


4. | : [eX" + b] y(t) dt = f(a). 


For b = -1, see equation 1.2.3. Differentiating with respect to x yields an equation of the 
form 2.2.1: 
Lo) c us 


yla)+ fe Aut) dt = 


_ f,(@) r ° Nb ; 
y(x) = bal -ap | exp] eo) f,.©® dt. 


Solution: 


5. | . (er"*9* + b) y(t) dt = f(z). 


This is a special case of equation 1.9.15 with g(x) = e*”, hy(t) =e", go(x) = 1, and ho(t) = b. 
For 3 =—., see equation 1.2.4. 


6. i (2 -e*) y(t) dt= f(x),  f(@=fi(a=0 


This is a special case of equation 1.9.2 with g(a) = e*” 


Solution: y(x) =e” SA - fato) . 


7. i (e** =e + b) y(t) dt = f(x). 


This is a special case of equation 1.9.3 with g(a) = e*”. For b = 0, see equation 1.2.6. 


Solution: ii, He 
1 r % ert sent 
y(@) = 5 fase | exp(F*) fy dt. 


8. | . (Ae*” + Be’) y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = e*”. For B =—A, see equation 1.2.6. 


pace, ee d AX i BX ; 
Solution: y(x) = rrarer exp (5) i exp (-= -B t) f,@) a| ; 


9. y : (Ae*” + Be** + C) y(t) dt = f(x). 


This is a special case of equation 1.9.5 with g(a) = e*” 


11. 


12. 


13. 


14. 


15. 


16. 
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a (Ae*” + Be"*) y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = Ae” and h(t) = Be". For \ = p, see 
equation 1.2.8. 


7 ° [erA? _ eM] yt) dt = f(z), fla=fi(a=0. 


Solution: 


1 
We)= \ [feo -Atwiet Mf], f= fle). 


| [Aero + Bet] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = Ae”, hi(t) =e, g2(x) = Be”, and 
ho(t) = e**. For B =—A, see equation 1.2.11. 
Solution: 


eer ee eae BUF) |) dt _ BOA-p) 
yoy= ae fe wo) | cake (2) =exp| AA? “| 


| [Aer**) + Bet"* + Cl y(t) dt = f(z). 


This is a special case of equation 1.2.14 with 3 = 0. 


i} [Aer@ + Bete) 4 Cehe) y(t) dt = f(x). 


Differentiating the equation with respect to x yields 


(A+ B+C)y(x)+ / [Arer? + Bret + Che" | y(t) dt = fi(x). 


a 


Eliminating the term with e?~) with the aid of the original equation, we arrive at an equation 
of the form 2.2.10: 


x 


(A+B+C)y(x)+ i: [AQ - Be? + Bu Boe" ] yD dt = f(x) - BF (a). 


a 


In the special case A + B + C = 0, this is an equation of the form 1.2.12. 


fi : [Aer®) + Bet + Ce" — A- B-C] y(t) dt = f(a), f(a) = fi(a)=0. 


Differentiating with respect to x, we arrive at an equation of the form 1.2.14: 


ip [Arer@ + Buch + CBe%"] y(t) dt = fi(2). 


[ (emt) yn dt =F@), fla) = fila) =. 
This is a special case of equation 1.9.11 with g(x) = e*” and A(t) = e"*. 


Solution: 


kaa ORT CeIn 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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i (Aer*tHt + Bet'***) y(t) dt = f(x). 
This is a special case of equation 1.9.12 with g(a) = e*” and h(t) = e“'. For B = —A, see 


equation 1.2.16. 
Solution: 


1 4 (aay f gay 4 [£0 ~exp( #2 


i. (Aerts + Be®**1*) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with gi(x) = Ae**, h(t) = e""*, g2(X) = Be®*, and 
ho(t) = eV. 


| (Ae*” + Be? + Ce®* + De® + E) y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = Ae** +Ce* and h(t) = Be?! + De +E. 


| (Ae***9" + Be?! + Ce** + De™ + E)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = e*”, h(t) = Ae®* + C, and g(x) = 1, 
ho(t) = Be2#t + De® + E. 


| (Ae** + Ber**" + Ce*” + De® + E) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with gi(x) = Be** + D, hi(t) = e®*, and g(x) = 
Ae?” + Ce** + E, ho(t) = 1. 


fe [1 + Ae** (ert — eX*)| y(t) dt = f(x). 


This is a special case of equation 1.9.13 with g(x) = e#” and h(x) = Ae**. 
Solution: 


e ee “| £O ‘dt Au +a 
vo bern FR) seam 


f [Ae**(eh” — elt) + Be®* (eV — e”")| y(t) dt = f(x). 


This is a special case of equation 1.9.47 with gi(x) = Ae**, h(t) =e", g2(x) = Be®*, and 
ho(t) = -e7"~ 
} { A exp(Ax + pit) + B exp[(A + B)x + (u- A)E] 


- (A+ B)exp[(A +y)x + (u-)t]} y@ dt = f(x). 


This is a special case of equation 1.9.49 with g;(x) = e”. 
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25. if (2 - e**)" y(t) dt = f(x), n=1,2,... 


Solution: 


ya) = ae (A) fea, 


A" n! er" dx 


26. / Vert — ert y(t) dt = f(x), A> 0. 


Solution: 94 
_ 2 re (rw 2 ee e™ ft) dt 
y(z) = T ' (« dx me Err _ ert 
ev y(t) dt 
27. ar = f(x), A> 0. 
ert —e 
Solution: 


Nd f* ef@adt 
gor 
mdx Ja 


err Ss ert 


28. / (er” — e**)H y(t) dt = f(x), A>0, O<p<1. 


Solution: 


ert : 
met Aw OG f(@) dt _ sin(7p) 
coe ate ero a 


* y(t) dt 
29. | @2 erty — FO) A>0, O<p<1. 


Solution: 


Asin(zp) d _ fd _ dt 
y(@) = af 
WT (e 


(pA® _ pAtyl- = ertyl- we 


1.2-2. Kernels Containing Power-Law and Exponential Functions. 


30. : : [A(a - t) + Be**] y(t) dt = f(x). 


Differentiating with respect to x, we arrive at an equation of the form 2.2.4: 
By(a) + / [A+ Brer*?] y(t) dt = f(a). 
a1. f (e-te% y(t) dt = fla), fla) = F(a) = 0 
Solution: y(a) = fl’.(v) —2f) (x) + 7 f(a). 


32. / (Ax + Bt + C)e*? y(t) dt = f(a). 


The substitution u(x) = e* y(x) leads to an equation of the form 1.1.3: 


/ "Ce + Bt+C)u(t) dt =e f(a). 


20 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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jf ee + Bte"*)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(a) = Az, h(t) = et, and go(x) = Be”, 
ho(t) = t. 


| [Arer®? + Bter] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with gj(@) = Axe*”, h(t) =e, g2(x) = Be”, and 
ho(t) = te". 


/ (e-te®* y(t) dt = f(x), fla) = f(a) = f(a) = 0. 


Solution: y(x) = 4[f0" (a) - 3A f(a) + 32 f(a) — ¥f(a)]. 


fe -t)"er@) y(t) dt = f(x), n=1,2,... 


It is assumed that f(a) = fi(a) =--- = f(a) =0. 
: 1 AL ann —rAx 
Solution: y(x) = ae Gt le f(a)). 


/ “(Ag! + Be*)y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Az? and h(t) = Be. 


| “(Ae + Bt?)y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Ae” and A(t) = Bt?. 


[acre + Bt’e"”)y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = Az?, hy(t) = e**, go(x) = Be”, and 
ho(t) = t7. 


a e@-)./e —t y(t) dt = f(x). 


Solution: 
Poce fe pod 
y(2) = —e"” — ———-_. 
gt de j,  (/£=—% 


xz er(a-t) 
/ ult dt = flo. 


Solution: 


d [* e* f(t)dt 
dx Jaq Ve-t ~ 


x 


1 
y(x) = —e* 
TT 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 
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| ge - te y(t) dt = f(x), 0<A<1. 


Solution: 


a f* et f(t) dt sin(7A) 
= ke#* Sia i anal k=—., 
UG) = he da2 a (2-tp’ Tr 
x X(a-t) 
i aap” dt=f(@), O<pe<l. 
Solution: ss 
_ sin(rp) yp @ i ef) 
y(x) = ae e es @opre dt. 


ia (Va - Vt)*e" y(t) dt = f(x), 0<A<1. 


The substitution u(x) = e”y(x) leads to an equation of the form 1.1.49: 


| (Ve-Vi)*ult) dt =e” f(a). 


® ehl@ y(t) dt 
| See wOR 5 vpenek 


aN 
(Ve- vt) 
The substitution u(x) = e“y(x) leads to an equation of the form 1.1.50: 


* u(t) dt 


Cen 
xz er(a-t) 
can dt = f(z). 
Solution: y= =o af Si dt. 


| exp[\(a* - t’)]y(t) dt = f(a). 

Solution: y(a) = fi(a)-2Aa f(a). 

J texp.a*) - expe iyi dt = fo. 

This is a special case of equation 1.9.2 with g(a) = exp(A2”). 


ld Fe) 
2 dx | xexp(\x?) |’ 


Solution: y(x) = 
l [A exp(Ax’) + B exp(At”) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.5 with g(a) = exp(A2”). 


ie [A exp(Ax”) + B exp(sit”)] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(a) = A exp(A2”) and A(t) = B exp(pit?). 
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51. i ’ Va —t exp[X(a? - t”)]y(t) dt = f(x). 


Solution: 


2 © exp(—Mt 
yl) = — expo) | ee ftdt. 
® exp[A(2? - t”)] 
52. Se ay dt =F). 
Solution: “ 5 
Woe * exp(ar) = —_ f(t) dt. 


53. | (x — t)* exp[p(x? - t”) y(t) dt = f(x), 0<A<1. 
Solution: 


* exp(—yit?) 


=e Se EXPCHED ey at, 2 sin(wA) 


TA 


a 
yor) = kexplyur®) i 


54, / ” explA(a® - t9)]y(t) dt = f(a). 


a 


Solution: y(a) = fi(x) — A\Gax" f(a). 


55. i *(C1l@/Flyt) dt=f(x), fO0®=f,0)= 
0 


Here b = const and [A] stands for the integer part of the number A. 


Solution: of 
y(x) = at |" +1) (t) dt. 
0 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 434). 


1.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


1.3-1. Kernels Containing Hyperbolic Cosine. 
1. / cosh[A(x — t)] y(t) dt = f(x). 


Solution: y(a) = fi(x)-—” / : f(x) da. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 435). 
2: i {cosh[\(e-t)]-I}y(t)dt = fe), — f(a) = fia) = fi, (a) = 0. 


Solution: y(x) = 7 ah gil )- fi (a). 
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a {cosh[A(a — t)] + b} y(t) dt = f(x). 


For b = 0, see equation 1.3.1. For b = —-1, see equation 1.3.2. For \ = 0, see equation 1.1.1. 
Differentiating the equation with respect to x, we arrive at an equation of the form 2.3.16: 


f(a) 
b+1 


x zx 
y(x) + aay if sinh[ \(a — t)]y(t) dt = 


1°. Solution with b(6 + 1) <0: 


f(x) iS 
b+1  k(b+1)2 


/ ; sin[k(x — t)] f;(t) dt, where k=. ee 


y(@) = b+1 


2°. Solution with b(6 + 1) > 0: 


fi(a) a ~ i | b 
y(a) = ha _ Ros D? ‘i sinh[k(x = OO dt, where k= coe Be 


| : cosh(Ax + Gt)y(t) dt = f(x). 


For @ =—A, see equation 1.3.1. 
Differentiating the equation with respect to x twice, we obtain 


cosh[(A+ 3)x]y(x) + i : sinh(Art Bt)y(t) dt = f(x), (1) 


{cosh[(A+B)x]y(x)}" +A sinh[(A + B)x]y(a)+ - : cosh(Ax + Bt)y(t) dt = f”(x). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the first-order linear ordinary differential equation 


wi, + Atanh[(A + B)x}w = fi.(a) - » f(x), w = cosh[(A + A)a]y(z). (3) 


Setting x = a in (1) yields the initial condition w(a) = f/.(a). On solving equation (3) with this 
condition, after some manipulations we obtain the solution of the original integral equation 
in the form 


pt Pi ee 
nee cosh[(A + 3)r] Jol) cosh7[(A + 3)a] we 
a f k-2 _ A 
+ cosh‘! [A + B)ax] . f@) cosh [A + Bt] dt, k = r + B f 


i [cosh(Aa) — cosh(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(a) = cosh(\z). 


ld ! 
Solution: y(x) = car Fe ot 


| [A cosh(Ax) + B cosh(At)]y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = cosh(Az). For B =—A, see equation 1.3.5. 


1 ad ay ‘ = By ! 
FEB { lost + J (cosh) zi faoatl, 


Solution: y(x) = 
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11. 


12. 
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/ [A cosh(Ax) + B cosh(yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A cosh(Az) and A(t) = B cosh(ut) + C. 


/ {Ay cosh[A1(x — t)] + Az cosh[A2(x - Di }y dt = f(a). 
The equation is equivalent to the equation 
/ {By sinh[ A; (a —t)] + Bo sinh[A2(a# - t)] by(t) dt = F(a), 


Bes. Bee, Pa= | f(t) at, 
M1 d2 a 


of the form 1.3.49. (Differentiating this equation yields the original equation.) 
| cosh?[X(a — t)]y(t) dt = f(a). 
Differentiation yields an equation of the form 2.3.16: 
y(a) + | sinh[2\(x — t)] y(t) dt = f(a). 
Solution: 


2 
y(x) = fi(x)- x / sinh[k(x — t)] f;() dt, where k= A\V2. 


| ° [cosh?(Ax) - cosh?(At)] y(t) dt = f(x), f(a) = fi(a) = 0. 


ua a), 


polnhogy Ul) a ae | aahOnay 


| [A cosh?(Ax) + B cosh?(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = cosh?(Ax). For B=—A, see equation 1.3.10. 
Solution: 


1 d __2A © _ 2B 
y(x) = art [cosh(Ax)] 4*+2 / [cosh(At)] 4+2 f/(t) a\. 


| ° [A cosh*(Ax) + B cosh’ (yt) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(a) = A cosh?(Ax), and h(t) = B cosh? (jut) +C. 


i cosh[A(x — t)] cosh[A(x + t)]y(t) dt = f(x). 
Using the formula 
cosh(a — 3) cosh(a + 3) = 4 [cosh(2a) +cosh(23)], a@=Ar, B=Mt, 
we transform the original equation to an equation of the form 1.3.6 with A = B= 1: 
/ [cosh(2A2) + cosh(2At)]y(t) dt = 2 f(x). 


Solution: 
w=2] 1 “fi dt | 
w= “de | /eosh@an) J, /cosh(2\6) | 


15. 


16. 


17. 


18. 


19. 


20. 
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if [cosh(Az) cosh(yzt) + cosh(Ga) cosh(yt)]y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = cosh(Ax), hi (t) = cosh(wt), go(x) = 
cosh(Zx), and h2(t) = cosh(7t). 


/ i cosh*[A(x - t)]y(t) dt = f(a). 


Using the formula cosh? B= + cosh 3G + 3 cosh (3, we arrive at an equation of the form 1.3.8: 


/ : { 4 cosh[3A(x — t)] + 3 cosh[\(x — t)] }y(t) dt = f(a). 


| i [cosh*(Ax) — cosh*(At)] y(t) dt = f(x), f(a) = fi(a) =0. 


fi) 


1 d 
Solution: RS Aor Aa icGeA TEA | 
olution: y(zx) 3 dx a cosh*(A\x) 


| : [A cosh*(Ax) + B cosh*(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = cosh*(Ax). For B=—A, see equation 1.3.16. 
Solution: 


d a 3AL pe 23Be 
y(2) { [cosh A+B / [cosh(At)] 4+2 funatl, 


1 
~ A+B dx 
| : [A cosh?(Ax) cosh(t) + B cosh(3zx) cosh?(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Acosh?(A2), h(t) = cosh(ut), go(x) = 
Bcosh(3x), and h(t) = cosh?(7t). 


/ cosh*[A(x - t)]y(t) dt = f(a). 
Let us transform the kernel of the integral equation using the formula 
cosh* 3 = t cosh 46 + 4 cosh23+32, where 6=Xa«-0d), 


and differentiate the resulting equation with respect to x. Then we obtain an equation of the 
form 2.3.18: 


y(x) +2 ‘| : { + sinh[4A(a — t)] + sinh[2A(x — t)] }y(d) dt = fi (2). 


/ [cosh(Ax) — cosh(At)]”" y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = fi(a) =---= 
fO@M =0. 


7 ntl 
Solution: y(x) = shel) | ! | f(z). 


An! | sinh(Ax) dx 
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i vV cosh x — cosh t y(t) dt = f(x). 


Solution: 5 d\2 [® inht f(t) dt 
oe sinh o( £) if _ Sint fl) dt 
7 sinhx dz a Vcoshz—cosht 
a y(t) dt 
———___ = f(a). 
a vVcosh x — cosht 
Solution: 
1d [*  sinht f(t) dt 

y(x) = 


na dx J, ./coshx—cosht 


| (cosh x — cosh t)* y(t) dt = f(x), 0<A<1. 


Solution: 


*  sinht f(t) dt ae sin(7) 
a (coshz—cosht)>*’ ~ ty 


(x) = ksinh ( a )’ 
“)= a( ———_ — 
y sinhaz dx 


| (cosh” x — cosh” t)y(t) dt = f(x). 
This is a special case of equation 1.9.2 with g(x) = cosh” x. 
ld | fi(2) 


Solution: £L) = —— | —— 
y@) p dx | sinh x cosh’! x 


f (A cosh” x + B cosh" t) y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = cosh” x. For B =—A, see equation 1.3.24. 


Solution: 
d AK ft _ Be 
y(a) = as} [cosh(Ax)] 4+ / [cosh(At)] 4+2 f/(t) at\, 
x > 
™ y(t) dt 
a 5 0<A<1. 
a (cosh x — cosh t)* f(a) 
Solution: 


sin(tA) d [* sinh t f(t) dt 
y(x) = oe i 


dx (cosh x — cosh t)!- ° 


J @-deoshiae-diyat = fe), fla) = Fila) =0. 
Differentiating the equation twice yields 
y(a) + 2X ye sinh[ A(x — t)]y(t) dt +.” fe —t)cosh[ A(x — t)]y(t) dt = f(x). 


Eliminating the third term on the right-hand side with the aid of the original equation, we 
arrive at an equation of the form 2.3.16: 


y(x) +2 [ sinh[A(a — t)]y(@) dt = fi".(@) - dN f(a). 
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” cosh[A(x — t)] 
a Va-t 


Solution: 


y(t) dt = f(x), f(a) = fi (a) =0 


ee 2 = cosh[A(x - t)] 
y = Tr Ja Va —t 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436). 


(i A=v FO) ab 


[Ver teosh (AVe=t) yo dt = fle) 


Solution: 


Fe aie ne) 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


Si dt. 


* cosh (AV - t ) 
a Va-t 


Solution: 


y(t) dt = f(x). 
= eh a fe cos(Av‘x = t) 
y(z) = ——— if RE ear f(t) dt. 


nm dx 
© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


© cosh (AVt-« ) 
x Vt-2x 


Solution: 


y(t) dt = f(x). 
f(t) dt. 


yay=-+t [* costvi= a) xr) 


mn dx 
© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 439), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


* cosh (Av 2? - t? ) 
0 Va —t 


Solution: 


y(t) dt = f(x). 


2 d f{* cos (AV x? 2) 


Sy TF —— F(t) dt. 


y(@) = 


© cosh (AV t? - x?) 
3 Vt — x? 


Solution: 


y(t) dt = f(x). 


_ £08 AV? x?) 


yey =>——— a oe ——— Ff © dt. 
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34. 


35. 


36. 


37. 


38. 


39. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


® cosh (Av xt - t? ) 

——__#_—_ y(t) dt = ; 

i Ta ub) dt = Fe) 
Solution: 


: if * cos(Avia? =a) Fray a4 apteey at 


yx) = — = 


TL 
© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


[ a CNet eo 


Se 
Solution: ), 
cos( (AV xt —t? 
y(x oes [ve f° ee oe seat]. 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


ie cosh [A/a - (ae -€ +7) | 
a a-t 


y(t) dt = f(x). 


It is assumed that f(a) = f(a) = fl. (a) = fi”. .(a) = 0. 


LLL 


Solution: 
2 ” sinh) A\/(a —t)(a -—t-7¥) 
ya) = > | eee i: sinh[ A(t — s)] (= m x)’ f(s) dsdt. 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


/ [Ax? + Bcosh7(At) + Cly(t) dt = f(a). 

This is a special case of equation 1.9.6 with g(a) = Ax® and h(t) = Bcosh7(At) + C. 
| [A cosh? (Ax) + Bt? + Cly(t) dt = f(a). 

This is a special case of equation 1.9.6 with g(a) = Acosh7(Az) and h(t) = Bt? + C. 
i. (Aa* cosh” t + Bt® cosh” x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ax, h,(t) = cosh“ t, g2(x) = B cosh? x 
and ho(t) = t?. 


1.3-2. Kernels Containing Hyperbolic Sine. 


40. 


J sinhtve-blyit)at= Fle), fla) = Fifa) =0 


Solution: y(#) = (x) — Af (2x). 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 435). 


42. 


43. 


44. 
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® sinh[A(x — t)] 
a Va-t 


Solution: 


y(t) dt = f(x), f(a) = f(a) = 0 


5 sinh[A(a — t)] _y 
y(x) = a an a= Lf) — 7 f(O)] dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436). 


© sinh[A(x — t)] ; 
/ ——__ yt)dt = f(x), — f(a) = fi(a) = 0 


(a — t)3/2 


Solution: 
* sinh[ A(x — t)] 


a ra 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437). 


FO 


y(a) = E u(t) — ” f(t) i. 


i {sinh[A(a — t)] + b} y(t) dt = f(a). 


For b = 0, see equation 1.3.40. Assume that b # 0. 
Differentiating the equation with respect to x, we arrive at an equation of the form 2.3.3: 


y(a) + 4 ik cosh[A(a — t)]y(@) dt = 5 fia). 


Solution: 
1 x 
ya) =F ha)+ | Re-ofoat, 
Ax aN AV 1+ 402 
R(x) = exp(- *) a sinh(kx) — cost), k= oR 

i sinh(Ax + Bt)y(t) dt = f(x). 
For @ =—A, see equation 1.3.40. Assume that 0 4 —A. 

Differentiating the equation with respect to x twice yields 

sinh[(A + B)x]y(x) + af cosh(\x + Gt)y(t) dt = fi(x), (1) 


{sinh[(A + B)aly(a)}" + Acosh[(A + B)ax]y(x) + / : sinh(Ax + Bt)y(t) dt = f!.(2). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at the 
first-order linear ordinary differential equation 


w,, +A coth[(A + Balw = fi. (x)- d f(x), w = sinh[(\ + B)x]y(2). (3) 


Setting xz =a in (1) yields the initial condition w(a) = f/.(a). On solving equation (3) with this 
condition, after some manipulations we obtain the solution of the original integral equation 
in the form 


ie SO = PH a MOOI 
Wo) = RAs Dale Sinks Ba] 
AB k-2 ee. 
“aa iospa |, POsmmMacaad, b= 575 
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45. 


46. 


47. 


48. 


49. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


HD [sinh(Aw) - sinh(At)]y(t) dt = f(x), — f(a) = fi(a) = 0. 


This is a special case of equation 1.9.2 with g(x) = sinh(Az). 


ld : 
Solution: y(x) = NE eS 


| [A sinh(Ax) + B sinh(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = sinh(Ax). For B =—A, see equation 1.3.45. 
A B 


d { [sinh(Ax)] 4+2 / ‘ [sinh(At)] 4+? f/(t) ar}. 


1 
Solution: y(x) = AB de 
x 


| [A sinh(Az) + B sinh(ut)]y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A sinh(Az) and A(t) = B sinh(pt). 


i { wsinh[A(a — t)] - A sinh[y(x - t)]} y(t) dt = f(x). 


It is assumed that f(a) = f/(a) = fl. (a) = fi".(a) = 0. 
Solution: 
my —( + 7) a as Me f 


ox , F=f). 


y(@) = 


/ { Ay sinh[A; (a — t)] + Az sinh[A2(x - t)] }y(t) dt = f(x), f(a) = fi(a) = 0. 


1°. Introduce the notation 
T= / sinh[A (2 —-t)]y(t) dt, b= / sinh[A2(x — t)] y(t) dt, 


x 


A= / : cosh[A;(x—2)]y(t) dt, Jo = i cosh[Ax(x — t)]y(t) dt. 


Let us successively differentiate the integral equation four times. As a result, we have (the 
first line is the original equation): 


Ail, + Arh = f, f =f), (1) 
AyAi Ji + ArA\2J2 = fi, (2) 
(AjA + ApAz)y + AAT + AAR = £00, (3) 
(AjA, + ApAa)yh, + ALATA + Arb do = fer, (4) 
(AiAL + AprAa)y, + (AlA} + Andy + AAT + AoAtD = fe (5) 


Eliminating J; and J, from (1), (3), and (5), we arrive at the following second-order linear 
ordinary differential equation with constant coefficients: 


(AiA1 + Anda) yte — AA ALA2 + ADADY = fete —OAT+AD SEs HAD. (6) 
The initial conditions can be obtained by substituting x = a into (3) and (4): 
(AA + ArA2)y(a) = f2,(a), (Arar + A2A2) 9, @) = frte(@): (7) 


Solving the differential equation (6) under conditions (7) allows us to find the solution of the 
integral equation. 


50. 


51. 
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2°. Denote 
AjrA2 + AoA, 


RoR ee 
OD A ee As 


2.1. Solution for A > 0: 
(AA, + A2A2)y(x) = fy (@) + BS (x) + of sinh[k(x — t)] f(t) dé, 


k=VA, B=A-N-N, C= [A*- (7 + ADA + ATA3]. 


1 
VA 
2.2. Solution for A < 0: 

(Aj Ai + ApA2)y(x) = ff, (@) + B f(a) + of sin[k(x — t)] fd) dt, 
1 
k=V-A, B=A-N-N, C= pyar lian + AZ)A + ATA3]. 
2.3. Solution for A = 0: 


(AjAi + Anda) y(x) = f(a) — AT + ADF (@) + AAS / (x-t) f(b) dt. 


2.4. Solution for A = oo: 
tea he ~~ (AF + Mfr By MASS 


AM + AX me ee 


Y(L) = 


In the last case, the relation A,A, + Azz = 0 is valid, and the right-hand side of the 


integral equation is assumed to satisfy the conditions f(a) = f/(a) = fi.(a) = fi" (a) = 0. 


i . { A sinh[A(a - t)] + B sinh[ p(x — t)] + C sinh[G(a — t)] } y(t) dt = f(x). 
eer that f(a) = f/(a) = 0. Differentiating the integral equation twice yields 
(A\ + But CB)y(x) + / , { Ad’ sinh[A(a — t)] + By? sinh[ p(x — t)] }y(t) dt 

+ C8? / : sinh[ A(x — t)]y(t) dt = f(x). 


Eliminating the last integral with the aid of the original equation, we arrive at an equation of 
the form 2.3.18: 


(A\ + But CB)y(x) 
+ / { A(X? — 8”) sinh[ A(x — t)] + B(w? — 8”) sinh[ (a — t)] } y(t) dt = f(x) — 8’ f(a). 


In the special case AX + Bu + CG = 0, this is an equation of the form 1.3.49. 


[sine -pyat = F@), fla) = Fila) = f(a) =0. 


Differentiating yields an equation of the form 1.3.40: 
7 1 
/ sinh[2A(a — t)]y() dt = 5 fe): 


Solution: y(x) = 5° fr (a) — 2 f1 (a). 
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52. 


53. 


54, 


55. 


56. 


57. 


58. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 
x 
fl [sinh?(Ax) - sinh?(At)] y(t) dt = f(x), f(a) = fila) =0. 
a 


ld p 
Solution: wo= 5] |. 


| : [A sinh?(Ax) + B sinh?(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = sinh?(Ax). For B =—A, see equation 1.3.52. 
Solution: 


x 


A 
y(x) [sinh(\2)] HB i: 


a 


1d oeie 
~ A+B = [sinh(At)] A*F fit) a\. 


| . [A sinh?(Ax) + B sinh? (yt)] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A sinh?(Ax) and A(t) = B sinh? (yt). 


| sinh[A(a — t)] sinh[A(a + t)] y(t) dt = f(x). 
Using the formula 
sinh(a@ — 3) sinh(a + (3) = 4[cosh(2a) —cosh(23)], a@=Az, G=At, 


we reduce the original equation to an equation of the form 1.3.5: 


[ [cosh(2A2) — cosh(2At) ]y(t) dt = 2 f(x). 


ld p 
Solution: y(x) = ar: EES 


p 7 [A sinh(Ax) sinh(yt) + B sinh(Gx) sinh(yt)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Asinh(Az), h,(t) = sinh(t), go(a) = 
Bsinh(Gzx), and ho(t) = sinh(yt). 


/ sinh*[\(@ - t)ly(t) dt = fl), f(a) = f(a) = f",(a) = f”,(a) = 0. 


Using the formula sinh? 3 = + sinh 33 — 3 sinh @, we arrive at an equation of the form 1.3.49: 


/ : {+ sinh[3A(@—6)] - 3 sinh[\(a— 8] }y() dt = f(a). 


| “ [sinh?(Ax) - sinh*(At)] y(t) dt = f(x), f(a) = fi(a) = 0. 


This is a special case of equation 1.9.2 with g(x) = sinh? (Az). 


59. 


60. 


61. 


62. 


1.3. EQUATIONS WHOSE KERNELS CONTAIN HYPERBOLIC FUNCTIONS 33 


/ : [A sinh?(Ax) + B sinh*(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = sinh? (Az). 
Solution: 


1d ee, 74 
y(x) = <=} [sinh(\2)] / 


a 


x 


3B 
[sinh(At)] 4*+2 f7(t) a\. 


| : [A sinh?(A x) sinh(t) + B sinh(3z) sinh?(yt)| y(t) dt = f(z). 


This is a special case of equation 1.9.15 with g;(~) = A sinh?(Ax), h(t) = sinh(ut), go(x) = 
B sinh(Zx), and ho(t) = sinh?(yt). 
| sinh*[A(a — t)]y(t) dt = f(a). 


It is assumed that f(a) = f(a) =--- = fil". (a) = 0. 


LLLX 
Let us transform the kernel of the integral equation using the formula 


sinh’ 3 = + cosh 43 - 4 cosh 23 + 2, where (= X(2-1), 


and differentiate the resulting equation with respect to x. Then we arrive at an equation of 
the form 1.3.49: 


/ te sinh[4\(a — t)] — sinh[2\(a — t)] }y(t) dt = f(a). 


i sinh” [A(x — t)] y(t) dt = f(x), = 2535 64% 


It is assumed that f(a) = fi(a) =--- = f(a) = 0. 


1°. Let us differentiate the equation with respect to x twice and transform the kernel of the 
resulting integral equation using the formula cosh? 3 = 1 + sinh? 3, where 3 = \(x —t). Then 
we have 


rn? ‘i ‘ sinh” [\(a — t)]y(t) dt + 7n(n— 1) / : sinh” [\(a — t)]y(t) dt = f(a). 


Eliminating the first term on the left-hand side with the aid of the original equation, we obtain 


i : sinh” [A(x — t)]y(t) dt = v(t) — Xn? f(a)]. 


d2n(n - 1) 


This equation has the same form as the original equation, but the exponent of the kernel has 
been reduced by two. 

By applying this technique sufficiently many times, we finally arrive at simple integral 
equations of the form 1.1.1 (for even 7) or 1.3.40 (for odd 7). 


2°. Solution: 


1 (d d d 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436). 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


fl sinh (AV x —t ) y(t) dt = f(x). 
Solution: 
ee ae i cos(Avx—t) t) 
y(x) = ee , az 


®© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


A A de. 


i sinh (AV t - x ) y(t) dt = f(a). 


Solution: 


ya) = — = fo tt. 


2 & ye x) 
=a! ee 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 439), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


i: vVsinh x — sinh t y(t) dt = f(a). 


Solution: 1 axe ht f(t)d 
* cosht f(t) dt 
x = = coshx(———) / oS .. 
y(z) T coshx dx a Vsinhx —sinht 
a y(t) dt 
——*—_ = f(z). 
a Vsinh x —sinht 
Solution: 
a d f[* cosht f(t) dt 
y(“) = ——— 


nw dx sinh x — sinht | 


| (sinh x — sinh t)*y(t) dt = f(x), 0<A<1 


Solution: 


1 d i) ”  cosht f(t) dt __ sin(7A) 


Epic (—— ppc tact RSL Ce 
Se en | Ginha—sinht> wr 


cosha dx 


| ” (sinh! x — sinh” t)y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(z) = sinh” x 


Solution: y(x) = aol a : 


pw dx Lcoshx sinh! x 


i [A sinh“(Ax) + B sinh“ (At) y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = sinh“ (Az). 
Solution with B # —A: 


oa aoe ft f?.. 5 
y(x) = FB { binnorw) | [sinh(At)] fueoatl. 


70. 


71. 


72. 


73. 


74, 
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x y(t) dt 
a (sinh x — sinh t)* 


Solution: 


= f(x), 0<A<1. 


sin(tA) d [*  cosht f(t) dt 
dx (sinh x — sinh t)!° 


y(@) = 


a 


/ (a -t)sinh[A(a - t)]y(t)dt = fle), fla) = f(a) = f(a) = 0 


Double differentiation yields 


2d ‘i i‘ cosh[ A(x — t)]y(t) dt + 2 / ts — t) sinh[ (x — t)] y(t) dt = f",(2). 


Eliminating the second term on the left-hand side with the aid of the original equation, we 
arrive at an equation of the form 1.3.1: 


= 1 
/ cosh[\(a — t)]y(t) dt = ore v(t) — f(x). 
Solution: F ’ 
Yee) =F fleg(a)— fea) +4N fo fedvde 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436). 


© sinh[A(x — t)] 
a Va-t 


Solution: 


y(t)dt= f(z), f(a) = fia) =0 


G2 2 ” sinh[ A(x — t)] 
YWu= mr Jy ry a ae 


@© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 436). 


fi - Xf) at 


c sinh[A(z - t)] 
a (x = t)3/2 


Solution: 


y(t) dt = f(x), f(a) = fi(a) = 0 


sinh[ A(x — t)] > ua o 
ya) = sf ee ho rro+ 28 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437). 


a sinh [AV(@ -t)(x-t+ y) | W@Oaes7@ 


Va-t+y 
It is assumed that f(a) = f/(a) = fi.(@) = fi. .(a) = 0. 
Solution: 
x£ J(a-Da@—-t—-7) 
y(2) = aaa Neem). sinh t= 9)1( pe yy’ f(s) ds dt. 
xt a 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 
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75. 


76. 


77. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 
| : [Ax? + Bsinh™ (At) + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = Av? and h(t) = B sinh? (At) + C. 
i : [A sinh” (Ax) + Bt? + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = Asinh?(\x) and h(t) = Bt? +C. 
| : (Aa sinh” t + Bt? sinh? x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = Aa, h(t) = sinh“ t, g2(x) = B sinh? x 
and h(t) = t?. 


1.3-3. Kernels Containing Hyperbolic Tangent. 


78. 


79. 


80. 


81. 


82. 


83. 


| “ [tanh(Ax) — tanh(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(a) = tanh(Az). 
1 
Solution: y(a) = 5 [eosh*rx) ia ()]". 


l [A tanh(Ax) + B tanh(At)] y(t) dt = f(x). 
This is a special case of equation 1.9.4 with g(x) = tanh(\x). For B =—A, see equation 1.3.78. 


d _A_ ® ng BS 
+ { [anbia A+B / [tanh(At)] 4+2 fuenatl. 


1 
Solution: y(2) = ae d 
xe 


is [A tanh(Ax) + B tanh(yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A tanh(Az) and A(t) = B tanh(yt) + C. 


| : [tanh?(Ax) - tanh?(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = tanh?(A.2). 
d [| cosh*(Az) un) 


Solution: y(x) = dx | 2X sinh(A2) 


/ [A tanh?(Ax) + B tanh?(At)]| y(t) dt = f(x). 
This is a special case of equation 1.9.4 with g(x) = tanh?(Ax). For B= a see equation 1.3.81. 
2A 


d {fant xcy) A+B 1 [tanh(At)|~ TB = nana) 


1 
Solution: y(x) = A+Bdz 


| ° [A tanh*(Ax) + B tanh?(yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A tanh?(Azx) and A(t) = B tanh? (jit) +C. 


85. 


86. 


87. 


88. 


89. 


90. 
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| ‘ [tanh(Ax) - tanh(At)|""y(t) dt = f(a), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/.(a) =--- 


f(a =0. 


1 
Solution: y(#) = 


a: 7 da ntl 
Xn! cosh-(Az) cosh = P@). 


| 7 Vv tanh x — tanht y(t) dt = f(x). 


Solution: ee WW 
2 % (t) dt 
£2) = ————_ cosh? x —) / SO —.. 
ya) a cosh? x ( dx a cosh’ t tanh x — tanht 
* y(t) dt 
—_—. = f (2). 
a vVtanh x —-tanht 
Solution: 


inet fat 
7) = -—-— TF... 
¥ nm dx J, cosh? t Vtanhz —tanht 


| (tanh x - tanh t)* y(t) dt = f(x), 0<A<1. 


Solution: 


y(@) = Sve) (cosh? r+) ° 7 f@ dt 


~ at cosh? x cosh? ¢ (tanh x — tanh t)>” 


[anne x — tanh” t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = tanh” wz. 


1d hit! » f 
Solution: y(x) = —— ae 


pe dx sinh’! x 


f (A tanh” x + B tanh“ t) y(t) dt = f(x). 
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This is a special case of equation 1.9.4 with g(x) = tanh” x. For B =—A, see equation 1.3.88. 


Solution: 


d Au fe _ Bu 
y(2) {[tanncro) A+B / [tanh(At)] 4+2 f(t) at}, 


1 
~ A+Bdax 
S y(t) dt 
q [tanh(A2z) — tanh(At)]+ 


This is a special case of equation 1.9.44 with g(x) = tanh(Azx) and h(x) = 1. 
Solution: 


= f(x), 0<p<1. 


X sin(a ps) de f@dt 
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91. 


92. 


93. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 
| [Ax? + B tanh”(At) + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = Av® and h(t) = B tanh? (At) + C. 
| [A tanh” (Ax) + Bt? + Cly(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = Atanh7(Ax) and h(t) = Bt? + C. 
| (Ax* tanh’ t + Bt? tanh” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(a) = Ax, h,(t) = tanh” t, go(a) = B tanh’ x, 
and ha(t) = t?. 


1.3-4. Kernels Containing Hyperbolic Cotangent. 


94. 


95. 


96. 


97. 


98. 


99. 


| . [coth(Ax) — coth(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(a) = coth(Az). 
ld 
Solution: y(x) =-~ on [sinh’(Ax) f,(x)]. 


| [A coth(Ax) + B coth(At)] y(t) dt = f(x). 
This is a special case of equation 1.9.4 with g(x) = coth(A\x). For B =—A, see equation 1.3.94. 


d _A_ fe DAB 
{fant A+B i [tanh(At)] 4*+2 fut}. 


1 
Solution: y(x) = ade 


i ’ [A coth(Ax) + B coth(pt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(2) = A coth(Az) and A(t) = B coth(ut) + C. 


/ ° [coth(Ax) - coth?(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = coth?(Az). 
d [sinh*(\z) fu) 


Solution: y(x) = arr | 2 cosh(Ax) 


| [A coth?(Ax) + B coth?(At)] y(t) dt = f(x). 
This is a special case of equation 1.9.4 with g(x) = coth?(Ax). For a ae see equation 1.3.97. 
2A 


+ { [anti A+B i [tanh(At)] a8 = nana. 


1 
Solution: y(#) = ——— oa Es 
XL a 


| " [A coth?(Ax) + B coth?(ut) + Cl y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A coth?(Azx) and A(t) = B coth? (jit) +C. 
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100. | [coth(Ax) - coth(At)] “y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/,(a) =---= 
f(a =0. 


Solution: y(x) = isu 


da n+l 
Xn! sinh2(ax) sinh On =| @). 


101. / (coth” x — coth” t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = coth” x. 


spl / 
Solution: y(x) = ph ae : 


pe dx cosh“! x 


102. | (A coth” x + B coth” t) y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) =coth” x. For B =—A, see equation 1.3.101. 
Solution: 


(x) = 1 d 
oe ~ A+Bdz 


Au fe By 
{anh A+B / |tanh ¢| A+B fi(t) ar}. 
103. / [Ax + Bcoth7(At) + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = Axv® and h(t) = Bcoth(At) + C. 
104. | [A coth7(Ax) + Bt? + Cly(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = Acoth?(Az) and h(t) = Bt? + C. 
105. | (Aa coth” t+ Bt? coth” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(a) = Ax, h,(t) = coth” t, go(a) = B coth’ x, 
and h(t) = t9. 


1.3-5. Kernels Containing Combinations of Hyperbolic Functions. 


106. i { cosh[A(a - t)] + A sinh[y(a - t)]} y(t) dt = f(a). 


Let us differentiate the equation with respect to x and then eliminate the integral with the 
hyperbolic cosine. As a result, we arrive at an equation of the form 2.3.16: 


ya) + A~ A2p) if sinh{u(cr—t)]y(t) dt = fie) — Au f(a). 


107. ie [A cosh(Ax) + B sinh(yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A cosh(Az) and A(t) = B sinh(pt) + C. 
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108. 


109. 


110. 


111. 


112. 


113. 


114. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 
/ ‘ [A cosh?(Ax) + B sinh? (ut) + Cl y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A cosh?(Ax) and h(t) = B sinh? (ut) +C. 
ie sinh[A(a — t)] cosh[A(a + t)]y(t) dt = f(a). 
re the formula 
sinh(a@ — 3) cosh(a + (3) = 4 [sinh(2a) - sinh(2,3)] », @=Axr, B=At, 


we reduce the original equation to an equation of the form 1.3.45: 


/ ‘ [sinh(2Ax) — sinh(2At)] y(t) dt = 2 f(a). 


ld ui 
Solution: y(x) = ae 20. 


i cosh[A(a — t)] sinh[A(a + t)]y(t) dt = f(a). 
Using the formula 
cosh(a — () sinh(a + 3) = + {sinh(2q) + sinh(2(3)], a=Ar, B=, 


we reduce the original equation to an equation of the form 1.3.46 with A = B = 1: 


i ‘ [sinh(2Ax) + sinh(2At)] y(t) dt = 2 f(a). 


/ : [A cosh(Az) sinh(ut) + B cosh(Ga) sinh(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g\(x) = Acosh(Az), hi (t) = sinh(ut), go(a) = 
Bcosh(Gz), and ho(t) = sinh(yt). 


| : [sinh(Ax) cosh(yt) + sinh(G:) cosh(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = sinh(Az), hi(t) = cosh(ut), g2(x) = 
sinh(Ga), and h2(t) = cosh(yt). 


/ “ [cosh(Ax) cosh(yt) + sinh(Gz) sinh(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = cosh(Az), hi (t) = cosh(ut), go(x) = 
sinh(Gx), and h2(t) = sinh(yt). 


f [A cosh?(Ax) + B sinh” (yit)] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A cosh? (Ax) and h(t) = B sinh” (ut). 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 
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| [A sinh? (Ax) + B cosh” (yit)] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = A sinh? (Az) and h(t) = B cosh” (ut). 
| (Aa* cosh” t + Bt? sinh” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ax, h,(t) = cosh” t, g2(x) = B sinh’ «x, 
and h(t) = t?. 


/ : { (a — t) sinh[A(a - t)] - A(x - t)* cosh[A(x — t)]} y(t) dt = f(a). 


Solution: 


y(x) = / g(t) dt, 


nr 1 a 2 
g(t) = as($- w) fe Ish [AC — 7)] f(r) dr. 


[Tp cosntate- on} ut at = Fo 


xa-t 


where 


Solution: 


1(@ ay is 
Wo=s5(G a -») / sinh[\(x — t)] f(b) dt. 


i) [sinh (AVa -t) -AV x -tcosh (AVx-t)|y(t)dt = f(x), f(a) = fi(a) =0. 
Solution: . ee) 
4 ad ” cos(A 
WOO ae). gee 
| : (Aa sinh” t + Bt? cosh” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ax, h(t) = sinh” t, g(a) = B cosh? x, 
and h(t) = t?. 


c [A tanh(Ax) + B coth(yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A tanh(Azx) and A(t) = Bcoth(ut) + C. 


i [A tanh?(Ax) + B coth’(ut)| y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A tanh?(Ax) and h(t) = B coth? (jit). 


| ' [tanh(Ax) coth(yt) + tanh(Gx) coth(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = tanh(Az), hi (t) = coth(ut), g2(x) = 
tanh(Gx), and h(t) = coth(yt). 
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124. 


125. 


126. 


127. 


128. 


129. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


/ ’ [coth(Ax) tanh(jt) + coth(Gx) tanh(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = coth(Az), h)() = tanh(ut), g2(x) = 
coth(Gx), and h(t) = tanh(yt). 


| . [tanh(Ax) tanh(yt) + coth(Gx) coth(yt)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g;(a) = tanh(Az), h)(t) = tanh(ut), g2(x) = 
coth(@x), and h2(t) = coth(yt). 


f. [A tanh?(Ax) + B coth” (ut)| y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A tanh? (Ax) and h(t) = B coth” (ut). 
i. [A coth?(Ax) + B tanh” (yut)| y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = A coth® (Az) and h(t) = B tanh” (yt). 
/ : (Aa tanh” t + Bt’ coth’ x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ax, h(t) = tanh" t, go(x) = B coth’ x, 
and h(t) = t?. 


| (Aa coth” ¢ + Bt” tanh” x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Ax, hi(t) = coth” t, go(x) = B tanh’ x 
and h(t) = t?. 


1.4. Equations Whose Kernels Contain Logarithmic 


Functions 


1.4-1. Kernels Containing Logarithmic Functions. 


fom az —Int)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) =Inz. 
Solution: y(z) = afi". (a) + fi (a). 


‘a In(x — t)y(t) dt = f(x). 
0 


_ x 7 @-tye** oe oar 
y(a)=- f fcoar “T@+) fy [= Tea 


—In k) = 0.5772... is the Euler constant and I(z) is 


Solution: 


1 1 
h = ji (1 a cp lge 
where C im Hat A Tay 


2 CO. 


the gamma function. 


@ References: M. L. Krasnov, A. L Kisilev, and G. I. Makarenko (1971), A. G. Butkovskii (1979). 
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ip ne —t) + Aly(t) dt = f(z). 


Solution: 


oe d [® gtelACe 
wada—z f vate-ofod, vada | Toy 


where C = 0.5772... is the Euler constant and I'(z) is the gamma function. 
For a = 0, the solution can be written in the form 


_ x ” (Ce aes rer | r caer 
u(a)=- f fucbvar [ Tae) +) ae— fo) Tea © 


@© Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


[a Inz + Bint)y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = Ina. For B =—A, see equation 1.4.1. 
Solution: 


(a) = SE) d = {fina ws |In ¢| EF jen at}. 


fa Inc + Bint + C)y(t) dt = f(a). 


This is a special case of equation 1.9.5 with g(x) = x. 


[twa -mao]ye dt = fa, fla) = fi(a) =0 


afi (x) 
2In(Az) |” 


Solution: y(#) = =| 


| : [A ln’ (Ax) + Bn?(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = In’(\x). For B = —A, see equation 1.4.6. 
Solution: 


yl) = za cE {inca WB [ [In(At)| AB F joa, 


; 7 [Aln’(Ax) + B In*(yet) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Aln*(\x) and A(t) = B In?(ut) + C. 


/ : [In(w/t)] " y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 
[OM =0. 


1 d n+l 
Solution: y(x) = aie (<<) f (2). 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


fl (In? x - In? t)" y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/.(a) =--- 


{PM =0. 


Sind He 7 f(a) 
: OE Die tae Inz dz ee 


Pi  \uende= 
[on (2)vo = f(x). 


This is a special case of equation 1.9.2 with g(a) = In(a + b). 
Solution: y(x) = (a+b) fi.(a) + fi (a). 


iy Vinee y(t) dt = f(a). 


Solution: 
m=2 (et) [fee 
ee de) Ja tine] 
© y(t) dt 


a /In(a /t) 


Solution: 


= f(x). 


ig lle 7 F(t) dt 
WF de dat In(a/t) 


i * [in!'(Ax) —In“(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = In“(A2z). 


Solution: y(a) = aa [zIn' (Az) fi (a)]. 
pe dx 


i ° [A In? (Ax) + BIn7 (ut) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A In?(Azx) and h(t) = B In” (ut) + C. 


| “Tn(e /t)y dt = f(a), 0<A<1. 


_kf_ d\’ [? f@de 1, = Sind) 
w= (er) | ffin@e/OP’ aN 


= f(x), 0<A<1. 


Solution: 


ce y(t) dt 
a [n(a/t))P 


This is a special case of equation 1.9.44 with g(x) = Inz and h(x) = 1. 


Solution: 
sin(tA) d [” — f(t)dt 


y(@) = tfin(a ty)’ 


am dx J, 
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7 et JVa-t 
18. In t) dt = 
Inq at = Fa. 
Solution: 


a Ae af RE Ae 
WS in Tee aE 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 451). 


< F(t) dt. 


int +Vt-2@ 
19. t) dt = : 
b ee a car eae y(t) f(x) 
Solution: 


soe = a oF ae = a f ay dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452). 


1.4-2. Kernels Containing Power-Law and Logarithmic Functions. 


20. / ce — t)[In(w - t) + A] y(t) dt = f(a). 


Solution: 
2 x d OO cca 
=-—~ —t) f(t) dt ——— 
ya) = | valw—O fat, — vata) = xf vata 
where C = 0.5772... is the Euler constant and I'(z) is the gamma function. 


(dO) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


21 ia GSD EA ae Fa, ee 
; SS = : <A<1. 
« @o-or ” ii 
Solution: 


y(@) =—- 


7 dx 


sin(wd) d_ [ F(t) dt 


@—-p)™’ F(a) = / Vp(x = t) f(t) dt, 


d love) 2 eh 
Up(L) = =f Tes —— dz, h=A+y(1-)d), 
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where I'(z) is the gamma function and ~(z) = [Te], is the logarithmic derivative of the 


gamma function. 


© Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


x (a qe How! 
22. | Tay line 8 + All) de = fla), a> 0. 


Solution: 


1 G\eR F(t) dt = 
y(x) = Tol one) (=) ‘ Fol omGNAET OT: F(a) = i Up (x — t) f(b) dt, 


(x —t)etel’ 


d oo gz eh 
Vp(x) = We | T@+L dz, h=A+t w(a), 


where I'(z) is the gamma function and ~(z) = [re], is the logarithmic derivative of the 


gamma function. 


© Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993, p. 483). 
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23. i i (t? In x — x? In’ ty(t) dt = f(x). 

This is a special case of equation 1.9.11 with g(x) = In? x and h(t) = t?. 
24, | " (At? In x + Ba In’ t)y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = Aln* x, hy(t) = t, g2(x) = Ba", and 
h(t) = In” t. 


© ze+b 
25. / In ( ue dt = f(a). 
‘é ct +58 


This is a special case of equation 1.9.6 with g(a) = In(a" + b) and h(t) = —In(ct* +s). 


1.5. Equations Whose Kernels Contain Trigonometric 
Functions 


1.5-1. Kernels Containing Cosine. 
1. | cos[A(a — t)]y(t) dt = f(a). 


Solution: y(a) = fi(a) +” i : f(x) dx. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 442). 


2. | {cos[A(x - t)] - 1} y(t) dt = f(@), f(a) = f(a) = fz,(a) = 0. 


Solution: y(x) = a eg he: 


3. / : {cos[A(a - t)] + b} y(t) dt = f(a). 


For b = 0, see equation 1.5.1. For b = —-1, see equation 1.5.2. For \ = 0, see equation 1.1.1. 
Differentiating the equation with respect to x, we arrive at an equation of the form 2.5.16: 


see ire _ f(a) 
y@)— FF | sin[ (x — t)] y(t) dt = (aE 


1°. Solution with b(6 + 1) > 0: 


f(x) ? "ee ; |b 
y(x) = (<a g + mon | sin[k(a — t)] f;(t) dt, where k= rea 


2°. Solution with b(6 + 1) < 0: 


/ sinh[k(x—1)]f;()dt, where k= = 


fr(2) »” 


YO) eT RO HIP 
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4, i cos(Ax + Bt)y(t) dt = f(x). 


Differentiating the equation with respect to x twice yields 


x 


cos[(A + B)a]y(2) - rf sin(Ax + Bt)y(t) dt = fi(a), (1) 


a 


{cos[(\ + B)axly(a)}" —Asin[(A + B)x]y(x) — 7 / : cos(Ax + Bt)y(t) dt = f(x). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the first-order linear ordinary differential equation 


Ww, —Atan[(A + Bax]w = fe g(t) + » f(x), w =cos[(A + B)ax}y(2). (3) 


Setting x =a in (1) yields the initial condition w(a) = f/,(a). On solving equation (3) under this 
condition, after some transformations we obtain the solution of the original integral equation 


in the form 
= 1 ‘ r ssinl + a 
r 
k2 _ 
a f(t) cos**[(A + Byt] d b= 


5. i : [cos(Aa) - cos(At)] y(t) dt = f(x). 


This is a special case of oe 1.9.2 with g(x) = cos(Az). 
fi.) | 


Solution: y(x) = > dz - 2 


6. / : [A cos(Ax) + B cos(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = cos(Ax). For B = —A, see equation 1.5.5. 
Solution with B # —A: 


signcos(Ax) d 


y(@) = A+B 


+ { [eos ae |cos(At)| er jen at}. 


7. / : [A cos(Aa) + B cos(pit) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = Acos(Ax) and A(t) = Bcos(pt) + C. 


8. a { Ay cos[A1 (a — t)] + Az cos[A2(x -— DI} y(t) dt = f(x). 


The equation is equivalent to the equation 


/ : {B, sin[A\(@—6)] + By sin[Ao(a - O)] }y(O dt = F(a), 


a ae ney i : f(t) dt, 
Ad ‘ 


which has the form 1.5.41. (Differentiation of this equation yields the original integral 
equation.) 
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10. 


11. 


12. 


13. 


14. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


7 cos?[A(a — t)]y(t) dt = f(a). 
Differentiating yields an equation of the form 2.5.16: 
y(x) — | sin[2\(x — t)]y(t) dt = fi.(2). 


Solution: 


x 


2 
y(x) = fia) + a / sin[k(x —1)] f;(® dt, where k= \V2. 


i ° [cos*(Ax) — cos?(At)] y(t) dt = f(x), f(a) = fi(a) = 0. 


ld if 
Solution: y(x) --55|255 |: 


f [A cos*(Ax) + B cos*(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) =cos?(Ax). For B =—A, see equation 1.5.10. 
Solution: 


d _2A_ ® _2B 
y(a) = { [costs | [cos(At)] 4*2 funatl, 


1 
A+Bdz 
/ [A cos?(Ax) + B cos*(ut) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = Acos*(A2) and h(t) = B cos?(yt) + C. 
i cos[A(a — t)] cos[A(a + t)]y(t) dt = f(a). 
Using the trigonometric formula 
cos(a — 3) cos(a + 3) = 4 [cos(2a) + cos(2/3)}, a=Ar, B=At, 
we reduce the original equation to an equation of the form 1.5.6 with A = B = 1: 
/ [cos(2Ax) + cos(2At)] y(t) dt = 2f(x). 


Solution with cos(2Ax) > 0: 


1 © F(t) dt 


d 
IGN dx ae a vVcos(2At) 


J costa -pleostu(e -Dlyit) dt = Fle), fla) = fila) =O. 


Solution: 


1 a a a 
Wa)= ms | Fa HOt a o-w| | [sin VF (t-9)] fo) ast. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444). 
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17. 


18. 


19. 


20. 


21. 
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/ [A cos(Ax) cos(yit) + B cos(Bx) cos(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g\(x) = Acos(Az), h(t) = cos(pt), go(x) = 
Bcos(Gx), and h2(t) = cos(7t). 


| ‘ cos*[A(x - t)]y(t) dt = f(x). 


Using the formula cos? 3 = + cos 33+ 3 cos 3, we arrive at an equation of the form 1.5.8: 


/ a cos[3A(a — t)] + 3 cos[A(a — t)] }y(t) dt = f(x). 


/ B [cos*(Ax) — cos*(At)] y(t) dt = f(x), f(a) = fi(a) = 0. 


a) ee 


poliony WO) ay ae au) ok OD) 


i [A cos*(Ax) + B cos*(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) =cos*(A\x). For B =—A, see equation 1.5.17. 
Solution: 


1 od 4 
y(x) = AsB at [cos(Ax)] / 


a 


x 


3B 
[cos(At)] 4+B fi (t) a. 


/ . [cos?(Ax) cos(ut) + cos(Bx) cos*(yt)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) =cos?(Ax), h(t) =cos(put), g2(x) =cos(3x), 
and h(t) = cos*(y#). 


i; ¥ cos*[A(a — t)] y(t) dt = f(a). 


Let us transform the kernel of the integral equation using the trigonometric formula cos* 3 = 
t cos43 + 4 cos 23+ 2, where 6 = A(x — 1), and differentiate the resulting equation with 
respect to x. Then we arrive at an equation of the form 2.5.18: 


y(a) —r / : {1 sin[4\(a —t)] + sin[2A(a—O] }y(b) dt = f(a). 


i [cos(Ax) - cos(At)]""y(t) dt = f(z),  n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/,(a) =---= 
[OM =0. 


ntl 
Solution: y(x) = GD a | f(a). 


ee ee | sin(x) dx 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


i vV cost —cos x y(t) dt = f(x). 


This is a special case of equation 1.9.40 with g(x) = 1-cosz. 


Solution: 
eS 2 aa ( 1 d y “  sint f(t) dt 
2) = — sina ( ——— ——_—_————, 
7 T snzdx/ J, /cost—cosx 
x. y(t) dt 
= fia). 
a Vcost—coszx 
Solution: 
1d /[* sint f(@adt 
y(2) 


a dxz Ja cost—cosz 


} (cos t — cos x)* y(t) dt = f(x), 0<A<1. 


Solution: 


: 1 dy)? f* sint f@)dt sin(7 A) 
=k —— a eG k= : 
UO hea a( sina dx ) a (cost—cosz)>’ TX 


[ost x — cos" t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = cos" zx. 
ld ! 
Solution: y(x) =-—— qe 
ut dx | sinxcos#"! x 


| (A cos x + B cos“ t) y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = cos” x. For B =—A, see equation 1.5.25. 
Solution: 


1 d ee wee 
WO= BF { [0084 a) |cos ¢| HF par\, 


* y(t) dt 
yar meas 0<A<1. 
Solution: 
sin(tA) d [*” — sint f(t) dt 
dx J, (cost—cosx)!** 


y(@) = 


[ @-deosire-lydt= fla, — flay= fifa) =6. 
Differentiating the equation twice yields 
y(a) —2X a sin[A(x — t)]y(t) dt - xe fe —t)cos[\(w — t)] y(t) dt = fi".(2). 


Eliminating the third term on the left-hand side with the aid of the original equation, we arrive 
at an equation of the form 2.5.16: 


y(a) -22 ie sin[A(x — t)]y(t) dt = A) + dM f(z). 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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” cos[A(x — t)] 
ee Va-t 


Solution: 


y(t) dt = f(x), f(a) = fi (a) =0 


2 * sin[A(a —t)] ma 
Tr J, Ve-t 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445). 


[Ver teos (AVe=1) yin dt = fee 


Solution: 


y(z) = LA) +? f(®] dt 


police) 
a Vv 


(dO) References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 445-446), S. G. Samko, 
A. A. Kilbas, and O. I. Marichev (1993). 


* cos (AVa-t) 
(= 


1 
y(x) = —_——— _ f(t) dt. 


y(t) dt = f(x). 


Solution: 


_ 1 d_ f* cosh(AVa-t) 
y(2) = ar . ae a a 


@) References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


i cos (AvV‘t - x ) 
ae Vt-2x 


oN! tt) dt. 


y(t) dt = f(x). 


Solution: 


y(z) =i = 7 ZG ssn WE) pe dt. 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 448), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


cos cos (AV'x? - t? ) tv?) 
t)dt= 7 
fae vd te) 
Solution: 
2d [* cosh(AvV 22 -t? 
Co aati oe ; t ———— aE —_——— _f(t) dt. 
© cos cos (AV? - 2?) x?) 
t) dt = 7 
i aa y(t) f(x) 
Solution: 2) 
2d f° , cosh AV? 
y(x Needle de a —_—__———_ f (t) dt. 
* cos (AV xt - t? ) 
+ dt = A 
| Ta ue at = Fe) 
Solution: EGE a 
1 cosh( Av a2 
y(o)= fro 2+ Kod 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446). 
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36. 


37. 


38. 


39. 


40. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


cos cos (AV'x? - at ) at ) 
[ SO un at = fa. 
Solution: 
h (Av t-t2 
oe oo va a = ante) SOW ESE) eal 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446). 


ie cos [AV -t)\(a-t+ 7) | ‘dea 


x-t 


It is assumed that f(a) = f(a) = fl.(a) = fi”. .(a) = 0. 
Solution: 


y(@) = 


© sin[\,/(@—b(@—-t-7) 2 2 
= i ahve i sin[\(t — mS +) f(s) ds dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447). 

f [Ax + Bcos (At) + Cly(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = Av? and h(t) = Bcos?(At) + C. 
pe [A cos?(Ax) + Bt? + Cly(t) dt = f(a). 

This is a special case of equation 1.9.6 with g(a) = Acos?(A) and h(t) = Bt? +C. 
iA (Aa cos” t + Bt” cos” x) y(t) dt = f(z). 


This is a special case of equation 1.9.15 with gi(x) = Ax, hy(t) = cos t, g2(x) = Boos’? a, 
and ha(t) = t?. 


1.5-2. Kernels Containing Sine. 


41. 


42. 


| sin[A(a -t)ly(t) dt = f(x), fla) = f(a) =0 


Solution: y(@) = AL) + Af (2). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 442). 


/ ” {sin[A(a — t)] + b} y(t) dt = fle). 


For b = 0, see equation 1.5.41. Assume that b # 0. 
Differentiating the equation with respect to x yields an equation of the form 2.5.3: 


re of 1 
yla)+ > / cost Me —t)lylt) dt = + filo). 
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43. | : sin(Aa + Bt)y(t) dt = f(a). 


For @ =—A, see equation 1.5.41. Assume that 0 # —A. 
Differentiating the equation with respect to x twice yields 


sin[(A + B)aly(x) +r ie cos(Ax + Bt)y(t) dt = fi(x), (1) 


{sin[(A + B)ax]y(x)}", + Acos[(A + B)x]y(x) — 7 i, sin(Ax + Gt)y(t) dt = fr. (x). (2) 


a 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the first-order linear ordinary differential equation 


w, +Acotl(A + A)alw = fi"(a) + d f(x), w = sin[((A + A)a)y(a). (3) 


Setting x =a in (1) yields the initial condition w(a) = f/,(a). On solving equation (3) under this 
condition, after some transformation we obtain the solution of the original integral equation 


in the form 
2 1 j Acos[(A + 2)x] 
ve) = SOs Bal? ~ mas Dal © 
r 
k-2 a 
a | f@) sin®™[(A + ft] dt, ka 


44, / : [sin(Ax) - sin(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(a) = sin(Az). 


1d] f,(2) 
Solution: y(x) = ie ee : 


45. i [A sin(Ax) + B sin(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = sin(Ax). For B =—A, see equation 1.5.44. 
Solution with B # —A: 


sign sin(Ar) d 


y(x) = A+B 


A x B 
+ { [sina nee / |sin(At)| A+B frenatl. 


46. | : [A sin(Ax) + B sin(ut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A sin(Az) and A(t) = B sin(ut) + C. 


47. | {wsin[A(a - t)] - A sin[y(a - t)] } y(t) dt = f(x). 


It is assumed that f(a) = f/(a) = fl (@) = fe" _.(a@) = 0. 
Solution: 
Wg + OP + ODI, + MEF 


ee or , f = f(@). 


y(@) = 
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49. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


i {A sin[\,(a — )] + Ap sin[Ag(a —D)}y(t) dt = f(a), f(a) = f(a) = 0. 


This equation can be solved in the same manner as equation 1.3.49, i.e., by reducing it to a 
second-order linear ordinary differential equation with constant coefficients. 
Let 
Aj 2 + A2X 1 


Ke ae 
MAG Abas 


_ 


°. Solution for A > 0: 
(Aj Ai + ApA2)y(x) = fy, (@) + B f(a) + ef sinh[k(x — t)] f(t) dé, 


k=VA, B=A+XN+N, C= A? + (Ap + AZ)A + AZA}]. 


r 
TE! 


N 


°. Solution for A < 0: 
(Aj Ai + ApA2)y(x) = 7, (@) + Bf (a) +C a sin[k(x — t)] fd) dt, 


1 
k=V-A, B=A+N+X, Oa ae Oe) 


OW 


°. Solution for A = 0: 
(AA + Anda) y(@) = fu.(x) + AT + AZ) f(x) + ATA} i, (x -t) f(t) dt. 


4°. Solution for A = oo: 


WH ep tO FM) fi + ADS S 


AM + Ap ee 


y(x) =— 


In the last case, the relation A; Ay + A2A2 = 0 holds and the right-hand side of the integral 
equation is assumed to satisfy the conditions f(a) = fi(a) = fl. (@ = f"..(@ = 0. 


Remark. The solution can be obtained from the solution of equation 1.3.49 in which the 
change of variables A, — iy, Ay > —iAz, 7 =-1 (k = 1,2), should be made. 


i { A sin[A(a - t)] + B sin[y(a - t)] + C sin[ (ax - t)] } y(t) dt = f(x). 
It is assumed that f(a) = f/.(a) = 0. Differentiating the integral equation twice yields 
(A\ + But CB)y(x) - / { Ad sin[A(a — t)] + By’ sin[ (a — t)] }y() dt 
er / sin[ (ar —t)]y(t) dt = fi", (0). 


Eliminating the last integral with the aid of the original equation, we arrive at an equation of 
the form 2.5.18: 


(A\ + But CB)y(x) + i : { A(G — d”) sin[A(a - 2)] 
+ B(S? — pw) sin{u(a -— 1] sy) dt = f(x) + 8’ f(a). 


In the special case AA + Bu + CG = 0, this is an equation of the form 1.5.41. 
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51. 


52. 


53. 


54, 


55. 
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[fo s@-oiyo at = fim, fla = fifa) = fZ,(a) =O. 
Differentiation yields an equation of the form 1.5.41: 
/ sin[2A(x — t)] y(t) dt = + Fi). 
Solution: y(x) = ee (x) +2f% (x). 


LLL 


/ ; [sin’(Ax) - sin?(At)] y(t) dt = f(x), f(a) = fi(a)=0. 


ld ! 
Solution: y(2) = Or | 


/ : [A sin’(Ax) + B sin’(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = sin?(Axz). For B =—A, see equation 1.5.51. 
Solution: 


WO = FBT { ind) a [sina mf foal 


| ° [A sin’(Ax) + B sin*(yst) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = Asin?(Ax) and h(t) = B sin*(ut) + C. 


; sin[A(a — t)] sin[A(a + Hly(@) dt = f(x), f(a) = fi,(a) = 0. 
Using the trigonometric formula 
sin(a— 3) sin(a + 3) = $[{cos(23)—cos(2a)], a=Axr, B=Xt, 


we reduce the original equation to an equation of the form 1.5.5: 


x 


[cos(2Az) - cos(2At)] y(t) dt = 2 f(x). 


>=— 


ld : 
Solution: y(x) = ae Feat 


/ sin[A(x — t)] sin[y(x — t)]y(t) dt = f(x), f(a) = fi(a) = f(a) = 0. 
Solution: 
my Ee ee | eee men pce eee 
y(@) = Ta *° +p) age * 4 — pH) af f(t) dt. 


© Reference A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 443). 
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58. 


59. 


60. 


61. 


62. 
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i; [sin(Ax) sin(sut) + sin(Ga) sin(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = sin(Az), h(t) = sin(t), go(x) = sin(Bx), 
and h(t) = sin(yt). 


| . sin? [A(x - t)] y(t) dt = f(x). 


It is assumed that f(a) = fr(a) = = fi (a) = fy (a) = 0. 


LLU 
Using the formula sin? 3 = -7 L sin 30+ ; Sin 3, we arrive at an equation of the form 1.5.48: 


- {—+ sin[3\(x — t)] + 3 sin[A(w —t)] }y(@) dt = f(z). 


| . [sin’(Ax) - sin’(At)] y(t) dt = f(x), f(a) = fi(a)=0 


This is a special case of equation 1.9.2 with g(x) = sin?(Az). 


| ° [A sin?(Ax) + B sin*(At)| y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = sin*(Ax). For B =—A, see equation 1.5.58. 
Solution: 


signsin(Ar) d 


y(@) = A+B 


{since we |sin(At)| 7H fn at}. 


| [sin?(Ax) sin(yt) + sin(Gx) sin?(yt)] y(t) dt = f(x). 

This is a special case of equation 1.9.15 with g)(x) = sin?(Azx), hy (t) = sin(t), g2(x) = sin(Bx), 
and h(t) = sin?(yt). 

/ sin*[A(a — t)]y(t) dt = f(a). 


It is assumed that f(a) = fi(@)=--- = fe (a) =0 


LLLXL 
Let HS cso the Retne! of the integral equation using the trigonometric formula 


sin* 3 = z 1 cos 4G — 4.cos 26+ 2, where 3 = \(x - 1), and differentiate the resulting equation 
with raapect to x. Then we obtain an equation of the form 1.5.48: 


r i {—-4 sin[4A(a — t)] + sin[2\(a- t)] }y() dt = fi(a). 


| sin” [A(x — t)] y(t) dt = f(x), n=2,3,... 


It is assumed that f(a) = fi(a) =--- = fM@= 


1°. Let us differentiate the equation with respect to x twice and transform the kernel of the 
resulting integral equation using the formula cos” 3 = 1 —sin? 3, where 3 = \(x—t). We have 


SMa / y sin” [A(x — t)] y(t) dt + n(n — 1) i : sin” [A(x — t)]y(t) dt = f(a). 
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63. 


64. 


65. 


66. 


Eliminating the first term on the left-hand side with the aid of the original equation, we obtain 


i : sin” [A(x — t)] y(t) dt = 5 [fe(a) + °n? f(a)). 


1 
n(n - 1 


This equation has the same form as the original equation, but the degree characterizing the 
kernel has been reduced by two. 

By applying this technique sufficiently many times, we finally arrive at simple integral 
equations of the form 1.1.1 (for even n) or 1.5.41 (for odd 7). 


2°. Solution: 


1 d la 6B & 
wo= sa (4) [I [s5 + @k+)"] f@. 


Arn! \ dx 
k=l 


where a = n —2[n/2], 8 = [(n + 1)/2], [A] denotes the integer part of number A. 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 443). 


J @-bsintve - bly) at = Fo) fla) = fila) = f(a) =0 


a 
y(x) = a(z a +) i f@) dt. 


@ References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


Solution: 


im sin (AV a -t) y(t) dt = f(a). 
Solution: 


y(x) = —_—_———— f (i) dt. 


Ped pee cose t) 
TX dx? V@- 
See also Example 2 in Section 10.4. 


@ References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


i sin(AvVt — x)y(t) dt = f(x). 


Solution: 
2 &@ ff cos(AVt—-2) 
wr dx? J, Vt-2 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 447). 


y(a) = f(t) dt. 


” sin[A(a — t)] 
a Va-t 


Solution: 


y(t)dt = f(x), f(a) = fi(a) =0 


” cos[A(x — t)] 
Vua-t 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


y(x) = — Lfn(t) + df(t) dt. 
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68. 


69. 


70. 


71. 


72. 
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” sin[A(a — t)] ; 
| —_— y(t) dt = f(x), f(a) = f(a) =0 


(a — t)3/2 


Solution: 
* sin[A(x — t)] 


Va-t 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


® sin |AV(e—-D(@—t +7) | 
i VEatry 
It is assumed that f(a) = fi(a@) = fi.(@ = fi1..(@) = 0. 
Solution: 


Po 


2 " 
y(x) = 5 E (+N f+ — 


y(t) dt = f(a). 


ie 2 ie cos|AV/(a— (a -t— 7) | 


a 
=U) i sore-oi( or) f(s) ds dt. 


x-t 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447). 


i: vVsin x —sint y(t) dt = f(x). 


Solution: 
a 2 nos ( 1 od yf cost f(t) dt 
r)=— x — —_— 
is 7 cosx dx a Vsina—sint 
* y(t) dt 
SS = F(a). 
a Vsinaz —sint 
Solution: 
d [* cost f(t) dt 
y(x) = 


EE sin x —sint 


| " Ginx - sin t)* y(t) dt = f(x), 0<A<1. 


Solution: 


” cost f(t) dt ae sin(7A) 
(sin x —sint)>’ th 


1 dy? 
nto So) 
ya) 8 \ Cosa dx 7 


[sin x —sin" t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = sin” z. 


ld f,(2) 
uti 7 el coe anete | 
Solution: y(x) = p dx =< sin! x 


i . { A sin(Ax)|“ + BI sin(At)|“} y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(a) = | sin(Az)|". 
Solution: 


y(x) = ——— 4 {|sinan| WB a |sin(At)| a ® peoar\, 


1 
A+B dx 


74, 


75. 


76. 


77. 


78. 


79. 


1.5. EQUATIONS WHOSE KERNELS CONTAIN TRIGONOMETRIC FUNCTIONS 59 


© y(t) dt 


| [sna -sinappe 7 0<p<1. 


This is a special case of equation 1.9.44 with g(x) = sin(Ax) and h(x) = 1. 
Solution: 


A sin(7 1) < [ cos(At) f(t) dt 
[ 


y(2) = dx J, [sin(ax) —sin] =’ 


i, (a -t)sin[Aa - Hly(t) dt = f(a), —_—fla) = fila) = f(a) = 0 


Double differentiation yields 


2r / : cos[A(a — t)]y(t) dt — i eG — t) sin[\(x — t)]y(t) dt = f(a). 


a 


Eliminating the second integral on the left-hand side of this equation with the aid of the 
original equation, we arrive at an equation of the form 1.5.1: 


/ cos[Ma — t)]y(t) dt = = Li (x) + 7 f(x)]. 


Solution: 


yoo)= Megloe Mn+ a» | fora 


i |sin(A(@ - y(t) dt = fle), fla) = f(a) = f(a) = 0 


Solution: 


jer <[ (1-0/1 p14) +2 fC) at 


where [A] denotes the integer part of number A. 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 443). 


f [Aa? + Bsin” (At) + Cl]y(t) dt = f(a). 

This is a special case of equation 1.9.6 with g(x) = Az® and h(t) = B sinY(At) + C. 
| : [Asin?(Ax) + Bt? + Cly(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = Asin?(Ax) and h(t) = Bt? +C. 
/ ° (Aa sin” t + Bt? sin? x) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Ax*, h,(t) = sin“ t, g(x) = Bsin’ x, 
and h(t) = t?. 
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1.5-3. Kernels Containing Tangent. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


i, : [tan(Ax) — tan(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = tan(Az). 


Solution: y(2) = a [cos*(Ax) fi (x)]. 


| [A tan(Ax) + B tan(At)] y(t) dt = f(a). 
This is a special case of equation 1.9.4 with g(x) = tan(Ax). For B =—A, see equation 1.5.80. 


1 d ah ‘J ea ’ 
FEB HE { ten. + J anos) ‘ fnatl. 


Solution: y(x) = 
/ : [A tan(Aax) + B tan(yut) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A tan(Ax) and h(t) = B tan(ut) + C. 


i; ‘ [tan?(Azx) - tan?(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = tan?(Az). 


2) / 
Solution: y(x) = = Ses 


} : [A tan?(Ax) + B tan*(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = tan’*(Ax). For B =—A, see equation 1.5.83. 


2A re Bh 
Solution: y(a) = |tan(Ax)| +8 i |tan(At)| 4+B feo at}. 


1 od 
A+B mat 
/ : [A tan?(Ax) + B tan?(pt) + C]y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A tan*(Ax) and h(t) = B tan*(pt) + C. 


i [tan(Azx) - tan(At)]""y(t) dt = f(a), n=1,2,... 
The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 
f@ =0. 


n+l 
Solution: y(x) = cos*x) f(a). 


A" n! cos2(Ax) 


i v tan x — tant y(t) dt = f(x). 


Solution: 


(v) = (cose £)’ : ft) dt 
x2) = ———— xr— ——_——.. 
7 T COS? x dx a cos? ty/tanx — tant 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 
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© OS — = tea) 
a tana —tant — na 


Solution: 
ld f@ dt 


xv) = —— ee 
y@) mdz J, cos? ti/tanx — tant 


| (tan x - tan t)*y(t) dt = f(a), 0<A<1. 


Solution: 


ae sin(7A) (cos? d ) [ f(t) dt 


TA cos? x dx cos? t(tan x — tant)” 


[cane x —tan” t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = tan’ a. 


: 1 d [cost*! afi (x) 
Solution: y(a) = dx [ee - 


a (A tan” x + B tan“ t) y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = tan” x. For B =—A, see equation 1.5.90. 
Solution: 


eee: inf? = 
y(x) = aE [tan(Ax)] 4+8 | [tan(At)] 4+2 f(t) a. 
y(t) dt 
qa [tan(Ax) — tan(At)]4 
This is a special case of equation 1.9.44 with g(x) = tan(Az) and A(x) = 1. 
Solution: 


= f(x), O<p<1. 


Asin(xu) df” f@ dt 
yoy= 2860 Af 


da J, cos?(At)[tan(x) — tan(t)]-# * 

| [Ax? + Btan7 (At) + Cly(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = Av? and h(t) = Btan7(At) + C. 
} [A tan’ (Ax) + Bt? + Cly(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = Atan7(A2x) and h(t) = Bt? +C. 
/ (Aa* tan” t + Bt? tan? x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with gi(@) = Aa, hy(t) = tan“ t, g(x) = Btan’ x, 
and h(t) = t?. 
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1.5-4. Kernels Containing Cotangent. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


i, " [eot(Ax) — cot(At)] y(t) dt = f(x). 


This is a special case of pene 1.9.2 with g(x) = cot(Az). 


Solution: y(z) = -+ — [sin’(Az) f’,(a)]. 


i " [Acot(Aa) + Beot(At)] y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = cot(\x). For ee —A, see equation 1.5.96. 


A 
{ance} A+B is [tan(At)] WB L@® ar}. 


1 
Solution: y(#) = ——— Ap ae 
Ae 


x [A cot(Ax) + B cot(ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Acot(Ax) and h(t) = Bcot(ut) + C. 


| : [cot?(Ax) — cot?(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = cot?(Ax). 
mn fe) 


Solution: y(«) =-— | 2X cos(Ax) 


dx 


| ; [A cot*(Ax) + B cot*(At)] y(t) dt = f(a). 


This is a special case of daa 1.9.4 with g(a) = cot?(Az). For a= —A, see equation 1.5.99. 


Solution: y(2) = ——— a a ltan(at)| #*B fie at}. 


1 
A+B dx 
/ ; [A cot?(Ax) + B cot*(yit) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = Acot?(Ax) and h(t) = B cot?(ut) + C. 


/ “ [cot(Ax) — cot(At)]""y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/,(a) =---= 
{PM =0. 

|)” 

Solution: y(x) = GD 


A? n! sin2(Aa) 


d n+l 
sin?) =| f(a). 
dx 


i (cot’ x — cot” t)y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(x) = cot’ a. 


1 d f[sin“*! x fi (x) 
Solution: y(x) = = “yn de ee : 


104. 


105. 


106. 


107. 
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i (A cot’ x + Bcot" t) y(t) dt = f(a). 


This is a special case of equation 1.9.4 with g(x) = cot x. For B =—A, see equation 1.5.103. 
Solution: 


1 od Aulpt | By 
WO= ae { lane | ane] fen ah, 


f [Ax? + Bcot?(At) + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = Av® and h(t) = Bcot?(At) + C. 
| [A cot?(Ax) + Bt? + Cly(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = Acot?(A2x) and h(t) = Bt? +C. 


‘| (Aax* cot" t + Bt? cot? x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with gi(@) = Ax, hy(t) = cot" t, g(x) = Bot’ a, 
and ha(t) = t?. 


1.5-5. Kernels Containing Combinations of Trigonometric Functions. 


108. 


109. 


110. 


111. 


| : {cos[A(a - t)] + A sin[ u(x — t)]} y(t) dt = f(x). 


Differentiating the equation with respect to x followed by eliminating the integral with the 
cosine yields an equation of the form 2.3.16: 


y(a)- (a+ Ap) | sin[u(x—8)] y(t) dt = f(x) — Auf(c). 


| : [A cos(Ax) + B sin(ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A cos(\x) and A(t) = B sin(ut) + C. 


/ ° [A sin(Ax) + B cos(yt) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A sin(Ax) and h(t) = Bcos(ut)+C. 


a [A cos?(Ax) + B sin?(pt)] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A cos?(Ax) and h(t) = B sin? (yt). 
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112. 


113. 


114. 


115. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


J sintxe- costae + Hy dt = fl, fla) = fifa) = 0. 
Using the trigonometric formula 
sin(a — 3) cos(a + 3) = 4 [sin(2a)—sin(28)], a=Ax, B=, 


we reduce the original equation to an equation of the form 1.5.44: 


i ‘. [sin(2Ax) — sin(2At)] y(t) dt = 2 f(a). 


Solution: y(x) = 


Ld [_f,@) 
ddz | cos(2Ax) 


| cos[A(a — t)] sin[A(a + t)]y(t) dt = f(a). 
Using the trigonometric formula 
cos(a — 3) sin(a + 8) = 4[sin(2a) + sin(2B)], a=Azrz, B=At, 


we reduce the original equation to an equation of the form 1.5.45 with A = B = 1: 
i [sin(2A2) + sin(2At)| y(t) dt = 2 f(x). 


Solution with sin(2Az) > 0: 


noe +) 1 fi dt 2 
7 Vsin@ax) J, /sin(2Ab) |’ 


| sin[A(x — t)] cos[p(x - t)]y(t) dt = f(x), f(a) = fi(@ = fy,(a) = 0. 


Solution with js < A: 


a x 
y(x) = weale +(A\ +p) || +(A- 1) ie sin[/ A? — 1? (x -t)] fd dt. 
Solution with js > A: 


ae +(A-p) | E sinh| \/ p22 — 7 (a — t)] f(D dt. 


a 


1 a 
2) = ———— Gee 
yl) => ale s+o+y0'| |S 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444). 


i [A cos(Ax) sin(yut) + B cos(Gx) sin(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g\(x) = Acos(Az), h(t) = sin(ut), g2(x) = 
Bcos(@x), and h2(t) = sin(yt). 


1.5. EQUATIONS WHOSE KERNELS CONTAIN TRIGONOMETRIC FUNCTIONS 65 


116. } [A sin(Ax) cos(yut) + B sin(Gx) cos(yt)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Asin(Az), hy(t) = cos(ut), go(x) = 
Bsin(Gx), and h2(t) = cos(yt). 


117. | . [A cos(Az:) cos(yit) + B sin(Gx) sin(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g\(x) = Acos(Az), h1(t) = cos(pt), go(x) = 
Bsin(Zx), and h(t) = sin(yt). 


118. i : [A cos?(Ax) + B sin? (pt)] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A cos?(Ax) and A(t) = B sin? (jt). 
119. | ’ [A sin?(Ax) + B cos? (pt)] y(t) dt = f(x). 

“a is a special case of equation 1.9.6 with g(x) = A sin? (Ax) and A(t) = B cos? (jt). 
120. | ‘ (Aa* cos“ t + Bt® sin? x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(~) = Ax*, hy(t) = cos" t, g(x) = Bsin’ az, 
and h(t) = t?. 


121. | (Aa sin“ t + Bt? cos” x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(~) = Ax*, h(t) = sin” t, g2(x) = Boos’ a, 
and h(t) = t?. 


122. i {(x - t) sin[A(w - t)] - A(x - t)? cos[A(a - t)]} y(t) dt = f(x). 


Solution: 


Ce / g(t) dt, 


nr 1 ri any i 
g(t) = 4 San(F +) / (t— 7)? Js oIXt—7)] f(r) dr. 


® ¢ sin[X(x - t)] 
123. | ee - A cos[A(ax - oi} y(t) dt = f(x). 


xz-t 


where 


Solution: 
bP 2 Gye 


124. f [sin (AVa-t) -AVa-tcos (AVa-t)] y(t) dt= f(x), f(a)= fi(a) = 0. 


Solution: 


4 @& f® cosh(AVz-t) 


Sy a es Mie 


Yy(@) = 
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126. 


127. 


128. 


129. 


130. 


131. 


132. 
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i [A tan(Ax) + B cot(uut) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A tan(Az) and h(t) = Bcot(ut) + C. 
/ [A tan*(Ax) + B cot”(yt)] y(t) dt = f(a). 

This is a special case of equation 1.9.6 with g(x) = A tan?(Ax) and h(t) = B cot?(yt). 


i : [tan(Ax) cot(pit) + tan(Bx) cot(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g; (x) = tan(Azx), hy (t) = cot(yt), go(x) = tan(Bx), 
and h(t) = cot(yt). 


/ : [cot(Ax) tan(pst) + cot(Bx) tan(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) =cot(Azx), h(t) = tan(t), go(x) = cot(Bx), 
and ho(t) = tan(7t). 


i : [tan(Ax) tan(pet) + cot(Bx) cot(yt)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g;(x) = tan(Az), h(t) = tan(t), go(x) = cot(Bx), 
and h(t) = cot(yt). 


/ " [A tan®(Az) + B cot (jit)] y(t) dt = f(a). 
ae is a special case of equation 1.9.6 with g(x) = A tan?(Ax) and A(t) = B cot? (ut). 
/ “ [A cot?(Ax) + B tan? (pt)] y(t) dt = f(a). 
his is a special case of equation 1.9.6 with g(x) = A cot?(Ax) and A(t) = B tan’ (ut). 
f (Aa tan“ t + Bt? cot? x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with gi(~) = Aa, hy(t) = tan“ t, g(x) = Bcot’ x, 
and h(t) = t?. 


| (Aax* cot" t + Bt? tan’ x) y(t) dt = f(x). 


This is a special case of equation 1.9.15 with gi(~) = Ax, hy(t) = cot" t, g(x) = Btan’ x, 
and h(t) = t?. 


1.6. Equations Whose Kernels Contain Inverse 


Trigonometric Functions 


1.6-1. Kernels Containing Arccosine. 


1. 


i i [arccos(Ax) — arccos(At)]| y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(a) = arccos(Az). 


Solution: y(a) = + < [vi — a2 fila) 
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2. | [A arccos(Ax) + B arccos(At)| y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) = arccos(Ax). For B =—A, see equation 1.6.1. 
Solution: 


x 


A 
y(2) [arccos(A)] A+B i 


ends 3 a [arccos(At)| aE fi@ dt 
A+B dz a : 
3. | 7 [A arccos(Ax) + B arccos(ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A arccos(A) and h(t) = B arecos(ut)+C. 


4, / ‘ [arccos(Ax) — arccos(At)] “y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 
{OW =0. 
Solution: 


7 (-1)" — sd ntl 
wa) = (vi ae =) P@). 


5. / 7 v/arccos(At) — arccos(Ax) y(t) dt = f(x). 


This is a special case of equation 1.9.40 with g(x) = 1 — arccos(Az). 


Solution: 
Bata (34) *_ eOFOd yd 
ei eae p(x) dx a Varecos(At) — arccos(Ax) * on 1-222 
7 t) dt 
6. Bc Es gs 
a Varecos(At) — arccos(Ax) 
Solution: 
( en . p(t) f(D) dt we 1 
We dat a Varecos(At) — arccos(Az) a V1— 22 
7, / : [arccos(At) - arccos(Ax)|“y(t) dt = f(x), O<p<l. 
Solution: 
oe a\* [* g(t) f@) dt 
ya) = kyla) ya) dx a [arecos(At) — arccos(Ax)]#!’ 
tes 1 _ sin(7p) 
. ~ VT = 2x?’ oe 


8. i ° [arccos“ (Aa) - arccos“ (At) y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(a) = arccos"(Az). 


df five 
Solution: yo= | sor 
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9 / ee I aed 
: a |[arecos(At) - arccos(Ax)]“ ‘ ae 


Solution: 


Asin@ny) df? elt) f(t) at 


yx) = a [arecos(At) — arccos(Ax)]!-#’ = V1—d\272 


WT dx 


10. / : [A arccos?(Ax) + B arccos” (ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(a) =A arccos?(\x) and h(t) = B arccos? (yt) +C. 


1.6-2. Kernels Containing Arcsine. 


11. : [arcsin(Ax) — arcsin(At)| y(t) dt = f(x). 
This is a special case of equation 1.9.2 with g(a) = arcsin(A2). 
ld 
Solution: y(2) = —— [vi — a2 fila) 
r dx 
12. | [A arcsin(Ax) + B aresin(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) =arcsin(Ax). For B=—A, see equation 1.6.11. 
Solution: 


siena d : ee ae has ; 8 
y(x) = oar + { latest) A+B | |arcsin(AZ)| A+B fi(t) ar\, 


13. | [A arcsin(Ax) + B arcsin(pt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A arcsin(\x) and A(t) = B arcsin(pit) + C. 


14. } [arcsin(Ax) — arcsin(At)| “y(t) dt = f(x), n=1,2,... 
The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/,(a) =---= 


{OM = 0. 
Solution: 
1 d ntl 
ee ees (ry 4 PD VY ee , 
a APN! V1 — A222 ( aay =) f@) 


15. | : arcsin(Ax) — arcsin(At) y(t) dt = f(x). 


Solution: 


were ( 1 d ve v(t) f(t) dt oe: 
one gene ya) dz) J, Varcsin(\x) —arcsin(\t) ee V1— 2222 
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r y(t) dt 
16. SS —— = f(a). 
J arcsin(Ax) — arcsin(At) 


Solution: 


Ad [* p(t) f) dt 


1 
y(z) = x dx J, ./atcsint) —arcsin(at)’ Bo 1-222 


17. | . [arcsin(Ax) - arcsin(At) |" y(t) dt = f(x), O<p<1. 


Solution: 
aN if g(t) f(t) dt 
(x) = Keo ( 2 ) =) a [arcsin(Axr) — arcsin(At)]#’ 
2 1 _ sin(7p) 
OO epee ae 


18. | “ [arcsin“ (Ax) - aresin“ (At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(a) = arcsin“(A2). 


1a ou 


Solution: y(x) = 


Ap dx | arcsin! (Ax) 
z t) dt 
19. i, sa I, Ge. 
a [arcsin(A) — arcsin(At)| 
Solution: 
(o) = dsinrw) df? w(t) f(t) dt feet 
oe T dx J, {arcsin(Ax) — arcsin(At)]!-’ ae 1-272 — 


20. if [A arcsin® (Ax) +B arcsin” (jt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A arcsin® (Ax) and h(t) = B aresin? (yt) +C. 


21. 3 arcsin ,/1- 2 y(t) dt = f(x). 
0 xz 


Solution: 


y(@) = a =a Aa [= est a f ety at. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452). 


22. i areata te - y(t) dt = f(a). 


Solution: 


y(a) = -{[ x4 eet pat. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453). 
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1.6-3. Kernels Containing Arctangent. 


23. | ° [arctan(Ax) — arctan(At)| y(t) dt = f(x). 


This is a special case , en 1.9.2 with g(x) = arctan(A2). 


Solution: y(x) = + la +2?) fi(x)]. 


24. / : [A arctan(Ax) + B arctan(At)| y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(a) =arctan(Ax). For B=—A, see equation 1.6.21. 
Solution: 


signa d 
A+B dx 


A_ fe B 
y(a) = ef arctan) A+B / |arctan(At)| 4+? L@® a. 


25. / ‘ [A arctan(Ax) + B arctan(yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A arctan(Ax) and A(t) = B arctan(ut)+C. 


26. / [arctan(Ax) — arctan(At)| y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f(a) =---= 
fM =0. 


Solution: 


a 1 ae d ntl 
WO= oes (4%) 2) f(@). 


27. i: i \/arctan(Ax) — arctan(At) y(t) dt = f(x). 


Solution: 
Bue (4 1 4) q y(t) f(t) dt ee 1 
on = ola v(x) dx) J, /arctan(Ax) — arctan(At)’ eae Ee Ce 
2. f ope a = aes. 
a vVarctan(Ax) - arctan(At) 
Solution: 
a d4 w(t) f(t) dt tise 
De dae arctan(Ax) — arctan(At) UAE Ts ae NDagee 


29. i. vt arctan (== F av dt = f(a). 


The equation can be rewritten in terms of the Gaussian hypergeometric function in the form 


[e-0 F(0.8.101-F) uo ae= fo, where a=4, B=1, y=. 


See 1.8.135 for the solution of this equation. 
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30. } [arctan(Ax) — arctan(At)|“y(t) dt = f(x), O<p<l. 


Solution: 


2 px 
yo) = kee) =) | p(t) f(t) dt 


v(x) dx arctan(A\x) — arctan(At)]’ 
7 1 = sin(7 LL) 
Vol Gee iad Th 


31. | [arctan“(Ax) — arctan“ (At)| y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(a) = arctan’ (Az). 


1d [eevee] 


Solution: y(#) = —— 


Au dx | arctan! (Ax) 
32. OS TT ite O<p<l. 
a |[arctan(Az) — arctan(At)|“ 
Solution: 
() = sinew) i w(t) f(t) dt ne! 
eee dx J, [arctan(Ax) — arctan(At)]!-#’ oan ee Ok 


33. ia [A arctan? (Ax) + B arctan” (yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A arctan? (2) and h(t) = B arctan? (uit)+C. 


1.6-4. Kernels Containing Arccotangent. 


34, / [arccot(Ax) — arccot(At)| y(t) dt = f(x). 
This is a special case of equation 1.9.2 with g(a) = arccot(Az). 
: ld 
Solution: y(x) = ae [1 +727) fi(a)]. 
35. | [A arccot(Ax) + B arccot(At)| y(t) dt = f(x). 


This is a special case of equation 1.9.4 with g(x) =arccot(Ax). For B=—A, see equation 1.6.34. 
Solution: 


d as AW. fe __B_ 
y(a) {[arooot x) A+B / [arccot(At)] 4+? f/(£) a. 


1 
~ A+B dr 
36. i [A arccot(Ax) + B arccot(yt) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = A arccot(Ax) and A(t) = B arccot(ut)+C. 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


| [arccot(Ax) — arccot(At)] y(t) dt = f(x), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/.(a) =--- 


[OM =0. 
Solution: 


_ (-1)" a d n+l 
y(x) = es (or x +) f(@). 


- : / arccot(At) — arccot(Ax) y(t) dt = f(x). 


Solution: 


p(x) 


aces 


1 d ii % p(t) f(t) dt 


2 
woy= 20) a Varecot(\t) — arecot(\z) | 


7 y(t) dt 
a Varccot(At) — arccot(Ax) 


Solution: 


= f(x). 


guia? OS dt 
ae adx Ja arccot(At) — arccot(Ax) 


p(x) 


~ T+ a 


/ " [arccot(At) — arccot(Ax)| y(t) dt = f(x), O<p<l. 


Solution: 


2 x 
u(a) = kgto)( : =) : pt) f@ dt 


v(x) dx arccot(At) — arccot(Ax)]#’ 
1 sin(7 LL) 


ee) = 1+ 222’ . Th 


| 7 [arccot“(Ax) — arccot“(At)] y(t) dt = f(x). 


This is a special case of equation 1.9.2 with g(a) = arccot"(Az). 


Beat beta tet lO (ee 
olution: es aa Ter ecole: | 


i woe =f(2), O<pel 
bs [arecot(At) - arecot(Ax)]| “ aN a 


Solution: 


y(x) 


Asin(xp) d [® p(t) f() dt 
nae. E (a) = 


1 
dx arccot(At) — arccot(Ax)]!-#” 1+ 222° 


i [A arccot?(Ax) + B arccot? (yt) + C] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(a) = A arccot? (Ax) and h(t) = B arccot? (ut) +C. 
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1.7. Equations Whose Kernels Contain Combinations of 
Elementary Functions 


1.7-1. Kernels Containing Exponential and Hyperbolic Functions. 


1. / eM) { A, cosh[A1(a — t)] + Az cosh[A2(x — t)]} y(t) dt = f(x). 


a 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.3.8: 


A {Aj cosh[A1 (a — t)] + Az cosh[A2(x — t)] }w(t) dt =e" f(x). 


2. | ee cosh’[A(x - t)]y(t) dt = f(a). 


Solution: 


2 ue 
la) = (a) — = ,) cM sinh[k(a—tola)dt, k= V2, ola) = fi(x) f(a). 


a 


3. | * eH4@t cosh’[Aa - t)ly(t) dt = f(a). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.15: 


if ‘ cosh*[\(x — t)]w(t) dt = e* f(z). 


a 


4. | * eH! cosh*[Aa - t)ly(t) dt = f(a). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.19: 


/ : cosh*[\(x — t)]w(t) dt = e* f(z). 


5. / : e4(@) eosh(Ax) - cosh(At)] y(t) dt = f(x), n=1,2,... 


Solution: 


d n+l 
F (2), F(x) =e f(a). 


1 1 
—- — eh oe 
UD) = yaar Se) | sinh() dx 


6. i e4@-b) ./cosh x — cosh t y(t) dt = f(x), f(a) =0. 
Solution: 
1 d \s * et sinh t f(t) dt 
a Vcoshz—cosht , 


2 
Bice aces (——-— 
y(z) as sinh x dx 
2 e@a(t) dt 


a vVcosh x — cosht 


Solution: 


= f(x). 


y(ay= Lene df” esint fat 
Tv 


dx J, V/coshx—cosht- 


74 


10. 


11. 


12. 


13. 


14. 


15. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


| e“(® (cosh x — cosh t)*y(t) dt = f(z),  O0<A<1. 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.3.23: 


[ (cosh —cosht)*w(t) dt = e** f(x). 


i " [Act® + Beosh® 2] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Ae“, hi(t) = e“*, g(x) = B cosh’ x, 
and ho(t) = 1. 


[fo [Acne + Beost’ t] y(n dt = fee 


This is a special case of equation 1.9.15 with g)(x) = Ae“, hi(t) = e**, go(x) = B, and 
ho(t) = cosh’ t. 


/ e(@) cosh” a — cosh* t)y(t) dt = f(x). 


The substitution w(x) = e 4” y(x) leads to an equation of the form 1.3.24: 


J cost? x —cosh* t)w(t) dt = eh” f(x). 


i e4(@) (A cosh* x + B cosh* t) y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.25: 
/ (Acosh* x + Bcosh* t) w(t) dt = e* f(a). 


2 et@) y(t) dt fla) jesead 
ee x), < <i. 
a (cosh x — cosh t)* 


Solution: 
sin(tA) , d f* e* sinht f(t) dt 
e 


dx a (cosh x —cosht)!° 


y(@) = 


| : eM(@-) { A, sinh[Ay(x — t)] + Az sinh[A2(x — t)] } y(t) dt = f(z). 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.3.49: 


i. : { Aj sinh[) (a — t)] + Az sinh[Ag(x — t)]} w(t) dt = e* f(a). 


I “eM sinh?[A(a - Hly(O) dt = f(a). 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.3.51: 


/ , sinh? [\(a — t)]w(t) dt = e* f(a). 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


1.7. EQUATIONS WHOSE KERNELS CONTAIN COMBINATIONS OF ELEMENTARY FUNCTIONS 


| elt) sinh*[ A(x —t)jy(t) dt = f(a). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.57: 


/ : sinh? [\(a — t)]}w(t) dt =e f(a). 


| eM) sinh” [Na - t)]y(t) dt = f(w), n= 2,3)... 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.62: 


ie sinh” [A(x — t)]w(t) dt = e¥* f(x). 


ie e@-) sinh (ka —t ) y(t) dt = f(x). 


Solution: ; : 
2 d es —t 
Sie Ef SONI) fae 
wk dx? Ja z—t 


| e'(@-t) ./sinh x — sinh t y(t) dt = f(a). 


Solution: ae F d 
2 © e-ut cosh t f(t) dt 
ula) = =e cosh «( ue / eo Oe 
T coshaz dx a Vsinhz—sinht 
2 eM@)a(t) dt 
———————— = f(z). 
a Vsinh z —-sinht 
Solution: 
hee * et cosht f(t) dt 
y(x) = —e —— | 
7 dx Ja sinh x — sinht 


i e@-) (sinh a — sinh t)*y(t) dt = f(a), 0<A<1. 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.67: 


/ "(sinh x —sinh t)*w(t) dt = e* f(x). 


| e@-)(sinh> x — sinh® t)y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.68: 


/ *(sinh* a —sinh* t)w(t) dt =e" f(x). 


/ eM(@) (A sinh’ a + B sinh’ t) y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.69: 


/ (Asinh* + B sinh* t) w(t) dt = e* f(a). 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


i [Ae + B sinh* ax] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = Ae“, h)(t) =e", go(x) = B sinh? «, 
and ho(t) = 1. 


[ [Ae"*-) + B sinh* t] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = Ae“®, hi(t) = e**, go(x) = B, and 
ho(t) = sinh* t. 
ec eb@) y(t) dt 
a (sinh x — sinh t)* 


Solution: 


= f(x), 0<A<1. 


sin(7A) et cosht f(t) dt 


d zx 
eve 2 es 
(sinh x — sinh t)! 


dx 


y(@) = 


a 


/ e“(@) (A tanh’ « + B tanh* t) y(t) dt = f(a). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.3.89: 


i (Atanh* x + B tanh’ t) w(t) dt = e* f(a). 


| e“(@) (A tanh* « + B tanh’ t + C) y(t) dt = f(a). 


The substitution w(x) = e“”y(x) leads to an equation of the form 1.9.6 with g(x) = A tanh? x, 
h(t) = Btanh® t+ C: 


/ (Atanh* x + B tanh’ ¢ + C) w(t) dt = e™* f(a). 


i [Ae“* + B tanh* a] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ae“, hi(t) = e*®, (a) = B tanh’ x, 
and ho(t) = 1. 


i [Ae“*™ + B tanh? t] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(x2) = Ae“®, hi(t) = e**, go(x) = B, and 
ho(t) = tanh? t. 


| e4(@) (A coth* x + B coth* t) y(t) dt = f(a). 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.3.102: 


/ (Acoth* x + Bcoth* t) w(t) dt = e"* f(a). 


1.7. EQUATIONS WHOSE KERNELS CONTAIN COMBINATIONS OF ELEMENTARY FUNCTIONS 


32. | eA coth* x + B coth® t + C) y(t) dt = f(x). 
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The substitution w(x) = e“”y(z) leads to an equation of the form 1.9.6 with g(x) = A coth’ x, 


h(t) = Bcoth’ t+ C: 


/ (A coth* «+ Bcoth? t+ C) w(t) dt =e" f(x). 


33. (| [Ae"*) + B coth* x] y(t) dt = f(a). 
This is a special case of equation 1.9.15 with g,(x) = Ae””, h(t) =e", p(x) = B coth’ x, 
and ho(t) = 1. 

34. / [Ae“* + B coth* t] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(x) = Ae“®, hy(t) = e**, go(x) = B, and 


ho(t) = coth’ t. 


1.7-2. Kernels Containing Exponential and Logarithmic Functions. 


35. | : e*@-) (In x - In t)y(t) dt = f(a). 

ares 

ya) =e*[rpe(a)+~,@], va) = €** f(a). 

36. i; “ er In(a — t)y(t) dt = f(x). 

The substitution w(x) = er" y (x) leads to an equation of the form 1.4.2: 

| : In(x — t)w(t) dt = e* f(x). 

37. | “ e*@-)(Alna + Bint)y(t) dt = f(x). 

The substitution w(x) = ery (x) leads to an equation of the form 1.4.4: 

/ “(A Ina + Blnt)w(t) dt = e* f(a). 

38. | : eM(@)! A In? (Ax) + Bln’(Ad)] y(t) dt = f(x). 


—Ax 


The substitution w(x) = e*”y(x) leads to an equation of the form 1.4.7: 


/ : [Aln*(Az) + BIn’(At)| w(t) dt = &* f(a). 
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39. 


40. 


41. 


42. 


43. 


44. 


45. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


7 eX" Ine /t)] y(t) dt = fw), 2 =1,2,... 
Solution: 


ntl 
yoy= (ot) Fa), Fyz)=e™* f(a), 
nia dx 


i F eX) /In(a/t) y(t) dt = f(x). 


Solution: 
(x) = 2c (ty e™ f(t) dt 
# mg \ dz} Ja t/In(a/t) 
x X(ax-t) 
a5 dt = f(x). 
Solution: 


- Deg Pe Fe) dt 
won lend f° hod 


dx In(a/t) 


| : [Act + BIn’(Ax)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ae”, h(t) = e**, go(x) = Bln’ (Ax), 
and ho(t) = 1. 


[ : [Ac** + Bin’ (At) y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = Ae“®, hi(t) = e**, go(x) = B, and 
ho(t) = In’ (At). 


[ . eM In(a/t)y@) dt = f@), O0<rA<1. 


The substitution w(x) = e”y(x) leads to an equation of the form 1.4.16: 


if “tae /t))w(t) dt = eH” f(a). 


el(a-t) 
[ [In(a: /t)]> Tac Far Ye) dt = F@), 0<A<1. 


Solution: 
y(a) = — al feM[In(a 


1.7-3. Kernels Containing Exponential and Trigonometric Functions. 


46. 


| . e(@) cos[ d(x — t)]y(t) dt = f(a). 


Solution: y(x) = fi(a) — w f(a) +” ‘| , eM F(t) dt. 


a 


48. 


49. 


50. 


51. 


52. 


53. 


1.7. EQUATIONS WHOSE KERNELS CONTAIN COMBINATIONS OF ELEMENTARY FUNCTIONS 


| eM) £ A, cos[Ai(x - t)] + Az cos[A2(x — t)] }y(t) dt = f(x). 


The substitution w(x) = e“y(x) leads to an equation of the form 1.5.8: 


/ i { Aj cos[Ay (a — t)] + Az cos[A2(x — t)] }w(t) dt =e" f(a). 


i eM) cos’[A(a - t)]y(t) dt = f(z). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.9. 
Solution: 
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2) x 
ye) =e) +E fe singh hett) dt, k= AVI, a) = fea) — ufo). 


a 


[ eH cos [A(x — t)ly(t) dt = f(a). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.16: 


| : cos*[A(a — t)]w(t) dt = ce" f(a). 


[ eX) cos[A(a - t)]y(t) dt = f(z). 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.5.20: 


/ : cos*[A\(a — t)]w(t) dt = ce" f(x). 


[ett [costa ~ cos(a0] "ylt) at = Fl), n=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/,(a) =---= 


f@ =0. 
Solution: 
4)” 1 d n+l 
y(2) — CO ett sin(Ax) Pea = F(x), F(a) = eh” f(x). 


| e+) ./cost — cos x y(t) dt = f(x). 


Solution: 


d a eH! sin t f(t) dt 
sina dx a Vecost—cosx 


2 
y(2) = —e"* sin x( 
T 


2 eh@Hay(t) dt 


a Vcost—cosz 


Solution: 


= f(x). 


(one Oe 
as 


dz Ja Vcost—cosz 
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54, 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


| ce) (eos t — cos x) y(t) dt = f(x), 0<A<1. 


Solution: 


= ke’ sin (——— 5 = 
Uae Ke "\ sina dx (cost —cos x)* TX 


d ‘i ie e sint f(t) dt fees sin(7A) 
/ e4(@-) (egg x — cos t)y(t) dt = f(x). 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.5.25: 


ic x —cos> t)w(t) dt = eh” f(z). 


| eX) (A cos* x + B cos* t) y(t) dt = f(a). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.26: 
i) (A cos* x + Bcos* t) w(t) dt = eH" f(x). 


2 eee (t) dt 


ee er 0<A<1. 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.27: 


7  wt)dt ay 
, (cost—cosay>~ ET): 
f [Ae“*~ + B cos’ (Ax)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g(x) = Ae“, hi(t) = e*, go(x) = B cos” (Ax), 
and ho(t) = 1. 


| : [Ae"*™ + B cos’ (At)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g)(x) = Ae“®, hi(t) = e**, go(x) = B, and 
ho(t) = cos” (At). 


| © eule-t sin[A(x - t)]y(t) dt = f(x), f(a) = fi (a) = 0. 


Solution: y(x) = +[f%,(x) —2u fh (x) +O? + )f(2)]. 


/ eM(@) fA, sin[Ay(x — t)] + A sin[A2(x — t)]} y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.48: 


/ : { Ay sin[Ai (a — t)] + Ap sin[A2(a — t)] }w(d) dt = ec” f(a). 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


1.7. EQUATIONS WHOSE KERNELS CONTAIN COMBINATIONS OF ELEMENTARY FUNCTIONS 
x 
/ eM(@) sin? 1 \(x - t) y(t) dt = f(x). 
a 
The substitution w(x) = e”y(x) leads to an equation of the form 1.5.50: 


/ ‘ sin?[A(a — t)]w(t) dt = ec“ f(a). 


i ‘ eM) sin? [A(x — t)ly(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.57: 


| ; sin? [A(x — t)]w(t) dt = ec“ f(a). 


[ eM sin” [Aa - tly) dt = f(x), n= 2,3,... 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.62: 


Me sin” [A(x — t)] w(t) dt =e" f(x). 


a elt) gin (kvV‘x —t) y(t) dt = f(a). 


Solution: ; ; 
2 d 7 eH h( ka —-t 
oe ee ae 
wk dx? J, va-t 


/ e(@-) /sin x — sin t y(t) dt = f(a). 


Solution: 
(0) = 26" cos.o( ay f° eM cost f(t) dt 
r)=—e x — .. 
4 T cosx dx a vVsinx—sint 
2 eh(@) y(t) dt 
SS = f(a). 
a Vsinz —sint 
Solution: 
1, d [* e cost f(t) dt 
yaa —e 


dx J, Vsinx—sint 


| e@) (sin x — sin t)*y(t) dt = f(x), 0<A<1. 
Solution: 


= kel ( 
a (sinz —sint) ” wr 


cosx dx 


i e(@- (sin* a — sin? t)y(t) dt = f(x). 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.5.72: 


/ “(sin x —sin* t)w(t) dt = e#* f(x). 


d ) a e* cost f(t) dt pe sin(7 A) 
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82 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


i e(@) (A sin* x + B sin’ t) y(t) dt = f(x). 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.9.4 with g(x) = sin’ x: 


a (A sin’ + B sin® t) w(t) dt =e f(x). 


2 et(@ba(t) dt 


mn Gas-spr 2° O<A<1. 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.74: 


Be ACE. © Sg 
 ainesingh 
[ [Ae“* + Bsin’(Ax)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = Ae“, hi(t) = e*®, go(x) = B sin” (Az), 
and ho(t) = 1. 


i ; [Ae“*™ + B sin’ (At)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = Ae“®, hi(t) = e**, go(x) = B, and 
ho(t) = sin’ (At). 


| e4@) (A tan® x + Btan* t) y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.5.91: 


a (A tan® x + Btan* t) w(t) dt =e" f(x). 


| e“@) (A tan’ x + B tan? t + C) y(t) dt = f(a). 


The substitution w(x) = e”y(x) leads to an equation of the form 1.9.6: 


] (A tan* 2+ Btan? t+ C) w(t) dt =e" f(x). 


| : [Ae"*™ + B tan” (Ax)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ae“, h(t) = e*, go(x) = B tan” (Ax), 
and ho(t) = 1. 


i ; [Ae“*” + B tan” (At)| y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x2) = Ae“®, hi(t) = e**, go(x) = B, and 
ho(t) = tan’ (At). 
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x 
78. | eX) (A cot® x + Bcot* t) y(t) dt = f(x). 
a 


The substitution w(x) = e'”y(x) leads to an equation of the form 1.5.104: 


ik (A cot® x + Bcot® t) w(t) dt =e" f(a). 


79. J eM) (A cot x + Bcot? t+ C) y(t) dt = f(a). 


The substitution w(x) = e“y(x) leads to an equation of the form 1.9.6: 


‘] (A cot* z+ Bcot® t+ C) w(t) dt =e" f(x). 


80. | ’ [Ae + B cot” (Ax)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g,(x) = Ae“, h(t) = e*, go(x) = B cot” (Ax), 
and ho(t) = 1. 


81. | : [Ae“* + B cot” (At)| y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g,(x) = Ae“®, hi(t) = e**, go(x) = B, and 
ho(t) = cot’ (At). 


1.7-4. Kernels Containing Hyperbolic and Logarithmic Functions. 


82. / : [A cosh? (Ax) + BIn*(ut) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = A cosh?(\x) and h(t) = B In” (ut) + C. 
83. / . [A cosh?(At) + B In? (px) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(x) = Bln”(yux) + C and h(t) = A cosh? (At). 
84. | “ [A sinh?(Ax) + B In (pt) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = A sinh? (Ax) and h(t) = B In” (ut) + C. 
85. il : [A sinh?(At) + BIn?(px) + C] y(t) dt = f(x). 

This is a special case of equation 1.9.6 with g(a) = BIn7 (ju) and h(t) = A sinh (At) + C. 
86. / : [A tanh?(Ax) + B In (yt) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A tanh’(Ax) and h(t) = B In” (pt) + C. 


84 


87. 


88. 


89. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 
i : [A tanh (At) + B In (yx) + C] y(t) dt = f(z). 
This is a special case of equation 1.9.6 with g(x) = BIn7 (sux) and h(t) = A tanh? (At) + C. 
| ° [A coth?(Ax) + Bn (yt) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(x) = A coth®(Ax) and h(t) = B In? (ut) + C. 
/ ° [A coth®(At) + BIn”(ux) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = Bln” (wx) and h(t) = A coth?(At) + C. 


1.7-5. Kernels Containing Hyperbolic and Trigonometric Functions. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


/ : [A cosh?(Ax) + B cos’ (ut) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A cosh®(Ax) and h(t) = B cos? (yt) + C. 
| ° [A cosh? (At) + B sin’ (yx) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = B sin’(ux) + C and h(t) = Acosh* (At). 
/ ° [A cosh? (Ax) + B tan™ (yt) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = A cosh?(\x) and h(t) = B tan? (ut) +C. 
/ : [A sinh? (Ax) + B cos’ (yet) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(a) = A sinh? (Ax) and h(t) = B cos? (pit) + C. 
ri ° [A sinh? (At) + B sin’ (yx) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = B sin? (yx) and h(t) = A sinh? (At) + C. 
| : [A sinh? (Ax) + B tan7 (et) + Cl y(t) dt = f(a). 
This is a special case of equation 1.9.6 with g(a) = A sinh? (Ax) and h(t) = B tan? (ut) +C. 
i, ° [A tanh? (Ax) + B cos” (put) + C] y(t) dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = A tanh?(Ax) and h(t) = B cos? (yt) + C. 
| : [A tanh? (Ax) + B sin” (put) + Cl y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = A tanh’(Ax) and h(t) = B sin? (ut) +C. 


1.7. EQUATIONS WHOSE KERNELS CONTAIN COMBINATIONS OF ELEMENTARY FUNCTIONS 85 


98. 


99. 


100. 


101. 


102. 


| sinh[A(x — t)] -— sin[A(x — 1] y(t) dt = f(a). 


It is assumed that f(a) = fi (a) = f(a) = fl”.,(a) = 0. 
Solution: 


1 a 
ye) = 5 (4 = x) f(a). 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 449). 


| sinh[\(x - t)] sin[ (a - A)Iy(t) dt = f(x), f(a) = fi(a) = fz (a) = 0. 
Solution: 


1 d+ Fi x 
y(x) = ae (= +4X ) | f@ dt. 


®© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 449). 


[ sinh[A(a — t)] cos[A(a — t)]y(t) dt = f(x). 


It is assumed that f(a) = fi(a) = fi.(@) = fi..(a) = 0. 
Solution: 


dt 


y(a) = a ( ae 1) / sinh[V2A(a - t)] f(t) dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 449). 


/ cosh[A(x — t)] sin[A(x — t)]y(t) dt = f(x). 


It is assumed that f(a) = fi(a) = fi (@ = fi"_.(a) = 0. 
Solution: 
1 ds ri x ; a5 
=a lat +4) i. sin[ V2\(x —t)] f(t) dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 450). 


y(z) 


ie cosh[A(a — t)] cos[A(a — t)] y(t) dt = f(x), f(a) = 0. 


Solution: 
L)= a a 44 x-t ; t) dt 
y( ) 2, d 4 / ( ) fC ) i 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 450). 


1.7-6. Kernels Containing Logarithmic and Trigonometric Functions. 


103. 


is [A cos?(Ax) + Bin (pt) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Acos?(Az) and h(t) = Bln? (yt) + C. 
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104. | [A cos®(At) + B In (yx) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Bln? (yx) + C and h(t) = Acos®(At). 


105. | . [A sin? (Ax) + B In (ut) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(x) = Asin®(Ax) and A(t) = Bn (pit) + C. 


106. / . [A sin?(At) + BIn?(ux) + C] y(t) dt = f(x). 


This is a special case of equation 1.9.6 with g(a) = Bln? (yx) and h(t) = Asin? (At) + C. 


1.8. Equations Whose Kernels Contain Special 
Functions* 


1.8-1. Kernels Containing Error Function or Exponential Integral. 


Lf extiava=Dylt dt = fe), FO) = F410) = 


0 


Here erf z is the error function (see Supplement 11.2-1). 
Solution: 


y(x) = an —e* ae ee fs — —— fi (t) dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 458). 


2. i erf(AV t — x)y(t) dt = f(a). 


Solution: 
yy d 1 


1 
Vm del, ete 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 459). 


y(@) = Cae ramet i(t) dt. 


3. | Ei(A(t-2))y(t) dt = fl), 0) = f20) = 
0 


Here Ei(z) is the exponential integral (see Supplement 11.2-2). 


Solution: 5 


wo=-5 [ oe-o (G+ 
0 


dt 
~ 28 dé 
h = ——-. 
where 1(z) | Té+D 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 455). 


d 
a5) f(t) dt, 


* For notation and properties of special functions, see Supplement 11. 
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1.8-2. Kernels Containing Sine and Cosine Integrals. 


4. | “Tsin(a ~ t) Si(w - t) — cos(w — t) ci(w - t)]y(t) dt = f(x),  f@) = (0) =0. 
0 


Here Si(z) is the sine integral and ci(z) is the cosine integral (see Supplements 11.3-1 
and 11.3-2). 
Solution: 


x & 
ia) [ ve-b( Fe +1) fae 


~© 28 dé 
h = ——.. 
where 1(z) i Té+D 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 458). 


5. [ teoste —t) Si(x -t) -sin(x -t) ci(x -t)] y(t) dt = f(x), f(0) = f5 0) = f2.,0) = 0. 
0 


Solution: 


7 @& d 
Wa) = ve-o(F + +) fat 


~ 28 dé 
h = ——.. 
where 1(z) | Té+D 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 458). 


1.8-3. Kernels Containing Fresnel Integrals. 


6. | S(a-ty(t)dt = f(x), fO=f,0 = f7,0 = fr.) = 0. 


Here S(<z) is the Fresnel sine integral (see Supplement 11.3-3). 
Solution: 


x dé a 
y(x) = s/f C(a -t) (S + ue dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 460). 


7. i C(a-ty(t) dt = f(x), f= f,0) = F720) = fr.) = 0. 


Here Cz) is the Fresnel cosine integral (see Supplement 11.3-3). 
Solution: 


£L ds a 
y(x) = | sa-0( + ao dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 460). 
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1.8-4. Kernels Containing Incomplete Gamma Functions. 


8. 


10. 


| Aa, Ma=Dyu@) a= F@). 


Here y(v, z) is the incomplete gamma function (see Supplement 11.5-1). 


1°. Let Rev > 0, m = [Rev] + 1, where [Rev] denotes the integer part of the number Rev, 


and f(0) = f/(0) =--- = f{™(0) = 0. Then the solution is 
pa ; d m™m x ert , 
Se ee Ef ———— f(t) dt. 
woe) Tana ae ( dx ) I Gap 
2°. Let vy = n/2, where n is a positive integer, and f(0) = f’(0) =--- = f*(0) = 0. Then 


the solution is 


Ae “ 7n a (fd ie 
x2) = => ~,No-0) —+i t) dt. 
y(x) ray I WF r@-0) (+A) fo 
© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 461). 


fl Vv, A(t — x)) y(t) dt = f(x). 
Solution: 


2 xv Si d m foe) ert , 
OT Cas) Tower tie 


where Rev > 0, m = [Rev] + 1, and [Re v] denotes the integer part of the number Rev. 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 462). 


| Ti, A(x — t)) y(t) dt = f(x). 
0 


Solution: ; 


Veena a B, (eo) (4-4) (ef) at 
Ty fo dt?" dt , 
where Rev > 0 and E,,(z) are the Weber function, 


1 Tv 
E,(z) = = | sin(vt — z sin t) dt. 
0 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 462). 


1.8-5. Kernels Containing Bessel Functions. 


11. 


i JIy(M(a — t))y(t) dt = fle). 


This is a special case of equation 1.8.17 with n = 0 and Jo(z) is the Bessel function (see 
Supplement 11.6-1). If f(a) = f/(a) = 0 then the solution is 


x a 
y(x) = / Jo(A(z - t)) (= # x) f(t) dt. 
Example. In the special case X = 1 and f(x) = Asin, the solution has the form y(x) = AJo(a). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 470). 


* For notation and properties of special functions, see Supplement 11. 


13. 


14. 


15. 


16. 


17. 
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/ [Jo(Ax) — Jo(At)]y(t) dt = f(a). 


f(a) r 


Solution: y(#) =-— =| 


/ [AJy(Ax) + BJy(At)]y(t) dt = f(a). 


For B = —A, see equation 1.8.12. We consider the interval [a, z] in which Jo(A2) does not 
change its sign. 
Solution with B # —A: 
1 
A+B dz 


x B 
y(a) = + ofan AB i | Jo(At)| 4+8 feo ae}. 


Here the sign of Jo(Ax) should be taken. 


| (a -t) J(Aw - t))y(t) dt = fla). 


This is a special case of equation 1.8.18 with n = 0. If f(a) = fi(@ = f”,.(@ = 0 then the 
solution is 


2 


x d 2 t 
y(a) = i Jo(\(x — 2) (= 2) F(tdt, Ft)= | fis)ds. 
@© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472). 


| (a -t).J(Alw - t))y(t) dt = fle). 


This is a special case of equation 1.8.17 with n = 1. If f(a) = f{.(a) = 0 then the solution is 


fo@) , 
y(2) = at =/ JIo(M(a- (+x) f(t) dt. 


(6) Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 471). 
x 
[ @-8 nA@- dub dt = fo. 
a 


This is a special case of equation 1.8.18 with n = 1. If f(a) = fi(a)=--- = fe’ (a) = 0 then 
the solution is 


1 x a 3 t 
y(x) = rv ‘i Jo(X(a - t)) (5 + ) Fit)dt, F(t)= | f(s) ds. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472). 


| (w-t)” In(Mw-t)y(t) dt = f(z), 2 =0,1,2,... 


If f(a) = fia) =--- = f2"*)(a) = 0 then the solution is 
z 


: Inn! ‘ n+l 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, pp. 471-472). 
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18. 


19. 


20. 


21. 


22. 


23. 
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fl (w-t)""J,(A(@-t)y(t)dt = f(a),  n=0,1,2,... 


If f(a) = fi(a)=---= ee = 0 then the solution is 


a 


n+l nt+2 t 
ele ince (2+) Fidt, F®= | fis)ds. 


(2n +2)!” 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 472). 


Y(@) = 


ih (a ~ t)"/?.Jya(A(w— t))y(t) dt = flo). 


This is a special case of equation 1.8.23 with n = 1. If f(a) = fi (a) = 0 then the solution is 


y(a) = ax Lie (x) + 7 f(x)]. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 471). 


i (a — t)°/2.J, (Ala — t)) y(t) dt = fle). 


This is a special case of equation 1.8.24 with n = 1. Let f(a) = f/.(a) = f(a) = 0. Then the 


solution is 
a(e*) f 
=— +X t) dt. 
y(@) = Jn fO 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472). 


| (a — t)3/? Tyo Aw — t))y(t) dt = flo). 


This is a special case of equation 1.8.23 with n = 2. If f(@) = fi@ = fi, @ = f_.(@ =0 


then the solution is B 
vt (@# yp 
y(@) = Qn? Ape +° ) f(a). 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 471). 


/ (a — 1)5/2.Jy(Ala — t)) y(t) dt = fle). 


This is a special case of equation 1.8.24 with n = 2. Let f(a) = fi(a) =--- = fl" (@ = 


Then the solution is : 
VT & > 2 
W@) = Fays7n 7? \ az t r : f(t) dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472). 


/ (x eT sOG-bw® dt = f(x), Wea, 2y Bye 
a 2 


Let f(a) = fi.(a) =--- = f°") (a) = 0. Then the solution is 
2 
y(a) = a (= s+ x) f(a). 
dx 
(20) “(n— 1)! 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 471). 
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24. 


25. 


26. 


27. 


28. 


29. 


/ (ax S42 IOSD dt = f(x), qe = 1.2535. 2. 
a 2 


Let f(a) = fi(a) =--- = f°™(a@) = 0. Then the solution is 


7 Va ‘ ntl 
y(x) = mens + ) if f@ dt. 


(O) References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 472). 


| [J(da) - J, (At)]y(t) dt = (2). 


This is a special case of equation 1.9.2 with g(x) = J,(Ax), where J_(z) is the Bessel function 
(see Supplement 11.6-1). 

Solution: y(x) = rfe(®) 

x et 

u VI(At) — AeTyai (Xe) | 


i [AJL (Ax) + BIL(Ab) y(t) dt = f(x). 


For B = —A, see equation 1.8.25. We consider the interval [a, x] in which J, (Ax) does not 
change its sign. 
Solution with B # —A: 
1 
+ r ao5 
2a oe 


Here the sign of J,(Ax) should be taken. 


y(a) = fe | Od] TeB KO ar}. 


/ [AJ (Ax) + BJ, (Bly dt = f(x). 
This is a special case of equation 1.9.6 with g(x) = AJ, (Aa) and h(t) = BJ,,((t). 


i (a -t)” J.(A(w -t)y(t) dt = f(a). 


1°. Let Rev >-1/2 and f(a) = fi(a) =... = f2"-)(a) = 0, where n = [Rev + 1/2] +1 and 
[A] stands for the integer part of the number A. Then the solution is 


m2A)h" n-v-1 2 
OESVE CEES as ft (2—t) J, yp A(a — (4 +) ) f(t) dt. 


2°. Forvy = nandv =n-1/2 (nis an integer) see equations 1.8.17 and 1.8.23. 


y(@) = 


(dO) References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 471), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


i (a -t)”""J,(A(w- t))y(t) dt = f(a). 


1°. Let Rev >-1 and f(a) = fi(a) =--- = fe” (a) = 0, where n = [Rev + 3/2] +1 and 
[A] stands for the integer part of the number A. Then the solution is 
Qin Na x 


YX) = 


a 
Gh? Laas oF + ) F(t) dt, 


Tw +3/2)0(n-v—-3/2) Ja 
where F(t) = ih f(s) ds. 


2°. Fory =n andy = n-—1/2 (ris an integer) see equations 1.8.18 and 1.8.24. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 472), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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30. 


31. 


32. 


33. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


[ FANE) 5 dt = f(z), Rev >0. 
0 x-t 


1°. If y = nis a positive integer number and f(0) = f/.(0) =--- = f&(0) = 0 then 
[n/2] n-2k 2 
ae eel = are 
Yea) = se DC (=) (= +x), f(a) 
[(m-1)/2] n-2k-1 2 k+1 
aie ore ( d 2 
ar . Jo(A(x - t)) > Cc, ( =) (S ree, ) f(® dt, 


! 
where [A] stands for the integer part of the number A and Cr = ——__ are binomial 


klin—hy! 
coefficients (0! = 1). 
2°. If v is not an integer, [Rev] +1 =m > 1, and f(0) = f/(0) =--- = f&(0) = 0 then 


, e [(m-)/2] d\nT21 7 k+1 
y@) = i Imax = t)) » Ce =) (G+*) f(t)dt 


[m/2] m-2k 2 
a Vv) mine) t)) 2k d d 2 
: Sce(S)"(Zo¥) 100 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 470-471). 


i Jy(AVa -t) y(t) dt = f(x). 
This is a special case of equation 1.8.38 with n = 0. If f(a) = f/.(a) = 0 then the solution is 


ps 


yoo) = | In (AVa-t) f(t) dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472). 


i, (AJ, (AVB) + BIL (AVE) | y(t) dt = f(a). 


We consider the interval [a, x] in which J, Avz) does not change its sign. 
Solution with B # —A: 


y(n) = $>— rate Avz)| “ae |. (Av) | PF seo atl. 


Here the sign J, Ayvz) should be taken. 


| : [AJL (AVax ) + BJ, (BVt)] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AJ, vz) and h(t) = BJ, (BVt ). 


35. 


36. 


37. 


38. 


39. 
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[ Vet ava=t) yo at = F. 


This is a special case of equation 1.8.38 with n = 1. If the conditions f(a) = f/.(a)= fi",.(a) =0 
are satisfied, then the solution is 


y(@) = 


2 B 
cae af In (AV a —t) f(t) dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 472). 


| (a —t)'/4 Jy )2(AV a —t ) y(t) dt = f(a). 


This is a special case of equation 1.8.39 with n = 1. If the conditions f(a) = f/(a) = 0 are 
satisfied, then the solution is 


y(x) = = i pose a pos 8) f(t) dt. 


/ (x -— t)*/4 J .(AV x —t) y(t) dt = f(x). 


This is a special case of equation 1.8.39 with n = 2. If the conditions f(a) = fi (a) = fi",.(a) =0 
are satisfied, then the solution is 


ase 2 ae pe t) 
ae SCL an ant ar aa 


| (x -t)"'/4 4 2(AV x -t) y(t) dt = f(a). 


This is a special case of equation 1.8.39 with n = 0. If the condition f(a) = 0 is satisfied, then 


the solution is 
as ® cosh we 
y(x Ase rosn VERY) rat, 


fe -t)"/? In (AV x —t) y(t) dt = f(x), n=0,1,2,... 


This is a special case of equation 1.8.40 with vy = n and m = n+ 2. If the conditions 
f@ = fi(@ =--- = f(a) = 0 are satisfied, then the solution is 


f(t) dt. 


n qr 


2 zx 
y(x) = (5) rr Ip(AV‘x —t) f(t) dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 472). 


[oe Bras (AVa—t) y(t) dt = f(x), n=0,1,2,... 
a 2 


This is a special case of equation 1.8.40 with vy = n-1/2 andm =n +1. If the conditions 
f@= fia =--- = f(a = 0 are satisfied, then the solution is 


2 ae dtl s® cosh(AV/a-t) t) 


1 2 
y(@) = ar (5) 7 oo ae ar f( dt. 
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41. 


42. 


43. 


44. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


fe -t)"? J, (AVa—t)y(t)dt = f(x),  Rev>-t. 


1°. Let f(a) = fi(a) =--- = f(a) = 0, where m = [Rev + 1]+ 1 and [A] stands for the 
integer part of the number A. Then the solution is 


2\m2 qm x m—v—2 
y(x) = (5) — if (w—t)” 2 Im-vo(AVe—t) f(t) dt. 


2°. Fory =n and v =n-1/2 (nis an integer) see equations 1.8.38 and 1.8.39. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 472). 


fe -x)’/?J,(AVt— x) y(t) dt = f(x), Rev >-t. 


Solution: 


2m m co 
w= (5) (-<) [0 aime) Ode 


where m = [Rev + 1]+1 and [A] stands for the integer part of the number A. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 474), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


i: “(et)”, (AV/He— y(t) dt = fw). 
0 


Solution: 


(a) = Sar? i. “(et Tyan)" dle” FO), 
0 


where -1 < Rev <0. 


@) References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 473), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


i: (e—t)25, (Azle = )y(t) dt = f(a). 
0 


Solution: 


y(x) = Aw ca i “ye! 2p sty MPL Oni@ Dy) f@ it) ; 
E 0 


where —-1 < Rev <0. 


@ References: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 473), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


| i Jy (AV x? - t? ) y(t) dt = f(x). 
0 


Solution: 


d [®t 
y(x) = fua)+rz f Vee (Av a? —t?) f(t) dt. 


@© Reference: S. Fenyo and H. W. Stolle (1984, p. 328). 


45. 


46. 


47. 


48. 


49. 


50. 


51. 
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/ (PaO PoP ake FR, 
0 


ree | Ad 2 , cosh (Av 2? nT) ya 


Jae 2 


Solution: 


@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


i i wa CN ra Or ery 


toe 
iss [2 d At _ cosh ee x ) re) at. 


i. (x? - 07)" 1, (AVa?—-# ) y(t) dt = fw), = -1< <0. 
0 


Solution: 


Solution: 


d zx 
y(a) = A i, t(a®— 2) PPT (ava? #2) fb) det. 
v Jo 
© Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


[ (e-« 2" 7 (AVP — a )y(t)dt = f(a),  -1<v<0. 


Solution: 


y(x) = aoe fo (P=2? ) w4t)/2 oO ‘42 — 4?) f(t) dt. 


@ Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


[at s08) + Ba™ J, (At)ly(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(x) = AJ, (Ax), h(t) = t*, go(a) = Ba™, an 


h(t) = J,(At). 


| “[A2(Aa) + BJ2(At)ly(t) dt = f(a). 


Solution with B #—A: 


Bs _2B_ 
y(@) = iia 7 (Ax)|- ae | | Od)| HE janar\, 


| [AJP Aa) + BIT? (Bt)] y(t) dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AJ* (Ax) and h(t) = BI (Bt). 
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52. 


53. 


54, 


55. 


56. 


57. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 
a a-t Ue 
| (=) JLOA/@-bla-t+ y(t) dt = f(a). 
0 xe-tt+y 


Let-1 <Rev <m+1<2n+1(nand mare the minimal integer numbers), and f(0) = f/.(0) = 
vee fOr*™*D(Q) = 0. Then 


(m-v)/2 
ya) = vax f ( oe ) Imv (Av (w= t(a-t=7)) 


o \@-t-¥ 
i< Cc} pag Vr? ey nal, 1 \ md 
a as SS . Paes da eee 
«f ys asl = ) In g+t)/2(AC Dee + ) (=) f(s) ds dt, 


where C* are binomial coefficients. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 473), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


| [Yo(Aw) — ¥o(At]y(t) dt = fla). 


d 
Solution: y(x) = ae | 
x 


f(@) | 
AY (Az) |” 


| [Y. (A) - ¥(Ab)Iy(t) dt = fla). 


d | fy (©) 


Solution: y(#) = ie On DavaoD: aan) 


[axe + BY,(At)]y() dt = f(x). 


For B = —A, see equation 1.8.54. We consider the interval [a, x] in which Y,,(Ax) does not 
change its sign. 
Solution with B # —A: 


1 d 
A+B dz 


_A_ * Be 
y(a) =+ {029 A+B / ¥Ad| 22 fico at}. 


Here the sign of Y,(Az) should be taken. 


/ “LAL Y, (Ax) + Be Y,,(At)ly@ dt = f(x). 


This is a special case of equation 1.9.15 with g;(a) = AY,(Az), hi(t) = t*, g(x) = Ba™, and 
ho(t) = Y(t). 


/ [AJ (Ax)Y, (Bt) + BIL(ADY, (Gx) ly) dt = f(x). 


This is a special case of equation 1.9.15 with g(a) = AJL (Ax), hi() = Y,(6t), go(x) = 
BY (Gx), and ha(t) = JL(At). 
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1.8-6. Kernels Containing Modified Bessel Functions. 


58. 


59. 


60. 


61. 


62. 


63. 


| Ip(A(w - t))y(t) dt = f(a). 


This is a special case of equation 1.8.64 with n = 0 and Jo(z) is the modified Bessel function 
(see Supplement 11.7-1). If f(a) = f/.(@) = 0 then the solution is 


x a 
yla) = i I(Aw-0) (F = x) ft) dt. 
a 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 481). 


i [Lo(Ax) - Ln(At)ly@ dt = f(x), f(a) = fi,(a) = 0 


f,(@) F 
AT (Ax) 


Solution: y(«) = =| 


/ [Alp(Ax) + BIp(At) y(t) dt = f(a). 
For B =—A, see equation 1.8.59. Solution with B #4 —A: 


1 
“A+B dx 


x B 
y(a) = {Lown AB / [Zo(At)| 4+B fuenatl, 


Here the sign of J,(Ax) should be taken. 


| (a - t)Ip(A(a — ))y(t) dt = f(a). 


This is a special case of equation 1.8.65 with n = 0. If f(a) = fi(@ = f”,.(@ = 0 then the 
solution is 


D. 2 t 
y(x) = / In(X\(a- o(S-») F(t)dt,  F(t)= / f(s) ds. 


/ (a -t)I(Aw - y(t) dt = fla). 


This is a special case of equation 1.8.64 with n = 1. If f(a) = f/.(a) = 0 then the solution is 


2 


% d 
y(“) = dT fi(a) se / Io(X(a - t)) (= - ) f@ dt. 
© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 481). 


| (a -t) Iya - b) y(t) dt = fla). 


This is a special case of equation 1.8.65 with n = 1. If f(a) = fi(a) =--- = fi"... (@) = 0 then 
the solution is 


t 
We) = = ~ | I(A(v- o( Sx) F(t)dt,  F(t)= | f(s) ds. 
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64. 


65. 


66. 


67. 


68. 


69. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


i (w= t)"In(A(w-t))y(t) dt = f(a), n= 0,1,2,... 


If f(a) = fia =--- = f2"*) (a) = 0 then the solution is 


In! n+l 
yon) = a ROG »(-*) Mt) dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 481), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


fe = HL, (Ae = t))y(@) dt = f(x), n= 0, 1, 2, eer 8 


This is a special case of equation 1.8.78 with vy = n andm =n+2. If f(a) = fi(@=--:-= 
f2"*»)(a) = 0 then the solution is 


2"+(n +1)! 


V2) = By DPR 


n+2 t 
icce »(-*) F(t) dt, ro= | f(s)ds. 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 482), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


j (a — t)"/Typ(A(w— t))y(t) dt = f(a). 


This is a special case of equation 1.8.70 with n = 1. If f(a) = f/.(a) = 0 then the solution is 


y(a) = ox [frn(e) — d? f(a)). 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 481). 


i) (a — t)°/2Ty9(A(a— t))y(t) dt = f(a). 


This is a special case of equation 1.8.71 with n = 1. If f(a) = fi(@ = f””,.(@ = 0 then the 


solution is 
a JT 
y@) = so iR (= a #) ie f(b dt. 


i (a — t)5/?Iy9(A(w — t)) y(t) dt = Fla). 


This is a special case of equation 1.8.70 with n = 2. If f(a) = fi(a) = fi (a) = fi" (a) = 


then the solution is é 
vz (# 
y(@) = Qayp?z ae -A f (2). 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 481). 


| (a ~ t)5/?Iy9(A(w - t))y(t) dt = f(a). 


This is a special case of equation 1.8.71 with n =2. If f(a) = fi(a)=---= fi""_.(@) = 0 then 


the solution is LLL 
va j vi 
= 73/2 t) dt. 
y(@) 4QA)3/2 — = fd 


71. 


72. 


73. 


74, 


75. 
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/ (a - 8) 5 Ton (Ala —t))y(t) dt = f(a), n=1,2,3,... 
a 2 


If f(a) = fia =--- = f2"-)(a) = 0 then the solution is 
7 vr Ge Sey 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 481), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


| (x Lia Pex@eeae dt = f(x), n=0,1,2,... 
a 2 


If f(a) = fi(a@) =--- = f°™(a) = 0 then the solution is 


Va 2 n+l 
y(x) = W272i (= da -¥) [ f@) dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 482). 


| L(Aw) - L,(At)]y(t) dt = f(a). 


This is a special case of equation 1.9.2 with g(x) = I,(Ax), where I,,(z) is the modified Bessel 
function (see Supplement 11.7-1). 


[ AL) + BL OD dt = fle) 


Solution with B #—A: 


1_d a5 fon er 
Wo = BEI [hO2) + | On|" fiat}. 


[ (AL Oe) + BL Goya = Fe. 


This is a special case of equation 1.9.6 with g(x) = AI, (Aa) and A(t) = BI,,((t). 
[ Law@-tywat= fla. 
0 
1°. Let-1 < Rev < 1 and f(0) = f/,(0) =0. Then the solution is 
ye)= [Oe p)(4-¥) fot 
0 


2°. Let y = n= 0 (mis an integer number) and f(0) = f/(0) =--- = f27%D0) = (0. Then the 
solution is 


[((n-1)/2] d\rehl, g k+l 
n 2k+1 _ \2 
yaay=>" ST Ch (=) (= x) f(a) 


k=0 


[n/2] d\"*/ @ k+1 
ext [ HO@-8) > o(s -) (S 7 -») f@ dt, 
0 


where [A] stands for the integer part of the number A and C¥ are binomial coefficients. 
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76. 


77. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


3°. Let Rev >-1 and f(0) = fi(0) =--- = f2"*)(0) = 0, where m = [Rev + 1]. Then the 
solution is 


% [(m-1)/2] m-2k-1 2 k+l 
m-vV Im_v(A(a - t)) d d 
y@) = a [ = ye (5) (5 - x) f@dt 


7 [m/2] d\ mk 7 ge k+l 
re a [ Imv(A(a—t)) S> CFR (=) (= - x) f(t) dt. 
k=0 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, pp. 479-480), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


| (e -t)" (Aw - b)yl(t) dt = f(a). 
0 


1°. Let Rev >O and f(0) = f/(0) =--- = f°”(0) = 0, where m = [Rev]+ 1 and [A] stands 
for the integer part of the number A. Then the solution is 


a (@m-1)/2] F m-2k-1 AP k+l 
_ ym mn Qk+l | eee IND 
yl) = vr i Invite) YP Ci ( =) ( = ) fiat 


% [m/2] d\™k 7 k 
rn, “4 S 2k 2 
*p v(m ca v)r | (x = t) Ima (M(x as t)) = Ch, (=) es -x ) f@ dt, 


where C* are binomial coefficients. 


2°. If y=n> 0 (nis an integer number) and f(0) = f/.(0) =--- = f&(0) = 0 then 
[n/2] d\" 2k 7 k 
ne anf a 42 
y(x) = nr X Ce (=) (= A ) f(z) 


x [(n-1)/2] d\r2k1 7 qe k+l 
" F Io(X\(a-t cas ee Baer t) dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, pp. 480-481). 


| (a —t)” IL(A(a — t)) y(t) dt = f(x), Rev > -1/2. 


1°. Let f(a) = fi(a) =--- = f2" (a) = 0, where m = [Rev + 1/2]+1 and [A] stands for 
the integer part of the number A. Then the solution is 


2h) ae i C _ 
y(x) = WSS ‘ (x -t)” Inve - 2) (F = ») ff dé. 
2°. Let f(a) = fi(a) =--- = f°") (a) = 0, where m = [2 Rev + 1] +1. Then the solution is 
EP IECIS TY asd TPs odes 
y(x) = DIT + 1/2) ° dam e | (x —-t) 


A m)g(-2v = 2)p 
x » Teka —V-lIpviAe - tf a ; 


where (a), = a(a+1)...(a+k-—1) is the Pochhammer symbol. 


3°. Fory =nand v = n-—1/2 (nis an integer) see equations 1.8.64 and 1.8.70. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 481), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


79. 


80. 


81. 


82. 


83. 
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| (e-t)"" (Aw - y(t) dt = f(a). 


1°. Let Rev >-1 and f(a) = fi(a) =--- = f?™(a) = 0, where m = [Rev + 3/2]+ 1 and 
[A] stands for the integer part of the number A. Then the solution is 


2 l-m Nea 


YO) = To43/Dln av -3)D 


in (e-t)” 7 Inv2(M(e - (4 -») F(t) dt, 


t 
where F(t) = / f(s) ds. 
2°. Fory =n andy =n-1/2 (nis an integer) see equations 1.8.65 and 1.8.71. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 482), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


f Iy(AVa-t) y(t) dt = f(a). 


This is a special case of equation 1.8.86 with n = 0. If the conditions f(a) = f/.(a) = 0 are 
satisfied, then the solution is 


2 x 
ya)= 7 | Jo(AV'x —t) f(t) dt. 


| [AIL (AVa ) + BIL (AV t) | y@ dt = f(a). 
Solution with B # —A: 


d 


vo= sagt { tava) [navel a7 neat}. 


/ " [AL (AV@) + BI, (BVE) | y(t) dt = fla). 


This is a special case of equation 1.9.6 with g(x) = AI, AV/z) and h(t) = BI, (Bvt). 


[ Ve=thave=t)ywat = fee 


This is a special case of equation 1.8.86 with n = 1. If the conditions f(a) = f/(a)= fi".(a) =0 
are satisfied, then the solution is 


2 B 
y(x) = me af Jo(AVa —t) fC dt. 


| (x - t)'/4I,.(AVx —t) y(t) dt = f(x). 


This is a special case of equation 1.8.87 with n = 1. If the conditions f(a) = f/.(a) = 0 are 
satisfied, then the solution is 


PQ cee 
y(z) = 7) dat =f eat coste nt) f(t) dt. 
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84. 


85. 


86. 


87. 


88. 


89. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


fl (a -— t)*/4I5/.(AVa —t) y(t) dt = f(x). 


This is a special case of equation 1.8.87 with n = 2. If the conditions f(a) = f/.(a)= fi".(a) =0 
are satisfied, then the solution is 


23/2 B® cos(AVz-t) 


| (e -t/414)(AVa—t) y(t) dt = fle). 


This is a special case of equation 1.8.87 with n = 0. If the condition f(a) = 0 is satisfied, then 


the solution is 
rX d_ f[* cos(AVa-t 
ya= > | AES ie 
2a dx J, Jat 


fe -t)"1,(AVx—t)y(t)dt = f(x), n=0,1,2,... 


This is a special case of equation 1.8.88 with vy = n and m = n+ 2. If the conditions 


f@= fi@ =--- = f*(a) = 0 are satisfied, then the solution is 
Q\n qr x 
y(@) = (5) aa | Jo(AVa—t) f@) dt. 


2n 


x -1 
| (w-t) 4 Ima(AVx-t) y(t) dt = f(x), n=0,1,2,... 
a 2 


This is a special case of equation 1.8.88 with vy = n-1/2 andm =n +1. If the conditions 
f(a) = fi(@ =--- = f(a) = O are satisfied, then the solution is 


1 Q\* oe a cos(AV/a -t) 
r 


y(@) = Vir ae fe SOE. 


Vae-t 
fe -t)’/?1,(AVa-t)y(t)dt = f(z), Rev >-t. 


1°. Let f(a) = fia) =--- = f(a) = 0, where m = [Rev + 1]+ 1 and [A] stands for the 
integer part of the number A. Then the solution is 


2\m2 qm x m-v-2 
yi) = (F)" Sf (= 8) Iinva( vant) fO dt. 
2°. Forv =n and v =n-1/2 (mis an integer) see equations 1.8.86 and 1.8.87. 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 482), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


| ve -a)’?L(AVt— ax)y(t) dt = f(z), Rev >-t. 


Solution: 
A aut Oe ee (m-v)/2-1 
y(x) = > an i) (t—2x) Imv20avt — x) f(t) dt, 


where m = [Rev + 1]+1 and [A] stands for the integer part of the number A. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 484), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


91. 


92. 


93. 


94. 


95. 
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i) “(@—t)”71,(AVHe—# )ylt) dt = fw). 
0 


Solution: 


y(a) = AoW | “ete (Ava(a—t) te" d(E” FO), 
0 


where -1 < Rev <0. 


© References: K. Soni (1968), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 483), S. G. Samko, 
A. A. Kilbas, and O. I. Marichev (1993). 


| “(et)”? 1, (AV ee) ylt) dt = f(x). 
0 


Solution: 


y(@) = favo be iF : Pg ty OPT (Avie -D) FO de, 
0 


where -1 < Rev <0. 


© References: K. Soni (1968), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 483), S. G. Samko, 
A. A. Kilbas, and O. I. Marichev (1993). 


[ (a? - 2) "14 (AV a? -# ) y(t) dt = f(a). 


yz) =f —— ne ae ED) Var SEV) ade 


if ” (2-2) Lap (AVE — = Jul) dt = fle). 


2 
ae -[= 20 d af , os kai vt he ae 


i (x? - 0)" 1, (AVa2-# ) y(t) dt = f(w),  -1< <0. 
0 


Solution: 


Solution: 


Solution: 


d [{* 5 
y(a) = = if t(a? 2)? 1, (Va? -B) f(t. 
v Jo 
@) Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


i * - 27)? 1, (AV a )y(t) dt = f(z),  -1<v<0. 


Solution: 


y(a) = ae / . t(P 2 PPT OVE = 27) fF dt. 


©®© Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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96. 


97. 


98. 


99. 


100. 


101. 


102. 
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e a-t ule 
| (=) I, (A\/(w - tw -t + y)) y(t) dt = f(x). 
0 


xz-tty 


Let-1 <Rev <m+1<2n+1(nand mare the minimal integer numbers), and f(0) = f/.(0) = 
ae tikes (8), = (0. Then 


(m-v)/2 
y(a) = vax f ( ae ) Imv (AV/(@- D(@-t +7)) 


o \v-tt+y 
tm Ci, cats n-(j+1)/2 & n+l P| m-j 
xf eB T(n-j/2) ( Dr ) Fn-aenpal-s)) (=-*) (=) i). dam, 
j=0 


where C¥ are binomial coefficients. 


© References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 483-484), S. G. Samko, A. A. Kil- 
bas, and O. I. Marichev (1993). 


| “[At* TL (Aa) + Bx*I,,(At)]y@ dt = f(a). 

This is a special case of equation 1.9.15 with g\(x) = AI, (Az), hy(t) = the g2(x) = Ba*, and 
ho(t) = I, (at). 

/ “[AL.(a) + BRO ly(t) dt = f(a). 

gee with B #—-A: 


d 


1 _2A_ 2 IB 
w= ae E{ 0) A+B 7 [LO] 42 fu at}. 


| [AIZ(Aa) + BI (Bt)ly@ dt = f(a). 


This is a special case of equation 1.9.6 with g(x) = AIF (\x) and A(t) = BI} (Gt). 


i [Ko(Aa) — Ko(At)]y(t) dt = f(a). 


Solution: y(#) = at | 


f(a) 
dx , 


NK (AL) 


| [K(Ax) - K(At)ly(t) dt = fle). 


This is a special case of equation 1.9.2 with g(a) = K (Az). 


[ AR08) + BK (At)]y(t) dt = f(x). 


Solution with B 4 —A: 


1 d 345 = / 
WO= EE { [K-00] [ (x00) feo at}. 


103. 


104. 
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| [At® K (Ax) + Ba*K,(At)ly(t) dt = flv). 

This is a special case of equation 1.9.15 with gj(x) = AK,(A2), hi(f) = te g(x) = Ba*, and 
ho(t) = Kt). 

[ AL02)K,(8) + BLODK, (Ba) dt = fla, 


This is a special case of equation 1.9.15 with gi(z) = Al, (Az), hi(t) = K,,(6t), 92(x) = 
BK,,(Gx), and ha(t) = (At). 


1.8-7. Kernels Containing Legendre Polynomials. 


105. 


106. 


107. 


108. 


f é P, (=) up at = fo), f)=0, w2h 
1 


Here P,,(x) is the Legendre polynomial (see Supplement 11.11-1). 


Solution: ‘ 
n+l ld n+ x 
y(@) = = (+ = | (a —t)"" f® dt, 


where n = 1, 2, 3,... 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 495-496). 


© t 
[Pe (=) y(t)dt = fe),  fd)=f,0)=0, w21. 
1 


: Ld \? 
y(«) = f e"Pra(2) (=5) [ef] at, 


where n = 2, 3, 4,... 


Solution: 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 496). 


1 
[e (=) ue dt= f(x), fd)=f{0)=0, O<a<1. 


1 [ee N 
y(x) = 2 i rp,a(+) (+5) [Pe FO] dt, 


where n = 2, 3, 4,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 496). 


Solution: 


1 
/ P,, (=) y(t) dt = f(x), f@= fi,@ =0, O<a2<1. 
7 x 


YA x ta \* 
y(ar) = / e"P.a(2) (+5) [t” fF] at, 


where n = 2, 3, 4,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 496). 


Solution: 
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109. 


110. 


111. 


112. 


113. 
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| "Pp, (22 = 1) y(t)dt= fix), f0)=0, «>0. 
0 


Solution: 


_ ra qt! a x ee 
y(x) = jm)! dew |: i (x-t) feoat). 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 497). 


1 
| P, (22 Z 1) y()dt= fiz),  fd)=0, «<1. 


Solution: 


d n+l 1 t— n-l 
y(a“) = 2” (-<) [a aoe dt}, 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 497). 


1 
| P,, (2= a 1) y(t)dt= f(x), fd=0, «<1. 
o x 


Solution: 


as d ee n+l : (t-2)""! —n-1 
wo=(z) ff Sareea, 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 498). 


[ P,(cosh(x -t))y(t) dt = f(x), fF (0) = f20) = 0. 


Solution: 


2 L 
ye) = (= ~(n+ 0?) | Pysi(cosh(sr ~ 1) f(O) dt, 
0 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 498). 


[ P,(cos(a-t))y(t) dt = f(a), f(0) = f/(0) = 0. 


Solution: 


a = 
y(@) = (= +(n+ »*) i) Phii(cos(x — t)) f(t) dt, 
0 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 498). 
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1.8-8. Kernels Containing Associated Legendre Functions. 


114. 


115. 


116. 


117. 


i (a? — Pye? Pe (- )y®) dt = f(x), O<a<z. 


Here P/(z) is the modified associated Legendre function (see Supplement 11.11-3). 
Let l-n <Rew<1(n=1,2,...) and f(a) = fi(a) =--- = f-(@ = 0. Then the 


solution is 
d” x nt+pu-2 t 
y(z) = rte! —_ fe ) (7) ae Ree (=) ft a : 
da” 4 x 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 515), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


Le -PyH/ PE (=) y(t) dt = f(x), O<a<z. 
* x 


Let l-n <Rep<1(n=1, 2,...) and f(a)= fi(a) =:-- = f(a) =0. Then the solution 
is 


2 2-n— 
yla) = ape — Py pre (2) peat. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 515), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


si 2 2) /2 a = 
fo @-2ye? Ps (F) uw at = Feo. 


Let l1-n <Rew<1(m=1, 2, ...). Then the solution is 


mn b piace 
y(x) = (-1)"x rn le te fe) ee povn(< ) oat]. 


@ References: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 516), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


fe ayn? pe (Z)umat= se. 
Let l1-n <Rew<1(m=1, 2, ...). Then the solution is 
qd” b n+ 
yoo) = yr fey Pee (2) pena 


© References: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 516), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


1.8-9. Kernels Containing Confluent Hypergeometric Functions. 


118. 


i "(@-t)18 (a,b; Ma -t)) y(t) dt = fw). 


Here ®(a, b; z) is the Kummer confluent hypergeometric function (see Supplement 11.9-1). 
Let0<Reb<n(n=1,2,...) and f(s) = fi(s) =--- = f(s) = 0. Then the solution is 


qd” (x tyr b-1 
y(a) = da" a [ Tormey 2 n—b; Ax-t)) fO dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 530), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 
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119. i ve - x)?" ®(a, b; Aa - t)) y(t) dt = f(a). 


Here ®(a, b; z) is the Kummer confluent hypergeometric function (see Supplement 11.9-1). 
If0 <Reb<n(n=1,2,...) then the solution is 


hig a2 ti (n) 
y(x) = | Tormey 2 n- b; INGE = t)) fi (t) dt. 


@© References: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 530), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


120. | "iG -t)"/? Mv (Aw - t)) y(t) dt = f(x). 
0 


Here M,,,,(z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3). 


Let -1/2 < Rev < (n—1)/2 and f(0) = f/(0) = ++. = f&-)(O) = 0. Then solution is 
\on/2 ‘ qd” x (x- Heder 
= Ax /2 Aw /2 a ns Vf —t)) f(t dt. 
y(2) TQv+l) € dar le | rv — 1/2 —p) n/2-p.n/2-v-1 (Aw )) mal ) 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 522). 


121. / ~e - x)? M,,, (At -«)) y(t) dt = f(x). 


Here M,,,,(z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3). 
Let -1/2 < Rev < (n—1)/2. Then solution is 


\on/2 oo G= gy dv 
— sd Se 
TQv+l J, Tw—)/2-v”) 
®© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 522). 


1.8-10. Kernels Containing Hermite Polynomials. 


122. | “ - ty? Hon (AV a —t) y(t) dt = f(x), f(0) = 0. 
0 


d” 
y(a) = 72M an/r-v-s1(Mt-2)) aa fe"? fa)] dt. 


Here f7,,,(x) is the Hermite polynomial (see Supplement 11.17-3). 
Solution: 
(I'n! (d\" f* (@-tr3/? L.y2 
= | ——— F (n,m- 5; (a-t)) f@ dt, 
(x) Vin)! \de) J, Tim—1/2) (n,m— 73M @—-O) FO) 
where m = 1 and F(a, b; x) is the Kummer confluent hypergeometric function (see Supple- 
ment 11.9-1). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 556). 


123. | Hina (AV@=t) y(t) dt = fle), FO) = f4(0) = 0. 
0 


Solution: 
(-1)"n! d\™ f* (ety? 3.2 
= —__—__( — —______F ee ~t)) f@dt 
y(z) salt > Lim—3/2) (n,m gX(@—-O) FO at, 
where m = 2 and F(a, b; x) is the Kummer confluent hypergeometric function (see Supple- 
ment 11.9-1). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 556). 
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1.8-11. Kernels Containing Chebyshev Polynomials. 


124. 


125. 


126. 


127. 


128. 


[@-a"n, (- ue dt=f(@), f()=0, 221. 
Here T;,(x) is the Chebyshev polynomials of the first kind (see Supplement 11.17-2). 
Solution: ; i 
of t 
y(x) = — / (a? PPT (=) Gz lt rw] at 
Tw Sy x} dt 
where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 499). 


Te (a? -eyr, (= ) uae = f(a),  fd)=0, 221. 


y(x) = 2, ni race i (a? — 2) Mt on(Z) roar], 


where n = 1, 2, 3,... 


Solution: 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 499). 


[ (? - gy /2T (= )ue dt = f(x), fH=0, O<aK<. 


1 
yoy | / @-27"Ta(*) sora, 


where n = 1, 2, 3,... 


Solution: 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 499). 


[ (Pa) ?T, (= uw dt = f(z), f@=0, O<a2<1. 


Solution: ; 
2 a\ d 
y(a) = -— / alld gees Ta! Be (=) —[t" f(t] dt, 
T dy t } dt 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 500). 


| "ee tyr, (22 = 1) y(t) dt = f(x), fO0)=0, x>0. 
0 


Solution: 
ge 


YO) = 1D da 


=e ae (vty? F(t) at, 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 500). 
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129. 


130. 
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1 x 
/ (t-2)!T,, (22 = 1) y(t) dt = f(x), fH=0, x<l. 


Solution: 


ee ee Pe a ae 
w= ez) Ff tear 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 501). 


‘ t 
: (t-2)y'T,, (2= = 1) y(t)dt= f(z), fM=0, x<l. 


Solution: 
1 (f= gy 3/2 


_ 1 n+1/2 
y@) = —=( =) E » Tn—1/2) 
where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 501). 


t" f(t) dt), 


1.8-12. Kernels Containing Laguerre Polynomials. 


131. 


132. 


i Ly(A(e-t)y(t) dt = f(a), — f0) = f20)=0, x >0. 
0 


Here L,,(x) is the Laguerre polynomial (see Supplement 11.17-1). 
Solution: 


y(z) = er | : Lyaat-2)ye" fio dt, 
0 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 504). 


| L,(A(t-2))y(t)dt = f(a), f0)=F0)=0, x>0. 


Here L,,(x) is the Laguerre polynomial (see Supplement 11.17-1). 
Solution: 


y(z) =e* / 7 Ln Aa — tye fi@ dt, 


where n = 1, 2, 3,... 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 505). 


1.8-13. Kernels Containing Jacobi Theta Functions. 


133. 


| 92(0,x-t)y(t)dt = f(x), — f(0) = 0. 
0 


Here W2(v, qg) is the Jacobi theta function (see Supplement 11.15-1). 
Solution: 


1 x 
Ore i d(0,0-O f(b dt. 
T Jo 


© References: H.M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 551). 
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134. | 93(0, 2 —t)y(t)dt = f(x), f(0)=0. 
0 


Here 73(v, q) is the Jacobi theta function (see Supplement 11.15-1). 
Solution: 


1 x 
yix)=— f dn0,0- fo at. 
T Jo 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 551). 


1.8-14. Kernels Containing Other Special Functions. 


135. i ne - ooF(a, b,c; 1- =) xt dt = f(x). 


Here ®(a, b, c; z) is the Gaussian hypergeometric function (see Supplement 11.10-1). 
Solution: 


ee dq” a x (a-tre! t 
y(a) = —{2 i maraeat | a, TL b, m—Cy 1 —) fF) atk, 


where 0<c<nandn=1,2,... 

If the right-hand side of the equation is differentiable sufficiently many times and the 
conditions f(s) = f/(s) =--» = f{-)(s) = 0 are satisfied, then the solution of the integral 
equation can be written in the form 


if aor yt) em 
y(a) = ‘i Torace® ( —b, M—C; 1- —) ¢ (t) dt. 


@ Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


136. | We -t""D? D, (AV —t)y(t) dt = f(a). 
0 


Here D,(z) is the parabolic cylinder function (see Supplement 11.12-1) and-1 < Rev < 1. 
Solution: 


(x) — I [oe = t)-D/29"t/4 DH (1 i x) a + x” (ree) dt 
y 7 Jp . dt 2 


(d) References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 464). 


1.9. Equations Whose Kernels Contain Arbitrary 
Functions 


1.9-1. Equations with Degenerate Kernel: K(x, t) = g\(x)hy(t) + go(x)ho(t). 


1. J somemyte at = Fo. 


1d Ea 


h(a) dx | g(x) 


ae 1 ’ _ gi, (@) 
Je@)— 2h@) 


Solution: y= ~ g(a)h(x) 


f(2). 
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2. Hb [g(w) - g(t)ly(t) at = fla). 


It is assumed that f(a) = f/(a) = 0 and f/,/g/, # const. 
; d_| f(x) 
Solution: y(x) = a meh 


3, | =O Lhig@aea Fe: 


For b = 0, see equation 1.9.2. Assume that b # 0. 
Differentiation with respect to x yields an equation of the form 2.9.2: 


1 , 1 
yor) aida) [ytd == Fa 


Solution: 


E= HO~ GD) sty at. 


io) = 5 fato)- Feasca) | exp| 
4. | [Ag(x) + Bg(t)ly(t) dt = fiw). 


For B =—A, see equation 1.9.2. Assume that B #—A. 
Solution with B #4 —A: 


d A # eae 
roe eae = {lg (x) aca | 9(t)| A+B fuenatl, 


5. | [Ag(x) + Bg(t) + C]y(t) dt = f(a). 


For B =—A, see equation 1.9.3. Assume that B #—A and (A+ B)g(x)+C > 0. 
Solution: 


y(x) = = {lA + B)g(a)+C|- aE [ |(A+ Bg) +C]- AsB fio ar\, 


6. i [g(x) + h(t)ly(t) dt = f(w). 


Solution: 


df &z) a o : = Ad) dt 
ee ar @th@ J, 36 I 2) =ex9| | aa 


7. / [g(a) +(x - t)h(x)] y(t) dt = f(x). 


This is a special case of equation 1.9.15 with g)(a) = g(x) + xh(a), hit) = 1, go(x) = h(x), 
and ha(t) = -t. 
Solution: 


h(x) [* 0) dt } 7 | [ h(t) | 
= —< &(7)— ——| — }, P(t) = = — dt}. 
Wee = © 5a). Ee Ko) de cat 


10. 


11. 


12. 


13. 


14. 
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/ [g(t) + (a — t)h(t)] yt) dt = f(x). 


This is a special case of equation 1.9.15 with g\(x) = x, hi (t) = h@), go(x) = 1, and ha(t) = 
g(t) — th(t). 


| : [g(x) + (Ax* + Bt")h(x)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = g(x) + Ax*h(2), h(t) = 1, g2(x) = h(a), 
and h(t) = Bt’. 


| : [g(t) + (Ax* + Bt")h(t)] y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g\(x) = Aa, hi(t) = h(t), g2(x) = 1, and 
h(t) = g(t) + Bt* h(t). 


/ [g(x)h(t) -—hia)gly@) dt = f(z), f(a) = fi (a) = 0. 


For g = const or h = const, see equation 1.9.2. 
Solution: 


= la fapak where f=f(z), g=g9(x), h=h(2). 


~ h dx 


Here Af + Bg + Ch #0, with A, B, and C being some constants. 


/ [Ag(a)h(t) + Bg(t)h(a)ly(t) dt = fla). 


For B = —A, see equation 1.9.11. 
Solution with B # —A: 


7 1 d (Tha) BE peta) al f@ p 
VO = Cy Byn@) de ral (ara iol | 


| {1+ [g(t) -g(a)|h(a)} y(t) dt = f(a). 


This is a special case of equation 1.9.15 with g(x) = 1 - g(x)h(a), hi) = 1, g2(x) = h(x), 
and ho(t) = g(t). 
Solution: 


_d “T F(t)]’ dt 7 Pa 
y(2) = a {now | Fokeo @(x) = exp / go (tE)A(t) ay). 


[fetes [aw -ea(e)] ney} yo at = fla. 


This is a special case of equation 1.9.15 with gj(x) = & h(x), h(t) = g(t), g2o(x) = er? — 
g(x)h(x), and h(t) = e**. 


114 


15. 


LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


| [gi(a)h(t) + go(w)ha(t)ly(t) dt = f(a). 


For g2/g1 = const or h2/h; = const, see equation 1.9.1. 


1°. Solution with g)(~)h\(x) + g2(x)ho(x) # 0 and f(x) # const go(x): 


eae = | ga(e)hy (x) ®() J] “dts \ ts 
h(x) dx | gi(w)hi(@) + go(@)hr(x) Ja Lao}, 2 , 
where 
= hs |" go(t)hy(t) dt 
@(x) = ee et D: 
@) exp | Zo| sateenest “ 


If f(x) = const g2(x), the solution is given by formulas (1) and (2) in which the subscript 1 
must be changed by 2 and vice versa. 


2°. Solution with g)(a)h\(x) + g2o(x)h2(x) = 0: 
yoy= pa | ee 1 d aS 
hy dx | (91/92), (ho/hi)i, | 


hy dx 
where f = f(x), g2 = go(x), hi = hi(x), and hz = ho(x). 


1.9-2. Equations with Difference Kernel: K(a,t) = K(x-t). 


16. 


| K(w-ty(t) dt = fle). 


1°. Let K(0)=1 and f(a) =0. Differentiating the equation with respect to x yields a Volterra 
equation of the second kind: 


roe / Ki (a —t)y(t) dt = fia). 


The solution of this equation can be represented in the form 
yla) = f(a) + / " Rlw—t fit) dt. 
Here the resolvent R(x) is related to the bens K(x) of the original equation by 
R@=2" ss - i} K(p) = £[K(a)], 


where £ and £7 are the operators of the direct and inverse Laplace transforms, respectively. 
7 eve) is 1 C+100 A, 
K(p) = £[| K(a)] = ji eP? K(x) dz, R(z) = £2" [|R@)] = oe / e?® R(p) dp. 
0 TM J c-ico 
2°. Let K(x) have an integrable power-law singularity at x = 0. Denote by w = w(x) the 
solution of the simpler auxiliary equation (compared with the original equation) with a = 0 


and constant right-hand side f = 1, 


i K(x —t)w(t) dt = 1. (1) 
0 


Then the solution of the original integral equation with arbitrary right-hand side is expressed 


in terms of w as follows: 
x 


d Hid 
ya) = ‘| wet) fd) dt = fayu(e—a)+ i w(a — 1) fl(t) dt. (2) 


a 
Remark. The integral equation and its solution (2) form the Sonine transform pair. 


© References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 426), 
S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


1.9. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 115 


17. [ K(a —t)y(t) dt = f(x). 


Solution: 


d Co 
y(x) = ae / A(t—2x)f() dt, 
XL x 
where 7 
if K(t)A(x@—-t) dt = 1. 
0 
18. / K(x -t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 1.9.20 with » = 0. 


1°. Solution with n = 0: 
A foe) 
y(x) = 2° B= ‘| K(z) dz. 
2°. Solution with n = 1: 
A [o.e) foe) 
y(2) = =x + — B= K(z)dz, C= zK(z) dz. 
0 0 


3°. Solution with n = 2: 


Ase AC. AC AD 
PRONE ee Oe Bae oo gee Ra 


ea K(z) dz, Oa 2K(z) dz, p=[- 2K (z) dz. 
0 0 0 


4°. Solution with n = 3,4,... is given by: 


on er le) Lae 
Yn(2) = At Fa ye BIA) = i) K(zje™ dz. 


19. i: K(a - t)y(t) dt = Ae**. 


Solution: 
A AL a —Az 
y(x) = BR ; B= K(z)je™ dz = £2{ K(z), A}. 
0 


20. i K(a -t)y(t) dt = Axe”, n=1,2,... 


1°. Solution with n = 1: 


> 


A A 
yi(@) = Bre + ae 


B= i; K(z)e* dz, C - | 2K (ze dz. 
0 0 


It is convenient to calculate the coefficients B and C using tables of Laplace transforms 
according to the formulas B = £{ K(z), A} and C = L{zK(z), A}. 
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2°. Solution with n = 2: 


A A 
Yyo(x) = are" + 2 ne + (2 


2 


AC? AD) y, 
mee pee 


B - | K(Ze* dz, C= zK(zje** dz, D - | 2K (z)e* dz. 
0 0 


0 


3°. Solution with n = 3,4,... is given by: 


O oe” er 
Yn(a) = Dy Yn @) = AD Par 


F BA) = i . K(2e dz. 
dn ; 


21. f K(a — t)y(t) dt = Acosh(Az). 


Solution: 


a ee eee ee 1;A AY. 
Uo)= ape + ape = 5 (Ft Fr) cohn) + 5 (Fe - F) sinhOww), 


B= K(ze* dz, B= il K(z)e* dz. 
0 0 


22. i K(a — t)y(t) dt = Asinh(Ax). 
Solution: 


er 


Ae oe pA pA AY, 
2B, e€ = 2 (+ = a) cosh(Ax) ae s(+ + mz) sinh(\x), 


B= i K(2e dz, B= | K(z)e** dz. 
0 0 


A 
y(2) = aR. 


23. / K(a — t)y(t) dt = Acos(Ax). 


Solution: 


y(x) = [Be cos(Ax) — B, sin(Ax)] F 


A 
B? + B2 


Bi [ K(z)cos(Az) dz, B= ie K(z)sin(Az) dz. 
0 0 


24. ie K(a — t)y(t) dt = Asin(Ax). 


Solution: 


y(a) B, sin(Ax) + Bg cos(Ax)| 2 


A 


B.= [ K(z)cos(\z) dz, B= [ K(z) sin(\z) dz. 
0 0 


25. 


26. 


27. 
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/ K(x -t)y(t) dt = Ae” cos(Az). 
Solution: 


A re ; 
y(a) = Ba B [Be cos(Ax) — B, sin(Ax)] ; 


Bo= i K(zje"* cos(Az) dz, B,= | K(z)e* sin(Xz) dz. 
0 0 


/ K(a — t)y(t) dt = Ae’ sin(Ax). 
Solution: 


A - ; 
y(a2) = Bae [Be sin(Ar) + B, cos(Ax)] ‘ 


Bo= | K(zje"* cos(Az) dz, B= i K(z)e* sin(Xz) dz. 
0 0 


| K(w-t)y(t) dt = fla). 


1°. For a polynomial right-hand side of the equation, f(a) = )> A;2x", the solution has the 
k=0 


form 
yr) = S> Ba, 
k=0 


where the constants B;, are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.18 (item 4°). 


2°. For f(x) = e** > A,;x*, the solution has the form 
k=0 


yay=e” S” Bak, 
k=0 


where the constants B; are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.20 (item 3°). 


3°. For f(a) = S> Ax exp(Az2), the solution has the form 
k=0 


n 


A co 
ya) => Hexpirer), Be =f K(eyexp-Aue) de 
0 


k=0 


4°. For f(x) = cos(Ax) >> A, x*, the solution has the form 
k=0 


ya) = cos(Ar) § > Bea* + sin(Ar) > Cyar*, 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
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5°. For f(x) = sin(Ax) >> A;,x*, the solution has the form 
k=0 


ya) = cos(r) §~ Bear® + sin(r) S~ Cyar*, 
k=0 k=0 
where the constants B;, and Ci, are found by the method of undetermined coefficients. 


6°. For f(x) = S> Ax cos(A,2), the solution has the form 
k=0 


“ Ax : 
y(@) = = [Ber cos(An®) — Box sin(Apx)], 
SB B?, + B2, | | 


Ba= | K(z) cos(A\pz) dz, Ba [ K(z)sin(Agz) dz. 
0 0 


7°. For f(x) = S> Ax sin(A;, 2), the solution has the form 
k=0 


n A 
y(a@) = ——_— | Ber sin(Ag x) + Bsp cos(Ap 2), 
X Bie + By, | 


Ba= | K(z) cos(Agz) dz, Bu [ K(z) sin(Agz) dz. 
0 0 


28. / K(a —t)y(t) dt = f(x). 
Solution: 4 is 
y(x) = ae | H(t - 2x) f(t) dt, 
XL x 
where % 
| K())A(a-t)dt =1. 
0 


(O) References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 426), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


29. il K(a—-t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 1.9.31 with A = 0. 


1°. Solution with n = 0: 
A CO 
y(@=s, B= - K(-z) dz. 
B 0 


2°. Solution with n = 1: 
A AC ae oe 
y(x) = Br Re B= | K(-z) dz, c= | zK (-z) dz. 
3°. Solution with n = 2: 
AC AC? AD 


A 2: 
a aaa NE 


B= | K(-z)dz, C= | zK(-z)dz, D= | 2K (-z) dz. 
0 0 0 
4°. Solution with n = 3,4,... is given by 


-a{ |=} Bays | K rz q 
Yn(@) = ayn Bo ae (A) = ; (-z)e* dz. 
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30. i K (a - t)y(t) dt = Ae”. 


Solution: a so 
ya)=Se*, B= | K(2e™ dz. 
B 0 


The expression for B is the Laplace transform of the function Kk (—z) with parameter p=—A and 
can be calculated with the aid of tables of Laplace transforms given (e.g., see Supplement 5). 


31. } K(a-t)y(t) dt = Are”, n=1,2,... 


1°. Solution with n = 1: 


B - | K(-z)e* dz, C - | zK(-z)e** dz. 
0 0 


It is convenient to calculate the coefficients B and C’ using tables of Laplace transforms with 
parameter p = —. 


2°. Solution with n = 2: 


2 
yx) = fe 2S ne + tee ee 


B Bp 


B= | K(-zje* dz, C= i zK(-z)e* dz, D= | 2K (-z)e dz. 
0 0 0 
3°. Solution with n = 3,4,... is given by: 


ge gar cae Boys [ K ye" d 
YUnl(L) = OA Ure = aan BO) = : —z)e Zs 


32. i K(a — t)y(t) dt = Acosh(Ax). 


Solution: 


ce A ih ae wie VD. A 1; A AY. 
y(x) = 2B.° + 7B° = ees + —) cosh(Ax) + Gea - —) sinh(\2), 


B= | K(-z)e* dz, B= | K(-z)e* dz. 
0 0 


33. it. K(a — t)y(t) dt = Asinh(Az). 


Solution: 


i ee oe ee 1;A Ay, 
Via) = xp ae = 5 (Fe - Fr) cosmrn) + 5 (G+ F) sinh), 


B= | K(-z)e*' dz, B= | K(-z)e* dz. 
0 0 
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34. i K(a — t)y(t) dt = Acos(Ax). 


Solution: 


y(x) = [B. cos(Ax) + Bs sin(Ax)], 


B2 + B2 


Bo= ie K(-z)cos(Az) dz, B,= ie K(-z) sin(Az) dz. 
0 0 


35. ie K(a —- t)y(t) dt = Asin(Az). 


Solution: 


y(x) = [B- sin(Ax) — Bs cos(Az)], 


B? + B2 


Bo= i. K(-z)cos(Az)dz, B= fe K(-z) sin(Az) dz. 
0 0 


36. / K(x -t)y(t) dt = Ae” cos(Az). 


Solution: 


*| B, cos(Ar) + B, sin(Az)], 


YX) = Bam” [ 


B= 1 K(-z)e"* cos(Az) dz, B= u K(-z)e"* sin(Az) dz. 
0 0 


37. | K(x - t)y(t) dt = Ae’ sin(Ax). 


Solution: 


* |B, sin(Ax) — B, cos(Ax)], 


y(x) = BiB [ 


Be= i: K(-z)e"* cos(Az) dz, B= : K(-z)e* sin(Az) dz. 
0 0 


38. im K(x —t)y(t) dt = f(x). 


1°. For a polynomial right-hand side of the equation, f(x) = )> A;2x", the solution has the 
k=0 


form 
y(x) = 5° Bua, 
k=0 


where the constants B;, are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.29 (item 4°). 
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2°. For f(x) = e** Se A;,x*, the solution has the form 
k=0 


y(z) = e*” ms B,x*, 
k=0 
where the constants B;, are found by the method of undetermined coefficients. The solution 
can also be obtained by the formula given in 1.9.31 (item 3°). 


3°. For f(x) = 35 Ax exp(Az2), the solution has the form 
k=0 


A CO 
yla)= SE expee), Be = if K(-2) exp(Ax2) dz. 
k=0 0 


4°. For f(x) = cos(Ax) >> Apa", the solution has the form 
k=0 


y(x) = cos(Ax) Ds By,x* + sin(Ax) S- C,r™, 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
5°. For f(x) = sin(Ax) >> A; x*, the solution has the form 
k=0 


y(x) = cos(Az) SS By,ax* + sin(Ax) S- Cyx*, 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


6°. For f(x) = $> Ax cos(A, 2), the solution has the form 
k=0 


n Ay 
y(@) = ——__ | Ber, cos(Ap x) + Bey sin(Ap 2), 
» B+ B2, 


Bex = K(-z) cos(Apz) dz, Bsz =) K(-z) sin(gz) dz. 
0 0 


7°. For f(x) = S> Ax sin(A;, x), the solution has the form 
k=0 


n Ar 
y(x) = ——_— | Ber sin(Agx) — Bgx cos(Ag2)| , 
d Bi + By | 


Bep = i K(-z)cos(Apz) dz, By = | K(-z) sin(Agz) dz. 
0 0 


8°. For arbitrary right-hand side f = f(x), the solution of the integral equation can be 
calculated by the formula 


oe i ic eo | ” Kae de. 
0 0 


To calculate a (p) and k(-p), it is convenient to use tables of Laplace transforms, and to 
determine x(x), tables of inverse Laplace transforms. 
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1.9-3. Other Equations. 


39. f [g(e)-g]"ytdt= fle, m=1,2,... 


The right-hand side of the equation is assumed to satisfy the conditions f(a) = f/,(a) =---= 
FEM =0. 


l 1 d ntl 
Solution: y(2x) = a 9e(@) (os +) f(z). 


40. / Joa) -9@ y(t) dt = f(x), f(a) =0. 


Solution: 
«== co a) ee 
¥y - oe g(x) dz q(x) = q(t) 7 
* y(t) dt 
41. 2 BM a ; . 
VeGesee oe ee 
Solution: 
ie SOEs. 
mde Ju V9la)— 9) 
Zz orX(a-t) 
42. e y(t) dt ee oe 


a Vg(x)- g(t) 
Solution: 

yaye tee [° 2 fOR® 

x dt J, JSg@)-9® — 


43. | Ga-“gOPIOd@=7@, f@su. CeX=1 


Solution: 
; d\* [? gi(t)f@) dt sin() 
= k —_—_—_ oo —— k= . 
ue sea z) 2 Ig@)-9OP 7 
* h(t)y(t) dt ; 
44, —__———___ = ; 0, O0<A<1. 
LPeZGOR oe oe en 
Solution: 


sin(r) df? f(dgi(tyat 
wha) de J, Tg@)- gO)" 


y(x) = 


@ t 
45. | K(=)uw dt = Ax* + Ba". 
0 xv 


Solution: 


Beats cle sibel : Al 1 
y(a) = a t+ al —" ITh= K(zjz dz, Iy,= K(z)z*™ dz. 
Dy qu 0 0 


46. 


47. 


48. 


49. 


50. 


51. 
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5s t _ coe XK . ™m 
i K(=)u at = Paw, P, (a) =x S0 Ama : 


m=0 


Solution: 


n Am 1 
y(x) = 2 SS 7 ee Dee= i K(z)z™" dz. 
m=0 0 


m 


The integral Jp is supposed to converge. 


/ { g1(a) [hi (t) — hi(x)] + g2(x)[h2(t) — ha(x)| } y(t) dt = f(x). 


This is a special case of equation 1.9.52 with g3(x) =—g)(x)hi(x) — g2(x)h2(ax) and h3(t) = 1. 
The substitution Y (7) = ‘| y(t) dt followed by integration by parts leads to an integral 
equation of the form 1.9.15: 7 


/ {otx)[mc], + g2(x)[h2(t)] PY) dt =—f(c). 


| { g(a) [hi (t) - e** hy (a)] + go(a) [ha(t) - e*%* Yhz(a)] y(t) dt = f(a). 


This is a special case of equation 1.9.52 with g3(x) = —e* [gi(x)hi(x) + g2(x)ho(x)] , and 
h3(t) = erm, 


The substitution Y (x) = 7 e' y(t) dt followed by integration by parts leads to an integral 
equation of the form 1.9.15: 


/ {n(a)[eM iO], + g2(@) [eM hat] LY @ at = -f(@). 


| [Ag*(a)g"(t) + Bg? (a)g" *(t) - (A + B)g™*1(x)g"()| y(t) dt = f(a). 


This is a special case of equation 1.9.52 with g)(x) = Ag*(2), hy (t) = g(t), g2(x) = Bg***(a), 
ho(t) = gO), g3(@) = (A + B)g*1(a), and h3(t) = g 70). 


i . [Ag*(a)h(x)g"(t) + Bg? (x)h(x)g"* (t) 
-(A + B)g™*(x)g" 1 (Oh()] y@ dt = f@). 


This is a special case of equation 1.9.52 with gi(x) = Ag (x)h(x), hyi(t) = g*(), go(x) = 
Bg («)h(x), ha(t) = g(t), g3(@) = -(A + B)g*1(a), and h3(t) = g7(H)h(t). 


) . [Ag*(a)h(x)g"(t) + Bg? (x)hi(t)g" 9 (t) 


- (A+ B)g**1(x)g""7 (Hh)] yO) dt = f(a). 


This is a special case of equation 1.9.52 with gi(x) = Ag (x)h(x), hy(t) = g*(), g(x) = 
Bg? (a), ho(t) = g 8h), g3(x) = -(A + B)g**7(a), and h3(t) = g(t)h(t). 
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52. fl [g1(x)hy(t) + g2(a)ha(t) + g3(w)ha(t)| y(t) dt = f(a), 
where 91(x)hi(x) + go(x)h2(x) + g3(x)ha(x) = 0. 


The substitution Y (x) = / h3(t)y(t) dt followed by integration by parts leads to an integral 
equation of the form 1.9.15: 


; hi(t) |’ ho(t) |’ _ 
| {ace| P| + oc)| BH | bywa=-1. 


53. A Q(a - the** y(€) dt = Ae”, & = e? g(x -t). 


Solution: 


[> 


poo pow 
y() = zi B eP* dz. 


EPs a= [ QI) 


q 


1.10. Some Formulas and Transformations 


1. Let the solution of the integral equation 


i K(a, thy dt = f(x) (1) 
have the form 
y(a) = F | f(a), (2) 


where ¥ is some linear integro-differential operator. Then the solution of the more complicated 
integral equation 


/ K(a, thg(a)yh@®y() dt = f(x) (3) 
has the form i f(a) 
axa 

ya) = are |: (4) 


Below are formulas for the solutions of integral equations of the form (3) for some specific 
functions g(x) and A(t). In all cases, it is assumed that the solution of equation (1) is known and is 
determined by formula (2). 

(a) The solution of the equation 


/ K (a, t\(x/t)y(t) dt = f(x) 


has the form 
Ose Fie i e)|: 


(b) The solution of the equation 


/ : K(a, the** y(t) dt = f(x) 


has the form 
yay ae F eee 12) |: 


1.10. SOME FORMULAS AND TRANSFORMATIONS 125 


2. Let the solution of the integral equation (1) have the form 


yoo)= Lin, 2) fee) ta(e. 2) [ Re.nsoat (5) 


where L, and L are some linear differential operators. 
The solution of the more complicated integral equation 


/ K (p(x), pt) y@ dt = f(a), (6) 


where y() is an arbitrary monotone function (differentiable sufficiently many times, vy’, > 0), is 
determined by the formula 


ya) = vy, (@)L1 (ow. AC Pa a) fee ) Z 
d x 
+ iodla( oa), FZ) |” Rlow. seo)etoswde 


Below are formulas for the solutions of integral equations of the form (6) for some specific 
functions y(a). In all cases, it is assumed that the solution of equation (1) is known and is 
determined by formula (5). 


(a) For p(x) = x, 


y(x) = Aa" Ly (« =z) FiGo to arama (« —z) / R(c*, t*)t*1 f@ dt. 
(b) For v(x) = e** 


ye) = re La (em, ee +) f(a) +Xe “n(2 —— =) / R(e*, ee fq) at. 


er dx 


(c) For v(x) = In(\z), 
1 d d 7 
yoo) = £1, (Ine), ot) f(z)+— £12( Inco) ot) fi 7 RU 2), In(At)) f@) dt. 
(d) For v(x) = cos(Ax), 


y(x) =A sin(Ax)L, (cost, SE a =) f(2) 


-l d 


+ 7 sin(Ar) Lo (cost, AsinQvx) dx 


=) [R (cos(Ax), cos(At)) sin(At) f(t) dt. 
(e) For v(x) = sin(Az), 


f(*) 


ati 
Acos(Ax) dx 


y(a) = Acos(Ax)L1 (sincrvy, eos(\r) i) 


 cos(Ax) Lo (sincrvy, ) / : R(sin(Az), sin(At)) cos(At) f(t) dt. 


Chapter 2 


Linear Equations of the Second Kind 
with Variable Limit of Integration 


> Notation: f = f(x), g = g(x), h=h(a), K = K(x), and M = M(a) are arbitrary functions (these 
may be composite functions of the argument depending on two variables x and t); A, B, C, D, a, 
b, c a, 2, 7, A, and are free parameters; and m and n are nonnegative integers. 


2.1. Equations Whose Kernels Contain Power-Law 
Functions 


2.1-1. Kernels Linear in the Arguments x and t. 


1. wie)-2 f y(t) dt = f(a). 
Solution: 


ya) = fe) +A / “ae f@ dt. 


a 


2. y(a) + x | y(t) dt = f(a). 


Solution: 


y(x) = f(x)-X i : av exp[4A(t? — 2] f(t) dt. 


3. y(a) + af ty(t) dt = f(a). 


Solution: 


y(x) = f(z) -A / : texp[4A(t? —«?)] f® dt. 


4, y(a) + a (a — t)y(t) dt = f(x). 


This is a special case of equation 2.1.34 with n = 1. 


1°. Solution with A > 0: 
y(x) = f(x) - a sin[ k(x —t)] f (é) dt, k=V). 
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2°. Solution with \ < 0: 


y(x) = f(a) +k i : sinh[k(z-b]f()dt,  k=V—X. 


y(x) + | [A + B(a- t)| y(t) dt = f(x). 
1°. Solution with A? > 4B: 


y(e) = f@)- | R(t) f(t) dt, 


2 
R(a) = exp(-zAr) E cosh(3x) + oa sinh 30) | Beef Ee SB: 


2°. Solution with A? < 4B: 


y(o) = f(@)- / R(t) f(t) dt, 


2B-A? . 
R(x) = exp(-3 Az) [4 cos(3x) + a5 sn(3) , B=r/B- ZA. 
3°. Solution with A? = 4B: 


y(z) = f(z) - / : R(a-t)f()dt, — R(w) =exp(-+Ar)(A-5A’a). 


y(x) - ie (Ax + Bt+ C) y(t) dt = f(x). 


This is a special case of equation 2.9.6 with g(x) = —Az and h(t) =-Bt-—C. For B =—A see 
equation 2.1.5. 


x 


By differentiation followed by the substitution Y (x) = " y(t) dt, the original equation 


can be reduced to the second-order linear ordinary differential equation 
Yu. - [(A+ B)x + C]Y{- AY = fi(a) (1) 


under the initial conditions 
Y(a)=0, Yi(a)= f(a). (2) 


A fundamental system of solutions of the homogeneous equation (1) with f = 0 has the 
form 


Yi(x)=@(a, 5; kz’), — Ya(a) = W(a, 4; kz’), 
A A+B 
= 5° eS e 


= OCA B)* 2 


where ® (a, 2B; x) and U (a, 2B; x) are degenerate hypergeometric functions. 

Solving the homogeneous equation (1) under conditions (2) for an arbitrary function 
f = f(a) and taking into account the relation y(x) = Y/(), we thus obtain the solution of the 
integral equation in the form 


y(o) = f@)- / R(w,t) f(t) dt, 


 PYVi(a)¥o(t)- Ya(x)Vi(t) - 2Vrk C Y\2 
xt Wo I WO Te exp] (t+ ae) | 


R(az,t)= 
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2.1-2. Kernels Quadratic in the Arguments x and t. 


7s 


10. 


11. 


yla) +A i] ” aty(t) dt = f(a). 


This is a special case of equation 2.1.50 with A = 2 and 4 = 0. 
Solution: 


y(z) = f(x)-A / : a? exp[+ A(t? — 2°)] f() dt. 


y(x) + af aty(t) dt = f(x). 


This is a special case of equation 2.1.50 with A = 1 and yu = 1. 
Solution: 


y(z) = f(x)-A i) : at exp[4 A(t — x*)| f(®) dt. 


y(x) +A y “ t’y(t) dt = f(x). 


This is a special case of equation 2.1.50 with A = 0 and ys = 2. 
Solution: 


y(a) = f(x)-A ) : t? exp[4 A(e — x°)] f(® dt. 


yla) +r | (a - t)*y(t) dt = fle). 


This is a special case of equation 2.1.34 with n = 2. 
Solution: 


y(@) = fa) | Rw - t) f(t) dt, 


Rw) = Zhe — 2ke** [eos(V3 kx) - V3sin(V3kx)], k= (4d)'”. 


ya) + A | " (a? -2)y(@) dt = f(a). 


This is a special case of equation 2.9.5 with g(x) = Az’. 


Solution: : , 
yoo) = 1+ [jan wy) fat 


where the primes denote differentiation with respect to the argument specified in the parenthe- 
ses; U1 (x), U2(x) is a fundamental system of solutions of the second-order linear homogeneous 
ordinary differential equation wu’, + 2Axu = 0; and the functions u;(x) and u(x) are ex- 
pressed in terms of Bessel functions or modified Bessel functions, depending on the sign of 
the parameter A: 

For A > 0, 


W=3/m, w(e)=VEAp(V$A0”), wl2)= VeVi (/$A0"”). 
For A <0, 


W=-3, u()= VE lis (y/$1Ale*?), ug(a) = VEKy3(y/S14la*?). 
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12. 


13. 


14. 


15. 


16. 
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yla) +A i) "(wt - y(t) dt = f@). 


This is a special case of equation 2.9.4 with g(t) = At. Solution: 


A x 
y(a) = f(a) + W / t[yi yo) — yr(a)yi(O)] FO dt, 


where (2X), y2(x) is a fundamental system of solutions of the second-order linear homo- 
geneous ordinary differential equation y””,, + Avy = 0; the functions y;(x) and yp(x) are 
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign 
of the parameter A: 

For A > 0, 


W=3/t, wa@)=Vehp($VA2”), w(x) = VeYip(ZVAe"”). 
For A <0, 
W=-3, wa) =Vehp(2ViAle”), wl) = Ve Ki3(3-VIAl2*”). 


y(x) + Af @ — «t)y(t) dt = f(x). 


This is a special case of equation 2.9.3 with g(x) = Az. Solution: 


(5K = fs 2[(ayo(t) — yolon(t)] f@) at, 


where (2X), y2(x) is a fundamental system of solutions of the second-order linear homo- 
geneous ordinary differential equation y”,, + Avy = 0; the functions y;(x) and y2(x) are 
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign 
of the parameter A: 

For A > 0, 


W=3/n, w@)=Vehp(fVAr”), w(x) = VEY p(3VAe"”). 
For A <0, 
W=-3, wa) =Vehp(ZVlAle*”), we) = Ve Kis (2VlAle*”). 


y(a)+ A i] " (2-302) y(t) dt = f(a). 


This is a special case of equation 2.1.55 with A = 1 and yu = 2. 


y(xz) + A | “et —3x”)y(t) dt = f(a). 


This is a special case of equation 2.1.55 with A = 2 and yu = 1. 


y(x) - jf ape - ABa* + Ax + B)y(t) dt = f(a). 


This is a special case of equation 2.9.16 with g(a) = Ax and h(x) = 
Solution: 


x 


y(a) = f(a) + / R(a, t) fb) dt, 


a 


R(a, t) = (Ax + B)exp[5A(a? - ¢*)] + B? / : exp[4 A(s* —t?) + B(x —s)] ds 
t 


17. 


18. 


19. 
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y(x) + | (Ax? -At?+ Ba-Ct+ D) y(t) dt = f(a). 


This is a special case of equation 2.9.6 with g(a) = Ax? + Bx + D and h(t) = —Al? - Ct. 
Solution: 


" & PY @Ya(t)- Yo(a)Ni@) 
y= sare f° PE] float 
Here Y\(x), Y2(a) is a fundamental system of solutions of the second-order homogeneous 
ordinary differential equation Y,"" + [(B —C)x+ D| Y/+(2Ar+ B)Y =0 (see A. D. Polyanin 
and V. F. Zaitsev (2003) for details about this equation): 


Yi (a) = exp(-kx)®(a, 4; $(C - B)z*),  Ya(x) = exp(-ka)W(a, 4; $(C - B)z’), 


VIC B) 2A 
W@)=—~ exp[}(C- B)2*-2ka], k= =a, 
_ 442+24D(C-B)+BC-BY 4A +(C-B)D 
ES BRUOUC*~S Coe (C-BY 


where ®(a, 2B; x) and W(a, B; x) are degenerate hypergeometric functions and I(q) is the 
gamma function. 


y(x) - f [Ax +B+(Ca+D)\(a- t)| y(t) dt = f(x). 


This is a special case of equation 2.9.11 with g(a) = Ax + B and h(x) = Cx + D. 


Solution with A # 0: 
- (t) 
y(z) = f(x) + / [¥3’(@) Vit) - Yj"(x) Y2(t)] fa dt. 
Here Y\(x), Y2(a) is a fundamental system of solutions of the second-order homogeneous 
ordinary differential equation Y,”.-— (Ax + B)Y/ -(Ca + D)Y = 0 (see A. D. Polyanin and 


V. F. Zaitsev (2003) for details about this equation): 
Y\(a) = exp(-ka)®(a, $; $Az*), Yo(x) = exp(-kx)U(a, $; $Az’), 
W (a) =-V2mA [[(a)]" exp(4Az?-2kx), k=C/A, 
a=4(A°D-ABC-C’)A*, z=2+(AB+2C)A”, 


where ® (a, B; x) and UY (a, B; x) are degenerate hypergeometric functions, (a) is the gamma 
function. 


y(a) + / : [At+ B+(Ct+ D)(t-2)] y(t) dt = f(a). 


This is a special case of equation 2.9.12 with g(t) = —At — B and h(t) = -Ct— D. 
Solution with A # 0: 
f@) 


y(x) = f(x) - / [M@)¥z'()- V7" O¥2(a)| Woe) 


Here Y\(x), Y2(a) is a fundamental system of solutions of the second-order homogeneous 
ordinary differential equation Y,’.-— (Ax + B)Y/ -—(Ca + D)Y = 0 (see A. D. Polyanin and 
V. F. Zaitsev (2003) for details about this equation): 
Yi(x) = exp(-kx)®(a, 4; 4Az7), Ya(x) = exp(-kx)U(a, 4; 5Az’), 

W (a) =-V2mA [T(a)]" exp(4Az?-2kx), k=C/A, 

a= 5(A7D-ABC-C’)A%, z=2+(AB+20)A*, 
where ®(a, 2B; x) and W(a, B; x) are degenerate hypergeometric functions and I(q) is the 
gamma function. 


dt. 
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2.1-3. Kernels Cubic in the Arguments x and tf. 


20. y(a)+ af x y(t) dt = f(x). 


Solution: 


y(a) = f(x)-A i) : a exp[ 4 A(t* — 2*)] f®) dt. 


21. y(a)+ af x’ty(t) dt = f(a). 


Solution: 


y(x) = f(x)-A i , a’texp[4A(t* —2x*)] fd dt. 


22. y(a)+A i ‘ at” y(t) dt = f(a). 


Solution: 


y(a) = f(a)-A i; a exp[zA(t* — x*)] f(® dt. 


23. y(a)+A i “ y(t) dt = f(x). 


Solution: 


y(z) = f(x)-A / : # exp[4+ A(t* — x*)] Ff det. 


24. y(xa)+rA i) Ge - t) y(t) dt = f(a). 


This is a special case of equation 2.1.34 with n = 3. 
Solution: 


y(@) = fa) | Riv —-tf@ dt, 
where 


R(x) = k[cosh(kax) sin(kx) — sinh(kx) cos(kx)], k= (ay * for A>0, 
4s[sin(sx)—sinh(sx)], s = (-6\)!/4 for \ <0. 


25. y(a)+A / “(a -t)y(t) dt = f(x). 


This is a special case of equation 2.1.52 with A = 3. 


26. y(a)- af (42:3 - t?) y(t) dt = f(x). 


This is a special case of equation 2.1.55 with A = 1 and u = 3. 


27. y(a)+A ‘| et? - t?)y(t) dt = f(a). 


This is a special case of equation 2.1.49 with A = 2. 
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28. -y(a) + af (xt - t?) y(t) dt = f(x). 


2 


The transformation z = x, 7 = t’, y(x) = w(z) leads to an equation of the form 2.1.4: 


w(z) + 4A [ie —T)w(t) dr = F(z), F(z) = f(x). 


29. -y(a) + ; : (Aa*t + Bt?) y(t) dt = f(a). 


2 


The transformation z = x”, r = t?, y(x) = w(z) leads to an equation of the form 2.1.6: 


w(z) + [Ga + 4Br)w(r) dt = F(z), F(z)= f(a). 


30. y(x)+B / “ (2a - at”) y(t) dt = f(a). 


This is a special case of equation 2.1.55 with A = 2, 4 = 2, and B =-2A. 


31. y(a)—- af (42:3 — 3xt) y(t) dt = f(x). 


This is a special case of equation 2.1.55 with A = 3 and yu = 1. 


32. y(a)+ j (ABz* - ABx’t - Aa? - B)y(t) dt = f(x). 


This is a special case of equation 2.9.7 with g(x) = Aa* and A= B. 


Solution: 
x 


oO hOe if Riw-tf dt, 


a 


R(a, t) = (Ax + B)exp[4A(a* -t°)] + B? ih exp[;A(s* —t°) + B(x—s)| ds. 


t 
33. y(x) + j “ (ABct? - ABt’ + At? + B) y(t) dt = f(a). 


This is a special case of equation 2.9.8 with g(t) = At? and \ = B. 


Solution: 
x 


oz ;Oe i Rw fat, 
t 


R(a,t) =-(At’ + B) exp[4+ A(@ — 2*)] + B? / exp[+A(s* — 2°) + B(t-s)] ds. 


2.1-4. Kernels Containing Higher-Order Polynomials in x and t. 


34. y(a) + af (a —t)” y(t) dt = f(x), n=1,2,... 
1°. Differentiating the equation n + | times with respect to x yields an (n + 1)st-order linear 
ordinary differential equation with constant coefficients for y = y(x): 


This equation under the initial conditions y(a) = f(a), y/.(a) = fi(a), ..., Ya) = {| 
determines the solution of the original integral equation. 
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2°. Solution: 


x 


y() = f(a) + / R(w—t) f(t) dt, 


a 


R(o) = —— > exp(on2) [ox c0s(Gua) —Gr'sin(Bxs)), 


where the coefficients o; and (3, are given by 


=k 20k a 2k 
oO, =|An!| 41 cos( di } By =|An! [nai sin( Zi 
n+l n+1 


1 | /2@rk+7 


) for A<0O, 


Qnk+7 
+1 


for A>0O. 


1 
op =|An!| nT cos( 


35. y(a) + af (t-x)” y(t) dt = f(x), n=1,2,... 
The Picard—Goursat equation. This is a special case of equation 2.9.62 with K(z) = A(z)”. 


1°. A solution of the homogeneous equation (f = 0) is 


1 
y(a)=Ce*, = (-An!) 7, 


where C is an arbitrary constant and A < 0. This is a unique solution for n = 0, 1, 2,3. 
The general solution of the homogeneous equation for any sign of A has the form 


yx) = N° Cy exp(-Ap2). (1) 


k=1 


Here Cj, are arbitrary constants and A, are the roots of the algebraic equation \”*! + An! =0 
that satisfy the condition Re ;, > 0. The number of terms in (1) is determined by the inequality 
s<2 [4] +1, where [a] stands for the integral part of a number a. For more details about the 
solution of the homogeneous Picard—Goursat equation, see Subsection 11.11-1 (Example 1). 


2°. For f(x) = > ax exp(—G,.2), where (3; > 0, a solution of the equation has the form 
k=l 


veh n+l 
ye) = ) > eee exp-fp.2), (2) 


= Brel + An! 


where 37+! + An! #0. For A > 0, this formula can also be used for arbitrary f(a) expandable 
into a convergent exponential series (which corresponds to m = 00). 


3°. For f(x) =e" > ane”, where 3 > 0, a solution of the equation has the form 
k=l 


yaaa? So Beats (3) 
k=0 


where the constants B; are found by the method of undetermined coefficients. The solution 
can also be constructed using the formulas given in item 3°, equation 2.9.55. 


36. 


37. 


38. 


39. 
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4°. For f(x) = cos(Gx) > ax exp(—l4z,X), a solution of the equation has the form 
k=l 


y(x) = cos(Ba) S > By exp(—tuna) + sin(Bx) S” Cy exp(-He2), (4) 


k=1 k=1 


where the constants B;, and C;, are found by the method of undetermined coefficients. The 
solution can also be constructed using the formulas given in 2.9.60. 


5°. For f(x) = sin(Gx) > ay exp(—z2), a solution of the equation has the form 
k=l 


y(x) = cos(Ba) S > By exp(—puna) + sin(Bx) S$” Cy exp(-pe2), (5) 


k=1 k=1 


where the constants B;, and C;, are found by the method of undetermined coefficients. The 
solution can also be constructed using the formulas given in 2.9.61. 


6°. To obtain the general solution in item 2°—S°, the solution (1) of the homogeneous equation 
must be added to each right-hand side of (2)-(5). 


y(x) + afc —t)t” y(t) dt = f(x), VERA Dyce 


This is a special case of equation 2.1.49 with A =n. 


y(x) + Af" —t”)y(t) dt = f(x), n=1,2,... 


This is a special case of equation 2.1.52 with A =n. 


y(x) + | (ABa™! —- ABx"t - Ax” - B) y(t) dt = f(x), n=1,2,... 


This is a special case of equation 2.9.7 with g(x) = Ax” and A= B. 
Solution: 


x 


yox)= feo)+ | Rw -t) f@ dt, 


a 


= n A n+l n+l 2 * A n+l n+l a 
R(a, t) =(Ax +Byexp| (a -t"*") +B | exp eanG -t"*') + B(x-s)| ds. 


y(x) + | (ABat” - ABt"*! + At” + B) y(t) dt = f(x), n=1,2,... 


This is a special case of equation 2.9.8 with g(t) = At” and A = B. 
Solution: 


x 


AIO? | R(w-t)f(t) dt, 


a 


4 (s”*!_a*!) + B(t-s)| ds. 


R(a, t) =-(At" +B) exp] (e-2"")| +B? / exp| 
n 
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2.1-5. Kernels Containing Rational Functions. 


40. y(a)+a i) t[2Aax +(1- A)t] y(t) dt = f(a). 
This equation can be obtained by differentiating the equation 
/ [Axt + (1 — A)at?] y(t) dt = F(x), F(x) = / t f(t) dt, 


which has the form 1.1.17: 
Solution: 


ye) = ae / “eh al), pla) =~ if “Bat. 
x dx c. vida 


7 y(t) dt 
41. y(a)- af = f(x). 
0 att 
Dixon’s equation. This is a special case of equation 2.1.62 with a = b = | and uw = 0. 


1°. The solution of the homogeneous equation (f = 0) is 
y(z) = Cx? (G>-1, \>0). (1) 


Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation 


1 ,6 d 
\I(B)=1, where I(G)= i eee (2) 
2°. For a polynomial right-hand side, 
N 
f(@)= S- A,x” 
=0 
the solution bounded at zero is given by 
N 
An 
——— x" for A < Xo, 
d, 1- O/An) x or 0 
y@y=\ 4, P 
inca for A> Xo and A # Ap, 
I =~ (-1)™ 
An ==; I(n) = (-1)” | In2 ——-], 
ie (n) cay") m = a 


where C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation (2). 
For special \ = A, (n = 1,2,...), the solution differs in one term and has the form 


n-l A ~ 


eeu ntl} 7 
where An = (-1) . SoS 


Am m Xn n n 
TOn aa es ea Ing+Cx ’ 


42. 


43. 
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Remark. For arbitrary f(a), expandable into power series, the formulas of item 2° can 
be used, in which one should set N = oo. In this case, the radius of convergence of the 
solution y(x) is equal to the radius of convergence of f(x). 


3°. For logarithmic-polynomial right-hand side, 


N 
f@= ne Anat”), 


n=0 


the solution with logarithmic singularity at zero is given by 


N 
Ap Dax. 
nea SETEmE poe =Opar for \ < Xo, 
ae ae a. Api 
nm n nDn n B 
ay eet Precis ics +Cx for A> Xo andvA # Ap, 
ie =(1y" DE ‘a (-1)* 
An = Tay? I(n) = (-1) [nz], Dy =(-1) BD % | 


4°. For arbitrary f(x), the transformation 
se", y(a)=e*u(z), f(x) =e*g(z) 
leads to an integral equation with difference kernel of the form 2.9.51: 


w(z)- rf ANE: = g(z). 


cosh(z —T) T) 


< b 
u@yer | <*> yb dt = fiw), 


This is a special case of equation 2.9.1 with g(x) = x + b. 
Solution: 


y(x) = f(x) +2 [ EH Me F(1 dt. 


2 2. ¢ 


This equation is encountered in nuclear physics and describes deceleration of neutrons in 
matter. 


1°. Solution with \ = 0: 
y(x) = 


(1+2)?’ 
where C is an arbitrary constant. 


2°. For \ #0, the solution can be found in the series form 


y(2) = LD Anx”. 
n=0 


@© Reference: I. Sneddon (1995). 
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2.1-6. Kernels Containing Square Roots and Fractional Powers. 


44, y(x)+A i] ae -t)Vt y(t) dt = f(a). 


This is a special case of equation 2.1.49 with A = 5. 


45. y(x)+A | (Va - Vt) y(t) dt = f(x). 


This is a special case of equation 2.1.52 with A = = 


46. y(a) +2 fs YORE oc. 


Abel’s equation a the second kind. This equation is encountered in problems of heat and 
mass transfer. 
Solution: : 
y(a) = F(x) +7 i, exp[t7(x — IF (é) dt, 


where 


® F(t) dt 
iver 


© References: H. Brakhage, K. Nickel, and P. Rieder (1965), Yu. I. Babenko (1986). 


F(a) = f(a)-» 


* y(t) dt 
0 Vax? + bt? 


1°. The solution of the homogeneous equation (f = 0) is 


47. y(a)-A = f(x), a>0, b>0O. 
y(z)=C2z® = (B>-1, A>0). (1) 


Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation 


1 4B 
\I(B)=1, where I(3)= | a (2) 


0 Vat bz 


2°. For a polynomial right-hand side, 


N 
ios) An 
n=0 


the solution bounded at zero is given by 


N 


An 
SER tv for \ 
X Tapw® or A\< Ao, 
y2)= 4 oy 4 
be Topo” +Cx? for \>Ap and\¥# An, 


ee ee 
~ Arsinh(/b/a)’ " T(ny’ do Vatb2- 


Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation (2). 
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3°. For special A = A, (n = 1,2,...), the solution differs in one term and has the form 


> Am Am rg” A An my Ca” 
w= EO a + oy TOG i nev+02 


1 -1 
where \,, = | elm de 
. 0 Vatbz2 


4°. For arbitrary f(x), expandable into power series, the formulas of item 2° can be used, in 
which one should set N = oo. In this case, the radius of convergence of the solution y(x) is 
equal to the radius of convergence of f(x). 


y(t) dt 
48. y(a) + afi E Gare = f(x). 


This equation admits solution by quadratures (see equation 2.1.60 and Example 2 in Subsection 
11.4-2). 


2.1-7. Kernels Containing Arbitrary Powers. 


49. y(x)+A ne - t)t y(t) dt = f(x). 


This is a special case of equation 2.9.4 with g(t) = At». 
Solution: 


y(x) = f(z) + = a yra)y(t) — yo(a)yr (t)] tf) dt, 


where (2X), y2(x) is a fundamental system of solutions of the second-order linear homo- 
geneous ordinary differential equation y’”,, + Ar*y = 0; the functions y;(x) and y2(x) are 
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign 


of A: 
For A > 0, 
2 VA VA +2 
w=, n(a)= very (at), ina) = Vey (c"), q= : 
as 2q qd 2q qd 2 
For A <0, 
A+2 
W=-4, nce) = very, (“ee na)= vex, (4 A), go 
2q qd 2q qd 2 


50. y(a)+ af xt y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = —Ax* and h(t) = t“ (A and pare arbitrary 


numbers). 
Solution: 
y(x) = f(z) -| Ra, t) f(O dt, 
Aa*t# exp[ (pvr! - ani) for \+4+1#0, 
R(x, t) = At ptl 


Agri for \++1=0. 
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y(a) +A i] (a — t)a*t" y(t) dt = f(x). 
The substitution u(x) = x >y(x) leads to an equation of the form 2.1.49: 


u(z) + A / Pe —t)t** u(t) dt = f(z). 


yie)+A [ar —Py(t)dt = fo. 
This is a special case of equation 2.9.5 with g(a) = Aa». 


Solution: 
x 


1 
y(a) = f (+75 I [ui uxt) — ud(a)u, )] fO dt, 


where the primes denote differentiation with respect to the argument specified in the paren- 
theses, and w(x), w2(x) is a fundamental system of solutions of the second-order linear ho- 
mogeneous ordinary differential equation u’,.. + Adx*'|u = 0; the functions u(x) and u2(x) 
are expressed in terms of Bessel functions or modified Bessel functions, depending on the 


sign of A: 
For AA > 0, 
2 VAX VAX A+1 
w=, u(o)= VET ( if uote) = VEY ( "), q= 
T 29 q 29 q 2 
For AA <0, 


|AA| 


1 
W =-4a, (v= VET, ( o), u(x) = Ja AK 1 (ew), peta 
2q 2q 


q 


y(x) -f (Aare + Bt") y(t) dt = f(a). 


The transformation 
d 


z=a, T=, y(x“) = Y(z) 
leads to an equation of the form 2.1.6: 


ref (4: : 5") YQ)dr=F@),  F@)= f(a), b=a°. 
b 


y(x) -/ (Aa eye + Batt?) y(t) dt = f(a). 
The substitution y(x) = x” w(x) leads to an equation of the form 2.1.53: 


w(x) — / : (Agere! + Be) w(t) dé = x f(a). 


y(ax) + af [Ax "tH -—(A+ part) y(t) dt = f(x). 


This equation can be obtained by differentiating equation 1.1.52: 


i : [1+ A(a*t" —a**)] y(t) dt = F(a), F(a) = if : f(a) da. 


Solution: 


d x is c ! Au + 
y(x) = matcoel [PFO], 0 ar\, P(x) = exp(——A at *, 


56. 


57. 


58. 


59. 


60. 
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y(a) + | (ABa™! —- ABx*t - Ax* - B) y(t) dt = f(z). 


This is a special case of equation 2.9.7. 
Solution: 


Oe | Rit f dt, 


a 


= A 
Atl Atl 2 A+1 At+1 
i (x -t | +B | exp| 4 i (s -t )+B(x-s) ds 


R(a, t) =(Ax*+B) exp | = 


y(x) + | : (ABat* —- ABt™*! + At* + B) y(t) dt = f(a). 


This is a special case of equation 2.9.8. 
Solution: 


OT Or i} R(w—t) f(t) dt, 


(s!—a2™'!) + B(t-s)| ds 


R(z,t)=-(At*+B) exp] So (eo) +B? / exp| 
t 


yia)-df (= 


This is a special case of equation 2.9.1 with g(a) = (a +b)’. 
Solution: 


A+1 


a 
=) y(t) dt = f(a). 


y(x) = f(x) +r [Ee (— *) “eXe ft) de. 


zph a h 
Fee | <> yt) at = fo) 


This is a special case of equation 2.9.1 with g(x) = x" + b. 
Solution: 


y(x) = f(x) + rf FO FH dt. 


a2 af: woe = fle in eee: 


Generalized Abel equation of the second kind. 


1°. Assume that the number a can be represented in the form 


este swhete. SLi BETS. wen): 
n 


In this case, the solution of the generalized Abel equation of the second kind can be written 
in closed form (in quadratures): 


y(a) = f(a) + | R(w—t) f(t) dt, 
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where 
A’T” (m/n) vm/n)- Ts: = 
re = Sn, mot exp (€,b2) 


MT’ (m n) m-l = iia 
45" ee [desvexoletn) f pum/n) ' exp(-e,bt) els 


ae 
b= d/™Pr/M mM /n), en =exp(—"), PS pO. Lema) 
m 


2°. Solution with any a from0<a< I: 


2 =, [Ard =ajz!]" 
y(x) = f(x) + i R(x -t) f(b dt, where R(x) = ‘S eer 


n=l 
@) References: H. Brakhage, K. Nickel, and P. Rieder (1965), V. I. Smirnov (1974). 


A [” y(t)dt 
61. y(a)—- re : @-pr= pra 


1°. The solution of the homogeneous equation (f = 0) is 


= f(x), 0<asl. 


y(a)=Cx® = (8 >-1, A> 0). (1) 
Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation 
AB(a, 3 +1) = 1, (2) 


where B(p, q) = fy 2? !(1 — 2)! dz is the beta function. 


2°. For a polynomial right-hand side, 


N 
f(@)= se Anz” 
n=0 


the solution bounded at zero is given by 


oe =e for \<a 
<= 1=(/Xn) 
yY2)=4 4 ‘5 
n n B 
Secs +Ca? for \>aand\#A,p, 
55 j= et (Q)ns1 =a(at1)...(atn). 


n! 
Here C is an arbitrary constant, and ( = (A) is determined by the transcendental equation (2). 


For special \ = A, (n = 1,2,...), the solution differs in one term and has the form 


Oe yee e+ 3 a eg” —A dn one + Cx” 
Leni Nay a Og) Ap 


-l 


1 
where A, = / me Inzds| 
0 


62. 
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3°. For arbitrary f(a), expandable into power series, the formulas of item 2° can be used, in 
which one should set N = oo. In this case, the radius of convergence of the solution y(x) is 
equal to the radius of convergence of f(x). 


4°. For 
N 
f(w) =In(ka) $7 Ans”, 
n=0 


a solution has the form 


N N 
yx) = In(kar) S~ Bn” + S~ Dn”, 
n=0 n=0 
where the constants B,, and D,, are found by the method of undetermined coefficients. To 
obtain the general solution we must add the solution (1) of the homogeneous equation. 
In Mikhailov (1966), solvability conditions for the integral equation in question were 
investigated for various classes of f(x). 


A [” — y(t) dt 


Us — f Geer 2 


Here a > 0, 6 > 0, and y is an arbitrary number. 
1°. The solution of the homogeneous equation (f = 0) is 
y(z)=Cxr® = (B>-1, A>0). (1) 


Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation 
1 
AI(B) = 1, where J(@)= | 27(a + bz)! dz. (2) 
0 
2°. For a polynomial right-hand side, 
N 
{oO2 > ae 
=0 


the solution bounded at zero is given by 


N 
An 
—___—_—_ 7” for A 
Sapa or A< Ao, 
y=) og 
S > —* 2" + Cx? for A> Ao and A# An, 
a 1-(/An) 
1 : F 
= = a fe 
An Tn’ I(n) ee (a+ bz)¥~ dz. 


Here C is an arbitrary constant, and 3 = (A) is determined by the transcendental equation (2). 


3°. For special A = A, (n = 1,2,...), the solution differs in one term and has the form 


eee Ss se = os A An ming + C2” 
OLIV a Onp had at, L= Onn) as 


1 -l 
where A, = ff zat bz! inzde| 
0 


4°. For arbitrary f(x) expandable into power series, the formulas of item 2° can be used, in 
which one should set N = oo. In this case, the radius of convergence of the solution y(x) is 
equal to the radius of convergence of f(x). 
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2.2. Equations Whose Kernels Contain Exponential 
Functions 


2.2-1. Kernels Containing Exponential Functions. 


1 «y(a) +A i) : e*@-D y(t) dt = f(x). 


Solution: 


y(x) = f(a) A ) * OAD FN) at, 


2 «y(a)+A i : er©+Btu(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —Ae** and h(t) = e®'. For 3 =—A, see 
equation 2.2.1. 
Solution: 


A 
A+B 


y(a) = f(x) - / : Ria, t)f()dt, Rta, t) = Aer**P* exp [eer ae et! i 


3. y(a)+A i : [eX" _ 1] y(t) dt = f(a). 


1°. Solution with D = \(A—4A) > 0: 
2Ar [* : ; L/D 
y(x) = f(x) - JD 7. R(x — t)f (t) dt, R(x) = exp(4Az) sinh(+ D a 


2°. Solution with D = \(A-—4A) <0: 


y(a) = f(a) - a 4 R(x -t) f(t) dt, R(x) = exp($Az) sin($ V/|DIz). 


3°. Solution with \ = 4A: 


y(a) = f(x) -4.A7 | te —t)exp[2A(x -1)] f(t) dt. 


4, y (a) + ie [Aer@ + B| y(t) dt = f(x). 


This is a special case of equation 2.2.10 with A, = A, Ap = B, A; = X, and A2 = 0. 


1°. The structure of the solution depends on the sign of the discriminant 
D=(A-B=)) +4AB (1) 


of the square equation 
w+(A+B-A)jp-BA=0. (2) 


2°. If D > 0, then equation (2) has the real different roots 


ja =40\-A-B)+4VD, po =}(\-A-B)-4vD. 
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In this case, the original integral equation has the solution 


x 


y(x) = f(x) + / [Eye + Bye] FQ dt, 


a 


where ) P 
pen apes | LEN ¢ cae 
M2 — [Ay H2- fA Hi — pl2 M1 — 2 
3°. If D <0, then equation (2) has the complex conjugate roots 
pi =a +i, jin = 0-18, o=5(\-A-B), B=5Vv-D. 


In this case, the original integral equation has the solution 


yx) = feo)+ | *{ Bye" cost ila —1)] + Exe" sinl ste O1} FO de 


a 


where , 
E, =-A-B, Ey = Br eee: 


y(a) +A | “(* —e™)y(t) dt = fla). 


This is a special case of equation 2.9.5 with g(a) = Ae». 
Solution: 


1 x 
yx) = fe) + Te i [ui (a)ug(t) — ug(a)uy()] f dt, 


where the primes denote differentiation with respect to the argument specified in the paren- 
theses, and w;(x), u2(x) is a fundamental system of solutions of the second-order linear 
homogeneous ordinary differential equation u”,. + Ade**u = 0; the functions w;(x) and u2(x) 


are expressed in terms of Bessel functions or modified Bessel functions, depending on the 


sign of A: 
For AA > 0, 
r 2VA 2VA 
W=-, u(x) = Jo (AAewr), u2(@) = Yo (AAewr), 
1 r r 
For Ad < 0, 


W = Bas u(x) = Ip (AA), ur(x) = Ko (Aton), 


y(x) + ik (Ae** + Be) y(t) dt = f(a). 


This is a special case of equation 2.9.6 with g(x) = Ae” and h(t) = Be. For B = —A, see 
equation 2.2.5. 


Differentiating the original integral equation followed by substituting Y (x) = / y(t) dt 


yields the second-order linear ordinary differential equation . 


V0 +(A+ Boer? Y! + Ade?*Y = fi(a) (1) 
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under the initial conditions 
Y(a)=0, Yj{(a)= f(a). (2) 


A fundamental system of solutions of the homogeneous equation (1) with f = 0 has the 
form 


Viae o(4, 1; te), yGy= w(4, 1; te), ie BR 
m m r 
where & (a, 2B; x) and U (a, 2B; x) are degenerate hypergeometric functions. 
Solving the homogeneous equation (1) under conditions (2) for an arbitrary function 
f = f(@) and taking into account the relation y() = Y/(x), we thus obtain the solution of the 
integral equation in the form 


y(o) = f@)- i: R(w, t) f(t) dt, 


I(A/m) 0 


sO a CE 


{exo( Se) [M@Mva)- Yori] \ 


y(x) + af [eno - er. | y(t) dt = f(x). 


The transformation z = e*”, T = e* leads to an equation of the form 2.1.4. 


1°. Solution with A > 0: 


x 


y(x) = f(z)-Ak ) e™* sin[k(e** — e**)] fF dt, k=/A/X. 


a 


2°. Solution with AX < 0: 


x 


y(x) = f(x) + Ak i e™ sinh[k(e*” — e™*)] fd) dt, k=v/|A/Al. 


a 


y(x) + af- [earns - ent y(t) dt = f(x). 


The transformation z = e“”, r = e*, Y(z) = y(2) leads to an equation of the form 2.1.52: 
yO ares ane 
V@yh— foie a7 hr) dr =z), F(z)= f(z), 
KL Jo 
where k = A/p, b = e#*. 


y(x) + af [Aervtet -—(A+ weHe] y(t) dt = f(x). 


This equation can be obtained by differentiating an equation of the form 1.2.22: 


i [1 4 Ae (ett = eH*)) y(t) dt = F(x), F(x) = if f(@ dt. 


Solution: 


_ a de “TE "dt = AL Ose 
wo= Zfe we) | Poko H(2) =exp| Ae u : 


10. 


2.2. EQUATIONS WHOSE KERNELS CONTAIN EXPONENTIAL FUNCTIONS 147 


y(x) + | [Are + Age) y(t) dt = f(x). 


1°. Introduce the notation 
xr zx 
I= is eX @D a(t) dt, = i e@O u(t) dt. 
a a 


Differentiating the integral equation twice yields (the first line is the original equation) 


y+ Ail + Arh =f, f = f(x), (1) 
yy, + (Ay + Ar)y + AAT + ArrArh = fi, (2) 
yl + (Ar + Aadyl, + (AIAL + Adda)y + AAT + An\3 be = fi. (3) 


Eliminating J, and Jp, we arrive at the second-order linear ordinary differential equation with 
constant coefficients 


Yr + (A, + Ad = AI = Aa)y!, + (\yA2 = AjA2 = A2r1)y = fos = (\1 + Ao) fi. + MAz2f. (4) 
Substituting x = a into (1) and (2) yields the initial conditions 
y(a) = f(a), y(a) = f(a) — (A; + A) f(a). (5) 


Solving the differential equation (4) under conditions (5), we can find the solution of the 
integral equation. 


2°. Consider the characteristic equation 
pe + (Ay + Ay — 1 — Ag) ArAQ— Airy — AdAr = 0 (6) 


which corresponds to the homogeneous differential equation (4) (with f(«)=0). The structure 
of the solution of the integral equation depends on the sign of the discriminant 


D= (A, — A, oe aI + oy? +4A,A> 


of the quadratic equation (6). 
If D > 0, the quadratic equation (6) has the real different roots 


pn = S01 +2 — Ar — Az) + FVD, lia = 1 +A2- Al — Ad) - 4 Dz. 


In this case, the solution of the original integral equation has the form 


x 


y(x) = f(x) +/ (Bete? of Boe f(t) dt, 


a 


where ‘ ‘ X X 
Beye Dae a Bec ee Pi gsyige = 1 
H2- MI H2- 1 L1— 2 Mi 2 


If D <0, the quadratic equation (6) has the complex conjugate roots 


my =o+iB, po=o-iB, o=5A+2-Al-A2), B=ZV-D. 


In this case, the solution of the original integral equation has the form 


ya) = f(a) + / ; {Bie™™™ cos[ (a —1)] + Bre? sin[ (a — 1] } FO dt, 


where 


1 
B, =—-A, - A, By = @[A1Q2— 0) + AxQ1—9)]. 
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y(x) +f [Aer@*) Ae & Be™| y(t) dt = f(x). 


The transformation z = e*”, r = e*', Y(z) = y(x) leads to an equation of the form 2.1.5: 
Y(z)+ | [Bi(z—7)+ Al] ¥(7) dr = Fe), F(z) = f(a), 
b 
where A; = B/), By = A/A, b= €**. 


y(x) + | [Aero +Bet + Ce™] y(t) dt = f(x). 


The transformation z = e*”, rT = e**, Y(z) = y(x) leads to an equation of the form 2.1.6: 
ve) | (Ajz+ Bir +C\)Y (7) dr = F(z), F(z)= f(x), 
b 
where A; = -A/), B, =-B/A, Ci =-C/d, b= €**. 


y(x) + ff [Acre + A(pett? - AerwtHt)] y(t) dt = f(x). 


This is a special case of equation 2.9.23 with A(t) = A. 


Solution: 
a ae! =) F(t) |’ ert 
y(x) = err = {aw | | ent lz ar}, 


O(a) = exp [as cB ean , F(x)= / " f(t) dt. 
A+ pL é 


y(x) - if [Aen + A(peretHt - AerPie)| y(t) dt = f(x). 


This is a special case of equation 2.9.24 with h(x) = A. 
Assume that f(a) = 0. Solution: 


Dee oh 2 he) |, 
me ; [AP] omar}, 


®(x) = exp Jasc# = : Lye | 5 


y(a) = / w(t)dt,  w(«2)=e** 


y(x) + i) [Acre + Ae®t (petetrt - AeretHt)] y(t) dt = f(x). 


This is a special case of equation 2.9.23 with h(t) = Ae®*. 


Solution: 
: d PVE) | eee 
= (A+B)x ® t 
ya) =e ={ « | ol ath: 


= A= [EL (tp+3)ax 70 
(2) =exp| Ate B , F(2)= : f@ dt. 
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16. y(x) -/ [Ae AG 4 Ae” (er™tHt — NeM***)] y(t) dt = f(x). 


This is a special case of equation 2.9.24 with h(x) = Ae®*. 
Assume that f(a) = 0. Solution: 


x ee d e2rt Bax x f@) / 
yta)= [ w(t) dt, w(x) =e mat Bayh [roar | exoael, 


r= bb 
®(x) = exp | A 9) | 
VIED | A+ ut ‘ 


17. y(x) + i [ABe*De* “Anetta Agr = Be*] y(t) dt = f(x). 
The ane z=e*,7 =e!, Y(z) = y(2) leads to an equation of the form 2.1.56: 
Y(z)+ | : (ABz™! — AB2*7 — Az* - B)Y (1) dr = F(2), 
where F(z) = f(x) and b =e”. 


18. y(x) + | [ABe**™™ - ABe™ Dt + Aer? + Be*| y(t) dt = f(x). 


The transformation z = e”, tT = e', Y(z) = y(z) leads to an equation of the form 2.1.57 (in 
which \ is substituted by A — 1): 


Y(z)+ ij (ABzt*'! —- ABr* + Ar*! + B)Y(r) dr = F(2), 
b 


where F'(z) = f(x) and b =e". 


19. y(a) + ye by Ane] y(t) dt = f(a). 


k=1 
1°. This integral equation can be reduced to an nth-order linear nonhomogeneous ordinary 
differential equation with constant coefficients. Set 


I, (x) = / : erk@ Dat) dt. (1) 


Differentiating (1) with respect to x yields 
Tj, = (x) + Ax / erk@O u(t) dt, (2) 


where the prime stands for differentiation with respect to x. From the comparison of (1) 
with (2) we see that 
Tj, = y(@) + Aries Ty = I(x). (3) 


The integral equation can be written in terms of [;,(x) as follows: 


y(n) +S Andy = f(a). (4) 


k=1 
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Differentiating (4) with respect to x and taking account of (3), we obtain 
yi(a) + onyla)+ ¥> AgAnln = f(@), On = S_ Ap. (5) 
k=l k=l 
Eliminating the integral [,, from (4) and (5), we find that 


n-l 


yi(2) + (On —AnJy(@) +S) ARR — Ane = f4(@) — An f(). (6) 


k=1 


Differentiating (6) with respect to x and eliminating J,,_; from the resulting equation with 
the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 


n-2 

differential operator (acting on y) with constant coefficients plus the sum )> Aj J;,. If we 
k=l 

proceed with successively eliminating I,7, In_3, ..., J; with the aid of differentiation and 


formula (3), then we will finally arrive at an nth-order linear nonhomogeneous ordinary 
differential equation with constant coefficients. 

The initial conditions for y(~) can be obtained by setting x = a in the integral equation 
and all its derivative equations. 


2°. The solution of the equation can be represented in the form 


y(a) = f(x) + ‘a b2 Beets} f(t) dt. (7) 


k=1 


The unknown constants ju, are the roots of the algebraic equation 


> Ax +1=0, (8) 


z—-xr 
k=l k 


which is reduced (by separating the numerator) to the problem of finding the roots of an 
nth-order characteristic polynomial. 

After the js, have been calculated, the coefficients By, can be found from the following 
linear system of algebraic equations: 


B 
Sie: eat (9) 
1 Am — Lk 


n 
k= 


Another way of determining the B;, is presented in item 3° below. 

If all the roots yu; of equation (8) are real and different, then the solution of the original 
integral equation can be calculated by formula (7). 

To a pair of complex conjugate roots Ux,~41 = @ + 7 of the characteristic polynomial (8) 
there corresponds a pair of complex conjugate coefficients B;, 41 in equation (9). In this case, 
the corresponding terms B,e"*® + By,,e"*!@ in solution (7) can be written in the form 
Byer” [cos W(x -1)] + Bryie® [sin G(x —t)], where B;, and Bj. are real coefficients. 


3°. For a = 0, the solution of the original integral equation is given by 


y(x) = f(®) -{ R@-)f@dt, Ra)=L" [RO], (10) 
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where £7 [R(p)| is the inverse Laplace transform of the function 


t= ID) a Ak 
aires gaat K(p) =) ——. (11) 


The transform R(p) of the resolvent R(x) can be represented as a regular fractional 


function: Ol) 
R@) = Toy’ P(p) = (p- M1) (P— Ha) --- (P= Mn); 


where ()(p) is a polynomial in p of degree <n. The roots jz, of the polynomial P(p) coincide 
with the roots of equation (8). If all u, are real and different, then the resolvent can be 
determined by the formula 


_ Ux) 
P(r)’ 


R(x) = > Byet!**, By 
k=1 


where the prime stands for differentiation. 


2.2-2. Kernels Containing Power-Law and Exponential Functions. 


20. 


21. 


22. 


y(x) + af xe? y(t) dt = f(x). 


Solution: 


y(z) = f(x)-A / : vexp[4 A(t? — 2°) + Ma —0)] fO dt. 


y(x) + Afe te*" y(t) dt = f(a). 


Solution: 


y(x) = f(z)-A / : texp[sA(t? — 2°) + Mx-2)] Ff dt. 


y(x)+A | be —tey(t) dt = f(x). 


This is a special case of equation 2.9.4 with g(t) = Ae’. 
Solution: 


x 


A 
y(n) = fa) + Te | [ui (a)ur(t) — ur(ax)ur(t)] ef dt, 


a 


where u1(2), U2(x) is a fundamental system of solutions of the second-order linear homo- 


geneous ordinary differential equation wu”, + Ae**u = 0; the functions u(x) and u(x) are 


expressed in terms of Bessel functions or modified Bessel functions, depending on sign A: 


W = a u(x) = Jo (Aen), ur(x) = (Aer) for A>0, 
TT 


We ae uy (2) — Io (AA) : u(x) = Ko (AA) for A<0O. 
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23. y(x)+A / (a - the*? y(t) dt = f(x). 
1°. Solution with A > 0: 
y(x) = f(z) -k / eX") sinfk(x —t)] f(t) dt, k=VA. 


2°. Solution with A < 0: 


y(x) = f(z) +k / : eX sinh[k(a — t)] f(t) dt, k=vV-A. 


a 


24. y(x)+ Af — ther**+t y(t) dt = f(a). 


The substitution u(x) = e** y(x) leads to an equation of the form 2.2.22: 


u(x) + A / ee — te u(t) dt = f(~je”. 


25. y(x)- / (Ax + Bt + C)e*? y(t) dt = f(a). 


The substitution u(x) = e** y(x) leads to an equation of the form 2.1.6: 


u(x) — / oe + Bt+C)u(t) dt = f(x)e*. 


26. y(a)+ af xe? y(t) dt = f(x). 


Solution: 


y(x) = f(4)-A / i a’ exp[z A(t — 2°) + A(x -1)] FO dt. 


27. -y(a) + af ate? y(t) dt = f(x). 


Solution: 


y(a) = f(x)-A | : atexp[+A(? — 2°) + Ma -t)] fO dt. 


28. y(a) + af Per? y(t) dt = f(x). 


Solution: 


y(x) = f(z)-A if “p exp[+ A(t — 2°) + A(x -1)] f( de. 


29. y(x)+A | G - te? y(t) dt = f(x). 
Solution: 
y(z) = f(x) - / R(x -t) f(b dt, 


R(x) = ZkeO PM _ Ze? (cos(V3 kx) — V3 sin(V3 kz)], k = (A) Ls 
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30. y(a) + af (x? - t?)e*" y(t) dt = f(x). 
0 


The substitution u(x) = e** y(x) leads to an equation of the form 2.1.11: 


u(x) +A | “(2 —P)ut) dt = f(x)e”. 
0 


31. y(a)+A ik (a -t)"e*" y(t) dt = f(x), n=1,2,... 


Solution: 
arenes 
R(x) = — -e J expla) [on cos( 3k) ~ Be sin(By2)]) 
k=0 
where 
PE erst cos( ant ): Re 2\Anifet sin( ant ) for A<0, 
estan cos( ont). Greil Anie sin( ork +t) for A>O. 


” exp[A(a - t)] 


32. y(ax)+b y(t) dt = f(x). 


a Va-t 
Solution: - 
y(x) = e®” {Few +b" | exp[1b?(a — t)] F(t) a, 
where Sp 
Fea)=e*fea)-b | 0 at 


33. y(a)+A | "Ge - t)t* er y(t) dt = f(a). 


The substitution u(x) = e** y(x) leads to an equation of the form 2.1.49: 


u(x) + A / oe —t)t*u(t) dt = f(x)e*. 


34. y(x)+A | "(a - t*)e © y(t) dt = f(a). 


The substitution u(x) = e** y(x) leads to an equation of the form 2.1.52: 


u(r) +A i, “te —t*)u(t) dt = f(xe*. 


el(a-t) 
35. y(a)- af —— y(t) dt = f(a), 0<a<1. 
0 (@-t)e 


Solution: 


2 se. AP -a)ehe]” 
_ 7 = ebh& Ns SNS OS SS dts 
y(a) = f(x) + i R(x -t) f(t) dt, where R(x) =e bs = [nl — a)| 


n=1 
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36. y(x)+A if exp [A(x? - t”)] y(t) dt = f(x). 


Solution: 


y(z) = f(x)-A : ‘ exp[A(a? - t?) - A(x -1)] f( de. 


37. -y(a) + af exp (Ax? + Bt’) y(t) dt = f(a). 


In the case @ = —A, see equation 2.2.36. This is a special case of equation 2.9.2 with 
g(x) =-A exp(Az”) and h(t) = exp({t?). 


38. y(a) + af~ exp (-AVt — x ) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = A exp(-\V/-2 hi 


39. y(a) + af exp [A(at - t*)] y(t) dt = f(x), p>od. 


This is a special case of equation 2.9.2 with g(x) =-A exp(Aa“) and h(t) = exp(-At“’). 
Solution: 


y(a) = f(a)-A in exp [A(at* —t*)- A(x - t)| f(t) dt. 


ey t 
40. y(a) +k | — exp (-A—) y(t) dt = g(a). 
0 & xv 


This is a special case of equation 2.9.71 with f(z) = ke. 


N 
For a polynomial right-hand side, g(z) = )> An”, a solution is given by 
n=0 


a ae mb yin! 1 
=) soa u Pn ay oe cen 
n=0 my . 


2.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


2.3-1. Kernels Containing Hyperbolic Cosine. 


1. y(az) - af cosh(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cosh(Az) and A(t) = 1. 
Solution: 


y(x) = f(a)+A / eHow exp{ + [sinh(Ax) - sinh(A2)| \ f(b) dt. 
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y(az) — af cosh(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = cosh(At). 
Solution: 


y(x) = f(a) +A / * cosh(At) exe{ 4 [sinh(Ax) — sinh(2)] } f(b dt. 


y(a) + af cosh[A(a — t)] y(t) dt = f(x). 


This is a special case of equation 2.9.28 with g(t) = A. Therefore, solving the original integral 
equation is reduced to solving the second-order linear nonhomogeneous ordinary differential 
equation with constant coefficients 


Yarn + Ay, My = fl, -Mf,  f =f), 
under the initial conditions 
y(a) = f(a), y,(a) = f(a) - Af(a). 


Solution: 


x 


yia)= fie)+ | Rafat 


a 
2 


R(x) = exp(-3 Az) E sinh(kx) — Acosta) » k=4/?24+ ZA’. 


wie) + f { Do Ancosbiaute or byte dt = fla 
a k=1 

This equation can be reduced to an equation of the form 2.2.19 by using the identity 

cosh z = +(e? + en) Therefore, the integral equation in question can be reduced to a 


linear nonhomogeneous ordinary differential equation of order 2n with constant coefficients. 


® cosh(Ax) _ 
y(x) - af coshtat 2? dt = f(z). 


Solution: 
A(e-t) cow) 


osh(At) ——— f(t) dt. 


yor)=fay+ fe 


cosh(At) 7 
y(a) af anid at = fle) 


Solution: 
A(a-t) COSH(AT) 


cosh(\x) ) Samoa 


yoo)=fay+ fe 


y(x) - af cosh" (Ax) cosh” (ut)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cosh*(Ax) and h(t) = cosh” (it). 
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8. y(az) + af t cosh[A(ax — t)] y(t) dt = f(x). 


This is a special case of equation 2.9.28 with g(t) = At. 


9 y(a)+A if t® cosh" (Ax) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —A cosh’"(Ax) and h(t) = t*. 


10. y(a)+A ip a® cosh” (At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = cosh" (At). 


ll. y(x)- ) 7 [A cosh(kx) + B - AB(a -t) cosh(kx)] y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Acosh(kz). 
Solution: 


x 


y(a) = f(a) + / R(w, t) f(t) dt, 


a 


G(x) 


R(a, t) = [Acosh(kz) + B] Gb 


2 x 
2 an i eB®)G(s)ds, G(x) = exp E snh( a) ; 


12. y(x)+ | [A cosh(kt) + B + AB(x - t) cosh(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Acosh(kt). 


Solution: 
y(x) = f(x) + / R(z, t) f(@ dt, 
2 x 
R(a,t)=-[A cosh) +B} + ao | eF&)G(s)ds, G(x) = exp| + sinh). 


13. y(a) + af cosh (AV‘t - x ) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = A cosh(A,/=2). 


2.3-2. Kernels Containing Hyperbolic Sine. 


14. y(x)- af sinh(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A sinh(Ax) and A(t) = 1. 
Solution: 


y(x) = f(x) + A a sinh(Az) exp 5 [cosh(Az) - cosh(At)] baw dt. 


15. 


16. 


17. 


18. 
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y(az) — af sinh(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = sinh(At). 
Solution: 


y(a) = f(a) + A / : sinh(At) exp . [cosh(Ax) — cosh(At)] \ f@dt. 


y(a) + af- sinh[A(a — t)] y(t) dt = f(x). 


This is a special case of equation 2.9.30 with g(x) = A. 
1°. Solution with (A — A) > 0: 


y(a) = f(a) - “ Ve sin[k(x — t)] f(t) dt, where k=./X\A-)). 


2°. Solution with A(A — A) < 0: 


y(a) = f(x)- “ i. sinh[k(a — t)] f(t) dt, where k= ./X\(A-—A). 


a 


3°. Solution with A = \: 


y(a) = f(x)-» / (x —t) f(t) dt. 


y(x) +A i sinh*[A(a — t)] y(t) dt = f(a). 


Using the formula sinh? 6 = + sinh 33 — 3 sinh @, we arrive at an equation of the form 2.3.18: 


y(x) + / “(14 sinh[3\(a - t)] — 3 Asinh[ Ae -t)] }y() dt = f(a). 


y(a) + | { Ay sinh[A1 (ax — t)] + Az sinh[A2(x — t)] } y(t) dt = f(x). 


1°. Introduce the notation 
qi I sinh[A (2 -t)] y@) dt, I =) sinh[A2(x — t)] y(t) dt, 


x 


J, = [ cosh[Ai(a—t)] y(t) dt, = / cosh[A2(x — t)] y(t) dt. 


Successively differentiating the integral equation four times yields (the first line is the original 
equation) 


yt Ail + Arh = f, f =f), (1) 
yl, + Ay\ Ji + AgAzJo = fi, (2) 
yi + (ALAL + ApAndy + AMT + AAS = fi, (3) 
Yarn + (ALAL + AndAa)yl, + ALATA + AodZJ2 = frees (4) 


ne t (Alar + Ard2) yt + (ALAT + Andy + AAT + AAS = fy" (5) 


Yexre LLLX’* 
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Eliminating J; and J, from (1), (3), and (5), we arrive at a fourth-order linear ordinary 
differential equation with constant coefficients: 


ye + Ay Ai — Anda) yn, + ARN — Ay A143 — Ao d2 2) y = és 


Fovwe — At +2) fre + AAG. 
The initial conditions can be obtained by setting x = a in (1)-(4): 
y(a) = f(a), y,(a) = f(a), 
Yro(a) = fy(a) —(AiA1 + A2r2) f(a), (7) 
Virwe(@) = frna(a) —(ArAy + A2A2) f(a). 


On solving the differential equation (6) under conditions (7), we thus find the solution of the 
integral equation. 


2°. Consider the characteristic equation 
2? — (M+ A$ — AA — Azda)z + APNG — Ay ALS — AnAZA2 = 0, (8) 


whose roots, z; and z2, determine the solution structure of the integral equation. 
Assume that the discriminant of equation (8) is positive: 


D=(Anyp= Aya Mt MY 4A ADD 20: 
In this case, the quadratic equation (8) has the real (different) roots 
zy = 401+ - Al — Ard) 40D, 22 = E043 - Al - Ando) - 4D. 


Depending on the signs of z; and z2 the following three cases are possible. 
Case 1. If z; > 0 and z2 > 0, then the solution of the integral equation has the form 
(@ = 1,2): 


y(x) = f(a) + / {B, sinh[yi(a —t)] + By sinh[p2(x—-t)]}fOdt, wi = V2, 


where 


Ai(u? -— 3 Ao(ui — At Aus — A5 ro(us — At 

eee i 2) +A 2M v = Aj (Ha 2) us 2H p ; 
Hi (}3 — 7) Hi (p43 — 7) Ha(Hy — M3) Ho(Hy — >) 
Case 2. If z; < O and z2 < 0, then the solution of the integral equation has the form 


ya) = f(a) + sf {By sin[p11(a - t)] + By sin[pua(a —t)] } f(t) dt, pi = Vizil, 


where the coefficients B, and B, are found by solving the following system of linear algebraic 
equations: 

Biwi Boh = Bip Boh 

AHH ALG MB HME AR HG 


Case 3. If z; > O and z2 < 0, then the solution of the integral equation has the form 


y(x) = f(x) + / {By sinh[yi(a —1)] + Bo sin{yo(e-b|}f@dt, ps = Veil, 


where B, and B> are determined from the following system of linear algebraic equations: 


B B B B 
1/1 a 2H2 rs 141 2H2 


1=0, + +1=0. 
AH AT HHS Az HT AZ + HG 


19. 


20. 


21. 


22. 
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vie)+ f { S> Ag sinh[Ag(a - oi}ue dt = flv). 


k=1 


1°. This equation can be reduced to an equation of the form 2.2.19 with the aid of the formula 
sinh z = +(e? - e*), Therefore, the original integral equation can be reduced to a linear 
nonhomogeneous ordinary differential equation of order 2n with constant coefficients. 


2°. Let us find the roots z;, of the algebraic equation 


S- AtAK 41 9, (1) 


By reducing it to a common denominator, we arrive at the problem of determining the roots 
of an nth-degree characteristic polynomial. 
Assume that all z, are real, different, and nonzero. Let us divide the roots into two groups 


z1 >0, 22 >0, rady —Se0 (positive roots); 


21 <0, Z42<0, ..., Zn <O (negative roots). 


Then the solution of the integral equation can be written in the form 


y(o)= f+ 


a 


pS By sinh[ux(e-t)]+ S> Ch sin|yx(o-0) L700 dt, x= Vel. (2) 
k=1 


k=s+1 


The coefficients B, and C, are determined from the following system of linear algebraic 
equations: 


S- LS Crobth TL S0; fie2 of ids HES Th: (3) 


2 2 
k=s+1 Xin + Hy 


In the case of a nonzero root z; = 0, we can introduce the new constant D = B,u; and 
proceed to the limit jz, — 0. As a result, the term D(x —t) appears in solution (2) instead of 
B; sinh [bs(x - t)] and the corresponding terms D.;* appear in system (3). 


@-af (t) dt = f(a) 
3 L GhGRE oe 


Solution: 
A(xt) Sinh(AZ) 


yle)= faa | e SnhOW): 


f(t) dt. 


@-af (t) dt = f(x) 
a Sanh ee 


Solution: 
A(t) Sinh(At) 


y(a) = f(v)+A i 7 sinh(Ax) 


f(t) dt. 


y(x)- A i} i sinh’ (Ax) sinh” (yt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A sinh” (Ax) and h(t) = sinh” (ut). 
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23. 


24. 


25. 


26. 


27. 
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y(a) + af t sinh[A(x — t)] y(t) dt = f(x). 
This is a special case of equation 2.9.30 with g(t) = At. 
Solution: 
AX [* 
ya) = f(a) + W if t[ui(w)ur(t) — ua(a)ur(t)] f(t) dt, 


where wu (2X), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation wu”, + A(Ax — A)u = 0, and W is the Wronskian. 
The functions u;(x) and w2(x) are expressed in terms of Bessel functions or modified 
Bessel functions, depending on the sign of AA, as follows: 
if AX > 0, then 
m@) =? A (3VAE”), w(x) =E'?V 3 (FVAE”), 
W=3/n, €=a-(A/A); 


if AX <0, then 


u(t) = E170, 3(2V-AXE?), — un(x) = £1? K,3(2V-ANE”), 
W=-3, €=2-(A/A). 


y(a) + af x sinh[A(a — t)] y(t) dt = f(x). 


This is a special case of equation 2.9.31 with g(a) = Ax and A(t) = 1. 
Solution: 


A zx 
yla) = f(x) + as i) x[us(a)us(t) — u(a)ui(t)] fat, 


where w(Z), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation wu”, + A(Ax — A)u = 0, and W is the Wronskian. 
The functions u(x), u2(x), and W are specified in 2.3.23. 


y(x) +A i: : t® sinh” (Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —A sinh" (Ax) and h(t) = t*. 


y(a) + A / : a sinh” (At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = sinh’ (At). 


y (ax) - | : [A sinh(kx) + B - AB(a -t)sinh(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Asinh(kz). 
Solution: 


x 


y(a) = fle) + / R(w, t) ft) dt, 


a 


2: ni 
R(a, t) = [A sinh(kax) + Be + on i eP@)G(s)ds, G(x) = exp E cosh) ; 
t 


28. 


29. 


2.3. EQUATIONS WHOSE KERNELS CONTAIN HYPERBOLIC FUNCTIONS 161 


y(a) + | [A sinh(kt) + B + AB(a - t)sinh(kt)] y(t) dt = f(a). 
This is a special case of equation 2.9.8 with \ = B and g(t) = A sinh(kt). 
Solution: 


x 


y(a) = f(a) + if R(a, t) f(t) dt, 


G(t) 
G(x) 


+ 


2 2: 
R(a, t) = -[sinh(kt) + B] a / eP&9 G(s) ds, G(x) = exp E cosh) 
t 


k; 


y(a) + af sinh (AV t-2x ) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = A sinh(A\/=2). 


2.3-3. Kernels Containing Hyperbolic Tangent. 


30. 


31. 


32. 


y(az) - af tanh(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tanh(Az) and A(t) = 1. 
Solution: 


cosh(Ax) ser dt. 


y (az) — af tanh(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = tanh(At). 
Solution: ays 
h 

cos at f(t) dt. 


y(a) + af [tanh(Ax) - tanh(At)| y(t) dt = f(x). 


This is a special case of equation 2.9.5 with g(x) = A tanh(Az). 
Solution: 


1 zx 
ya)= fa)+ i [V/(@)¥it) -Y{@V{)] FW at, 


where Y;(x), Y2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation cosh*(Ax)¥/”, + AXY =0, W is the Wronskian, and the primes stand for 
the differentiation with respect to the argument specified in the parentheses. 

As shown in A. D. Polyanin and V. F. Zaitsev (2003), the functions Y\(a) and Y2(x) can 
be represented in the form 


er _ x dé _ 
Vi(e) = F(a,8,1; 2), Yate) = Yita) [ yap Wet 


where F'(a, 3, y; z) is the hypergeometric function, in which a and ( are determined from 
the algebraic systema+8=1, a@ =—-A/). 
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tanh(Ax) : 
33. y(a)- afe = tanh(d) y(t) dt = f(x). 


Solution: 
A(e-t) me 


tanh(Ad) <a eat: 


yoo)= fiay+a fe 


34 ( A © tanh(At) y(t) dt = f( 
ie i amu) at = F0) 


Solution: 
A(e-t) en 


anbOWr) —— f(t) dt. 


ywo)=fay+a |e 


35. y(a)-A j tanh*(Ax) tanh” (t)y(t) dt = f(a). 

This is a special case of equation 2.9.2 with g(x) = A tanh’ (Ax) and A(t) = tanh” (yt). 
36. y(x)+A | t® tanh” (Ax)y(t) dt = f(a). 

This is a special case of equation 2.9.2 with g(a) = —A tanh’"(\ 2x) and h(t) = t*. 
37. y(a)+A | a* tanh” (At)y(t) dt = f(a). 

This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = tanh" (At). 
38. -y(a) + af tanh[A(t — x)] y(t) dt = f(x). 

This is a special case of equation 2.9.62 with K(z) = A tanh(-Az). 
39. y(a) + af tanh (AV t-2x ) y(t) dt = f(a). 

This is a special case of equation 2.9.62 with K(z) = Atanh(A/-2). 
40. y(ax)- | [A tanh(kx) + B- AB(ax - t) tanh(ka)| y(t) dt = f(a). 

This is a special case of equation 2.9.7 with \ = B and g(x) = A tanh(ka). 


41. y(a)+ | “ [A tanh(kt) + B + AB(a - t) tanh(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A tanh(kt). 


2.3-4. Kernels Containing Hyperbolic Cotangent. 


42. y(a)- af coth(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A coth(Az) and A(t) = 1. 
Solution: 


sinh(\7x) caer a 


yz) = fta)+A f cotn(ax) [A 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 
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y(az) - af coth(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = coth(At). 


Solution: 
sinh(\7) A/A 


sinh(At) ae 


y(a) = f(a) +A / , coth(A2)| 


= coth(At) 5 
yo) Af y(t dt = few) 


Solution: 


= 4 Aw-t) Coth(At) 
y(a) = f(a) + af e€ eHOS) f@) dt. 


coth(Ax) _ 
ware afe Ton iat = Fe) 


Solution: 
Ale) coth(\x) 


coth(\t) mip 


yoo)= faye [ 


y(x)- A i : coth* (Ax) coth”(yt)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = A coth*(\x) and A(t) = coth”™ (it). 


y(a) + A / ‘ t® coth™ (Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = —A coth™ (Az) and A(t) = t”. 


y(a) + A | i a® coth” (At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = —Ax* and h(t) = coth""(At). 


y(a) + af coth[A(¢ - x)] y(t) dt = f(a). 

This is a special case of equation 2.9.62 with K(z) = A coth-Az). 
y(a) + af coth (AV t-2z yy) dt = f(a). 

This is a special case of equation 2.9.62 with K(z) = A coth(A,/=z )i 


y(a) - | : [A coth(kx) + B- AB(ax - t) coth(ka)] y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Acoth(kz). 


y(a) + / [A coth(kt) + B + AB(a -t) coth(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A coth(kt). 
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2.3-5. Kernels Containing Combinations of Hyperbolic Functions. 


53. y(a)-A i i cosh®(Ax) sinh” (pt) y(t) dt = f(x). 
This is a ae case of equation 2.9.2 with g(x) = A cosh” (Ax) and A(t) = sinh’”” (yt). 

54. y(x)- i {A+ Bcosh(Ax) + B(x - t)[A sinh(Ax) - A cosh(Ax)]} y(t) dt = f(x). 
This is a Ses case of equation 2.9.32 with b = B and g(x) = A. 

55. y(x)- f {A+ Bsinh(Ax) + B(x - t)[A cosh(Ax) - A sinh(Ax)]} y(t) dt = f(x). 
This is a feu case of equation 2.9.33 with b = B and g(x) = A. 

56. y(a)-A i) : tanh*(Ax) coth” (yt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A tanh*(\x) and A(t) = coth™ (it). 


2.4. Equations Whose Kernels Contain Logarithmic 
Functions 


2.4-1. Kernels Containing Logarithmic Functions. 


1. y(az) — afe In(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = AIn(\z) and A(t) = 1. 

Solution: 
-A(a-t) (Ax)“* 
( At)4t 


y(z) = f(a) +A i. In(Ax)e f@ dt. 


2. y(az) - af In(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = In(At). 


Solution: 4 
—~A(x-t) (Ax) 
( At)At 


y(a) = f(x) +A ie In(Atye f@ dt. 


3. y(a) + 4 fan ax —Int)y(t) dt = f(a). 


This is a special case of equation 2.9.5 with g(x) = Alnz. 


Solution: 
a 


1 
ya) = f(a) + W ? [ui @)uz(t) — ud(a)u,)] FO dt, 
where the primes denote differentiation with respect to the argument specified in the paren- 
theses; and u)(x), w2(x) is a fundamental system of solutions of the second-order linear 
homogeneous ordinary differential equation u”,, + Aa! u = 0, with u4(x) and u2(x) expressed 
in terms of Bessel functions or modified Bessel functions, depending on the sign of A: 


W=+, w@=Vei(2VAr), we) = VeVi (2VAz) for A>0, 


7? 


W =-3, ui(a) = Va I (2V-Az), ur(a) = Va K\(2V-Ar ) for A <0. 
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@)- Af Oye at = fe 
g MOD ee 


Solution: . In( dz) 
_ A(a-t) DAT 
yia)=fa)+A fe TOD Fe at 
® In(At) 
yio)- Af nyt adt = Fe) 
Solution: a 
yo) = fay A fA pay 
A In(\x) 


yio)- Af m(cyin™ (utyy(t) dt = fla. 


This is a special case of equation 2.9.2 with g(a) = A In* (Az) and A(t) = In™ (ut). 


y(a) + af In(t — x) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = aln(—2). 


For f(x) = 55 Ax exp(-Ax), where A;, > 0, a solution of the equation has the form 


m 


A 
ular) =) FrexpAca), By = 1- >In +0), 
k=1 


where C = 0.5772... is the Euler constant. 
y(x) +a | In*(t — x)y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) =a In?(-2). 


For f(x) = 55 A; exp(-Ax), where A;, > 0, a solution of the equation has the form 
k=l 


m 


A 
ya) =~ = exp(-\xz),  Be=lt rs [3n? + (Ine + CY’), 
k=1 


where C = 0.5772... is the Euler constant. 


2.4-2. Kernels Containing Power-Law and Logarithmic Functions. 


10. 


y(x)- A i . a In™ (At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Av® and h(t) = In™ (At). 


y(x)-A ' ° t® In™(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = Aln’”(A2) and h(t) = t*. 
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11. y(x)- i] i [Aln(kx) + B- AB(a - t)In(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Aln(ka). 


12. y(x)+ | : [Aln(kt) + B + AB(ax - t)In(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Aln(kt). 
13. y(x) + af (t- x)” In(t - x)y(t) dt = f(x), n=1,2,... 


For f(x) = >> Ax exp(—A,@), where A; > 0, a solution of the equation has the form 
k=l 


m 
an! 


A 
ya) = S72 expAno) By = le a tatoo iC), 
k=1 k 


where C = 0.5772... is the Euler constant. 


°° In(t — x) 
x Vt-2x 


This is a special case of equation 2.9.62 with K (-x) = ax 


14. y(x)+a y(t) dt = f(x). 


1/2 In x, 


For f(x) = 55 Ax exp(-Ax), where A;, > 0, a solution of the equation has the form 
k=l 


m A 
yl) = )> a exp(-ex),  Be=1-ay/ ae [In(4x) + C], 


k=1 


where C = 0.5772... is the Euler constant. 


2.5. Equations Whose Kernels Contain Trigonometric 
Functions 


2.5-1. Kernels Containing Cosine. 


1. y(az) — af cos(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cos(\x) and A(t) = 1. 
Solution: 


y(x) = f(a)+ A / ae exp{ 2 [sin(Ax) - sin(d)| ro dt. 


2: y (az) — af cos(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = cos(At). 
Solution: 


y(x) = f(x) +A / B06 exp{ - [sin(Ax) - sin(Ad)| \ f(b dt. 
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y(a) + af cos[A(a — t)] y(t) dt = f(a). 


This is a special case of equation 2.9.34 with g(t) = A. Therefore, solving this integral 
equation is reduced to solving the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


Yorn t+ Ay, +My = f+ Vf, F=f) 
with the initial conditions 
y(a) = f(a), -y/,(a) = f(a) - Af(a). 


1°. Solution with |.A| > 2]A|: 


x 


ROO / R(w—t)f(t) dt, 


a 


2, 
R(x) = exp(-4 Az) + sinh(kx) — Acosh( ka , k= \/ZA?-». 


2°. Solution with |A| < 2]A|: 


x 


y(x) = fle) + / Rw fat, 


a 
2 


R(2) = exp(-5 Az) [= sin(kax) — Acos(kix) » k=4/r2- 5A’. 


A: 


3°. Solution with \ = +4 


y(x) = f(x) + i , R(x - t) f(t dt, R(a) = exp(-3 Ax) (5A’a — A). 


a 


y(a) + | { S > Ag cos[Ag(x - oihye dt = f(a). 


k=1 
This integral equation is reduced to a linear nonhomogeneous ordinary differential equation 
of order 2n with constant coefficients. Set 


Ix(2) = / cosfAg( —1)] y(t) dt. (1) 


Differentiating (1) with respect to x twice yields 


x 


He ya) —Drx / sin[Ax(a- 8) y(t) dt, 
ae (2) 
Less (ake | cos[A;(a — t)] y(t) dt, 


where the primes stand for differentiation with respect to x. Comparing (1) and (2), we see 
that 
Ty = y(a)— Nee, Te = In(2). (3) 
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With the aid of (1), the integral equation can be rewritten in the form 


y(a)+ S> Any = f(a). (4) 


k=1 


Differentiating (4) with respect to x twice taking into account (3) yields 


y(t) + ony, (x) — sy Aple=fie@), n= >, Aw (5) 


k=l k=l 
Eliminating the integral J, from (4) and (5), we obtain 


n-l 


Yh l@) + Onyi(x) + y(w) +S) AR, — ARM = fyo(@) +, f(a). (6) 


k=1 


Differentiating (6) with respect to x twice followed by eliminating J,,_; from the resulting 

expression with the aid of (6) yields a similar equation whose left-hand side is a fourth- 
n-2 

order differential operator (acting on y) with constant coefficients plus the sum 5> By,Jq. 
k=l 

Successively eliminating the terms I, >, [p_3,... using double differentiation and formula (3), 

we finally arrive at a linear nonhomogeneous ordinary differential equation of order 2n with 

constant coefficients. 

The initial conditions for y(a) can be obtained by setting x = a in the integral equation 
and all its derivative equations. 


® cos(Ax) a 
y(x) - af cosa YO dt = f(z). 


Solution: 
Ae) cont) 


cosy fat 


y(t) = fla) +A i 


ya) — A | EOE de): 
a cos(Ax) 


Solution: 
AG cos(At) 


au” 


y(a) = fla) +A fe 


y(x) - af cos” (Ax) cos” (pt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = A cos*(Ax) and A(t) = cos” (jut). 


y(ax) + af t cos[A(x — t)] y(t) dt = f(a). 


This is a special case of equation 2.9.34 with g(t) = At. 


y(a) + A | t® cos’ (Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —A cos™(Az) and h(t) = t”. 


10. 


11. 


12. 


13. 
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x 
y(xz) +A i) a® cos™(At)y(t) dt = f(x). 
a 


This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = cos’ (At). 


y(x) — f [A cos(kx) + B- AB(a -t) cos(kx)] y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(a) = Acos(ka). 


Solution: 
y(x) = f(x) + i R(x, t) f(t) dt, 
2 x 
R(a, t) = [Acos(kx) + Be + oon | eP@-)G(s)ds, G(x) = exp E sin() ; 


y(a@) + | : [A cos(kt) + B + AB(a - t) cos(kt)| y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Acos(kt). 
Solution: 


x 


y(a) = f(z) + i, R(w, t) f(t) dt, 


a 


R(x, t) = [A cos(kt) + B] 


2 a 
a ‘ a { eB G(s) ds, G(x) = exp E sin()]. 


y(a) + af~ cos (AVt- x )y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) = A cos (AV/=@ ). 


2.5-2. Kernels Containing Sine. 


14. 


15. 


y(az) — af sin(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Asin(Az) and A(t) = 1. 
Solution: 


y(x) = f(z) +A i “ano exp{ + [cos(At) - cos(Az)| \ f(t) dt. 


y(az) — af sin(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = sin(At). 
Solution: 


y(x) = f(a)+A / * nO) exe{ 4 [cos(At) - cos(Azr)| \ f(® dt. 
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16. y(ax)+ af sin[A(a — t)] y(t) dt = f(a). 


This is a special case of equation 2.9.36 with g(t) = A. 
1°. Solution with \(A + A) > 0: 


x 


y(a) = f(x)- “ ) sin[k(a — t)] f(® dt, where k= ./X\A+A). 


a 


2°. Solution with (A + A) < 0: 


y(2) = f(x) - +/ sinh[k(x — t)] f(t) dt, where k= ./-\A+ A). 
3°. Solution with A = — 


y(x) = f(x) + i (x — t) f(t) dt. 


17. y(a)+A / sin*[A(a — t)] y(t) dt = f(a). 


Using the formula sin? 6 = -+ sin 33 + 3 sin 3, we arrive at an equation of the form 2.5.18: 


iors fo {-4 + Asin[3\(a —t)] + 3 Asin[\(x - t)] }y(t) dt = f(a). 


18. y(x)+ a {Ay sin[A;(a — t)] + Az sin[A2(x - DI} y(t) dt = f(a). 


This equation can be solved by the same method as equation 2.3.18, by reducing it to a 
fourth-order linear ordinary differential equation with constant coefficients. 
Consider the characteristic equation 


27 4 (At + + AlAy + Andaz +N + AAAS + AdAT Ad = 0, (1) 


whose roots, z; and z2, determine the solution structure of the integral equation. 
Assume that the discriminant of equation (1) is positive: 


DAN = Any Fy = E44 ADS OU, 
In this case, the quadratic equation (1) has the real (different) roots 
=-40} +3 + Ard + Anda) thVD, 2 =-4 Ob +3 + Ard + And) - 4 VD. 


Depending on the signs of z; and z2 the following three cases are possible. 
Case I. If z; > 0 and z2 > 0, then the solution of the integral equation has the form 
(@ = 1,2): 


y(a) = f(a) + ‘| {B, sinh[y. (a — t)] + Bo sinh] juo(a — t)| } f®) dt, ig Sali, 
where the coefficients B, and B2 are determined from the following system of linear algebraic 
equations: 

Bin 4 Bog 


By 4 Bop 
ey) RT) 
Ap+ Hy AL +H 


-1=0, 
Ate, ATH WG 


-1=0. 


19, 
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Case 2. If z; < 0 and z2 < 0, then the solution of the integral equation has the form 


y(x) = f(x) + ip {By sin{yi(a—t)] + Bo sin[yo(e—t)] }$fdt, pr = Vlzl, 


where B, and B are determined from the system 


Byyy “ Bop2 
MN-wp MAH 


-1=0, 
Case 3. If z; > O and z2 < 0, then the solution of the integral equation has the form 
y(a) = f(a) + h {B, sinh[ pi (a — 1] + Bo sin[y2(a — t)] } f@ dt, Mi = V/lzil, 


where B, and B are determined from the system 


Byyy Bop2 
+ -1=0, + 
M+HT AT H3 AZ+ HT AZ HG 


Remark. The solution of the original integral equation can be obtained from the solution 
of equation 2.3.18 by performing the following change of parameters: 


Ak =? 1Ak, Uk tks Ax _ -tAp, By, =z -iBz, iP =-| (k = 1,2). 


vic)+ f { S> Ag sin Ag(a - nity dt = f(a). 


k=1 
1°. This integral equation can be reduced to a linear nonhomogeneous ordinary differential 
equation of order 2m with constant coefficients. Set 


roe / sin[Ag(@ — t)] y(t) dt. (1) 


Differentiating (1) with respect to x twice yields 


T= Xe / cos[An(a—t] y(t) dt, ff = Any(w) — 3 / sin[\x(a— Ol y(dt, (2) 


where the primes stand for differentiation with respect to x. Comparing (1) and (2), we see 
that 
Ty =Anya)-XNles Te = IC). (3) 


With aid of (1), the integral equation can be rewritten in the form 
y(a)+ S> Andy = f(@). (4) 
k=l 
Differentiating (4) with respect to x twice taking into account (3) yields 


oot) + Oony(@)—S— AgrATn = fe(@), On = Y> AnAr. (5) 
k=1 


k=1 
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Eliminating the integral J,, from (4) and (5), we obtain 


n-l 


Vr o(@) + (On + Ay, )Y@) +S” ARO, — Age = Ln (@) + 7, f(@). (6) 


k=1 


Differentiating (6) with respect to x twice followed by eliminating J,; from the resulting 

expression with the aid of (6) yields a similar equation whose left-hand side is a fourth- 
n-2 

order differential operator (acting on y) with constant coefficients plus the sum 5> B,Jq. 
k=l 

Successively eliminating the terms I,,», [p_3,... using double differentiation and formula (3), 

we finally arrive at a linear nonhomogeneous ordinary differential equation of order 2n with 

constant coefficients. 

The initial conditions for y(a) can be obtained by setting x = a in the integral equation 
and all its derivative equations. 


2°. Let us find the roots z, of the algebraic equation 


s AbAk 1 <0, (7) 


2 
z+ 
k=l k 


By reducing it to a common denominator, we arrive at the problem of determining the roots 
of an nth-degree characteristic polynomial. 
Assume that all z, are real, different, and nonzero. Let us divide the roots into two groups 


z, >0, z2 >0, bees, gO (positive roots); 


21 <0, Z2<0, ..., 2 <O (negative roots). 


Then the solution of the integral equation can be written in the form 


{> By sinh [[ux(w—8)] + 9 Cr sin [px (a o] Lr at, r= Vex. (8) 


k=s+1 


y(o)=fa)+ ie 


a 


The coefficients B, and C, are determined from the following system of linear algebraic 
equations: 


“Brit “Crp 
Diageo Le = Vl2el m=1,2,...,7. (9) 


2; 
+ 
k=0 Xin ae 


In the case of a nonzero root z; = 0, we can introduce the new constant D = Bs; and 
proceed to the limit jz, — 0. As a result, the term D(x —t) appears in solution (8) instead of 
B, sinh [bs (2 - t)] and the corresponding terms D;? appear in system (9). 


(w)-A i Te) Oa @) 
‘é Lay 


Solution: 
) sin) 


amo Oe 


y(o) = f(a) +A i. * eAlent 


® sin(At) 
y(z)-A , y(t) dt = f(x). 
a sin(Ax) 


Solution: 
Aes) Sug 


On 


y(o) = f(a) +A fe 


22. 


23. 


24. 


25. 


26. 


27. 
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y(x)- A i sin® (Ax) sin” (yt) y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A sin’ (Ax) and A(t) = sin™ (jut). 


y(a) + af t sin[A(ax — t)] y(t) dt = f(x). 


This is a special case of equation 2.9.36 with g(t) = At. 


Solution: 
x 


A 
y(a) = f(a) + — / t [us (w)ug(t) — us(x)ur(t)] ft) dt, 


where u1(Z), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation wu”, + A(Ax + A)u = 0, and W is the Wronskian. 

Depending on the sign of AA, the functions u:(x) and u2(x) are expressed in terms of 
Bessel functions or modified Bessel functions as follows: 

if AA > 0, then 


u(t) = EPI 3 (VANE), w(x) = E17Y 3 (4VAVNE”), 
W=3/n, €=x2+(\/A); 
if AX < 0, then 
ur(a) = E171, 3(3V-ANE), w(x) = 6? Ky 3(3V-ANE”), 
W=-3, €=0+(,/A). 


y(az) + af x sin[A(a — t)] y(t) dt = f(x). 


This is a special case of equation 2.9.37 with g(a) = Ax and A(t) = 1. 
Solution: 


A zx 
yla) = f(a) + = / x[us(a)us(t) — ua(a)ur(t)] fat, 


where w1(Z), U2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation wu”, + A(Ax + \)u = 0, and W is the Wronskian. 


x 


The functions u(x), u2(x), and W are specified in 2.5.23. 


y(a) + A ' : t® sin™ (Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —A sin” (Az) and A(t) = t*. 


y(a) + A i zi a sin™(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = —Ax* and h(t) = sin™ (At). 


y(az) — f [A sin(kx) + B- AB(a -t) sin(kx)| y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Asin(kzx). 


Solution: 
y(a) = f(@)+ / R(x,t) f(t) dt, 
2: x 
R(a, t) = [Asin(ka) + Boo + a | eP@)G(s)ds, G(x) = exp -= cox(k)). 


174 LINEAR EQUATIONS OF THE SECOND KIND WITH VARIABLE LIMIT OF INTEGRATION 


28. y(x) + | : [A sin(kt) + B + AB(a - t)sin(kt)| y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A sin(kt). 
Solution: 


ya) = f(a) + if R(a, t) fb) dt, 


Gt) Bt fr A 
ae Ga if eP©9)G(s)ds, G(x) = exp 2 coxtk) : 


R(a, t) =-[A sin(kt) + B] 


29. y(a) + af sin (AV t-2x ) y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) = A sin(A/-« ). 


2.5-3. Kernels Containing Tangent. 


30. y(a)- af tan(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tan(Az) and h(t) = 1. 


Solution: 
cos(At) |4 


os(Ax) 


y(x) = f(a) +A i. tan( Ar )|- et) dt. 


31. y(a)- afe tan(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = tan(At). 


Solution: 
cos(At) |4 


os(Ax) 


y(x) = f(a) +A x tanh(At)) = Ft) dt. 


32. y(x)+A if y [tan(Ax) - tan(At)] y(t) dt = f(x). 


This is a special case of equation 2.9.5 with g(x) = A tan(Az). 
Solution: 


1 x 
yr) = f(a) + Te / [MOYO -Y@Y/ 0) fO dt, 


where Y;(x), Y2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation cos?(\x)Y,”, + AXY = 0, W is the Wronskian, and the primes stand for 
the differentiation with respect to the argument specified in the parentheses. 

As shown in A. D. Polyanin and V. F. Zaitsev (2003), the functions Y(a) and Y2(x) can 
be expressed via the hypergeometric function. 


© tan(Ax) _ 


Solution: 
A(e-t) an 


an(at) py I(t) at. 


y(a) = fl) +A fe 


34. 


35. 


36. 


37. 


38. 


39. 
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© tan(At 
yo) A fo yt) dt = fo 


Solution: 
) tan(At) 


mop 


yoo)= fara fr esen 


y(a)- A i tan’ (Ax) tan” (ut) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = A tan*(Ax) and A(t) = tan” (jut). 


y(x) +A i : t* tan™ (Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = —A tan™(A2) and h(t) = t*. 
y(a) + A (| : a* tan™ (At)y(t) dt = f(a). 

This is a special case of equation 2.9.2 with g(x) = —Az* and h(t) = tan’ (At). 
y(ax) - | [A tan(kx) + B- AB(a - t) tan(kx)] y(t) dt = f(x). 

This is a enti case of equation 2.9.7 with \ = B and g(x) = A tan(kz). 


y(a) + ie [A tan(kt) + B+ AB(a -t) tan(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A tan(kt). 


2.5-4. Kernels Containing Cotangent. 


40. 


41. 


42. 


y(az) — af cot(Ax) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cot(Az) and h(t) = 1. 


Solution: 
sin(Ax) |4 


in(At) 


y(x) = f(a) + A fp cot(Ar )| cay dt. 


y (az) — afe cot(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = cot(At). 


Solution: (2) (4 
sin x 
y(x) = f(a) +A i coth(A0)| — “On ea) dt. 
= cot(Ax) 7 

uio)- Af wap vO at = fa. 
Solution: ia 
_ eA t) co XL 

y= feay+A fe OO Fe at 
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43. 


44. 


45. 


46. 


47. 
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” cot(At) a 
ya) — A [ ayo dt = Fle). 


Solution: - 
yo) = fla) +A / Aten LUA) py at 
e cot(Ax) 


y(a)+ A | ‘ t® cot” (Ax)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(a) = —A cot’™(Az) and h(t) = t*. 
y(a) + A | : a cot™ (At)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = —Az* and h(t) = cot’ (At). 


y(a) - / [A cot(kx) + B- AB(a - t) cot(kx)] y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Acot(kz). 


y(a) + / : [A cot(kt) + B+ AB(x -t) cot(kt)| y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A cot(kt). 


2.5-5. Kernels Containing Combinations of Trigonometric Functions. 


48. 


49. 


50. 


51. 


y(x)- A | cos”(Ax) sin” (pt) y(t) dt = f(x). 

This is a special case of equation 2.9.2 with g(x) = A cos*(Ax) and A(t) = sin™ (jut). 
y(ax) - | {A+ Bcos(Ax) - B(x -t)[A sin(Ax) + A cos(Ax)]} y(t) dt = f(x). 
This is a special case of equation 2.9.38 with b = B and g(x) = A. 


y(x) - i: {A+ Bsin(Ax) + B(a - t)[A cos(Ax) - A sin(Ax)]} y(t) dt = f(x). 


This is a special case of equation 2.9.39 with b = B and g(x) = A. 


y(a)- A | . tan*(Ax) cot” (t)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = A tan*(Ax) and A(t) = cot” (jut). 


2.6. Equations Whose Kernels Contain Inverse 


Trigonometric Functions 


2.6-1. Kernels Containing Arccosine. 


1. 


y(x) - af arccos(Ax) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A arccos(\x) and h(t) = 1. 
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2: y(x)-A / arccos(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = arccos(At). 


arccos(Ax) 
3. y(az) - af y(t) dt = f(x). 


‘arccos(At) 
Solution: 7 
y(x) = f(e)+A / Alot) MECOSAP) te ay, 
in arccos(At) 
4, y (az) - afe RES dt = f(x). 
a arcecos(Ax) 
Solution: 
a * .Ate-t) arccos(At) 
y(a) = f(a) + af e SCOR) f@ dt. 


5. -y(a) -/ [A arccos(kx) + B - AB(a - t)arccos(kx)| y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Aarccos(kz). 


6. =-y(x) + | [A arccos(kt) + B + AB(x - t) arccos(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Aarccos(kt). 


2.6-2. Kernels Containing Arcsine. 


7. y(az) — af arcsin(Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A arcsin(Ax) and A(t) = 1. 


8. y(az) - af arcsin(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = arcsin(At). 


9. y(az) - af SN dt = f(a). 


arcsin(At) 
Solution: . 
_ * A(e-t) aresin(Ar) 
yo) = flay a fe 0Z 2D peat 
10. y(a)-A if A dk SIG). 
a aresin(Ax) 
Solution: - } 
yoe)= fey A [eA SAY peat 
” arcsin(Ax) 
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11. 


12. 
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y(x) -/ [A arcsin(kx) + B - AB(a - t)arcsin(kx)] y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Aarcsin(kx). 


y(a) + a [A arcsin(kt) + B + AB(a - t) arcsin(kt)| y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A arcsin(kt). 


2.6-3. Kernels Containing Arctangent. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


y(az) - af arctan(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A arctan(Ax) and h(t) = 1. 


y(z)-A | arctan(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = arctan(At). 


Goa f arctan(Ax) (t) dt = f(a) 
nae a arctan(At) ba a ee 


Solution: - Ox) 
A(t) arctan(Ar 
ya) = fa) +A i cA SO pode 
© arctan(At) 
y(x) - af amie dt = f(z). 
Solution: ” Oe 
bs A(t) arctan 
y(x) = f(x) + af e€ wean f@ dt. 


y(a) + af arctan[A(t - x)] y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K (a) = A arctan(—Az). 


y(a) - | [A arctan(kx) + B - AB(ax - t) arctan(ka)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = A arctan(kz). 


y(a) + / : [A arctan(kt) + B + AB(a - t)arctan(kt)] y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = A arctan(kt). 


2.6-4. Kernels Containing Arccotangent. 


20. 


y(x)- A : : arccot(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A arccot(Ax) and h(t) = 1. 


21. 


22. 


23. 


24. 


25. 


26. 
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y(x)- A | arccot(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = arccot(At). 


(ina a arccot(Ax) (t) dt = f(a) 
g)- —_——— = aw“). 
@ a arccot(At) ? 


Solution: 
A(at) aFCCot(Ar) 


yx) = f(a) + af c arccot(At) 


f(t) dt. 


Gea f arccot(At) (t) dt = f(a) 
g)- ——___—. = av). 
Sg m arccot(Nx) ” 


Solution: 
A(t) arccot(At) 
e —— 
arccot(Ax) 


ya) = f(a) +A i f(t) dt. 


y(a) + af arccot[A(t — x)] y(t) dt = f(a). 
This is a special case of equation 2.9.62 with K(x) = A arccot(-Az). 


y (a) - f [A arccot(kx) + B- AB(ax - t)arccot(kx)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Aarccot(ka). 


y(a) + i “ [A arccot(kt) + B + AB(a - t) arccot(kt)]| y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = Aarccot(kt). 


of Elementary Functions 


2.7-1. Kernels Containing Exponential and Hyperbolic Functions. 


y(a) + A if i e429 eosh[X(ax — t)] y(t) dt = f(a). 


Solution: 


x 


Ota / Rw f@dt, 


a 


2 
R(x) = exp| (uu - 4 A)z] E sinh(kx) — Acosht ke) , k=y/d224+ 5A’. 
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x 
2. y(a)+A i] e(@-) sinh[X(a — t)] y(t) dt = f(a). 
a 


1°. Solution with A(A — A) > 0: 


y(a) = f(a) - “ / : eH@ sini k(x — t)] f(b dt, where k= /\A-)). 


a 


2°. Solution with (A — A) < 0: 
Ar [* ee 
y(a) = f(x)- os el sinh[ k(x — t)] f(@® dt, where k=./X(A- A). 
3°. Solution with A = A: 


y(x) = f(z)-» / Ge — thet F(t) dt. 


a 


3. y(a) + | : eM(@) { A, sinh[Ay(x — t)] + Az sinh[A2(x — t)]} y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 2.3.18: 


w(x) + / : { A; sinh[\,(a — t)] + Ag sinh[ x(a — t)]} (0) dt = e** f(a). 


4. y(a)+A i ° te”? sinh[A(a — t)] y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 2.3.23: 


w(x)+A a t sinh[ A(x — t)]w(t) dt = e” f(x). 


2.7-2. Kernels Containing Exponential and Logarithmic Functions. 


5. y(a)-A | : et In(Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Aln(Az) and h(t) =e”. 


6. y(az) - af e¥* In(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae“ and A(t) = In(At). 


7. y(a)-A i} : e(@-) In(Ax) y(t) dt = f(x). 


Solution: 
(Ax)4* 
( At)At 


y(a) = f(x) + A / ‘ ce AE) In(\r) f(t) dt. 
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8 = -y(a) -A | eM(@—) In(At) y(t) dt = f(x). 
Solution: 


y(x) = f(z) + A : ett AXa-t) nope f(t) dt. 


At a 


9 y(a)+A if e4@-O (in x — In t)y(t) dt = f(x). 


Solution: 


1 zx 
yo) = f(a) + ae / cH Ty (x)ub(t) — uh(a)ui (O)] FO dt, 


a 
where the primes stand for the differentiation with respect to the argument specified in the 
parentheses, and u)(x), u2(x) is a fundamental system of solutions of the second-order linear 
homogeneous ordinary differential equation vu”, + Az! u = 0, with u4(x) and u2(x) expressed 
in terms of Bessel functions or modified Bessel functions, depending on the sign of A: 


W=+, w@=Vei(2VAr), w(x) = VeVi (2VAz) for A>O, 
W = a u(t) = Val\(2V-Ar), w(c)=VaKi(2v-Ar) for A<0. 
10. y(x)+a | = e*@ In(t — x) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K(x) = ae** In(—2). 


2.7-3. Kernels Containing Exponential and Trigonometric Functions. 


11. y(x)-A if et cos(Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Acos(Ax) and h(t) = e“*. 


12. y(x)- Afe e¥” cos(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae“* and A(t) = cos(At). 


13. y(x)+A i e@) eos[ A(x — t)] y(t) dt = f(a). 
1°. Solution with |A] > 2]A|: 


yox)= feo)+ | Rw —t) f(b) dt, 


A2 
R(a) = exp[(u- 5A)z] E 


oh sinh(kx) — Acosta, k= 4A? —?. 


2°. Solution with |A| < 2]A|: 


i@=i@s / Rw f dt, 


2 
R(x) = exp| (uu - + A)z] E sin(ka) — Acos()] k=4/M2- 4A’. 


3°. Solution with \ = +3A: 


y(x) = f(x) + / R(a - t) f(b dt, R(a) = (44°x — A) exp[(w-4A)z]. 
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14. y(a)- i ‘ eM A cos(kax) + B- AB(x -t) cos(kx)] y(t) dt = f(z). 


Solution: 


ya) = f(a) + / : eh) M(a, t) f(t) dt, 


a 


G(x) 


M(sx,t) = [Acos(kr) + BIG 5 


2: x 
ig = | e2®) G(s) ds, to) = exp| F sink}, 


15. y(x) + i - eX) A cos(kt) + B + AB(x - t) cos(kt)]| y(t) dt = f(a). 


Solution: 
y(x) = f(x) + i : eh) M (a, tf dt, 
2 za 
M(x, t) = -[A cos(kt) + Bae + a ih eP® 9 G(s) ds, G(x) = exp E sin(k) . 


16. y(x)-A | e"* sin(Ax)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(a) = Asin(Az) and A(t) = e“*. 


17. y(x)- af e¥” sin(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae“* and A(t) = sin(At). 


18. y(a)+A | : e(@) sin[ (a — t)] y(t) dt = f(x). 


1°. Solution with (A + A) > 0: 


y(a) = f(a) - “ / , cH@ sini k(x — t)] f(b dt, where k=1/X(A+). 


a 


2°. Solution with \(A + A) < 0: 


y(2) = f(a) - “ / : eH@ sinh[k(a — t)] f(t) dt, where k= ./-\A+ A). 


a 


3°. Solution with A =—): 


y(z) = f(x) + / “Ge the f(t) dt. 


a 


19. y(a)+A | eM(@) sin3 [A(x — t)] y(t) dt = f(a). 


The substitution w(x) = e“y(x) leads to an equation of the form 2.5.17: 


w(x)+A i : sin? [A(x — t)]w(t) dt =e” f(z). 


20. 


21. 


22. 


23. 


24. 
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y(x) + / eM@ £ Ay sin[Ay(w — t)] + Az sin[A2(x — t)]} y(t) dt = f(a). 


The substitution w(x) = e'“y(x) leads to an equation of the form 2.5.18: 


w(x) + / { Aj sin[A\(a — t)] + Ap sin[A2(x — t)] }w(t) dt =e" f(a). 


y(a) + / : ak S> Ag sin[ Ag (a - oihye dt = f(x). 


k=1 


The substitution w(x) = e"”y(x) leads to an equation of the form 2.5.19: 


w(x) + | ‘{ S- Ax, sin[A; (a — t)] ao dt = &#* f(x). 


k=1 


y(xz) + A | te“©) sin[X(a — t)] y(t) dt = f(x). 


Solution: 


A x 
y(a) = f(a) + = i) te“ [uy ()ua(t) — u2(a)ur(t)] fO dt, 


a 


where u1(Z), W2(x) is a fundamental system of solutions of the second-order linear ordinary 
differential equation w/,, + A(Ax + A)u = 0, and W is the Wronskian. 

Depending on the sign of AX, the functions u;(x) and u2(x) are expressed in terms of 
Bessel functions or modified Bessel functions as follows: 

if AX > 0, then 


u(x) = 6? Ty 3(2VANE), w(x) = EY 3 (2VAVNE?), 
W =3/n, €=x24+(\/A); 


if AX < 0, then 
ur(a) = €'? I, )3(2V-AX oy ur(a) = €'/? Ky 3(2V-AN EE), 
W=-3, €=a4+(\/A). 
y(a) + A / zet@) sin[ A(x — t)] y(t) dt = f(a). 


Solution: 
AX [* 
y(x) = f(x) + W / ve" Tu) (x)ug(t) — u2(a)us(t)] ft) dt, 
where w1(Z), U2(x) is a fundamental system of solutions of the second-order linear ordinary 


differential equation wu”, + A(Ax + A)u = 0, and W is the Wronskian. 
The functions u(x), u2(x), and W are specified in 2.7.22. 


y(a) + af eMt-®) sin (AVt -2x ) y(t) dt = f(a). 


This is a special case of equation 2.9.62 with K(x) = Ae” sin(\V/-2). 
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25. y(x)- i ‘ eM(@-) A sin(kx) + B - AB(a - t) sin(kx)] y(t) dt = f(x). 


Solution: 


ya) = f(a) + / : ch) M (a, t) f(t) dt, 


a 


G(x) 


M(a, t) = [Asin(kx) + B] ae 


2 xL 
r a ) eF@9)G(s)ds, G(x) = exp -2 cox(k) : 


26. ya) + i. “ e(@- A sin(kt) + B + AB(a - t)sin(kt)] y(t) dt = f(x). 


Solution: 
y(x) = f(x) + a et) M(a, t) f (f) dt, 
7 ; GO Be seg ve 23 A 
M(a,t) =-[A sin(kt) + sed aren) + Ga) | e€ G(s)ds, G(x) = exp -= cost) : 


27. y(a)-A i) et tan(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tan(Az) and h(t) = e“*. 


28. y(a)- af e¥*” tan(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae”® and A(t) = tan(At). 


29. y(a)+A | : e4(@~) Ttan(Ax) — tan(At)] y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 2.5.32: 
waz) +A / [tan(Ax) — tan(At)] w(t) dt =e" f(a). 


30. y(x)- | eM) A tan(kax) + B - AB(x - t) tan(kx)] y(t) dt = f(z). 


The substitution w(x) = e“”y(x) leads to an equation of the form 2.9.7 with A = B and 
g(x) = Atan(ka): 


w(x) — [ [A tan(kx) + B- AB(a -t) tan(k2)| w(t) dt =e" f(a). 


31. y(x) + | “ eM(@ A tan(kt) + B + AB(a - t) tan(kt)| y(t) dt = f(x). 


The substitution w(x) = e”y(x) leads to an equation of the form 2.9.8 with A = B and 
g(t) = A tan(kt): 


w(x) + / [Atan(kt) + B + AB(ax -t) tan(kt)] w(t) dt =e f(z). 


32. 


33. 
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y(x) - af e"* cot(Ax)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Acot(Az) and h(t) = e“*. 


y(az) — af e¥” cot(At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Ae”® and A(t) = cot(At). 


2.7-4. Kernels Containing Hyperbolic and Logarithmic Functions. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


y(a)- A | : cosh” (Ax) In™ (jut)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A cosh’ (Ax) and A(t) = In” (yt). 


y(a)- A | cosh®(At) In” (yux)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Aln”™ (yx) and h(t) = cosh*(At). 


y(x)- A i; “ sinh” (Ax) In™ (ut)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A sinh” (Ax) and A(t) = In™ (ut). 


y(x)- A i) sinh’ (At) In™ (ux)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Aln™ (yx) and A(t) = sinh* (At). 


y(a)- A / tanh*(Ax) In” (yt)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A tanh*(\x) and h(t) = In”™ (yt). 


y(a)- A | : tanh*(At) In™ (wx) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Aln”™ (x) and h(t) = tanh“ (At). 


y(x)- A j : coth* (Ax) In™ (wt) y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Acoth*(Ax) and A(t) = In" (ut). 


y(x)- A i coth* (At) In™ (ux) y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Aln”™ (x) and h(t) = coth* (At). 
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2.7-5. Kernels Containing Hyperbolic and Trigonometric Functions. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


y(x)- A | cosh” (Ax) cos” (ut) y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A cosh*(Ax) and h(t) = cos™ (ut). 
y(a) — af cosh*(At) cos™ (ux) y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = Acos’™ (ux) and A(t) = cosh’ (At). 
y(x)- A i cosh® (Ax) sin” (pt) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A cosh’ (Ax) and A(t) = sin™ (ut). 
y(x)- A j cosh* (At) sin"™ (wax) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = Asin’™ (ux) and A(t) = cosh* (At). 
y(x)- A / sinh* (Ax) cos” (pt) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A sinh’ (Ax) and h(t) = cos™ (yt). 
y(x)- A | sinh* (At) cos” (wx) y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = Acos’™ (ux) and A(t) = sinh’ (At). 
y(x)-A | sinh’ (Ax) sin™ (yt) y(t) dt = f(a). 
This is a special case of equation 2.9.2 with g(x) = A sinh” (Ax) and A(t) = sin” (yt). 
y(a)- A i sinh’ (At) sin” (uax)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = Asin” (yx) and A(t) = sinh* (At). 
y(x)- A | tanh*(Ax) cos” (ut)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A tanh*(\r) and h(t) = cos’ (ut). 
y(x)- A i) tanh*(At) cos™ (uax)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A cos™ (ux) and A(t) = tanh’ (At). 
y(a)- A / tanh*(Ax) sin” (uut)y(t) dt = f(x). 
This is a special case of equation 2.9.2 with g(x) = A tanh*(\x) and A(t) = sin™ (ut). 
y(x)- A i} tanh* (At) sin" (ux)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = Asin’™ (ux) and A(t) = tanh* (At). 
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2.7-6. Kernels Containing Logarithmic and Trigonometric Functions. 


54, 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


y(a)- A | cos” (Aa) In” (ut) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = A cos*(Ax) and A(t) = In” (ut). 


y(a)- A | cos” (At) In™ (ux)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Aln”™ (x) and h(t) = cos*(At). 


y(a)- A | sin*(Ax) In™ (wt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = Asin*(\x) and A(t) = In" (it). 


y(a)- A i sin’ (At) In™ (ux)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = Aln” (yx) and A(t) = sin*(At). 


y(a)- A | . tan*(Ax) In™(pt)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(a) = Atan*(A2) and h(t) = In" (pt). 


y(a)- A | : tan®(At) In™ (wx) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = Aln™ (yx) and h(t) = tan* (AZ). 


y(a)- A | : cot*(Ax) In™ (yt) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(a) = Acot*(A2) and h(t) = In" (pt). 


y(a)- A if : cot*(At) In™ (wx) y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = Aln™ (yu) and h(t) = cot®(At). 


2.8. Equations Whose Kernels Contain Special 


Functions 


2.8-1. Kernels Containing Bessel Functions. 


1. 


a= | Jy(x —ty(t) dt = f(a). 
0 
Solution: - 
Wa@=Fey2 [ R(x -t)f(t) dt, 


where 


187 


2 zx 
R(a) = Neos(VI=a) +s sin VT) A” sin VIR] AO ae 
0 


v1-- v1-22 


@) Reference: V. I. Smirnov (1974). 
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ya) — A y I(Aw)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = AJ, (Az) and A(t) = 1. 


vie)- Af Say dt = fla. 
This is a special case of equation 2.9.2 with g(x) = A and h(t) = J, (At). 


* Sy(Ax) 
a J,(At) 


y(a)-A y(t) dt = f(x). 


Solution: 


A(a-t) JAX) 


Tap fat. 


yix)= fo) +A | F 


7 SILAt) 
yl) — A | u(t) dt = fle). 
Solution: 


A(a-t) Jy (At) 


y(o) = fa) +A i. tn 


f@ dt. 
ye)+Af J(rt-2) yb dt = fla, 
This is a special case of equation 2.9.62 with K(x) = AJ, (-Az). 


y(az) — i [AJL (ka) +B-AB(a- tJIi(kx)| y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = AJ (kz). 


y(a) + if : [AJL (kt) + B+ AB(a - t)JL(kt)| y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = AJ, (kt). 


y(x) -2 | ” el@-8 I(x t)y(t) dt = f(a). 
0 


Solution: : 
ya) = f(a) + | Reb f()dt, 
where ; 
R(x) = cr{ \o0s(v 1-2 x) + oe sin(V 1-2 x)+ 


r fiat Ji(t) 
al sin[V 1-2 (x -t)] ; a. 


y(a)— A | Y,(Aa)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = AY,(Az) and h(t) = 1. 
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11. y(x)- af YL(Abt)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = YL (At). 
YL(Ax) 
12. y(x)-A . Yb y(t) dt = f(x). 
Solution: ¥,(.2) 
= eAle-t) ag 
ye)= fey+A |e FD jepatt 
13. y(x)- af Ge y(t) dt = f(x). 
a Yi(Ax) 
Solution: - ‘ 
ye)= fo) +A fA AD pepat, 


14. y(a) + af YL(ACE — x)) y(t) dt = f(x). 


This is a special case of equation 2.9.62 with K (a) = AY,CAz). 


15. y(x)- f [AY (ka) +B-AB(a- t)Y_(ka)| y(t) dt = f(a). 


This is a special case of equation 2.9.7 with \ = B and g(x) = AY, (kz). 


16. y(x)+ | : [AY (kt) + B+ AB(a -t)Y_(kt)] y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = AY,(kt). 


2.8-2. Kernels Containing Modified Bessel Functions. 


17. y(x)- af LL(Ax)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = AI, (Aa) and h(t) = 1. 


18. y(x)- af IL (At)y(t) dt = f(x). 


This is a special case of equation 2.9.2 with g(x) = A and A(t) = IL (At). 
1%. eal 22 Oaer 
. ya) Af Pye at = fee) 
Solution: LQ) 
= eAle-t) L 
ye)=fea+A fe Pop ioat 
20 ( af fA). (t) dt = f( 
~  Yy(x)- . Las)? )dt = f(x). 
Solution: , 
ylo) = fred che ES feat 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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yla) +A ‘| L(A(t-2)) y(t) dt = f(2). 


This is a special case of equation 2.9.62 with K(x) = Al,(-Az). 


y(a) - | 3 [Al (kx) + B- AB(x -t)I,(kx)] y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = Al (kz). 


y(a) + | : [AL (kt) + B+ AB(a - t)I(kt)| y(t) dt = f(a). 


This is a special case of equation 2.9.8 with \ = B and g(t) = AI, (kt). 


ya) — A | K(aa)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = AK (Az) and A(t) = 1. 


yl) — A / K(At)y(t) dt = f(a). 


This is a special case of equation 2.9.2 with g(x) = A and h(t) = K,(At). 


isa "| TOD) sia Fy. 
a Kb 


Solution: 
c Acct) Kv®) 


y(x) = f(x)+A , e E08 f(t) dt. 


FOO pc 
yla)— A i alt) at = fla, 


Solution: 
A(e-t) K,Ot) 


Raia. 


yio)= f+ |e 
we)+Af K(At-e) y(t at = fo) 
This is a special case of equation 2.9.62 with K(x) = AK,(CAz). 


y(a) - | : [AK (ka) + B- AB(a -t)K(kx)] y(t) dt = f(x). 


This is a special case of equation 2.9.7 with \ = B and g(x) = AK, (kz). 


y(x) + i. [AK_(kt) +B+AB(2- t)K (kt) y(t) dt = f(x). 


This is a special case of equation 2.9.8 with \ = B and g(t) = AK_/(kt). 
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2.9. Equations Whose Kernels Contain Arbitrary 
Functions 


2.9-1. Equations with Degenerate Kernel: K(x, t) = g\(a)hi(t) +--+ + gn(x)hn(b). 


1. wie)-> f SY deage): 
a g(t) 


Solution: 


yo) = flayed [A029 peat 
i g(t) 


2. vie)- f gla)h(t)y(t) dt = fla). 
Solution: 


y(a) = f(a) + a Ra, tf dt, where R(a,t) = g(x)h(t) exp if g(s)h(s) as : 
a t 


3. ye)+ f (@-Hg@yinat = fle. 
This is a special case of equation 2.9.11. 


1°. Solution: 
1 x 
ya) = f(x) + val [Yi (x) ¥2(t) — Yo(x) Vi ()] g(x) f(® dt, (1) 


where Y; = Yi(x) and Y = Y2(x) are two linearly independent solutions (Y; /Y2 # const) of 
the second-order linear homogeneous differential equation Y/”, + g(x)Y = 0. In this case, the 
Wronskian is a constant: W = Y;(¥2)/, — Y2(V1)i, = const. 


2°. Given only one nontrivial solution Y, = Y\(x) of the linear homogeneous differential 
equation Y” + g(x)Y = 0, one can obtain the solution of the integral equation by formula (1) 
with 


Wel vata) = vice) [YS 
ees 25), 


where 0 is an arbitrary number. 


4. ye)+ [ @-Hgbyit at = Fo. 
This is a special case of equation 2.9.12. 


1°. Solution: 
1 ae 
y(x) = f(x) + W / [Yi(a)Ya(t) — Y2(~)ViO | gO dt, (1) 


where Y; = Yi(x) and Y = Y2(x) are two linearly independent solutions (Y; / Y2 # const) of 
the second-order linear homogeneous differential equation Y/”, + g(x)Y = 0. In this case, the 
Wronskian is a constant: W = Y;(¥2)/, — Y2(¥1)i, = const. 


2°. Given only one nontrivial solution Y, = Y\(x) of the linear homogeneous differential 
equation Y.” + g(x)Y = 0, one can obtain the solution of the integral equation by formula (1) 
with 


W=1 vata) = vice) [Se 
er ats a Ye 


where 0 is an arbitrary number. 
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y(a) + | [9(x) - g@)] y(t) dt = f(x). 


1°. Differentiating the equation with respect to x yields 
ya) + gia) f y(Oae= fila ) 


Introducing the new variable Y (x7) = ‘f y(t) dt, we obtain the second-order linear ordinary 


differential equation 
Yen + G,(@)Y = fia), (2) 


which must be supplemented by the initial conditions 
Y(a)=0, Yj(a) = f(a). (3) 


Conditions (3) follow from the original equation and the definition of Y (zx). 

For exact solutions of second-order linear ordinary differential equations (2) with vari- 
ous f(x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev 
(2003). 


2°. Let Y; = Yi(a) and Y2 = Y2() be two linearly independent solutions (Y; /Y2 # const) of 
the second-order linear homogeneous differential equation Y/", + g/.(a)Y = 0, which follows 
from (2) for f(x) = 0. In this case, the Wronskian is a constant: 

W = Yi(¥3)), - Yo(V1)i, = const. 
Solving the nonhomogeneous equation (2) under the initial conditions (3) with arbitrary 


f = f(@) and taking into account y(x) = Y/(x), we obtain the solution of the original integral 
equation in the form 


1 x 
ya)= fla)+ / [Vi@)¥@) -Y{@V{)] f@) at, (4) 


where the primes stand for the differentiation with respect to the argument specified in the 
parentheses. 


3°. Given only one nontrivial solution Y; = Yi(x) of the linear homogeneous differential 
equation Y.” + gi (x)Y =0, one can obtain the solution of the nonhomogeneous equation (2) 
under the initial conditions (3) by formula (4) with 


W=1 wo=n@ fe. 
a fe MO) 
where 0 is an arbitrary number. 


ee: i [g(x) + h(t)] y(t) dt = flv). 


1°. Differentiating the equation with respect to x yields 


yl (a) + {g(x) + h(x)]y(x) + gfx) i y(t) dt = fi.(2). 
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Introducing the new variable Y (7) = | y(t) dt, we obtain the second-order linear ordinary 


differential equation 
Yo (g(x) + h(z)| Yo +e Gy =f), (1) 


which must be supplemented by the initial conditions 
Y(a)=0, Yz(a) = f(a). (2) 


Conditions (3) follow from the original equation and the definition of Y (zx). 

For exact solutions of second-order linear ordinary differential equations (1) with vari- 
ous f(x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev 
(2003). 


2°. Let ¥; = Yi (a) and Y> = Y3(x) be two linearly independent solutions (Y; / Y2# const) of the 
second-order linear homogeneous differential equation Y/”, + (g(x) + h(z)| Y/+g/(x)Y =0, 
which follows from (1) for f(x) = 0. 

Solving the nonhomogeneous equation (1) under the initial conditions (2) with arbitrary 
f = f(x) and taking into account y(x) = Y/(x), we obtain the solution of the original integral 
equation in the form 


x 


y() = fle) + | R(w, t) ft) dt, 


a 


oP oes -h@ni@ 


R(x, t) = —— Wo 


Dadk » Wa) = Vi(2)¥3 (2) - Yo(@)¥/(a), 


where W(x) is the Wronskian and the primes stand for the differentiation with respect to the 
argument specified in the parentheses. 


ee | isQja Rare pawl y@de= Fe): 


This is a special case of equation 2.9.16 with h(x) = A. 


Solution: 
y(x) = f(x) +f R(z, t) f (© dt, 
2 x x 
Ra, t) = (g(a) + ie + aa f e@IG(s)ds, G(x) = exp if g(s) as). 
yie)+ f [g(t +A+Ae—Hgtt)] yt) at = Fle) 
Solution: 
y(x) = f(x) +/ R(z, t) f(@ dt, 
2 x x 
R(a,t) = -[g(t) + Nee + a ; eX) G(s)ds, G(x) = exp | | g(s) as). 


y(a) -/ [g1(x) + go(a)t] y(t) dt = f(a). 


This equation can be rewritten in the form of equation 2.9.11 with g;(a) = g(x) + xh(x) and 
go(x) = -h(x). 
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y(a) - - [qu(t) + go(t)a] y(t) dt = f(x). 


This equation can be rewritten in the form of equation 2.9.12 with g)(t) = g(t) + th() and 
go(t) = -h(t). 


a= | [g(x) + h(w)(a - t)] y(t) dt = fl). 


1°. The solution of the integral equation can be represented in the form y(x) = Y,”., where 
Y = Y(@) is the solution of the second-order linear nonhomogeneous ordinary differential 
equation 


Yoo — 9(@)Y, —h(@)Y = f(a), (1) 
under the initial conditions 
Y¥@=Y(a) =0. (2) 
2°. Let Y; = Y\(a) and Y) = Y2(x) be two nontrivial linearly independent solutions of the 
second-order linear homogeneous differential equation Y”’,—g(x)Y,—h()Y =0, which follows 
from (1) for f(z) = 0. Then the solution of the nonhomogeneous differential equation (1) 
under conditions (2) is given by 


(t) 
Y(x)= 7. [Yo(@) Vi (t) — Yi (a) ¥o(0)] aaah dt, WOHO=NOYIO-YOY/O, (3) 

where W(t) is the Wronskian and the primes denote the derivatives. 

Substituting (3) into (1), we obtain the solution of the original integral equation in the 
form 

3 1 

y(x) = f(a) + R(x, tft) dt, R(x, t) = WoO ALY @NO-YVi"(@ Yo). (4) 
3°. Let Y; = Yi(x) be a nontrivial particular solution of the homogeneous differential equa- 
tion (1) (with f = 0) satisfying the initial condition Y|(a) # 0. Then the function 


Wo) 
MOP 
is another nontrivial solution of the homogeneous equation. Substituting (5) into (4) yields 
the solution of the original integral equation in the form 


¥2(@) = Yi() a dt, W (a) = exp | / : g(s) a (5) 


oa ia@)+ / R(w, t) f(t) dt, 


Wa) Vit) Yt) f? Wes) 
a) We) BONO + ONO | Tier 


x 


R(x, t) = g(x) 
where W(x) = exp | if g(s) i ; 


Oe | [g(t) + htt @)] y(t) dt = fl). 


Solution: 
y(x) = f(x) + i Ra, Hf dt, 
= Y (a)W (2) ; . ds 
Rw, t) = IOFOrOM +Y¥@™)W(alg@OY; (@) +hOYO) | Wook’ 


t 
W (t) = exp / g(t) a| ; 
b 


13. 


14. 


15. 


16. 
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where Y = Y (2) is an arbitrary nontrivial solution of the second-order homogeneous differ- 


ential equation 
Yi +9(a)Y, + h(x)Y =0 


satisfying the condition Y (a) # 0. 


y(a) + | (a - thg(x)h(t)y(t) dt = f(2). 


The substitution y(2) = g(x)u(x) leads to an equation of the form 2.9.4: 


noe / (w—tg(t)h(t)ult) dt = f(@)/9(2). 


y(x) - / { gla) + Aw” + Mata [n — aglaw) y(t) dt = fle). 


This is a special case of equation 2.9.16 with h(x) = Ax”. 
Solution: 


ya) = f(a) + if R(a, t) fb) dt, 


G(x) an, mi, H(z) f* G(s) 
Ceo +nx GH FG) S, 


R(a,t) = (g(x) + Ax] 


where G(x) = exp if g(s) is and H(x) = exp( —* i oe) 


y(a) - i {g(a) ++ (a - t)lg/,(w) - Ag(a)]} y(t) dt = f(a). 


This is a special case of equation 2.9.16. 
Solution: 


y(n) = f(a) + / R(w, t) f(t) dt, 


e 


A(s-t) 
Gay 


R(x, t) = (g(a) + Ne + {Ig(aP + g(a} (a) / 
t 
where G(a) = exp if g(s) i : 


y(x) -/ { g(a) + h(x) + (a - [hi (x) - g(x)h(x)]}y( dt = f(a). 
Solution: 


y(a) = f(a) + ‘l R(w, t) f(t) dt, 


G(2) H(z) [* G(s) ay 
Git) Gi) J, H(s) 


R(a, t) = [g(@) + h(a)] + {[h(a)P + hia} 


where G(x) = exp i g(s) i and (x) = exp Ye h(s) i : 
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17. y(a)+ +f {2 [p(t)g/,(a) - ex(ogtt))) byt) dt = f(a). 


1°. This equation is equivalent to the equation 


ie {Bo + faa lacdg(0] MO} 0) dt = FCO F(2) = / fiv)dz, (1) 


obtained by differentiating the original equation with respect to x. Equation (1) is a special 
case of equation 1.9.15 with 


1 
n(x)= 92), MH=~pHAO, g(x) = (x), halt)= Ol — g(t)h(t). 


2°. Solution: 


1 od fe. [7 [FO] ORO } 
Se — dts, 
YO) = Fone) i | Eat =( 


F(2) = / : f(x) dz, =I) = exp{- / : Ea Ponnar}. 
a a LOM), 


18. y(x) - [ {20 [p(ar)g; (t) - euibgta)| nce) byte dt = f(x). 


1°. Let f(a) =0. The change 


ya)= | w(t) dt (1) 


followed by the integration by parts leads to the equation 


[ {2 + [pag - pHg(a)| iio) act dt = f(x), (2) 


which is a special case of equation 1.9.15 with 


1 
gi(%) = oe —g(x)h(x), hit)=~(t),  go(x) = p(a)h(x), — ha(t) = gd). 


The solution of equation (2) is given by 


oN nates Se ees f(t) 2). 
ue a rag DPE) | | Gane) |. BO 


(x) = exp is [2] y"(t)h(t) ar}. 
a t 


2°. Let f(a) #0. The substitution y(x) = 9(x) + f(a) leads to the integral equation y(x) with 
the right-hand side f(a) satisfying the condition f(a) = 0. Thus we obtain case 1°. 


19. 


20. 


21. 
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y(a) - | » gn(w)(a - om] y(t) dt = f(a). 
g. k=1 


The solution can be represented in the form 


yx) = f(x) + / R(a, t) f (dt. (1) 
Here the resolvent R(x, t) is given by 
R(x, t) = w®, wo = Ce (2) 
dx” 


where w is the solution of the nth-order linear homogeneous ordinary differential equation 


we = gia)ws?? — gola)wy —2gs(a)wy? —-+--(n-D! gn(ayw=0 (3) 
satisfying the following initial conditions at x = t: 
a el ee @ 
Note that the differential equation (3) implicitly depends on ¢ via the initial conditions (4). 


@© References: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1987). 


y(x) - / DS gu(t\(t - ae y(t) dt = f(a). 
& k=1 


The solution can be represented in the form 


y(x) = f(x) + i R(a, t)f dt. (1) 
Here the resolvent R(x, t) is given by 
du 
R ; t == ny. (n) = ; 2 
oe ) Me Us dt” ( ) 


where u is the solution of the nth-order linear homogeneous ordinary differential equation 


(n-1) 


as + gi(tju; + gtu™ 


+ 2gs(tuy"? +--+ (n=)! gn(tyu = 0, (3) 
satisfying the following initial conditions at t = x: 
a 


=1. (4) 


aail = = ea = | 
7 Bic. ee = a Me t=a 0, t=x 


Note that the differential equation (3) implicitly depends on z via the initial conditions (4). 


© References: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1987). 


y(a) + | ° (eAvtHt _ eh®*A*) a(t)y(t) dt = f(x). 


Let us differentiate the equation twice and then eliminate the integral terms from the resulting 
relations and the original equation. As a result, we arrive at the second-order linear ordinary 
differential equation 


Yon — At wy, + [A= We” g(x) + Auly = fv) - At WF (a) + Auf), 


which must be supplemented by the initial conditions y(a) = f(a), y/,(a) = f/.(a). 
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22. y(a) + | : [e*" g(t) + e”*h(t)] y(t) dt = f(x). 


Let us differentiate the equation twice and then eliminate the integral terms from the resulting 
relations and the original equation. As a result, we arrive at the second-order linear ordinary 
differential equation 


Yon t [e** g(x) +e!" h(x) -2rA- | Yn + le Avg! (x) + ehh! (a) 
+ (A= pe g(a) + (u— eM h(x) + Au] y = fle) — AF WL) + AUF (@), 


which must be supplemented by the initial conditions 


y(a)= f(a), —-y, (a) = f(a) — [e** g(a) + e“*h(a)] f(a). 


Example. The Arutyunyan equation, 


% O 1 —d(a-t) 7 
ua) | oad ap tol] hue dt = f(a), 


can be reduced to the above equation. The former is encountered in the theory of viscoelasticity for aging solids. 
The solution of the Arutyunyan equation is given by 


persee rae! (t) —n(s) 
(a) = f(@)- i ae = | tb - MbBer(e" fe ” as| fo at 


where 
x 


nla) = / {a [1+ ¥@ye] - 20} dt. 


a 


@® Reference: N. Kh. Arutyunyan (1966). 


23. y(ax)+ a [Ase + (pete™ - Aer**#*) h(t) y(t) dt = f(x). 


This is a special case of equation 2.9.17 with v(x) = e** and g(x) = eX”. 


Solution: 
F(t) |’ e*h(t) 
y(a) = Sate mat (2) a 2], Bd) a\, 


F(x) = ie f(b dt, (2) = exp |(A— LL) i : ett ht) at), 


24. y(x) -/ [Xene? + (err - rAet***) h(x)| y(t) dt = f(x). 


This is a special case of equation 2.9.18 with v(x) = e**” and g(x) = eX”. 
Assume that f(a) = 0. Solution: 


a _ red feP*ha) f*7_fO_)’ 
y(a) - | w(t) dt, w(x) = e ae 4 [sins | Boat, 


(x) = exp la —[) / : et h(t) a| : 


25. 


26. 


27. 


28. 


29. 
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yie)~ f (g(x) + be™ + Bia e™IA~g(a)I} yO dt = fla. 


This is a special case of equation 2.9.16 with h(x) = be®”. 


Solution: 
yox)= feo)+ | R(a, t) f(t) dé, 
= ra G(@) 2 2da sa Fete ft GU) 
Ra, t) = [g(x) + be Waray + (bee + bre”) Go |, H® S, 


where G(x) = exp if g(s) i and H(x) = exo(Fe™), 


y(x) + a {rere + [e**g’ (x) - Ae** g(t)| hit)} y(t) dt = f(x). 


This is a special case of equation 2.9.17 with (x) = e>*. 


y(x) - : {NeA@) + [er gi (t) — Ae* g(x) | h(x) } y(t) dt = f(a). 


This is a special case of equation 2.9.18 with (x) = e>*. 


y(a) + if cosh[A(ax — t)]g(t)y(t) dt = f(a). 


Differentiating the equation with respect to x twice yields 


yin (@) + g(a)y(a) + A / sinh[A(w —t)]g(t)y(t) dt = f(a), (1) 
yl a) + [g(x)y(a)]" +? i cosh[A(a - t)]g(t)y@) dt = fi", (w). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order linear ordinary differential equation 


yhe + [gay], -— Py = f(a) - f(a). (3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(a): 
y(a) = f(a), yi,(a) = f(a) — f(a)g(a). (4) 


Equation (3) under conditions (4) determines the solution of the original integral equation. 


OE i cosh[A(@ - t)lg(a)h(t)y(t) dt = f(a). 


The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.28: 


u(x) + i cosh[A(a — H]gHh(t)u(t) dt = f(x)/ g(a). 
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y(a) + | sinh[A(a — t)]g(t)y(t) dt = f(x). 


1°. Differentiating the equation with respect to x twice yields 


yh(a) 4a i cosh[ Ma — A)lg(t)y(t) dt = f(a), (1) 
yn (a) + Ag(a)y(a) +” / sinh[A(x — t)]g(t)y(t) dt = fi", (a). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order linear ordinary differential equation 


Yee + Alg(x)—-A]y = fu. (x) —r’ f(a). (3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x): 
y(a) = f(a), yy (a) = f(a). (4) 


For exact solutions of second-order linear ordinary differential equations (3) with vari- 
ous g(x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev 
(2003). 


2°. Let yi = yi(x) and y2 = y2(x) be two linearly independent solutions (y;/y2 # const) of 
the homogeneous differential equation y’,, + A [ g(x) - | y = 0, which follows from (3) for 
f(x) = 0. In this case, the Wronskian is a constant: 


W = yi(y2),, — yo(y1), = const. 


The solution of the nonhomogeneous equation (3) under conditions (4) with arbitrary f = f(x) 
has the form 


x zx 
ya) = f(a) + W ‘i [yi(w)ya(t) — yo(w)yr (t)] oO) F(O) dt (5) 


and determines the solution of the original integral equation. 


3°. Given only one nontrivial solution y; = yi(x) of the linear homogeneous differential 
equation y"”_ +. [ g(x)-d] y=0, one can obtain the solution of the nonhomogeneous equation (3) 
under the initial conditions (4) by formula (5) with 


Wel, n= nto) [ ria} 


where 0 is an arbitrary number. 


y(a) + j sinh[A(a - t)]g(a)h(H)y(t) dt = f(x). 


The substitution y(2) = g(x)u(x) leads to an equation of the form 2.9.30: 


u(x) + / sinh[A(a — t)]g()h(@)u(t) dt = f(x)/g(2). 


32. 


33. 


34. 


35. 
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y(ax) - j { g(a) + beosh(Ax) + B(x — t)[A sinh(Ax) — cosh(Ax)g(x)]} y(t) dt = f(a). 


This is a special case of equation 2.9.16 with h(x) = bcosh(Az). 
Solution: 
yia)= fey+ | Roan fat, 


G(x) 
G(t) 


H(z) [* Gs) 
G®) J, H(s) 


R(a, t) = (g(x) + bcosh(Ax)] + [b? cosh?(Az) + bd sinh(\z)] 


where G(x) = exp i g(s) i and (x) = exp 5 sinh : 


y(ax) - / { g(a) + bsinh(Ax) + B(x - t)[A cosh(Ax) - sinh(Ax)g(x)]} y(t) dt = f(a). 


This is a special case of equation 2.9.16 with h(a) = bsinh(Az). 
Solution: 


y(a) = fle) + / R(w, t) f(t) dt, 
G(x) 
G(t) 


H(z) [* G(s) 


R(a, t) = [g(x) + bsinh(\2)] G(t) H(s) 
t 


+ [b? sinh(Az) + b\ cosh(A2)] 


where G(a) = exp | / , g(s) is and (x) = exp 5 cosh) . 


y(a) + i cos[A(a - t)]g(t)y(t) dt = f(a). 


Differentiating the equation with respect to x twice yields 


x 


yy (x) + g(x)y(x) —r / sin[A(x — t)]gDy(t) dt = f(x), 


a 


yl (at) + [g(a)yo)|’, — >? i cost Aa —tlg(t)y(t) dt = fl (a. 


() 


(2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 


the second-order linear ordinary differential equation 


yee + [gay], + 7y = f(a) + VF). 


(3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x): 


y(a)= f(a), yf, (a) = f(a) — f(a)g(a). 


ie | cos[A(a — t)lg(a)hi(t)y(t) dt = fla). 


The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.34: 


eye / cos[A(x— t)]g(t)h(tult) dt = f(w)/9(2). 


(4) 
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uals / sin[A(w - t)lg(t)y(t) dt = f(a). 


1°. Differentiating the equation with respect to x twice yields 


ya) +r / cos[Aa - f)lg(t)y(t) dt = f(a), (1) 
liga) + Agla)ylo)— i: sin[A(e — Dlg (Oy(t) dt = f!,(2). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order linear ordinary differential equation 


yny + Al g(a) + Aly = fe. (v) +X” f(a). (3) 


By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(a): 
y(a) = f(a), y,(a) = f(a). (4) 


For exact solutions of second-order linear ordinary differential equations (3) with vari- 
ous f(x), see E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev (2003). 


2°. Let yy = yi(x) and y2 = y2(x) be two linearly independent solutions (y;/y2 # const) of 
the homogeneous differential equation y’,. + A [ g(x) - | y = 0, which follows from (3) for 
f(x) = 0. In this case, the Wronskian is a constant: 


W = yil(yr), — y2(y1), = const. 


The solution of the nonhomogeneous equation (3) under conditions (4) with arbitrary f = f(x) 


has the form 


aN 
y(x) = f(@)+ + / [yi (x)yo(t) — yo(x)yi(t)] gL) f () dt (5) 


a 


and determines the solution of the original integral equation. 


3°. Given only one nontrivial solution y; = y(x) of the linear homogeneous differential equa- 
tion y+ A (g(x) + d] y = 0, one can obtain the solution of the nonhomogeneous equation (3) 
under the initial conditions (4) by formula (5) with 


We 1, 7 Oy FA? 
y2(x) no) | PO 


where 0 is an arbitrary number. 


y(a) + / sin[A(x - t)]g(a)h)y(t) dt = f(x). 


The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.36: 


u(x) + / sin[\(x — Dlg OhOut) dt = f(x)/g(x). 


38. 


39. 
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y(ax) - j { g(a) + beos(Ax) — b(x — t)[A sin(Ax) + cos(Ax)g(x)]} y(t) dt = f(x). 


This is a special case of equation 2.9.16 with h(a) = bcos(Az). 


Solution: 
y(x) = f(x) + / R(a, thf dt, 
ReD= [g(x) + boos xy > + [b? cos?(Az) — bA sin(Az)| an 7 ds, 


x 


where G(x) = exp | / g(s) i and (x) = exp 5 sin(A) : 


y(ax) - | { g(a) + bsin(Ax) + b(a - t)[A cos(Ax) - sin(Ax)g(x)]} y(t) dt = f(x). 


This is a special case of equation 2.9.16 with h(a) = bsin(Az). 


Solution: 
x 


y(a) = f(z) + / R(w, t) f(t) dt, 
G(x) 
G(t) 


g(s) i and (x) = exp -+ cos() : 


H(z) [* Gs) 


Ra, t) = [g(az) + bsin(Az)] GO HG) S, 
t 


+ [b° sin?(Ax) + bA cos(Ax)] 


x 


where G(x) = exp / 


2.9-2. Equations with Difference Kernel: K(x, t) = K(a-t). 


40. 


y(a) + | K(a —-t)y(t) dt = f(x). 


Renewal equation. 


1°. To solve this integral equation, direct and inverse Laplace transforms are used. 
The solution can be represented in the form 


yox)= fee) | Rw - t) f(t) dt. (1) 


Here the resolvent R(x) is expressed via the kernel K(x) of the original equation as follows: 
1 c+ico x 
R(x) = = : R(pye”* dp, 
271 Je 


5) ©) Pat ee 
HO) = TEK@y’ Kw= | K(a)e" dx. 


© References: R. Bellman and K. L. Cooke (1963), M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971), 
V. I. Smirnov (1974). 


2°. Let w = w(x) be the solution of the simpler auxiliary equation with a = 0 and f = 1: 
w(x) + | K(x —-t)w(t) dt = 1. (2) 
0 


Then the solution of the original integral equation with arbitrary f = f(x) is expressed via the 


solution of the auxiliary equation (2) as 


d x 
y(x) = aR if w(a —t) f(t) dt = f(a)w(a - a) + i) w(x - ty fit) dt. 


a 


@ Reference: R. Bellman and K. L. Cooke (1963). 
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y(a) + | K(a —t)y(t) dt = 0. 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (algebraic) equation for the parameter : 


[ K(2)e* dz =-1. (1) 
The left-hand side of this saiton o the Laplace transform of the kernel of the integral 
equation. 
1°. Fora real simple root A; of equation (1) there is a corresponding eigenfunction 
ya() = exp(Ap x). 
2°. For areal root A; of multiplicity r there are corresponding r eigenfunctions 
yRei() = exper), Yao(z) = exp(Agz), ---, Yer(x) = 2"! exp(g2). 


3°. For a complex simple root Ax, = ax + 78, of equation (1) there is a corresponding 
eigenfunction pair 


y\(x) = exp(az,2) cos(G,2), y\ (a) = exp(az2) sin(O,2). 
4°. Foracomplex root Ay = a, +7; of multiplicity r there are corresponding r eigenfunction 


pairs 


() (2) 


y(a) = expla) cos(Gxx), y (x) = exp(aga) sin(G,.2), 
y\) (a) = x exp(a,x) cos(3,,2), y\>(a) = x exp(azx) sin(3.), 


1 = 2 = 3 
Yp(x) = 2"! exp(anx)cos(3,x), — yyo(x) = 2"! exp(ayx) sin(3,2). 
The general solution is the combination (with arbitrary constants) of the eigenfunctions 
of the homogeneous integral equation. 


> For equations 2.9.42—2.9.51, only particular solutions are given. To obtain the general solu- 
tion, one must add the general solution of the corresponding homogeneous equation 2.9.41 to the 
particular solution. 


42. 


wie)+ f K(a—-t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 2.9.44 with A = 0. 


1°. A solution with n = 0: 
A loo) 
y@=as, B=1+{ K(z) dz. 
B 0 


2°. A solution with n = 1: 


A AC bas a 
y(@) = Bet ay, B=1+ [ K(z)dz, c= | zK(z) dz. 


3°. A solution with n = 2: 


Big AG > AG? tAD) 
a a ia a a 


Bais / K(z) dz, c= | zK(z) dz, p= | 2? K(z) dz. 
0 0 0 


4°. A solution with n = 3,4,... is given by: 


_ oe” ere _ lee) Aes 
Yn(X) = At a fs BA) = 1 +f K(zje* dz. 


43. 


44. 


45. 


46. 


2.9. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 205 


y(x) + i K (a - t)y(t) dt = Ae*”. 


A solution: 
A [o.e) 
y(z) = —e**, B=1+ | K(2e dz. 
B 0 


The integral term in the expression for B is the Laplace transform of K(z), which may be 
calculated using tables of Laplace transforms (e.g., see Supplement 5). 


y(x) +f K(a -t)y(t) dt = Axe”, Wed 26555 
1°. A solution with n = 1: 


A A 
y(a) = Bre + ae, 


B=1+ i K(z)e* dz, C= i: z2K(z)e* dz. 
0 0 


It is convenient to calculate B and C using tables of Laplace transforms. 


2°. A solution with n = 2: 


A A 
yo(x) = are" + 2 ne + (2 


AG” «AD 52 
"BS Bey” 


B=1+ f K(zje™* dz, c= | zK(z)e™ dz, p= | 2K(z)e* dz. 
0 0 0 


3°. A solution with n = 3,4,... is given by: 


AL 


Yn() = Sn (x) = As =| Fa Boy=14 [ K@e* de 


y(x) + | K(a — t)y(t) dt = Acosh(Az). 


A solution: 


AY Sen. AL Se VR, 1 A A A 
y(x) = 7B° + 7B.¢ = s(> + az) cosh(Ax) + = (Se B. —) sinh(A 2), 


B_=1+ i K(ae dz, B,=1t+ ye K(z)e** dz. 
0 0 


y(x) + i K(a — t)y(t) dt = Asinh(Az). 
A solution: 


he A Ao 1 s(4- = ) cosh(Ar) + = (4 + =) sinh(Ax), 


(x) 2 
On Tape. ORE «ag 


B_=1+ [ K(de dz, By =1+ iL K(2)e* dz. 
0 0 
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y(x) + i] K(a — t)y(t) dt = Acos(Ax). 


A solution: 


y(x) = B,cos(Ax) — Bs sin(Ax)] F 


A 
B+ Be 


Be=1+ de K(z)cos(Az) dz, B= a K(z) sin(Az) dz. 
0 0 


y(x) + he K(a —- t)y(t) dt = Asin(Az). 


A solution: 


y(2) B, sin(Ax) + Bg cos(Ax)| ; 


A 


Be=1+ ie K(z)cos(Az) dz, B= i K(z) sin(Az) dz. 
0 0 


y(x) + / K(a — t)y(t) dt = Ae”” cos(Ax). 


A solution: 


* |B, cos(Ax) — Bg sin(Ax)], 


y(@) = Bape” [ 


Be=1 +f K(zje"* cos(Az) dz, B,= i K(zje* sin(Xz) dz. 
0 0 


y(@) + | : K(a - t)y(t) dt = Ae“ sin(Ax). 


A solution: 


*| B, sin(Ax) + B, cos(Ax)], 


Y(@) = Bam” [ 


Be=1+ ee K(zje"* cos(Az) dz, B,= ie K(zje* sin(Xz) dz. 
0 0 
y(a) + if K(a —t)y(t) dt = f(x). 


1°. For a polynomial right-hand side, f(x) = )> Axx", a solution has the form 
k=0 


iors >_ Bee", 
k=0 


where the constants 5;, are found by the method of undetermined coefficients. One can also 
make use of the formula given in item 4° of equation 2.9.42 to construct the solution. 
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2°. For f(x) = e** = A;,2*, a solution of the equation has the form 
k=0 


uae >. Beat; 


k=0 


where the 5; are found by the method of undetermined coefficients. One can also make use 
of the formula given in item 3° of equation 2.9.44 to construct the solution. 


3°. For f(a) = S> Ax exp(A, 2), a solution of the equation has the form 
k=0 
y(@) = 3 Ag exp(A,.2) Be=l+ i K(z) exp(-Apz) dz 
Bi , 0 : 


k=0 


4°. For f(x) = cos(Ax) >> A, 2", a solution of the equation has the form 
k=0 


y(x) = cos(Az) Se Bya* + sin(vx) Oy Cra", 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
5°. For f(x) = sin(Ax) >> A;,x*, a solution of the equation has the form 
k=0 


ya) = cos(\r) §~ Brar* + sin(r) S > Cyar*, 


k=0 k=0 


where the constants B;, and C;, are found by the method of undetermined coefficients. 


6°. For f(x) = $5 Ax cos(Ax2), the solution of a equation has the form 
k=0 


“ Ak 
=\> = [Be -B, ; 
ya) = S> Ba Be [Bex Cos(Ag@) — Bex sin) 


Ba=1+ [ K(z) cos(Agz) dz, Bus | K(z) sin(\pz) dz. 
0 0 


7°. For f(a) = 35 Ax sin(A, 2), a solution of the equation has the form 
k=0 


n Ay 
y(x) = se | Ber sing) + Bex cos(AK2)), 
» Bao By | 


Ba=1+ [ K(z) cos(Agz) dz, Bu [ K(z) sin(\pz) dz. 
0 0 


8°. For f(x) = cos(Ax) >> Ax exp(4z,2), a solution of the equation has the form 
k=0 


y(x) = cos(Ax) » 


exp(px) — sin(Ax) » 


—— LBP Seid), 
ae 7 < Bi, + Be 


Bea = 14+ i K(z)exp(-xz) cos(Az) dz, By, = fe K(z) exp(-pz.z) sin(Az) dz. 
0 0 
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9°. For f(x) = sin(Ax) >> Ax exp(4xX), a solution of the equation has the form 
k=0 


y(x) = sin(Ax) 3 


Bap = 1+ i K(z)exp(-xz) cos(Az) dz, Byz = i K(z) exp(-p1z.z) sin(Az) dz. 
0 0 


exp(U,x) + cos(Ax) 3 


=> SED ie aay, 
ae a B2, + BY, 


52. y(a) + ie K(x -t)y(t) dt = 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (algebraic) equation for the parameter 1: 


i’ K(-z)e** dz =-1. (1) 
0 


The left-hand side of this equation is the Laplace transform of the function AK (—z) with 
parameter —. 


1°. Fora real simple root A; of equation (1) there is a corresponding eigenfunction 
YR(x) = exp(Ag 2). 
2°. For areal root A; of multiplicity r there are corresponding r eigenfunctions 
yri(x) = exp(Apx),  yao(w) = vexp—Agx), -- 25 Yer(x) = 2" | exp(Ag2). 


3°. For a complex simple root Ax, = a, + 78, of equation (1) there is a corresponding 
eigenfunction pair 


yl? (a) = explagr) cos(Bp2),  y\(x) = exp(a,) sin(B,2). 


4°. Foracomplex root Ay = a, +73; of multiplicity r there are corresponding r eigenfunction 


pairs 
yl) (a) = exp(aga) cos((3,,2), yO (a) = exp(agr) sin(3,x), 
y\o(a) = x exp(anx) cos(3,.2), y(a) = x exp(ag) sin(3;,.2), 


Yp(x) = 2"! exp(azx) cos), yyr(x) = 2"! exp(ayx) sin(3,2). 


The general solution is the combination (with arbitrary constants) of the eigenfunctions 
of the homogeneous integral equation. 


> For equations 2.9.53—2.9.62, only particular solutions are given. To obtain the general solu- 
tion, one must add the general solution of the corresponding homogeneous equation 2.9.52 to the 
particular solution. 


53. y(a) + | K(a—-t)y(t) dt = Ax”, n=0,1,2,... 


This is a special case of equation 2.9.55 with = 0. 


54, 


55. 


2: 


eee 


4°. 


2.9. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 


. A solution with n = 0: 


yiay= 5, Ba14 f° KCade. 


A solution with n = 1: 


AC 


A 
y(@) = Bet Re” 


A solution with n = 2: 


A Se 2 AC*. AC. AD 
SES pet ps ge 


B=1+ f K(-z) dz, c= | 2K (-z) dz, p= | 2K (-z) dz. 
0 0 0 


A solution with n = 3,4,... is given by: 


oO” ee 


Yn(@) = At BO) 


|} 5 BA) = 14 | pep aa gy. 
A=0 0 


y(a) + | 7 K(a - t)y(t) dt = Ae**. 


A solution: 


y(z) = fe, Bz=1+ | K(-z)e** dz = 1+ £2{K(-z),-A}. 
0 


Bais | K(-z) dz, c= | zK(-z) dz. 
0 0 
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The integral term in the expression for B is the Laplace transform of kK (—z) with parameter —,, 
which may be calculated using tables of Laplace transforms (e.g., see H. Bateman and 


A. Erdélyi (vol. 1, 1954), V. A. Ditkin and A. P. Prudnikov (1965), and Supplement 5). 


y(x) + | K(a -t)y(t) dt = Axe”, WH 1,2).65 


1. 


A solution with n = 1: 


A AL AC AL 
yi(x) = wre — pre . 


B=1+ | K(-z)e* dz, C= i 2K (-z)e* dz. 
0 0 


It is convenient to calculate B and C using tables of Laplace transforms (with parameter —A). 


De 


3° 


A solution with n = 2: 


A 5), ,AC 4, AC? AD New 
w(x) = = re — 2-7 we + 25 — Br ew, 


B=1+/ K(-z)e* dz, C= 
0 0 


A solution with n = 3,4,... is given by 


eo” 


0 
Yn(X) = By Yr @) = Boe 


BA) 


2K(-z)e* dz, D= | 2 K(-z)e* dz. 
0 


ere foe) 
| ’ BA) =1 +f K(-z)e*? dz. 
0 
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56. 


57, 


58. 


59. 


60. 


61. 
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y(x) + f K(a — t)y(t) dt = Acosh(Az). 
A solution: 


5 Ag 5 oA see GA A. LAS. AS 5 
y(@) = spe +p = 5 (+ F_) cosnrn) + 5 (FF) sinh, 


B.=1+ | K(-z)e* dz, B.=1+ | K(-z)e* dz. 
0 0 


y(x) + if K(a — t)y(t) dt = Asinh(Az). 
A solution: 


ee ee eee ee i phe AX: 
y(ax) = 2B, = 7B.” = 2 (= - =) cosh(Ax) + ae + =) sinh(\x), 


By, =1 +f K(-z)e* dz, B_=1 +f K(-2)e dz. 
9 0 


y(x) + | K(a — t)y(t) dt = Acos(Ax). 
A solution: 


y(x) B, cos(Az) + B, sin(Az)], 


A 


Be=1+ i K(-z)cos(Az) dz, B,= i. K(-z) sin(Az) dz. 
0 0 


y(x) + | K(a — t)y(t) dt = Asin(Az). 
A solution: 


y(x) = B, sin(Ax) — B, cos(Az)], 


A 
B+ Be 


Be=1+ ri K(-z)cos(Az) dz, B= ie K(-z) sin(Az) dz. 
0 0 


y(a) + | K(x - thy(t) dt = Ae” cos(Az). 
A solution: 


A 4: : 
y(a“) = Habe [Be cos(Ax) + B, sin(A2)] ; 


Be=1 +/ K(-z)e"* cos(Az) dz, B,= i K(-z)e* sin(Az) dz. 
0 0 


y(x) + | K(a — t)y(t) dt = Ae” sin(Ax). 
A solution: 


y(x) e#* | B, sin(Ax) — B, cos(Azx)], 


~ B+ Be 


Bo=1 +f K(-z)e"* cos(Az) dz, B,= | K(-z)e"* sin(Az) dz. 
0 0 


62. 
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co 
y(a) + f K(a —t)y(t) dt = f(x). 
xv 


1°. For a polynomial right-hand side, f(x) = )> Ay", a solution has the form 
k=0 


n 
y(x) = 5° Bua, 
k=0 
where the constants 5; are found by the method of undetermined coefficients. One can also 


make use of the formula given in item 4° of equation 2.9.53 to construct the solution. 


2°. For f(x) = e** > A; 2*, a solution of the equation has the form 
k=0 


yaae S< Beat, 
k=0 


where the constants 5;, are found by the method of undetermined coefficients. One can also 
make use of the formula given in item 3° of equation 2.9.55 to construct the solution. 


3°. For f(a) = S> Ax exp(\,2), a solution of the equation has the form 
k=0 


n 


A (oe) 
y(r) = y~ a exp(Ayz),  Br=l+t | K(-2) exp(\x2) dz. 
k=0 ( 


4°. For f(x) = cos(Ax) >> A, «* a solution of the equation has the form 
k=0 


yx) = cos(Ar) ¥* Bea* + sin(Ax) S~ Cyar*, 
k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


5°. For f(x) = sin(Az) >> A,«*, a solution of the equation has the form 
k=0 


ya) = cos(r) §~ Bea® + sin(r) > Cyar*, 


k=0 k=0 
where the B;, and C, are found by the method of undetermined coefficients. 
6°. For f(x) = $5 Ax cos(Ax2), a solution of the equation has the form 
k=0 
y(@) = 3 eee [Ber cos(Anx) + Beg sin(A.2)], 
k=0 Ba, + By, 


Bez = 1+ / K(-z) cos(Ax.z) dz, Bus [ K(-z) sin(A,z) dz. 
0 0 
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7°. For f(«) = S> Ax sin(A, 2), a solution of the equation has the form 
k=0 


= A 
y(a) = > Bi Be [Ber sine) — Ber cos) 


2 
2 + Be 


Bez = 1+ K(-z) cos(Ax.z) dz, Bus [ K(-z) sin(Agz) dz. 
0 0 


8°. For f(a) = cos(Ax) 55 Ax exp(u4,2), a solution of the equation has the form 
k=0 


y(x) = cos(Ax) y 


exp(U,x) + sin(Ar) a 


ae EE ees 
ae a B2, + BY, 


Bap = 1+ [ K(-z) exp(uzp.z) cos(Az) dz, Byz = i K(-z) exp(z.z) sin(Az) dz. 
0 0 


9°. For f(x) = sin(Ax) >> Ag exp(i4x2), a solution of the equation has the form 
k=0 


poe exp(Upx) — cos(Ax) : 


B+ B exp(HEa), 


y(a) = sin(Az) s pe 


Bap = 1+ i. K(-z) exp(uzn.z) cos(Az) dz, By, = i. K(-z) exp(z.Z) sin(Az) dz. 
0 0 


10°. In the general case of arbitrary right-hand side f = f(a), the solution of the integral 
equation can be represented in the form 


ee ey cae ee 
WO“), Tk © 


i@= | fer de, Eep)= i ” K(ca)e"* de. 
0 0 


To calculate f (p) and k(-p), it is convenient to use tables of Laplace transforms, and to 
determine y(x), tables of inverse Laplace transforms. 


2.9-3. Other Equations. 


63. uiey+ [ =1(= ute dt =0. 
0 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (algebraic) equation for the parameter A: 


1 
| f(@z* dz =-1. (1) 
0 
1°. Fora real simple root A; of equation (1) there is a corresponding eigenfunction 


ya(a) = x** 


2.9. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 213 


2°. For areal root A; of multiplicity r there are corresponding r eigenfunctions 
YRi(z) = x, YR2(x) = xing, ..., Ykr (XL) = x In”! x, 


3°. For a complex simple root Ax, = a, + 78, of equation (1) there is a corresponding 
eigenfunction pair 


yW(a) = a°* cos(Gx Ina), y(x) = x sin( 3, In 2). 


4°. Foracomplex root Ay = a, +73; of multiplicity r there are corresponding r eigenfunction 
pairs 


Yur (&) = 2°* cos(3x nz), y O(a) = 2% sin(S, nx), 
yjo(x) = v%* In x cos((3, Inz), y\o(a) = x? Ine sin(3, In), 


y (a) = 2% In”! ¢cos(G, Ina), y@(a) = x%* In”! x sin(Gy Inz). 


The general solution is the combination (with arbitrary constants) of the eigenfunctions 
of the homogeneous integral equation. 


> For equations 2.9.64—2.9.71, only particular solutions are given. To obtain the general solu- 
tion, one must add the general solution of the corresponding homogeneous equation 2.9.63 to the 
particular solution. 


64. 


65. 


66. 


67. 


y(x) +f =1(=)uo dt = Ax +B. 


A solution: 


B 1 1 
ya) = b= i fdt, t= | Lf(t)dt. 
0 0 


————— + ——_ 
(aie Teh 


ams | t 

y(w) + | =1(=) uae = a0". 
0 @& xv 

A solution: 


A 1 
y(z) = —2*, Be=l+ i: f(t)t® dt. 
B 0 


yio)+ [ =1(=) uae =Alnz+B. 


A solution: 
y(x) =plnx+q, 
where 
A B Al; : : 
= 5 = SS Sn Ip = t) dt, T= t) Int dt. 
Paro a-ak [ f [ fom 


vie) + [ =1(=) uo dt = Ax?’ Inz. 


A solution: 
y(x) = px? Ina + gx", 


where 


A Aly 


Paar TG 


1 1 
I= ; fit'dt, b= ‘| f (tt? Int dt. 
0 0 
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68. y(a) + if =1(= )uw dt = Acos(In x). 
A solution: 


y(@) = 


I, 
ae sin(In x), 


a cos(In x) + ————= Pa: 


Al, 
+1; 
I,=1 +f f(@cosdnt)dt, IJ, = ie f(t) sin(in t) dt. 
0 0 
aa | t 
69. y(a)+ i} —f (=) y(t) dt = Asin(In x). 
0 @& xv 
A solution: 


Yy(@) = 


I, 
= Sin(In x), 


oe cos(In x) + ——— PoE 


Al, 
A +E 
I,=1 +f f@cosdnt)dt, IJ, = [ f(t) sin(in t) dt. 

0 0 


=a ft 
70. y(x) + | =f (=) y(t) dt = Ax® cos(In x) + Bx® sin(in x). 
0 @& xv 


A solution: 
y(x) = px? cos(In x) + qx" sin(In x), 
where 
_ Al. - Bl, _ Al, + BI, 
oT fee eee 


1 1 
T,=1+ i f(t)t® cos(Int) dt, I, = | f(t? sin(Int) dt. 
0 0 


71. yo) + [ =1(= )uw dt = g(x). 


1°. For a polynomial right-hand side, 


N 
g(a) = S> Ana” 
n=0 


a solution bounded at zero is given by 


N 


An : 
= os n= "d é 
w= ee F [ tora 


Here it is assumed that fp < oo and f, #-1 (n =0,1,2,...). 
If for some n the relation f,, = —1 holds, then a solution differs from the above case in 
one term and has the form 


n-l A N A A 5 1 
on -> i ee ig Re ae =f Dents 


For arbitrary g(a) expandable into power series, the formulas of item 1° can be used, in 
which one should set NV = 00. In this case, the convergence radius of the obtained solution y(x) 
is equal to that of the function g(x). 


2.10. SOME FORMULAS AND TRANSFORMATIONS 


2°. For g(x) =Inz > A;,.x*, a solution has the form 
k=0 


y(x2) = Inzx SS Byr* + S- Cyx*, 
k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


3°. For g(a) = 3) Ax (In x)*, a solution of the equation has the form 


y(r) = S> By (Ina)*, 
k=0 


where the B;, are found by the method of undetermined coefficients. 


4°. For g(x) = >> Aj, cos(Ax In x), a solution of the equation has the form 
k=l 


y(x) = S~ By cos(Ax Inx) + $ > Cy sin(\g Ina), 
k=1 k=1 


where the B;, and C;, are found by the method of undetermined coefficients. 


5°. For g(x) = 35 Ax sin(Ax In x) a solution of the equation has the form 
k=l 


y(x) =) By cos(Ax Inx) + 5° Cy sin(\g In), 


k=l k=l 
where the B;, and C;, are found by the method of undetermined coefficients. 


6°. For arbitrary right-hand side g(a), the transformation 
v=e*, t=e", ya=e*w(z) f()=Fdns), g(x) =e*G(z) 


leads to an equation with difference kernel of the form 2.9.62: 


w(z) + ee F(z-7T)w(t) dr = G(z). 
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7°. For arbitrary right-hand side g(x), the solution of the integral equation can be expressed 


via the inverse Mellin transform (see Example 2 in Subsection 11.6-4). 


2.10. Some Formulas and Transformations 


Let the solution of the integral equation 


ya) + / K (a, thy) dt = f(x) 


have the form 


y(a) = f(x) + / R(a, t) f(b dt. 


(1) 


(2) 
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Then the solution of the more complicated integral equation 


ya) + [ K(a, oe y(t) dt = f(a) (3) 
has the form 
yl) = f(a) + . Rea, pO dt. (4) 


Below are formulas for the solutions of integral equations of the form (3) for some specific func- 
tions g(x). In all cases, it is assumed that the solution of equation (1) is known and is given 


by (2). 


1°. The solution of the equation 


FOC K (2, t)(w/tP y(t) dt = f(a) 


has the form 


y(a) = fla) + / R(x, t)(a/t) f(b) dt. 
2°. The solution of the equation 
y(x) + / “K (a, ery) dt = f(a) 


has the form 


y(x) = f(x) + / ‘ R(x, the*™ f(t) dt. 


Chapter 3 


Linear Equations of the First Kind 
with Constant Limits of Integration 


> Notation: f = f(x), g = g(x), h=h(a), K = K(x), and M = M(a) are arbitrary functions (these 
may be composite functions of the argument depending on two variables x and t); A, B, C, a, b, G 
k, a, 2, y, A, and p are free parameters; and n is a nonnegative integer. 


3.1. Equations Whose Kernels Contain Power-Law 
Functions 


3.1-1. Kernels Linear in the Arguments x and ft. 


1 
1. | la — t| y(t) dt = f(x). 
0 
1°. Let us remove the modulus in the integrand: 
x 1 
i, (a — t)y(t) dt + / (t—ax)y(t) dt = f(x). (1) 
0 x 


Differentiating (1) with respect to x yields 


x 1 
[won f yora= to, Q) 
0 x 
Differentiating (2) yields the solution 


y(x) = 5 fr2(2)- (3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 


1 
certain relations. By setting x = 0 and x = | in (1), we obtain two corollaries i ty(t) dt = f (0) 
0 


1 
and i (1 -—t)y() dt = f(1), which can be rewritten in the form 
0 


1 1 
| ty(t) dt = f(0), i y(t) dt = f(O0)+ fC). (4) 
C C 


In Section 3.1, we mean that kernels of the integral equations discussed may contain power-law functions or modulus of 
power-law functions. 
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Substitute y(x) of (3) into (4). Integration by parts yields f/(1)= f(1)+ f(0) and f/.(1)—f/,(0) = 
2fC1)+2f(0). Hence, we obtain the desired constraints for f(x): 
fC) = £0) + FO), f,(0) + f,() = 0. (5) 
Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(x) = F(a) + Ax + B, 
A=-3[F.0)+F,0)], B= 4[Fid)-FU)-FO), 


where F(x) is an arbitrary bounded twice differentiable function with bounded first derivative. 


b 
/ la —t| y(t) dt = f(x), 0<a<b<aw. 


This is a special case of equation 3.8.3 with g(x) = x. 
Solution: 
y(x) = 5 fp .(@). 
The right-hand side f(x) of the integral equation must satisfy certain relations. The 
general form of f(x) is as follows: 


f(®) = F(x) + Av+ B, 
A=-3[Fi(@)+F,0)], B= 4[aF,(a) + bF,(0)- F(a)- FO), 
where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


7 |Ax —t| y(t) dt = f(x), A> 0. 
0 
HereO< as aand0<t<a. 


1°. Let us remove the modulus in the integrand: 


AL a 
(Ax — t)y(t) dt + i (t— Ax)y(t) dt = f(x). (1) 
0 Ax 
Differentiating (1) with respect to x, we find that 
AL a 
r | y(t) dt — | y(t) dt = fi(a). (2) 
0 AL 
Differentiating (2) yields 2\7y(Ax) = f(a). Hence, we obtain the solution 
ie Dg 8 
ule) = 5 fee (5). 3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


[ ty(t) dt = f(0), | y(t) dt = —f;,(0). (4) 
Substitute y() from (3) into (4). Integrating by parts yields the desired constraints for f(x): 
(a/A) f(a/d) = FO) + f(a/d), £7,(0) + fi,(a/A) = 0. (5) 


Conditions (5) make it possible to establish the admissible general form of the right-hand 
side of the integral equation: 


f(x) = F(%)+ Azt+B, z=Xu; 
A=-3[F@+FO], B=4[aFi(a)-F(a)- FO), 
where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 
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| la — At| y(t) dt = f(x), A> 0. 
0 


HereO< as aand0<t<a. 
Solution: 
y(x) = SAFZ, (Az). 


The right-hand side f(x) of the integral equation must satisfy the relations 
arfi(ar) = fO)+ far), f,(0) + f,(ad) = 0. 
Hence, it follows the general form of the right-hand side: 
f(z) = F(a) + Ax + B, A=-3[FiQia)+F0)], B= 5[aAFi@A)-FOa)-F(0)], 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


3.1-2. Kernels Quadratic in the Arguments x and t. 


5. 


10. 


if | Ax + Ba? -t| y(t) dt = f(a), A>0, B>O0. 
This is a special case of equation 3.8.5 with g(x) = Ax + Bz’. 
[ |x - At - Bt’| y(t) dt = f(a), A>0, B>0. 
This is a special case of equation 3.8.6 with g(a) = At + Bt?. 


b 
/ |xt —t| y(t) dt = f(x), 0<a<b<a. 


The substitution w(t) = ty(4) leads to an equation of the form 3.1.2: 


b 
i) ke — thw(t) dt = f(a). 


b 
| | - B| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = x. 
f,@) 
4a 
certain constraints, given in 3.8.3. 


d 
Solution: y(x) = a | | The right-hand side f(x) of the equation must satisfy 
xv 


[ \e-se|yna= fa,  B>0. 
0 
This is a special case of equation 3.8.4 with g(x) = x and 3 =)’. 
| | Av + Ba? - Adt- Bd’ t?| y(t) dt = f(z), rA>0. 
0 


This is a special case of equation 3.8.4 with g(x) = Ax + Bz’. 
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3.1-3. Kernels Containing Integer Powers of x and ¢ or Rational Functions. 


b 
11. i |x - t|*y(t) dt = f(a). 
Let us remove the modulus in the integrand: 
x b 
i, (w-t)'y(t) dt + if (t—2)°y(t) dt = f(a). (L) 


Differentiating (1) twice yields 


x b 
6 i GHiy@ are ) (t—a)y(t) dt = f(a). 


This equation can be rewritten in the form 3.1.2: 


b 
i, kr tl y(t) at = 4 f(a). (2) 
Therefore the solution of the integral equation is given by 


wy 


(©) = TY rere(@). (3) 


The right-hand side f(x) of the equation must satisfy certain conditions. To obtain these 
conditions, one must substitute solution (3) into (1) with x = a and x = 6 and into (2) with 
x =aand x = 8, and then integrate the four resulting relations by parts. 


b 
12. / |a* — t?| y(t) dt = f(x). 


This is a special case of equation 3.8.3 with g(x) = x°. 


b 
13. [ |n8-8|ywat= fe 0<a<b<oa. 


The substitution w(t) = y(t) leads to an equation of the form 3.1.2: 


b 
fi |x —t|w(t) dt = f(a). 


b 
14, | |x*t — t°| y(t) dt = f(a). 


The substitution w(t) = |t| y(t) leads to an equation of the form 3.1.8: 


b 
/ |x? -t?|w(t) dt = f(a). 


15. | : |x* - Bt?| y(t) dt = f(a), B>0. 
0 


This is a special case of equation 3.8.4 with g(x) = x? and 3 = \?. 


16. 


17. 
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b 
| ja -t|"" y(t) dt = fiw), nn =0,1,2,... 


Solution: 


(2n+2) 
yee) = Fa, (1) 


The right-hand side f(x) of the equation must satisfy certain conditions. To obtain these 
conditions, one must substitute solution (1) into the relations 


b 
/ (t—a)"*' y(t) dt = f(a), if (¢-a)"" * y(t) dt = CoP ea i 
: A, = (2n+ 1(2n)...(2n+1-k); k=0,1,..., 2n, 


(-l)** 
Ax 
and then integrate the resulting equations by parts. 


© a(t) dt 
i: y(t) aE, 


xat+t 


The left-hand side of this equation is the Stieltjes transform. 
1°. By setting 
w=e, tae, yae w(t), f@)=e*G), 


we obtain an integral equation with difference kernel of the form 3.8.15: 


[. w(t) dt sales 
2eosh[k(z—-n] 


whose solution is given by 


w(z)= 


1 a : 1 2, : 
Vas / cosh(7u) g(uje""* du, g(u) = =| ge" dz, @=-1. 
T —oo ~0o 


2°. Solution: i 
Yy(L) = Dae jim [f(a —ie)— f(-a + ie)| 
1 Scie (n a\* 
~ n/E > (2k)! (=) [Ve f(a]. 


3°. Under some assumptions, the solution of the original equation can be represented in the 
form 


f=DE 2n+1 e(n) i 
co (n+ I)'(n—- pl Te @), ) 


which is the real inversion of the Stieltjes transform. 
An alternative form of the solution is 


y(x) = dim 


aU Ee ae (n) 

x lim ———(— ee" fOr . 2 

ya) = Jim ——(=) 2" @)] 2) 
To obtain an approximate solution of the integral equation, one restricts oneself to a 

specific value of n in (1) or (2) instead of taking the limit. 

© References: E. A. C. Paley and N. Wiener (1934), D. V. Widder (1939, 1971), I. I. Hirschman and D. V. Widder 


(1955), P. P. Zabreyko, A. I. Koshelevy, et al. (1975), E. C. Titchmarsh (1986), Yu. A. Brychkov and A. P. Prudnikov 
(1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 428). 
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3.1-4. Kernels Containing Square Roots. 


18. [ \ve-véluwat= fo, 0<a<co. 
0 


This is a special case of equation 3.8.3 with g(x) = ./z. 
Solution: 


See 
yl) = —— [VE fi(a)]. 


The right-hand side f(a) of the equation must satisfy certain conditions. The general 
form of the right-hand side is 


f(z) = F(z) + Ac +B, A=-Fi(a), B=4|aFi(a)-F(a)- FO), 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


19. i |\/z-BvVt| y(t)dt= f(z), B>0. 
0 
This is a special case of equation 3.8.4 with g(x) = /z and 3 = VX. 


20. i | /x -t| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.5 with g(x) = \/z (see item 3° of 3.8.5). 


21. i |x - Vt | y(t) dt = f(x). 
0 


This is a special case of equation 3.8.6 with g(t) = /t (see item 3° of 3.8.6). 


“ y(t) 
22. ——— _ dt = f(a), 0<a<sa. 
0 vic-4 
This is a special case of equation 3.1.30 with k = 4. 
Solution: 
ne A d a dt . f(s)ds 7 1 
WOT de J, a Jy SE 9) |) > Ve T2G/4)' 
~~ yt) 
23. ——_ dt = f(a). 
-oo V |x > q| 
This is a special case of equation 3.1.35 with A = 5. 
Solution: i - F(a) — f(t) 
2) - 
=— ———— dt. 
Oars vag Par? 
: t) dt 
24. OES 2 ey, 
-1 V1+2?-22t 
Solution: 


1 2n+1 
ee S (n) 
where P,,(x) are the Legendre polynomials (see Supplement 11.11-1) 


i 


2 n 
ee 
aon ae 


Py(a) = 


@ P.M. Morse and H. Feshbach (1953). 
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3.1-5. Kernels Containing Arbitrary Powers. 


25. 


26. 


27. 


[itty at = foo, 0<k<1, 0<a<co. 
0 


1°. Let us remove the modulus in the integrand: 


| “(ak y(t) dt + | “(th a )y(t) dt = fa). (1) 
0 x 


Differentiating (1) with respect to x yields 
ka*-! i: y(t) dt —ka*! / y(t) dt = fi(a). (2) 
0 x 


Let us divide both sides of (2) by ka*"! and differentiate the resulting equation. As a result, 


we obtain the solution 8 
y(x) = — a [a f5@)). (3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x =0 and x =a, in (1), we obtain two corollaries | t*y(t) dt= f (0) 
0 


and | Gre t*)y(t) dt = f(a), which can be rewritten in the form 


| t*y(t) dt = f(0), af y(t) dt = f(0)+ f(a). (4) 


Substitute y(a) of (3) into (4). Integrating by parts yields the relations af! (a) =k f(a)+kf(O) 
and af! (a) = 2k f(a) + 2k f(0). Hence, the desired constraints for f(a) have the form 


fO)+f@=0, f(a) =0. (5) 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(z) = F(z) + Ac +B, A=-Fi(a), B=4|aF)(a)- F(a)- FO), 
where F'(x) is an arbitrary bounded twice differentiable function with bounded first derivative. 


The first derivative may be unbounded at x = 0, in which case the conditions fet’ P | exo = 9 
must hold. 


[eh -athiub dt = F@), 0<k<1, B>0. 
0 


This is a special case of equation 3.8.4 with g(a) = v* and 6 = °. 


[iter y(t) dt = Fo) 0<k<1, 0<a<co. 
0 


The substitution w(t) = t” y(t) leads to an equation of the form 3.1.25: 


| |c* — t*|w(t) dt = f(a). 
0 
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29. 


30. 
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1 
‘| |a* — "| y(t) dt = f(x), k>0, m>O0. 
0 


The transformation 


k dem 
Z= 0" rat", w(T) =T m y(t) 


leads to an equation of the form 3.1.1: 


1 
| |z-—T|w(7) dr = F(z), F(z)= mf (z'/*). 
0 


b 
/ |a — t|!*> y(t) dt = f(x), 0O<A<1. 


For = 0, see equation 3.1.2. Assume that 0 < A < 1. 


1°. Let us remove the modulus in the integrand: 


x b 
/ (w—t)y(t) dt + / (t— 2) y(t) dt = f(a). (1) 


Let us differentiate (1) with respect to x twice and then divide both the sides by \(A + 1). As 
a result, we obtain 


x b 
/ (x —t)' y(t) dt + / (t—2x)*" y(t) dt = ——~ fi (2). (2) 


ay 1) 


Rewrite equation (2) in the form 


b 
y(t) dt ; ; 
i jn—e]F = le k=1-2. @) 


See 3.1.30 and 3.1.31 for the solutions of equation (3) for various a and b. 


2°. The right-hand side f(a) of the integral equation must satisfy certain relations. By setting 
x =aand x = b in (1), we obtain two corollaries 


b b 
/ (t—a)' y(t) dt = fa), / (6-1) y(t) dt = f(). (4) 


On substituting the solution y(x) of (3) into (4) and then integrating by parts, we obtain the 
desired constraints for f(x). 


a y(t 
| WO gee eRe ae oe 
0 


la — t 
12k 
kit d|f* t¢2 dt f* — f(s)ds 
ae | ee ae 8 rey 
7 (t-—ax) 2 : = 2 


1°. Solution: 
s —s) 


A= 5 cos(™ = )roo|r (sey 


where I'(k) is the gamma function. 


2°. The transformation x = z?, t = €7, w(€) = 2€y(t) leads to an equation of the form 3.1.32: 


ve W 
DO pref). 
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31. 


32. 


33. 


34. 


b 
| WO =F NSRek 


a |x - tk 


It is assumed that |a| + |b] < co. Solution: 


d f® f@dt 1 ZOFO 
y(2) = 5 cot(} rk) epee ay 60 os"(50 mf (x- @-o" 


where 


a jek Lk _df[f' dr f° — f(s)ds 
Zt)=(t-a) 2 b-t) 2, ro=5|/ a | aa2 S|: 


@) Reference: F. D. Gakhov (1977). 
o y(t) 
Eg dt = fle), 0<k<1, 0<a<oa. 
o |a?-# Ik 


Solution: 


1-k ’ 
(t2 - x?) 2- 


Ge Fe) wea a t? 2k F(t) dt F®= ‘a sk f(s) ds_ 
x 0 (t2 52) 2 


Tey = 


© Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


> y(t) 
Doon te 0<k<1, A>0. 


1°. The transformation 
r Av 
z=xa°, T=t, wit)=T %* yt) 


leads to an equation of the form 3.1.31: 


B 
| a ee ey 
Aa lze-Tlr 


where A = a, B =b*, F(z) =Af(z!/9). 


2°. Solution with a = 0: 
pe ae ae 
ae Dd 0) ds 
ya) =-Ae™ | J ——— J “Te ], 
x (P- ie 0 (> - aye 


AZ con( =) ra] (44)/° 


where I'(k) is the gamma function. 


[ rate 0<k<1, A>0, m>0 
;: ja> — Em] ’ ’ ) . 


The transformation 


d dem 
z=a*, T=t”, w)=T™ y(t) 


leads to an equation of the form 3.1.31: 


1 
| : a dr=F(z),  F(2)=mf(e. 
0 
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35. 


36. 


37. 


38. 


39. 
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/ IO iy. CEREAL 


-co |x — th 


Solution: 


a: TAY [* f@)-fO 

y(a) = = tan( =) be pages 
= tan(2) [* 2f@)- fw+)-f@-b | 
~ On 7), titr 


co 
It is assumed that the condition / | f(a)|/?dx < co is satisfied for some p, 1 < p< 1/A. 
OO, 
The integral equation and its solution form the Riesz transform pair (the Riesz potential). 


@) References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 428), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


2 y(t 
/ a a= Fle), O<A<1. 


The substitution z = a? leads to an equation of the form 3.1.35: 


ie aS dt = f(z"). 


| oe e- to, 0<A<1. 


oo [a3 — 3] 
The transformation 
z=, r=t, wr)= 77/3 y(t) 


leads to an equation of the form 3.1.35: 


fo a= Fe. F(z) = 3f(z'). 


°° sign(a — t) 
/ ——_._ y(t) dt = f(x), 0<Red <1. 


|a = tA 
Solution: " . Sas ties 
7 r)-,; . 
y(x) = ae 2 be, Tet sign(ax — t) dt 
r (= f(e+ty—- F(a@+)-f@-b t) 4 
= pas E. rT 
r 


_ “ft 
ie = i. fo 


The integral equation and its solution form the Feller transform pair (the Feller potential). 


@) References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 428), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


ih a + bsign(a — t) 
-oo |x a Hex 


Solution: 


y(t) dt = f(x), 0<Red <1. 


b 
ya) = CD i” ee (se)- se) at 


=Cr i t 1 [2a f(x) -(a +b) f(a -t) -(a—b) f(x +t] dt 


b+ asign(x —-t) 


crf |x —t| 


Fé) dt, 


40. 


41. 
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where 
sin(7A) 


Oo Glace Aa) sa] 


© References: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 431), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


of y(t) dt 
| Gexepe a>0, b> 0, k>0. 
0 


By setting 


1 1 
cv=—e”’, t= aie y(t) = be wr), f@me= e** g(z), 


we obtain an integral equation with the difference kernel of the form 3.8.15: 


(acer 


& cosh" (z —T) 


[om uwae= fe, 


0 

The left-hand side of this equation is the Mellin transform of y(t) (z is treated as a complex 
variable). 

Solution: 

1 C+100 
y(t) = — / t* f(z) dz, ?=-1, 
2rt c-ico 

For specific f(z), one can use tables of Mellin and Laplace integral transforms to calculate 

the integral. 


@) References: H. Bateman and A. Erdélyi (vol. 2, 1954), V. A. Ditkin and A. P. Prudnikov (1965). 


3.1-6. Equations Containing the Unknown Function of a Complicated Argument. 


42. 


43. 


1 
iy y(at) dt = f(x). 


Solution: 


y(x) = xf, (x) + f(a). 
The function f(x) is assumed to satisfy the condition [x ip (x)] exo =O: 
1 
| t*y(at) dt = f(x). 
0 


The substitution € = xt leads to equation | &y(€) dé = «**! f(x). Differentiating with 
0 


respect to x yields the solution 
y(x) = vfi(a) + (A+ f(a). 


The function f(x) is assumed to satisfy the condition Eas f (x)] veo = 0: 
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1 
44, i (Aa* + Bt™)y(axt) dt = f(a). 
0 


The substitution € = xt leads to an equation of the form 1.1.51: 
[ (ante + Bem) yea = 2" fa), 
0 


45 1 y(axt) dt f(a) 
: —— = f(z). 
o vi-t 


The substitution € = xt leads to Abel’s equation 1.1.36: 


"OE _ afte. 


" y(at) dt _ 
46. [ BS - 10. 0<A<1. 


The substitution € = xt leads to the generalized Abel equation 1.1.47: 


7 d. 
Lepr re. 


1 thay(at 
47. [ vase to, 0<A<1. 
0 


(1-#)* 
The transformation € = xt, w(€) = E” y(E) leads to the generalized Abel equation 1.1.47: 
‘ w(§) dg 1+pu-A 
= 2 (2). 
o (z-£) i 
ve t)- -t 
48. i YEE SUe=D) dt = f(a). 
0 t 
Solution: Lf? fete) fle-0) 
at+t)—f(a- 
y(“) =-= | dt. 
TT 0 t 


@) References: V. A. Ditkin and A. P. Prudnikov (1965), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 427). 


3.1-7. Singular Equations. 


In this subsection, all singular integrals are understood in the sense of the Cauchy principal value. 


49, / OE Fey, 


co t-2 


Solution: 
1 °° f(t) dt 
y(x) = a) 


t-ax 
The integral equation and its solution form a Hilbert transform pair (in the asymmetric 
form). 


®© References: V. A. Ditkin and A. P. Prudnikov (1965), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 427). 


50. 


51. 


52. 
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© y(t) dt 
| y(t) = fla). 


t-2x 


Solution: 


aisle f® 
os m Jo ean 


The integral equation and its solution form a Hilbert transform pair on the semiaxis (in 
the asymmetric form). 


© References: D. Hilbert (1953), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 427), I. K. Lifanov, 
L.N. Poltavskii, and G. M. Vainikko (2004, p. 8). 


> y(t) dt 
[ BS = te. 
a t-2z 


This equation is encountered in hydrodynamics in solving the problem on the flow of an ideal 
inviscid fluid around a thin profile (a < x < 6). It is assumed that |a| + |b] < 00. 


1°. The solution bounded at the endpoints is 


zal *__fo __# 
yx) = =a @=a0-a | VEé-ayo—h t—2’ 


provided that 
> f@dt | 
a Vit—a)(b-t) 


2°. The solution bounded at the endpoint x = a and unbounded at the endpoint x = b is 


{/x-a tO 
Le) b- of ye t-a 


3°. The solution unbounded at the endpoints is 


V(t- O0r t) 
y(@) = EES if VE“ VDOWD py) dt + c|. 


b 
where C is an arbitrary constant. The formula / y(t) dt = C'/n holds. 


Solutions that have a singularity point x = s inside the interval [a,b] can be found in 
Subsection 14.4-3. 


© Reference: F. D. Gakhov (1977). 


‘7 1 1 
I (ot a) wae = Fee -l<az<l. 


Solution for f(x) = 7q = const: 


1+t 


WO = ITH 


@) Reference: H. F. Bueckner (1966). 
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i 1 aN 
53. fi ( + ue dt = f(x), 0<a<1. 
0 


t-x% t+2 


Solution for f(x) = 7q = const: 


+0 satal seden) Gata) *(rsdien)” oto 
2sin($78) [\14+V1—22 1-2? 1+V1-2? 1-2 


where (3 is given by 
cos(73) =-A, O<G<1. 


We assume that the following necessary condition holds 


1 
i y(t) dt = 0. 
0 


© References: H. F. Bueckner (1966), P. S. Theocaric and N. I. Ioakimidis (1977). 


1 f? 1 Ax 5 
54. — (— - —~ 5) ue dt = f(x), -a<a<a (a =-1). 
«xt — a? 


Ti Jo \t-2x 


1°. Solution: 
B a -6 
a-x 1 a-t 1 x 
= ——_ a == =<] fad 
y@) (=) Qri S) (+ 5) £0 
-6 a B 
a-x 1 a-t 1 x 
" = SS t) dt, 
(=) 2nt LS) (= 5) 40 
0 ; a 
where \ = cos 6 and 3 = 1 — —. We assume that the following necessary condition holds 
T 


Pf?) eel Oat)" nef @=t\ "1 FE 
ne jem(—) -(*) |= Beery 
271 Jia -a-t -a-t t 


2°. Solution for f(x) = 0: 


y(a) = Cy Ay (a) + CrAo(x) + C3A3(2), 


where C, C2, and C3 are arbitrary constants, and 


-—a-t 


-14+6 -B 
Ao(a) = (1+ )e**9 (—) +(1 -res (4) 
-—a-t —a-— 


1-6 -1+6 
A3(x) = e'™9 oS pene a . 
-—a-t -—a-t 


@) Reference: D. I. Sherman (1969). 


1-2 B 
Au) =(1+ "9 (*) rave (S*) 
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> yt) 
a (x ~ ty 
The simple hypersingular equation of the first kind with Cauchy-type kernel. This equation 
governs circulation-free flow of an ideal incompressible fluid past the segment [a, 5]. 
Let the conditions ee = a. = 0 be satisfied. Then the solution is 


ni ve t)(x-—a)- /(b-x)(t-a) 
UE) a Se 
(b—t)(x—a)+ /(b-—x)(t- 
This equation is disciiteed in Subsection 14.6-3 in detail. 


55. 


dt = f(x), as«x<b. 


mis ) dt. 


© Reference: I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, p. 7). 


56. aA [ aS Bead Je = f (Xo, Yo). 
(xo - &)(yo - y) 


A two-dimensional singular equation. 
A solution, which is bounded on the lines x = +1 and y = +1 but which is unbounded on 
the line x = q (-1 < q < 1), is given by the formula 


ae ae SS 
0, Yo) = Jd - 22) - 9) (a — 20)(y — yo) 


ia 1 dx (s ' f(x,y) dy ) 


m?(q— £0) 1 Vi-2? \m Ji /1-y? (y—yo) 


provided that 
: f (20, y) dy =0 
- Vl-y , 


© Reference: I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, pp. 16-20). 


-l<a<l. 


3.2. Equations Whose Kernels Contain Exponential 
Functions 


3.2-1. Kernels Containing Exponential Functions of the Form e**~"!, 


: [ ~ eNtlyedt= f(a), (too) =0 
Solution: 
y@) = 55 = DP ft@)- £aC@)]. 


© References: I. I. Hirschman and D. V. Widder ee F. D. Gakhov and Yu. I. Cherskii (1978), A. P. Prudnikov, 
Yu. A. Brychkov, and O. I. Marichev (1992, p. 433). 


e [em uw at= foo, f(co) = 0 
0 


1°. Solution: f r ‘ 
y(a) = oe ae oF). 


2°. If f/(0)—Af(O) = 0 then 
yx) = >> 5 [Pile - fz(a)). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 433). 
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b 
| erl?ty(t) dt = f(x), -00 <a<b<oo. 


1°. Let us remove the modulus in the integrand: 


x b 
i eX@D a(t) dt + / et) (t) dt = f(x). (1) 
Differentiating (1) with respect to x twice yields 
zc b 
2ry(a) + 7 / eX®D y(t) dt + / WE Day(t) dt = fl,(z). (2) 


By eliminating the integral terms from (1) and (2), we obtain the solution 


yoo) = 5 [Ra(@)- Fla). 3) 


2°. The right-hand side f(x) of the integral equation must satisfy certain relations. By setting 
x =aand x = b in (1), we obtain two corollaries 


b b 

' ey(t) dt = e** f(a), / e y(t) dt =e FO). (4) 

On substituting the solution y(x) of (3) into (4) and then integrating by parts, we see that 
e*? f(b) — e** fia) = A[e™* f(a) + Ae”? f(b), 
eo” f(b) —e*? f.(a) = Ae f(a) + Ae? f(D). 
Hence, we obtain the desired constraints for f(x): 
f(a) + Af (a) = 0, f(b) — Af (b) = 0. (5) 

The general form of the right-hand side satisfying conditions (5) is given by 


f(®) = F(a) + Av+ B, 


1 / / fa a2 / 
A= Serres) [Fi(@) + Fb) + AF(a)-AFO)|, B=- > [Fi(a) + AF (a) + Aad + A], 


where F(x) is an arbitrary bounded, twice differentiable function. 


b 
) (Ae**4 + Betl®") y(t) dt = f(x), -0oo <a<b<o. 


Let us remove the modulus in the integrand and differentiate the resulting equation with 
respect to x twice to obtain 
b 
2(A\ + Bu)y(x) + / (Adel + BuZet") yt) dt = f2(@). (1) 
Eliminating the integral term with e”*~4| from (1) with the aid of the original integral equation, 
we find that 


b 
2(Ad + Bu)y(x) + AQ? = 17) i eM Ay(t) dt = fra(2) — wf (e). (2) 


For AA+ By = 0, this is an equation of the form 3.2.3, and for AA+ By # 0, this is an equation 
of the form 4.2.15. 

The right-hand side f(a) must satisfy certain relations, which can be obtained by setting 
x = aand x = b in the original equation (a similar procedure is used in 3.2.3). 
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brn 
| b Ax exp (Anka -*)| y(t) dt = f(x), -0o0o <a<b<oo. 


k=1 


1°. Let us remove the modulus in the Ath summand of the integrand: 


b 
exp[Ac(e—t)]y(t) dt+ i‘ exp[dx(t—2)]y(t) dt. (1) 


x 


b x 
I(x) = / exp(Agla—t]) y(t) dt = | 
Differentiating (1) with respect to x twice yields 


x b 
R255 i explAc(— f)ly(t) dt — Ag / expl c(t —2)lu(t) dt, 

a 7 i : (2) 
Tl = 2dpy(a) + XX / exp[\x. (a — t)] y(t) dt + AX / exp[A,-(t — x) ]y(t) dt, 


a x 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I/! and I: 


Tf = 2dpy(x) + HL Ik, Tp = Ip (2). (3) 


2°. With the aid of (1), the integral equation can be rewritten in the form 
S0 Anda = f (2). (4) 
k=l 

Differentiating (4) with respect to x twice and taking into account (3), we obtain 


ory(a)+ S> Adele = fe(@), 01 = 20 AgArn. (5) 
k=1 


k=1 


Eliminating the integral [,, from (4) and (5) yields 


n-l 
o1y(a) +S) An AR AR Ma = fe(@) — Xf). (6) 
k=1 


Differentiating (6) with respect to x twice and eliminating J,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose right-hand side is a second-order 


n-2 
linear differential operator (acting on y) with constant coefficients plus the sum )> ByJy. If 


k=l 
we successively eliminate [,_2, In_3, ..., J; with the aid of double differentiation, then we 
finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n— 1) with 
constant coefficients. 


3°. The right-hand side f(a) must satisfy certain conditions. To find these conditions, one 
must set x = a in the integral equation and its derivatives. (Alternatively, these conditions can 
be found by setting x = a and x = b in the integral equation and all its derivatives obtained by 
means of double differentiation.) 
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3.2-2. Kernels Containing Exponential Functions of the Forms e*” and eM’. 


b 
6. / ler” — e*"| y(t) dt = f(x), A> 0. 


This is a special case of equation 3.8.3 with g(x) = e>*. 
Solution: 


1d 
y(x) = ——[e* f(a). 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


ce i |e8® — eH*| y(t) dt = f(a), B>0, p>o. 
0 


This is a special case of equation 3.8.4 with g(x) = e%” and \ = 1/3. 


b 
y(t) dt 
8. / joe ere ~ FO), 0<k<1. 


Az T= em, wT) = ert 


B 
i WA) dr = Fe), 
A 


lz-7| 


The transformation z = e y(t) leads to an equation of the form 3.1.31: 


where A=e**, B=e™, F(z) =Af(+Inz). 
co y(t) dt 
9. ———_—— = f(x), A>0, k>0. 
i (er® + ert)k F@) 
This equation can be rewritten as an equation with difference kernel in the form 3.8.16: 


i w(t) dt ais 
0 cosh*|5.(a -1)] ao 


where w(t) = 2-* exp(—$ Akt) y(t) and g(x) = exp(4Akz) f(a). 


3.2-3. Kernels Containing Exponential Functions of the Form e***, 


10. i. et y(t) dt = f(x). 


CO 


Solution: 


y(t) = as ‘s e* f(s) ds 
277 J 


1 


 V/2n3 Jo 


The integral equation and its solution form a two-side Laplace transform pair. 


oo cf ag ‘Zs ew’ /2 cos (E(x + t)) f(a) dz. 


© References: B. Van der Pol and H. Bremmer (1955), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 433). 


11. 


12. 


13. 
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| ert y(t) dt = f(x), A#0. 


CO 


1°. The transformation ; 
Ta —y eh f(@@=F) 


leads to an equation of the form 3.2.10: 


es e* y(t) dt = F(z). 


OO 


2°. The transformation 


2 
y(t) = exp(—t?)Y (t), n= 56, f(x) = exp(¢7)®(0) 


leads to an equation of the form 3.2.17: 


yi % eS Y(t) dt = B(O). 


OO 


/ i. et y(t) dt = f(x), ?=-1. 


co 
Solution: 
1 ane 
y(t) = — / e'*" f(a) dz. 
Dap sf is 
Up to constant factors, the function f(x) and the solution y(t) are the Fourier transform 
pair. 
© References: V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), B. Davis (1978), F. Oberhettinger 
(1980), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer (1991), I. Sneddon (1995), A. Pinkus and 


S. Zafrany (1997), R. Bracewell (1999), A. D. Poularikas (2000), R. J. Beerends, H. G. ter Morschem, and J. C. van 
den Berg (2003), L. Debnath and D. Bhatta (2007). 


| i e** y(t) dt = f(z). 
0 


The left-hand side of the equation is the Laplace transform of y(t) (z is treated as a complex 
variable). 


1°. Solution: ; 
1 C+200 
yO)=— / efiedy  PaH1. 
271 c-t0°0 
For specific functions f(z), one may use tables of inverse Laplace transforms to calculate 
the integral (e.g., see Supplement 6). 


2°. For real z = x, under some assumptions the solution of the original equation can be 
represented in the form 
— (Dt pny! n 
y(n) = tim ——(=)"" pr(*), 
noo nl \a x 
which is the real inversion of the Laplace transform. To calculate the solution approximately, 
one should restrict oneself to a specific value of n in this formula instead of taking the limit. 
© References: G. Doetsch (1950, 1956, 1958, 1974), H. Bateman and A. Erdélyi (vol. 1, 1954), I. I. Hirschman 
and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), F. Oberhettinger (1973), 
B. Davis (1978), W. R. LePage (1980), R. Bellman and R. Roth (1984), Yu. A. Brychkov and A. P. Prudnikov (1989), 


W. H. Beyer (1991), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, Vols 4 and 5), R. J. Beerends, 
H. G. ter Morschem, and J. C. van den Berg (2003). 
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3.2-4. Kernels Containing Power-Law and Exponential Functions. 


14. a |ke®* —k-t| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.5 with g(a) = ke*” — k. 


15. | : |x - ke’ -k| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.6 with g(t) = ke** +k. 


OOF 2x - 
16. / pe exp ( Z 


Solution: : ‘ fw) 
OF t+2 t 
= it-1/2 dt 
1) =a / sai exp( 4 r) cosh(at) 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 463). 


r) y(t) dt = f(x), ?=-1. 


Mat 


3.2-5. Kernels Containing Exponential Functions of the Form e 


17. | e@-Y w(t) dt = f(x). 
1°. The transformation 
Y(t) =exp(t)y(t), 2=-22, F(z) =exp(z’)f(z) 


leads to an equation of the form 3.2.10: 


/ i e Y(t) dt = F(z). 


‘OO 


2°. Solution: 


y(t) = _— | * lh ds / : cos(s(t— x) f(a) dx 
T 0 —0o 


: ww 1 a2* f(t) 
= exp|- peeO|= Lal = dt2k 


(See equation 3.2.18 for \ = 1.) 


3°. Solution: 
1 £0) 
=— y —_——_ Hf, (zx), 
y(2) JT = 27n! (2) 


where H,,(x) are the Hermite polynomials (see Supplement 11.17-3) 


exp (-z”) ; 


@ References: P.M. Morse and H. Feshbach (1953), I. I. Hirschman and D. V. Widder (1955), P. G. Rooney (1963), 
M. L. Krasnov (1975). 


mm 


d 
Hy (a) = (-1)™ exp(x*) —— 
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(a -ty 


18. af exp |- |uw dt = f(a). 


It is the Gauss transform (the Weierstrass transform for X = 4). 
Solution: 


y(t) = - | * M4 ds i . cos(s(t - x) f(x) da 
0 oe) 


\& 7 1/ A\ &F fa) 
=e 3af0] = (4) Ga 


k=0 


@ References: I. I. Hirschman and D. V. Widder (1955), P. G. Rooney (1963), A. P. Prudnikov, Yu. A. Brychkov, 
and O. I. Marichev (1992, p. 435). 


19. / ele)! y(t)dt= f(z), 2=-1. 


Solution: 


yl) = — / © eHooo? f(b) 
T 


©®© References: E. A.C. Paley and N. Wiener (1934), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, 
p. 435). 


3.2-6. Other Kernels. 


b 
20. | |exp(Ax’) — exp(At”)|y(t) dt = f(x), rA>0. 


This is a special case of equation 3.8.3 with g(x) = exp(A2”). 
Solution: 


ea Ds 
y(@) = de z oxPOAe F(a) |. 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


1 ee Ue 
21. =| exp Garo dt = f(x). 


Applying the Laplace transformation to the equation, we obtain 


WVP) 
VP 


=f), fms | ©?" Ft) dt. 


Substituting p by p* and solving for the transform g, we find that §(p) = pf(p*). The inverse 
Laplace transform provides the solution of the original integral equation: 


c+t00 


ss 1 
WO=LrfO}, — Loh = x / e?*g(p) dp. 


c-t00 
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3.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


3.3-1. Kernels Containing Hyperbolic Cosine. 


b 
1. / |cosh(Ax) — cosh(At)| y(t) dt = f(x). 
This is a special case of equation 3.8.3 with g(a) = cosh(\z). 


Solution: 
1 d | F(a) 


OS oy ae han 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


2. | . |cosh(3x) — cosh(s:t)| y(t) dt = f(x), B>0, p>Od. 
0 


This is a special case of equation 3.8.4 with g(x) = cosh(Gx) and A = 1/3. 


b 
3. i) | cosh* a — cosh* t| y(t) dt = f(x), 0<k<1. 


This is a special case of equation 3.8.3 with g(x) = cosh” x. 


Solution: 
1 d | fi (2) 


“) = —— 
yl) 2k dx | sinha cosh*! x 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


4. De ee tI O<k<1. 
a |cosh(Ax) — cosh(At)|* ‘ 


This is a special case of equation 3.8.7 with g(x) = cosh(\x) + 3, where (3 is an arbitrary 
number. 


3.3-2. Kernels Containing Hyperbolic Sine. 


b 
5, / sinh (A|x -t|) y(t) dt = f(z), = -0o <a<b<oo. 


1°. Let us remove the modulus in the integrand: 


b 


/ : sinh[\(x — t)]y(t) dt + i sinh[ \(t — x)]y(t) dt = f (2). (1) 


Differentiating (1) with respect to x twice yields 
b 


2dy(x) + / sinh[ \(x — t)]y(t) dt + 7 / sinh[A(t— x) ]y(t) dt = f(a). (2) 


a x 
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Eliminating the integral terms from (1) and (2), we obtain the solution 


yoo) = 5 [Fia(@)- 7 Fla)]. 3) 


2°. The right-hand side f(x) of the integral equation must satisfy certain relations. By setting 
x =aand x = b in (1), we obtain two corollaries 


b b 
/ sinh[\(t — a) ]y(t) dt = f(a), / sinh[\(b — t)]y(t) dt = f(b). (4) 


Substituting solution (3) into (4) and integrating by parts yields the desired conditions for f(a): 


sinh[ A(b — a)] f(b) — A cosh[A(b — a)] f(b) = Af (a), 


sinh[A(b — a)] f/,(a) + Acosh[\(b — a)] f (a) = -Af (0). o) 
The general form of the right-hand side is given by 
f(z) = F(a) + Ax+ B, (6) 


where F(x) is an arbitrary bounded twice differentiable function, and the coefficients A and B 
are expressed in terms of F(a), F'(b), F(a), and F’(b) and can be determined by substituting 
formula (6) into conditions (5). 


b 
| { Asinh (Ale - tl) + Bsinh (ule -t)) by(t)dt = f@), — -00< a<b< ow. 


Let us remove the modulus in the integrand and differentiate the equation with respect to x 
twice to obtain 


b 
2(AA + Bu)y(x) + | { Ad sinh(Ala - t]) + Bu’ sinh(x -t]) }y() dt = f(x). (A) 


Eliminating the integral term with sinh( La — tl) from (1) yields 


b 
2(A\ + Bu)y(x) + AQ? - 2’) i: sinh(Ale — ¢|) y(t) dt = fr(w)— pw fw). (2) 


For AA+ By = 0, this is an equation of the form 3.3.5, and for AA+ By # 0, this is an equation 
of the form 4.3.26. 

The right-hand side f(a) must satisfy certain relations, which can be obtained by setting 
x = aand x = b in the original equation (a similar procedure is used in 3.3.5). 


b 
| |sinh(Ax) - sinh(At)| y(t) dt = f(a). 
This is a special case of equation 3.8.3 with g(x) = sinh(Az). 


Solution: 
1 d | f,@) 


(x) = 20 dx cosh(Ax) 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 
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| |sinh(G2) — sinh(s:t)| y(t) dt = f(x), B>0, p>o. 
0 


This is a special case of equation 3.8.4 with g(x) = sinh(Gx) and » = p./(. 


b 
| sinh’ (Ala - t|) y(t) dt = f(x). 


Using the formula sinh® 6 = + sinh 33 — ; sinh G@, we arrive at an equation of the form 3.3.6: 


b 
i) [4A sinh(3Alx — ¢|) — 3 Asinh(Alx -¢|)]y@ dt = f(a). 


b n 
| bs Ax sinh (Aj|a — | y(t) dt = f(x),  -co<a<b<c. 


k=1 
1°. Let us remove the modulus in the Ath summand of the integrand: 


b x b 
Iy(x) = i sinh (Ax|a—tl) y(t) dt = i sinh[Ag(a—t)]y(t) dt + / sinh[ A, (t—x) ]y(t) dt. (1) 


Differentiating (1) with respect to x twice yields 
oy b 
Ty, = Ax i cosh[A;,(x — t)]y(t) dt- Ax i; cosh[A;,(t — x) ] y(t) dt, 
a a x : (2) 
Ti = 2dpy(x) + XX f) sinh[ A(x — t)] y(t) dt + 7 / sinh[A;,(t — x) ]y(t) dt, 
where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I7/ and I: 
Ty = 2Agyla)+ AT, Te = In (2). (3) 
2°. With the aid of (1), the integral equation can be rewritten in the form 
S° Anda = f(@). (4) 


k=l 
Differentiating (4) with respect to x twice and taking into account (3), we find that 


oiy(x)+ > AnXle = f(z), 01 =2 > Aprr. (5) 
k=l k=l 
Eliminating the integral J, from (4) and (5) yields 
n-1 
o1y(a) +S) An AR ARMn = fhe(@) — Xf). (6) 
k=l 


Differentiating (6) with respect to x twice and eliminating J,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose right-hand side is a second-order 


n-2 
linear differential operator (acting on y) with constant coefficients plus the sum 5> B;,Jq. 
k=l 
If we successively eliminate [,2, In_3, ..., with the aid of double differentiation, then we 


finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n— 1) with 
constant coefficients. 


3°. The right-hand side f(a) must satisfy certain conditions. To find these conditions, one 
should set x = a in the integral equation and its derivatives. (Alternatively, these conditions 
can be found by setting x = a and x = b in the integral equation and all its derivatives obtained 
by means of double differentiation.) 
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b 
11. i |sinh’ x — sinh* t| y(t) dt = f(x), 0<k<1. 
0 


This is a special case of equation 3.8.3 with g(x) = sinh* «x. 
Solution: 


1d : 
y(a) = tee 


2k dx cosh z sinh*®! x 


The right-hand side f(a) must satisfy certain conditions. As follows from item 3° of equation 
3.8.3, the admissible general form of the right-hand side is given by 


f(z) = F(z) + Ax + B, A=-F/(b), B= 4(|bF,(0)-F()-F)], 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


12. ere O<k<1. 
a |sinh(Ax) - sinh(At)|* : 


This is a special case of equation 3.8.7 with g(a) = sinh(Ax) + 3, where @ is an arbitrary 
number. 


13. | : |k sinh(Ax) - t| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.5 with g(x) = k sinh(\z). 


14. | . |x -ksinh(At)| y(t) dt = f(x). 
0 


This is a special case of equation 3.8.6 with g(x) = k sinh(At). 


3.3-3. Kernels Containing Hyperbolic Tangent. 


b 
15. i |tanh(Ax) - tanh(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(a) = tanh(Az). 
Solution: 


ld ; 
y(@) = 4 [cosh*(Ax) f,(a)]. 


The right-hand side f(a) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


16. i |tanh(Gx) — tanh(s:t)| y(t) dt = f(x), B>0, p>od. 
0 


This is a special case of equation 3.8.4 with g(x) = tanh(Gx) and A = pu/ 3. 
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19. 
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b 
i |tanh” x — tanh’ t| y(t) dt = f(x), 0<k<1. 
0 


This is a special case of equation 3.8.3 with g(x) = tanh* x. 
Solution: i a 

ae [cosh x coth*! fi(a)]. 

The right-hand side f(a) must satisfy certain conditions. As follows from item 3° of equation 

3.8.3, the admissible general form of the right-hand side is given by 


f(v)=F(a)+Ar+B, A=-F0), B=4/bF/(b)- FO)- FO], 


y(@) = 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


Pm ar tte) 0<k<1. 
a |tanh(Aa) - tanh(At)|* ° 


This is a special case of equation 3.8.7 with g(x) = tanh(Ax) + 3, where @ is an arbitrary 
number. 


| " |ktanh(Ax) — ¢| y(t) dt = f(x). 
0 


This is a special case of equation 3.8.5 with g(x) = k tanh(\2). 


| |x — k tanh(At)| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.6 with g(a) = k tanh(\t). 


3.3-4. Kernels Containing Hyperbolic Cotangent. 


21. 


22. 


b 
i |coth(Ax) - coth(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(a) = coth(Az). 


b 
i |coth® x — coth” t| y(t) dt = f(x), O<k<1. 
0 


This is a special case of equation 3.8.3 with g(x) = coth” x. 


3.4. Equations Whose Kernels Contain Logarithmic 


Functions 


3.4-1. Kernels Containing Logarithmic Functions. 


b 
/ |In(a: /t)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(x) = Inz. 
Solution: 


ld ‘ 
y(x) = 5 gy the). 


The right-hand side f(a) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 
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b 
/ In |x — t| y(t) dt = f(x). 


Carleman’s equation. 
qd 


1°. Solution with b—a #4: 


(a) = 1 | ° VE=AO=D Hi dt, 1 > f(t)dt | 
eel Sea) t—a@ Inft@—a] Ja Ve-ao-H | 


2°. If b—a =4, then for the equation to be solvable, the condition 


b 
/ fipt-a)'(b-t)” dt =0 
must be satisfied. In this case, the solution has the form 


Vt- ov t) MEOH 
YX) = > —eoeeeee | [ 
Tf (x — ES x) 


where C is an arbitrary constant. 


© Reference: F. D. Gakhov (1977). 


b 
/ (In |x — t| + 3) y(t) dt = f(x). 


By setting 
gaeP2, t=e"r, yOSV@), f@) =e" 9@; 


we arrive at an equation of the form 3.4.2: 


B 
| Injz-—7|Y (7) dr = g(z), Az=ae’, B=be’®. 
A 


% A 
i, (In Jy) dt = f(x), -a<a<a. 
a a-t 


a lx -7| 


This is a special case of equation 3.4.3 with b = —a. Solution with 0 <a < 2A: 


1 d f[* 
y(2) = Iw FE Le w(t, a) f(t) a w(x, a) 


1° d t af 35 
2 a a On ee [. w(t, OFO a dé 


ld [* w(@,8 
2 de hy MO if. Ne | ce 


where ; 
2A\~ M¢é) 
M@Q=(nE). weo= Eee 


and the prime stands for the derivative. 


@© Reference: I. C. Gohberg and M. G. Krein (1967). 
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2 att 
5. i In | uo at = fle 
0 zt 
Solution: ; 
_ 2d [* F@d _d sf(s) ds 
Wo=-57 | aS FOG | aS 


@ Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975). 


6 h Se wjacegia 
"deer dangle ee ee 
This is a special case of equation 3.8.3 with g(x) = In(1 + Az). 
Solution: > a 
my re Ara / 
y(x) = A ds [Gist Aw) fe, o)]: 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° 
of equation 3.8.3). 


b 
ce | |In? x — In’ ¢| y(t) dt = f(x), 0<6B<1. 


This is a special case of equation 3.8.3 with g(x) = In’ x. 


> yt) _ 
8. vA Ineo =F) 0<68<1. 


This is a special case of equation 3.8.7 with g(x) = Inx + A, where A is an arbitrary number. 


3.4-2. Kernels Containing Power-Law and Logarithmic Functions. 


1 
9, | (In |x - t| + Bt”) y(t) dt = f(a). 
0 


See Example 3 in Subsection 12.6-2 with y(t) = Bt". 


10. | . |kIn(1 + Aw) - t| y(t) dt = f(x). 
0 


This is a special case of equation 3.8.5 with g(x) = kIn(1 + Ax). 


11. i |x -kIn(1 + At)| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.6 with g(a) = kIn(1 + At). 


oo 1 att 
12. | —In y(t) dt = f(x). 
0 t xa-t 
Solution: é 
x d [* df(t) x 
= —— —— In}1 —- —| dt. 
ya) mw dx | dt H 2 


® Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


14. 


15. 


16. 


17. 


18. 
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~~“ Inx-Int 
i —— y(t) dt = f(x). 
0 xz-t 


The left-hand side of this equation is the iterated Stieltjes transform. 
Under some assumptions, the solution of the integral equation can be represented in the 


form 

€ a n,,2n Fy2n,,2n Fyn d 
(=) Dx" D222" D" f(x), D=—. 
n dx 


To calculate the solution approximately, one should restrict oneself to a specific value of n in 
this formula instead of taking the limit. 


1 
y(x) = ae im 


— CO 


@ Reference: I. I. Hirschman and D. V. Widder (1955). 


b 
| In |x? — t9| y(t) dt = f(a), B>0. 


The transformation 
gaa’, r=t?, w(T) = t Py(t) 


leads to Carleman’s equation 3.4.2: 
B 
i In|z—7|w(r) dr = F(z), A=a’, B=D*, 
A 


where F(z) = Bf (2/8). 


1 
i In |x? — t“| y(t) dt = f(a), B>0, u>Oo. 
0 


The transformation 
z=a?, ra=t', w(r)=t! y(t) 


leads to an equation of the form 3.4.2: 


1 
ii In|z —Tlw(r) dr = F(z), F(z) = pf (z'/9). 
0 


co 1 
———— dt = 5 
[ Vat In(axt) Ma Se 


Solution: 


f'. ye? 1 
y(n) =F | Jee f@ dt. 


© References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 450). 


=[ 1 —| (t) dt = f(a) 
— nj1-— = f(x). 
dx J_co t . 

Solution: 


Ld of? x 
ee. 1-=| t) dt. 
y(z) re ie n ; f® 


© References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 450). 
bot . 
| (at) In@wt)]/2 y(t) dt = f(x), 2 =-1, 
0 


Solution: : a 
y(z) = = if (wty PAO"? FE) de. 
0 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452). 


246 LINEAR EQUATIONS OF THE FIRST KIND WITH CONSTANT LIMITS OF INTEGRATION 


3.4-3. Equation Containing the Unknown Function of a Complicated Argument. 


1 
19. | (A Int + B)y(axt) dt = f(x). 
0 


The substitution € = xt leads to an equation of the form 1.9.3 with g(x) =—Alnz: 


[ (ing Aine + Bye = oft 


0 


3.5. Equations Whose Kernels Contain Trigonometric 
Functions 


3.5-1. Kernels Containing Cosine. 
1. | cos(xt)y(t) dt = f(x). 
0 


Solution: y(#) = zs e cos(xt) f(t) dt. 
T JO 


Up to constant factors, the function f(x) and the solution y(t) are the Fourier cosine 
transform pair. 
@) References: E. A. C. Paley and N. Wiener (1934), S. Bochner and K. C. Chandrasekharan (1949), G. N. Watson 
(1952), H. Bateman and A. Erdélyi (Vol. 1, 1954), S. Bochner (1959), V. A. Ditkin and A. P. Prudnikov (1965), 


B. Davis (1978), F. Oberhettinger (1980), E. C. Titchmarsh (1986), Ya. A. Brychkov and A. P. Prudnikov (1989), 
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 440), I. Sneddon (1995), A. D. Poularikas (2000). 


b 
2. | cos(at)y(t) dt = f(x), 0<4<c@w. 


Solution: 


y(t) = = i cos(at) f(a)dx if a<t<b, 
0 
0) 


if 0<t<aort>b, 


whereOSasbso~m. 


b 
3. / |cos(Ax) - cos(At)| y(t) dt = f(x). 
This is a special case of equation 3.8.3 with g(a) = cos(Az). 


Solution: 
1 d | f,,(@) 


UO) 55 aa | sine) 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


4, | |cos(Bx) — cos(pt)| y(t) dt = f(x), B>0, p>o. 
0 


This is a special case of equation 3.8.4 with g(x) = cos(Gx) and A = pu/ 3. 


5. 
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b 
i |cos* x — cos* t| y(t) dt = f(x), 0<k<1. 


This is a special case of equation 3.8.3 with g(x) = cos* z. 


Solution: 
ld Fo) 
2k dx | sinx cosk x | 


Y(@) = 


The right-hand side f(x) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


/ , UN. = este) SRST 
a_ |cos(Ax) — cos(At)|* ; 


This is a special case of equation 3.8.7 with g(z) = cos(Ax) + 3, where ( is an arbitrary 
number. 


oo 142i 
| 1/2 e9s ( ; = r) HOd=qw, “Pew 
0 


Solution: F 
1° iv-1/2 1-2ix (x) 
th=—- t —— 3 
tO GS / _ cos( 4 n) each 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463). 


3.5-2. Kernels Containing Sine. 


10. 


ie: sin(at)y(t) dt = f(a). 
0 


Solution: y(#) = = ie sin(at) f(t) dt. 
T JO 


Up to constant factors, the function f(x) and the solution y(t) are the Fourier sine 
transform pair. 


@) References: E. A. C. Paley and N. Wiener (1934), S. Bochner and K. C. Chandrasekharan (1949), G. N. Watson 
(1952), H. Bateman and A. Erdélyi (Vol. 1, 1954), S. Bochner (1959), V. A. Ditkin and A. P. Prudnikov (1965), 
B. Davis (1978), F. Oberhettinger (1980), E. C. Titchmarsh (1986), Ya. A. Brychkov and A. P. Prudnikov (1989), 
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 440), I. Sneddon (1995), A. D. Poularikas (2000). 


b 
| sin(xt)y(t) dt = f(x), 0<4<c. 


Solution: 5s 
y(t) = _ / sin(at)f(z)dx if a<t<b, 
=1 7 Jy 
0 if 0<t<a ort>b, 


whereOSasb<oam. 


/ ~ a (Alx - tl) y(t) dt = fiw), — f(to0) = 0. 


CO 


Solution: ‘ 
y(@) = > [fi(a) + 7 f(a)]. 
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b 
/ sin (Alx - tl) y(t) dt = f(x), -0o0o <a<b<oo. 


1°. Let us remove the modulus in the integrand: 


b 


ke sin[A(a — t)]y(t) dt + i sin[A(t — x) ]y() dt = f(x). (1) 


Differentiating (1) with respect to x twice yields 
x b 
2dy(z) — 7 / sin[ A(x — t)]y(t) dt — 7 i sin[A(t — x) ]y(t) dt = f",(2). (2) 


a x 


Eliminating the integral terms from (1) and (2), we obtain the solution 


y(x) = =I (x) + ¥ f(a)). (3) 


2°. The right-hand side f(a) of the integral equation must satisfy certain relations. By setting 
x =aand x = b in (1), we obtain two corollaries 


b b 
/ sin[A(t— a)}y(t) dt = f(a), / sin[\(b—t)]y(t) dt = f(b). (4) 


Substituting solution (3) into (4) followed by integrating by parts yields the desired conditions 
for f(x): 
sin[A(b— a)] f4.(b) — Acos[A(b — a)] f(b) = Af (a), 


5 
sin[A(b — a)] f..(a) + Acos[A(b — a)] f(a) = -Af (0). ©) 
The general form of the right-hand side of the integral equation is given by 
f(®) = F(x) + Av+ B, (6) 


where F(x) is an arbitrary bounded twice differentiable function, and the coefficients A and B 
are expressed in terms of F(a), F'(b), F(a), and F’(b) and can be determined by substituting 
formula (6) into conditions (5). 


b 
‘) { Asin (Ala - t]) + Bsin (sola — t|) }y(t) dt = f(a), -oo <a<b<oo. 


Let us remove the modulus in the integrand and differentiate the equation with respect to x 
twice to obtain 


b 
2(AA + Bu)y(a) - / { Ad sin(Ala - tl) + Bu’ sin(ula - t|) by) dt = f(a). (D 


Eliminating the integral term with sin (ul - tl) from (1) with the aid of the original equation, 
we find that 


b 
2(Ad + Bu)y(a) + Au? — »”) / sin(Alx — t|) y(t) dt = f(x) + 1 f(a). (2) 


For A\ + Bu = 0, this is an equation of the form 3.5.11 and for AA + Bu # 0, this is an 
equation of the form 4.5.29. 

The right-hand side f(a) must satisfy certain relations, which can be obtained by setting 
x = aand x = b in the original equation (a similar procedure is used in 3.5.11). 


13. 


14. 


15. 


16. 
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b 
/ |sin(Ax) - sin(At)| y(t) dt = f(x). 
This is a special case of equation 3.8.3 with g(a) = sin(Az). 


Solution: 
1 d | fi (2) 


y(z) = 20 dx cos(Ax) 


The right-hand side f(a) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 


[ |sin(Gx) — sin(yst)| y(t) dt = f(a), B>0, p>od. 
0 


This is a special case of equation 3.8.4 with g(x) = sin(Gx) and \ = 1/3. 


b 
i: sin? (Ala — t|) y(t) dt = f(x). 


Using the formula sin? 6 = -+ sin 33 + 3 sin 3, we arrive at an equation of the form 3.5.12: 


b 
/ [-4A sin(3Ala —t|) + 4A sin(Ala - tl) ] y(t) dt = f(a). 


b n 
| bp Ax sin (Axx - | y(t) dt = f(x),  -co<a<b<oco. 


k=1 
1°. Let us remove the modulus in the kth summand of the integrand: 
b x b 
I, (x) = / sin(Ax | — tl) y(d) dt = : sin[\,(a — t)]y(t) dt + / sin[A,(t — x)]y(t) dt. (1) 


Differentiating (1) with respect to x yields 


ae b 
=r | cost Ate Dlylt) dt Ax f cos[A;,(t — x) ]y() dt, 

a - zx ; (2) 
If = 2rey(o)—% | sink le Dlylt) dt Ak | sinldx(t—a)lytt at 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I7/ and I: 


Tf = 2drny(@)— Age, Te = Te). (3) 


2°. With the aid of (1), the integral equation can be rewritten in the form 


k=1 
Differentiating (4) with respect to x twice and taking into account (3), we find that 


o1y(2)—S— Agr ln = fea), 1 = 2S AnAg. (5) 
k=1 


k=1 
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18. 


19. 


20. 


21. 
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Eliminating the integral J,, from (4) and (5) yields 
n-l 
arya) +S) ARO, — ARM = fle (@) + i, f@)- (6) 
k=l 
Differentiating (6) with respect to x twice and eliminating J,,_; from the resulting equation 


with the aid of (6), we obtain a similar equation whose left-hand side is a second-order 
n-2 

linear differential operator (acting on y) with constant coefficients plus the sum 5> By,Jq. 
k=l 

If we successively eliminate [,_2, In_3, ..., with the aid of double differentiation, then we 

finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n— 1) with 


constant coefficients. 


3°. The right-hand side f(a) must satisfy certain conditions. To find these conditions, one 
should set x = a in the integral equation and its derivatives. (Alternatively, these conditions 
can be found by setting x = a and x = b in the integral equation and all its derivatives obtained 
by means of double differentiation.) 


b 
| |sin* x - sin* t| y(t) dt = f(a), 0<k<1. 
0 


This is a special case of equation 3.8.3 with g(a) = sin’ x. 


Solution: 
1 d tt) 
2k dx | cosa sink! x |" 


The right-hand side f(x) must satisfy certain conditions. As follows from item 3° of equation 
3.8.3, the admissible general form of the right-hand side is given by 


f(e)=F(a)+Ac+B, Az=-Fi(b), B= 4[bFi(b)-FO)-F)], 


y(@) = 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


Darts to O0<k<1. 
a |Sin(Ax) - sin(At)|* ° 


This is a special case of equation 3.8.7 with g(a) = sin(Ax)+/3, where (3 is an arbitrary number. 


i ° |k sin(Ax) - t| y(t) dt = f(a). 
0 


This is a special case of equation 3.8.5 with g(x) = k sin(Az). 


[len bsinarp| uit at = fee 
0 


This is a special case of equation 3.8.6 with g(t) = k sin(At). 


°° sint 
fo Ste +9-ye@-idt= fo, 
0 t 


Solution: es 
yon= 2 [|S + sio|tpe-0- see + olde 
0 


TT 


where Si(t) is sine integral (see Supplement 11.3-1). 
The integral equation and its solution form the Boas transform pair. 


(6) Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 442). 


22. 
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De 14+22 
‘i tie? sin (== iid r) y(t) dt = f(x), ?=-1, 
0 


Solution: — pp 
y(t) = = / fo? gin ( = 7) _ FO) gy 
T Joo 4 cosh(72) 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463). 


3.5-3. Kernels Containing Tangent. 


23. 


24. 


25. 


26. 


27. 


28. 


b 
i. |tan(Ax) - tan(At)| y(t) dt = f(x). 


This is a special case of equation 3.8.3 with g(a) = tan(Az). 
Solution: 


= ld 2 ‘ 
y(x) = nr dx cos Qwfice) . 


The right-hand side f(a) of the integral equation must satisfy certain relations (see item 2° of 
equation 3.8.3). 
| |tan(Gx) - tan(yt)| y(t) dt = f(x), B>0, pw>o. 

0 


This is a special case of equation 3.8.4 with g(x) = tan(Gx) and A = p/f2. 


b 
| |tan* x tan‘ t| y(t)dt = f(z), O<k<1. 
0 


This is a special case of equation 3.8.3 with g(a) = tan* x. 
Solution: 


cos’ x cot*! a fi()|. 


1 d 
y(x) = Dk de 
The right-hand side f(x) must satisfy certain conditions. As follows from item 3° of equation 
3.8.3, the admissible general form of the right-hand side is given by 

f(z) = F(a) + Ax + B, A=-Fi(b), B= %|bF,(b)-FO)-F)], 
where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


Dax aar tte Fo) 0<k<1. 
a |tan(Ax) — tan(At)|* , 


This is a special case of equation 3.8.7 with g(x) = tan(Ax)+/3, where (3 is an arbitrary number. 


J etancae) ~e] yo at = fee 
0 


This is a special case of equation 3.8.5 with g(a) = k tan(Az). 


| ° |x - ktan(At)| y(t) dt = f(x). 
0 


This is a special case of equation 3.8.6 with g(t) = k tan(At). 
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3.5-4. Kernels Containing Cotangent. 


b 
29. | |cot(Ax) - cot(At)| y(t) dt = f(x). 


This is a special case of equation 3.8.3 with g(x) = cot(Az). 


b 
30. / |cot* x — cot* t| y(t) dt = f(x), 0<k<1. 


This is a special case of equation 3.8.3 with g(a) = cot* x. 


3.5-5. Kernels Containing a Combination of Trigonometric Functions. 


31. | a [cos(xt) + sin(at)] y(t) dt = f(x). 


CO 


Solution: 


y(x) = a i ‘i [cos(xt) + sin(at)] f(t) dt. 
2 


—Oo 
Up to constant factors, the function f(a) and the solution y(t) are the Hartley transform pair. 


@ Reference: D. Zwillinger (1989). 


32. i - [sin(xt) — xt cos(xt)| y(t) dt = f(x). 
0 


This equation can be reduced to a special case of equation 3.7.17 with v = 3. 
Solution: 


Re 2 i. sin(xt) ed) F(t) dt. 
T Jo at 


33. | [sin(at) + xt cos(at)]y(t) dt = f(a). 
0 


Solution: 


yoo) == [ siceoyttyat, 
T JO 


where si(z) is the sine integral (see Supplement 1 1.3-1). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 457). 


34. fu — cos(xt) + xt sin(xt)]y(t) dt = f(x). 
0 


Solution: 


yoo)= = [ cicenfoat, 
T Jo 


where ci(z) is the cosine integral (see Supplement 11.3-2). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 457). 


36. 


37. 


38. 


39. 
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| * (et)! @ a i 2eos(xt) y(t) dt = f(x). 
0 


x 
2 ffi 
ya) = 4/ = | [5- se] f(b) dt. 
T Jo 2 


where $(z) is the Fresnel sine integral (see Supplement 11.3-3). 


Solution: 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 459). 


| * (ety? —_ 2 sinxt| y(t) dt = f(a). 
0 xv 


2. fool 7 
y(@) = V2 | 5 -ccen] fd, 


where C'(z) is the Fresnel cosine integral (see Supplement 11.3-3). 


Solution: 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 460). 


Lr SOS) FENCED, dt = f(x). 
0 


(at)” 
Solution: 


yoo)= = [ stot, npat, 
T Jo 


where S(z, v) is the generalized Fresnel sine integral (see Supplement 11.3-3). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 461). 


ie abet) Otel oS dt = f(x). 
0 


(at) 
Solution: Se nee 
yoa)== [Cat nytt at 
T JO 


where C(z, v) is the generalized Fresnel cosine integral (see Supplement 11.3-3). 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 461). 


[ asin(ax + t) a sin(x — t) 
0 


_ ere a y(t) dt =f(z), 0<a<i1. 
1-2acos(x + t) + a? en f(a) ° 


Solution: 
2 fn 
y(x)=C+> > tn cos(nx), fn = | f(x) sin(nz) dx, 
aera! a” 0 
where C is an arbitrary constant. 


Remark. The kernel of the integral equation can be represented as a series in powers of a: 


Red ; asin(x + t) asin(x — t) 


—————$—$— $$. 5. es Ney t). 
—Jacos(a+t)+a2 1—2acos(a—t) + a2 » CONE) CORD) 


© References: W. Schmeidler (1950, p. 169), S. Feny6 and H. W. Stolle (1984, pp. 18-19). 
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3.5-6. Equations Containing the Unknown Function of a Complicated Argument. 


40. 


41. 


42. 


43. 


an /2 
| y(€) dt = f(x), €=asint. 
0 


Schlomilch equation. 
Solution: 


2 n/2 
y(x) = [7 +e | fe) a , €=asint. 


@ References: E. T. Whittaker and G. N. Watson (1958), F. D. Gakhov (1977). 


w/2 
i y(€) dt = f(x), €= asin" t. 
0 


Generalized Schlomilch equation. 
This is a special case of equation 3.5.43 for \ = 0 and m = 0. 
Solution: 


alt 


k-1 qd 1 ez 
y(x) = vee lot f sin (Oa, €=asin" t. 
dx 


0 


w/2 
i sin’ t y(€) dt = f(a), é=asin' t. 
0 


This is a special case of equation 3.5.43 for m = 0. 
Solution: 


2k BAL df Me f? 
oS as =| i if sin £706), €= asin" t, 
T dx 0 


w/2 
i sin t cos™ t y(€) dt = f(x), €= asin" t. 
0 


1°. Let \>-1, m >-1, and k > 0. The transformation 


Z2=2 


: C =zsin’t, w= CF y(¢2) 


leads to an equation of the form 1.1.44: 
a m1 Atm 9, k 
[eo 2 w(¢)d¢ = F(z), F(z)=2z 2 f(z2). 
0 


2°. Solution with -1 <m <1: 


ee | Atl 


Ik n/2 
y(2) = — sin| xk | sin**! ¢tan™ t f(€) dt], 
TT 2 0 


where € = x sin’ t. 
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3.5-7. Singular Equations. 


44. 


45. 


46. 


2r t- 
i cot (—— ; =) y(t) dt = f(a), O<a<2rn. 


Here the integral is understood in the sense of the Cauchy principal value and the right-hand 
20 
side is assumed to satisfy the condition | f@®dt=0 
Solution: 


1.” 7° is 
yla) => ) cot( = ~) f(t)dt+C, 


where C is an arbitrary constant. 


20 
It follows from the solution that i y(t) dt = 2nC. 
The equation and its solution form a Hilbert transform pair (in the asymmetric form). 


@) Reference: F. D. Gakhov (1977). 


[ f + cot (= )| v0 dt=f@),  -w <a <n. 


-T 


Hilbert—Plessner equation. 


Solution: ; - 
weo= [1+ coe *)| fat 


© Reference: S. Feny6 and H. W. Stolle (1984, pp. 36-38). 


de [sin (£2 


The simple hypersingular equation of the first kind with Hilbert-type kernel. 
Let the periodic conditions y(0) = y(27) be satisfied. Then the solution is 


x —2 
)| y(&) dé = f(x), 0<a<2n. 


yla) = zy ie #©n|sin($5*)| ag +0, 


where C is an arbitrary constant. 
This equation is discussed in Subsection 14.6-4 in detail. 


© Reference: I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, p. 8). 


3.6. Equations Whose Kernels Contain Combinations of 


Elementary Functions 


3.6-1. Kernels Containing Hyperbolic and Logarithmic Functions. 


b 
| In |cosh(Ax) - cosh(At)| y(t) dt = f(x). 


This is a special case of equation 3.8.9 with g(a) = cosh(\z). 


b 
| In |sinh(Ax) - sinh(At)| y(t) dt = f(x). 


This is a special case of equation 3.8.9 with g(x) = sinh(Az). 
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an 0 xin AY | un at = fom <a 
2 sinh ( Gie= tl) Z arg pce 


Solution with 0 <a< A: 


1 d & 
yea) = FE / Ono a Gea) 


i i d 1 dfs 
3 [OR reE [moore] a 


_1d f* w(e,8) if ao) a 
2 dx Six Te |f.¢e9 pone 


where the prime stands for the derivative with respect to the argument and 


_f, (sinh(-4) \]~ — cosh(4ar) M(é) 
mle In Say) » W(t 8) = rahe 


@© Reference: I. C. Gohberg and M. G. Krein (1967). 


b 
4. il In |tanh(Ax) - tanh(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.9 with g(x) = tanh(Az). 


5. i In [coth (4|a - t]) | y(t) dt = f(x), -a<a<a. 


Solution: 


1 d f[* 
y(2) = IM @ FE i: w(t, a) f(t) a| w(x, a) 


1 fe d 1 dfs 
2 I. a ars ee [. w(t, FO a dé 


1d f* w(e,8) i i aro) a 
20. Jai Te [feo oe le 


where the prime stands for the derivative with respect to the argument and 


P_4/2(cosh €) ieee) 1 


MO= J teosney “= TQ leash Zeouhe = Deomhe 


and P_;/2(cosh €) and Q_;/2(cosh €) are the Legendre functions of the first and second kind, 


respectively. 


@® Reference: I. C. Gohberg and M. G. Krein (1967). 


3.6-2. Kernels Containing Logarithmic and Trigonometric Functions. 


b 
6. | In |cos(Ax) - cos(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.9 with g(x) = cos(Az). 


7. 


10. 
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b 
| In |sin(Ax) - sin(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.9 with g(x) = sin(Az). 


™  1-cos(x + t) 
| In ——————. y(t) dt = f(x), O<sa<n. 
0 1 -—cos(a — t) 


Solution: 


25 ' * ; 
yr) = So nfrsin(nz), — fr= | f(w)sin(ne) de. 
ar 0 
@® Reference: S. Fenyo and H. W. Stolle (1984, p. 44). 


fo (|. sin ( A) |ue dt = F( gaits 
2 sin ( (le t\) a epee eee 


Solution with 0 <a< A: 


1 d e 
ya) = FE i cOuG a esa) 


a i d 1 dfs 
“7h moOglarme [,eeoroa a 


_1d f* w(e,8) ib i aro) a 
2 we [feo ne 


where the prime stands for the derivative with respect to the argument and 


= fin( @GA)\]- _ _cos(z6) MO) 
saNes in( Si )| ‘ ea mr/2 cos x —2 cos E- 


in(36) 


@) Reference: I. C. Gohberg and M. G. Krein (1967). 


d wv 
— / In (2 
dz J_x 


Solution: 


, & 
sin 


-t 
)uw dt = f(x). 


sin 


1d {” 
DO eae e in(2}sin = 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 452). 


*)) f@ dt, ie y(t) dt = 0 
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3.6-3. Kernels Containing Combinations of Exponential and Other Elementary Functions. 


11. 


12. 


13. 


b 
/ (In |x — t| + AeO**) y(t) dt = f(x). 


This is a special case of equation 3.8.28 with v(x) = Ae~°* and y(t) = e* 


| * [sin(at) + Ae???" ] y(t) dt = f(a). 
0 


This is a special case of equation 3.8.29 with v(x) = Ae” and w(t) = e%! 


J teosen + Ae???" 1 y(t) dt = f(x). 
0 


This is a special case of equation 3.8.30 with v(x) = Ae” and w(t) = e8! 
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3.7. Equations Whose Kernels Contain Special 
Functions* 


3.7-1. Kernels Containing Error Function, Exponential Integral or Logarithmic Integral. 
1. | [exp(i(a + t)”) erf(e”*/4(ax + t)) + exp(i(a - t)”) erf(e™*/4(a - t))] y(t) dt = f(x). 
0 


Here erf z is the error function (see Supplement 11.2-1) and i” = -1. 
Solution: 


1. [* : F 

y(x) = —— | [exp(-i(t + x)”) erf(e?""/4(t + x)) + exp(-i(t — x)”) erf(e?""/4(t — x))] f(t) dt. 
T Jo 

© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 459). 


2. | i e'@t Ri(ixt)y(t) dt = f(x), ?=-1. 
0 


Here Ei(z) is the exponential integral (see Supplement 11.2-2). 
Solution: 


20x 


y(t) = 5 di : ets exter Va) - ot? | F(a) de. 
27 Joo t 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 456). 


3. | li (=) uae = fe fd) =f’) =0. 
1 


Here li(z) is the logarithmic integral (see Supplement 11.2-3). 


Solution: . 
a t d d 
wi =- f rv(n£)| (2) 12 pode, 


~ 28 dé 
h = ——.. 
where 1(z) | Té+D 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 457). 


3.7-2. Kernels Containing Sine Integrals, Cosine Integrals, or Fresnel Integrals. 


4, i. si(xt)y(t) dt = f(a). 
0 


Here si(z) is the sine integral (see Supplement 11.3-1). 
Solution: 


y(x) = = J bsincen + ct cos(xt)] f(t) dt. 
0 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 457). 


* For notation and properties of special functions, see Supplement 11. 


Kd 
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i. ci(at)y(t) dt = f(x). 
0 


Here ci(z) is the cosine integral (see Supplement 11.3-2). 
Solution: 


y(a@) = = i [1 —cos(axt) + xt sin(at)] f(t) dt. 
0 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 457). 


ord 
| E = s(es) y(t) dt = f(x). 
Pale? 


Here S(z) is the Fresnel sine integral (see Supplement 11.3-3). 


Solution: 
y(x) = = | cat'/2| EP 4 2eos(et f(b dt. 
0 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 459). 


ory 
| E = cab) y(t) dt = f(x). 
Pama ke 


Here Cz) is the Fresnel cosine integral (see Supplement 11.3-3). 


Solution: 
y(x) = Vs fo ceoe| AP asin f(t) dt. 
T Jo xt 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 460). 


is S(at, v)y(t) dt = f(x). 
0 


Here S(z, v) is the generalized Fresnel sine integral (see Supplement 11.3-3). 
Solution: 


2 [ (1 —v) sin(zt) + xt cos(at) F(t) dt. 


y(x) = a (ety” 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 461). 


i ~ Cla, yl dé = FG): 
0 


Here C'(z, v) is the generalized Fresnel cosine integral (see Supplement 11.3-3). 
Solution: 


ae 2 [ (1 —v) cos(at) — xt sin(zt) F(t) dt. 


(at)” 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 461). 
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3.7-3. Kernels Containing Gamma Functions. 


10. | * ety 2D ea In(axt))y(t) dt = f(x), ?=-1. 
0 


Here ['(z) is the incomplete gamma function (see Supplement 11.4-1). 
Solution: 


y(@) = a [ * ety °1(¥i In(at)) f (t) dt. 


The integral equation and its solution form a Paley—Wiener transform pair (in the asym- 
metric form). 


@) References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453). 


UU. i * e™@O2D(Li(a + t)y(t) dt = fle). 


Solution: 


y(x) = a i ie e+) /2T(ri(x + t)) f(b dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 453). 


12. s T(a+iat+t)[(a—-i(a + t))y(t) dt = f(x). 


CO 


Solution: 


asin(27a) [°° 
273 


y(x) = T(-a + (a +t) Ca ia + t)) f@® dt, 


where Rea <0 (Qa 4-1, -2,...). 


© References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453). 


3.7-4. Kernels Containing Incomplete Gamma Functions. 


13. i ae ~2)*1y(1 - a, 2i(t - x)) y(t) dt = f(x), ?=-1. 


Here ¥(v, z) is the incomplete gamma function (see Supplement 11.5-1). 
Solution: 


1 Co 
y(@) =-Fa im (t-a)*"'y(1 + a, 2i(t- x) f dt, 


where -1/2 <Rea <0. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 462). 


2° ee ae es 
14. | [exp ( = : r) 4/2 4 (b-a)ai? ett (5 - ix, iat) | ye dt = f(a). 


Solution: 


1 iy 2t+1 - ; ; 1 t 
y(2) = / exp aa yit-1/2 +(a— bh ee hep = +it,-ibr _fo® dt 
An 4 2 


00 cosh(rt) 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463). 


15. 


16. 
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[ eee sin (734 ae r) 
0 4 
a tx-1/2| ,-iat 1 . . iat 1 : ‘ 
+ ze -a)a e T 3 -iz,—iat ) -—-eT 3 — 12, tat y(t) dt = f(x). 


Solution: 


1 
yo=> f- 
TSE 


“e b+, : ; 1. f(x) 
42-1 /2 abt a, = _ pibt ee 
+ aoe b)b le r(5 +72, at) e r(5 +72, in) Ise dz, 


where a, b € (—oo, 0) are complex numbers. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463). 


ie ee oe ( 1+ 27x r) 
0 4 
1 ta-1/2| -iat 1 . . iat 1 : . 
+ ge -a)a eer 7s ax,-tat } + eT a 12x, tat y(t) dt = f(x). 


Solution: 


1. ff 1-2 
y(t) = — i ea cos( si r) 
T J 00 4 


u eile lettin Lode os Bel Lode. 3 f(z) 
+ 5 (a — 8b le T 5 +ix,—ibt ) +e'T 5) + ia, ibt RACES dx, 


where a, b ¢ (—oo, 0) are complex numbers. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463). 


3.7-5. Kernels Containing Bessel Functions of the First Kind. 


17. 


| ” tI wt)y(t) dt = f(a). 
0 


Here J,,(z) is the Bessel function of the first kind (see Supplement 11.6-1). 
Solution: 


he tJ(at) f(t) dt if Reve ct v= os 
0 
= 2k+v 
ye) i. t| a4 t)- + ee 1y*(at/2) | now if Reve and PHLD-K oo, 
0 


kITv+k+1) 
where —n tof S Reine ai, a ey ree 


The functions f(a) and y(x) are the Hankel transform pair. 


© References: E. C. Titchmarsh (1923), J. L. Griffith (1958), V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhet- 
tinger (1972), I. Sneddon (1972), H. M. Srivastava and R. G. Buschman (1977), B. Davis (1978), A. P. Prudnikov, 
Yu. A. Brychkov, and O. I. Marichev (1992, p. 468), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993), I. Sneddon 
(1995). 
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18. 


19. 


20. 


21. 


22. 
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b 
‘ tJ, (at)y(t) dt = f(x), 0<4r<cHw. 


Solution: 


[o.e) 
cI (at)f(a)dx if a<t<b, 
a { at) (0) 
0 if 0<t<a or t>b, 
where O< a<b< oo andRerv >-1. 
@) References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 468), I. N. Sneddon (1995). 


| tJo(at)y(t) dt = 0, ax<nr<o. 
0 


Homogeneous integral equation of the first kind. 
Solution: 


y(t) = | " cos(t)ola) de, 
0 


where (x) is an arbitrary continuously differentiable function. 


@ Reference: Ya. S. Uflyand (1977). 


| tJ. (axt)y(t) dt = 0, ax<x<o. 
0 


Homogeneous integral equation of the first kind, Rev >—1/2. 


Solution: 
Int [° 
y(t) = =i VE Jy1/2(at)p(a) dz, 
0 


where (x) is an arbitrary continuously differentiable function. 


@) Reference: Ya. S. Uflyand (1977). 


b 
J |40)-s.08] yt at = fa. 


This is a special case of equation 3.8.3 with g(x) = J,(Ax), where J_(z) is the Bessel function 
of the first kind. 


| I(Mw —t))y(t) dt = f(w). 

0 

1°. If|Rev| <1 and f(0) = f"(0) = 0 then 

a . a 2 
ce [ TAX -o(F + 10 dt. 


2°. If v = nis a positive integer number and f(0) = f’(0) =--- = f*?(0) = 0 then 
[(n-1)/2] d\n! ge k+l 
to S arei ( _@- 2 
y(x) — nr as Ch (=) (+ + A ) f(x) 


1 x [n/2] d\?2k / qe k+l 
Aisa Ma-t a ees a t) dt 
+5 f OC ye e(z) (G+*) ft) dt, 


! 
where [A] stands for the integer part of the number A and CF = Ca are binomial 
'(n—k)! 
coefficients (0! = 1). 


23. 


24. 


25. 


26. 
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3°. If vy is not an integer, m—1< Rev <m (m=0, 1, 2,...), and f(0) = f’(0) =--- 
f*(0) = 0 then 


[((m-1)/2] m-2k-1 2 k+l 
=i mM-V a t d d 
j2 mov [- : a )) > 2k! (5) (= . x) f(Ddt 


[m/2] sata m2k 7 2 ; k+l 
tf Im (Aa - 2 Cm (=) (=+*) f@ dt. 


© References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 470), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


[ew sAle— typ dt = foo. 


CO 


Solution: 


Co 


Acos(vT) sign(t—x) d 


v+l 
4sin2(v7) ‘oo [t-aP"*! dt [It | Jp alt - x\) f(t) dt, 


y(@) = - 
where 0 < Rev < 1/2. 


© References: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 469), S. G. Samko, A. A. Kilbas, 
and O. I. Marichev (1993). 


i} : In pianat)G(a, ty(t) dt = f(x), G(a,t) =2ra(t/x)"”, n=1,2,... 
0 


Solution: 


yoe)= f Inpra mance, fib at 


The functions f(a) and y(t) are the Bochner transform pair. 


© Reference: Yu. A. Brychkov and A. P. Prudnikov (1979). 


i. —- |e (wb) ty(t) dt = f(a). 


Solution: 
y(x) = -27 i. tJL(a, thY_ (at) f(t) dt 
0 
= | ~ t{ sinQum)L J (at) — ¥2(at)] - 2eos(2vm).1Aat)¥ (ot) } f(b dt. 
0 


© References: I. I. Hirschman and D. V. Widder (1955), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev 
(1992, p. 474). 


| t[J_p(xt)J_(xt) + J, (xt) JL (xt)| y(t) dt = f(x). 
0 


Solution: 


T 


y(@) = 


ee 
ARES CTE CEa [  |t( Jule) Ia) F-u(at) J(at)) | fO at, 


where Re(ti + v) < 3/2. 


© References: I. I. Hirschman and D. V. Widder (1955), E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, 
and O. I. Marichev (1992, p. 475). 
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27. | [Jie(t) + J-ia(t)ly(t) dt = fw), 2 =-1. 
0 


Solution: 


_ 1 f® (it@) + Sae@)] 
y(x) = on | ana  f O dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 469). 


28, / “IO EO Fay « 2S i. 
0 


Solution: 
7 . © Sint) + Jin(t) 
MO a aKaD | i Oe, 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 469). 


3.7-6. Kernels Containing Bessel Functions of the Second Kind. 


29. i ty, (at)y(t) dt = f(x). 
0 


Here Y,,(z) is the Bessel function of the second kind (see Supplement 11.6-1). 
1°. If|Rev| < 1 then 


y(a) = i Z tH, (xt) f(D) dt, 
0 


where H,,(x) is the Struve function, which is defined as 


On 1) Q)u+2j+1 
ne =e 


so PG + a)Pu +543) 


The function f(x) and the solution y(x) are the Y,,-transform pair. 


2°. If 1 <|Rev| <3 then 


(at)! 


21 /r Tv + 1/2) 1O)dt: 


ee i i i| car : 
0 


@) References: E. C. Titchmarsh (1948), G. N. Watson (1952), J. L. Griffith (1958), F. Oberhettinger (1972), 
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 475). 


b 
30. | |¥L(Ax) - YL(At)| y(t) dt = f(a). 


This is a special case of equation 3.8.3 with g(a) = Y_(Az), where Y_(z) is the Bessel function 
of the second kind. 
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3.7-7. Kernels Containing Combinations of the Bessel Functions. 


31. 


32. 


33. 


34. 


35. 


ih [cos(p7r) JL (at) + sin(p7) Y_(axt)]ty(t) dt = f(x). 
0 
Solution: 


= ae n y+2p+2n 
y(a) = | O(xtif(dt, O2= 5° eC 2 aie 


n=0 


The functions f(a) and y(x) are the Hardy transform pair. 


@) Reference: Yu. A. Brychkov and A. P. Prudnikov (1989). 


i * tI AwtyY.(aty(t) dt = f(a). 
0 


Solution: 


ae are: 2 
y(a) = 20 i} i [es2a0)| f(t) dt, 


where Rev > -1/4. 


Tptnt+)D)wvt+ptntl) 
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© References: E. C. Titchmarsh (1948), I. I. Hirschman and D. V. Widder (1955), A. P. Prudnikov, Yu. A. Brychkov, 


and O. I. Marichev (1992, p. 476). 


/ AC OVA Cee AC OTAC OIG orice? 


Solution: 
© tl J (at)Y_(at) — Y_(at) J, (at)] 
y(a) = [ ———E—ESE rio 


J2(at) + Y2(at) Aa 


The function f(x) and the solution y(x) are the Weber transform pair. 


© References: G. N. Watson (1952), Yu. A. Brychkov and A. P. Prudnikov (1979, 1989), A. P. Prudnikov, 


Yu. A. Brychkov, and O. I. Marichev (1992, p. 477). 


i * ELI (at)¥(et) - Yi(at) I wt)ly(t) dt = flo). 
0 


Solution: 


y(x) = tL J (ax)¥_ (at) — Y_(ax) J, (at) FO) dt. 


zr loc) 
J2(ax) + Y?2(ax) | 


(O) References: G. N. Watson (1952), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 477). 


4a 


| etme) (ay(t)dt = fla), 2 =-1. 


CO 


Here H(z) = J,(z)+iY_(z) is the Hankel function of the first kind (see Supplement 11.6-5). 


Solution: 


1 “P 71 (t—x 
ya) = 5 i, e NTH? ai Oat: 


where a > 0. 


@ References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 479). 
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| etre/2 FO) (ayy (t) dt = f(x). 


CO 


Here H )(z) = J,(z)—7Y_(z) is the Hankel function of the second kind (see Supplement 


11.6-5). 
Solution: pee 
ya=5 f AMPH? safcat, 
where a > 0. 


@) References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 479). 


3.7-8. Kernels Containing Modified Bessel Functions of the First Kind. 


37. 


38. 


39. 


b 
J [ede - Lao] we at = Fe. 


This is a special case of equation 3.8.3 with g(x) = I,(Ax), where I,,(z) is the modified Bessel 
function of the first kind (see Supplement 11.7-1). 


~ dss, . 
i —I,(x)y(t) dt = f(x), ?=-1. 
0 dx 


Solution: 


y(x) = A if K2(t) f(t) dt. 
T 0 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 485). 


iS Ai(a + t)y(t) dt = f(a). 


CO 


Here Ai(x) = 4a [L1/3(z) - L3()| is the Airy function (see Supplement 11.8-1). 
Solution: 


y(a) = / i Ai(x + t) f(t) dt. 


@ References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 485). 


3.7-9. Kernels Containing Modified Bessel Functions of the Second Kind. 


40. 


41. 


[| Kolle-t) ub at = Fo. 


Here Ko(z) is the modified Bessel function of the second kind (the MacDonald function), see 
Supplement 11.7-1. 
Solution: 


ted it 1 ° K d 
yox)=-5(5-1) [ Ko(le-t) feat. 


OO 


@© Reference: D. Naylor (1986). 


b 
J K.00)- Ky20| y(t) dt = fo. 


This is a special case of equation 3.8.3 with g(a) = K (Az). 


42. 


43. 


44. 


45. 


46. 


47. 
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| - Vzt K,(zt)y(t) dt = f(z). 
0 


Here K,(z) is the modified Bessel function of the second kind. 
Up to a constant factor, the left-hand side of this equation is the Meijer transform of y(t) 
(z is treated as a complex variable). 


Solution: ; 
C+100 


y(t) = — Vat L(t) f(z) dz. 


c-ico 
For specific f(z), one may use tables of Meijer integral transforms to calculate the integral. 


@ Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


| “ KeeyOd=fey. Peet: 
0 


Solution: ) oo 
y(e)= | tsinh(t) Kin(@)f() dt. 
TAL 0) 


The function f(a) and the solution y(x) are the Kontorovich-Lebedev transform pair. 


@) References: V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhettinger (1972), Yu. A. Brychkov and A. P. Prud- 
nikov (1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 487). 


i Kis(a)y(t) dt = f(a). 


Solution: 


oS ee | © Kiel py at 


t 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 487). 


| Kiounat= to, 


Solution: desinh(ne) f° d 
x sinh(7x 
ya) = | — {Lin(t) + Lin Kin} f(b) dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 492). 


J ReKinnjaltuit) dt = fla. 


Solution: 4 a 
y(2) = = i cosh(zt) Re Kj¢41/2() f(t) dé. 
0 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 488). 


‘i Im Kjou/2(t)y(t) dt = f(a). 


Solution: je as 
ya) = : cosh(mt) Im Kje41 /2(a) f(t) det. 
0 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 488). 
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48. 


49. 


50. 


51. 


52. 


53. 
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7 Re Kits 2(x)y(t) dt = f(a). 


Solution: , re 
lo) = cosh) | Re Kina /2(t) f(t dt. 
0 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 488). 


| Im Kjt41/2(x) yo) dt = f(x). 
0 
Solution: 


y(2) = a cosh(72) ie Im Kjn41 20) f (0) dt. 
0 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 488). 


i en @+b)/2 Ky (a)y(t) dt = f(x). 


Solution: i ss 
y(x) = 7 / POI? K aan (a) f(b dt, 


‘OO 


where a > 0. The function f(x) and the solution y(x) are a Crum transform pair (in the 
asymmetric form). 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 488). 


i, Kites (téa)y(t) dt = f(z). 


Solution: 


1 ss : 
y(2) = =p i Kiast)(Fta) f(t) dt. 
us —0oO 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 488-489). 


/ Saas <6 err (2iAV£) y(t) dt = f(a). 


Solution: 


A = 1(2it- , 
ya) = / eC Ky 4 (2iAVa) fO at, 


where \ > 0 and \/x = iva] for x < 0. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 489). 


| [( re ttm Ke QiAV a +t) 
0 


+ (att) Ky QiAV a= | y(t) dt = f(a). 


Solution: 
y(t) = ca / [ater K, ,-2iVa +) +(a-t)t2# VK, , (-2AVa— 0 f(x) da. 
TT “30 2 2 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 489). 
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54, / ett Ky (AVE )y(t) dt = f(x), A>. 
Solution: 


d f°? 164 
yo) = i - PPC K . (UVE) fade. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 489). 


55. | [( + tet K 1 ig(-21AVa + @) 


CO 


+(a-t" YK, (2AVa-e )| y(t) dt = f(a). 


Solution: 
» se 

y= | [atay tO Ky. QiVa rs B)+(a-ay TCH) KC (2a = 7) f(x) dx. 
T 0 2 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 490). 


Co. Txr 
56. if exp (sient) Keo(\ty(t) dt = f(a). 


—-Co 


Solution: ; - : 
mt 
y(a) = / texp(+- sign) Killah f@ at. 
TL Joo 2 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 490). 


3.7-10. Kernels Containing a Combination of Bessel and Modified Bessel Functions. 


57. i [in(t) + Lio(t)|Kie(t)y(t) dt = f(a). 
0 


Solution: Sie a 
y(x) = — | t sinh(rt) 3, (x) f(t) dt. 

mT dx Jo 

The integral equation and its solution form the Lebedev transform pair. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 493). 


58. f [Kisla) Tie) — Lie(a) Kila) y(t) dt = flv), 0<a<a. 
0 


Solution: 
2t sinh(rt) f* 
WLialal? Jo 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 494). 


y(t) = a [Ki(a)In(@) - Tn(a) Kia) f (@) da, t>0. 


59. [ t | Yoewn - = Keb] y(t) dt = f(x). 
0 Tv 
Solution: a8 5 
y(a) = i; t acon - = Ko(at)| fb at, 
0 


The integral equation and its solution form the divisor transform pair. 


© References: F. Oberhettinger (1973), E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and 
O. I. Marichev (1992, p. 492). 
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60. : t | Yanalt ats = Kmmaled) y(t) dt = f(x), n= 1, 2, oir 
0 as 


Solution: 


ae 2 
y(@) = | t[Yana(et +- = Kanated)| fO dt. 


© References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 493). 


61. [ t  Yan(et) + = Kan(ab| y(t) dt = f(x), n=1,2,... 
0 Tv 


Solution: 


oe | re Yin(eo + = Kon(at) fit) dt. 
0 


© References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 493). 


3.7-11. Kernels Containing Legendre Functions. 


62. ie Piyigy® dt = f(x), 0<4<c. 
1 


Here P,,(x) is the Legendre function of the first kind (see Supplement 11.11-3) and ?=-1. 
Solution: 


y(t) = | a tanh(rr)Pix-1/2() f(x) da. 
0 
The functions f(a) and y(t) are the Mehler—Fock transform pair. 


Remark. The Legendre function of the first kind can be represented in the form 


cos(xs) ds 


/2(t + coshs)* 


@ References: N. N. Lebedev (1965), V. A. Ditkin and A. P. Prudnikov (1965), Yu. A. Brychkov and A. P. 
Prudnikov (1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 512). 


2 [oe 
Piy,®=—- cosh(r) | l<t<om. 
2 T 0 


63. i P1,4,(a)y) dt = f(x), 1l<24<o. 
0 


Solution: = 
y(t) =t tanhirt) | Pt p(t) f(@) dx. 
1 


@ References: N. N. Lebedev (1965), V. A. Ditkin and A. P. Prudnikov (1965), Yu. A. Brychkov and A. P. 
Prudnikov (1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 513). 


64. [Py siglit) £ Pyyig(itlult) dt = fo) 
0 


Solution: 


1 i‘. sinh(r2) 


y(t) = = coer) [P_tsieit) ean PiyieGdIf(@) dz. 


2 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 513). 


66. 


67. 


68. 


3.7. EQUATIONS WHOSE KERNELS CONTAIN SPECIAL FUNCTIONS 271 


| [P_1i¢2) + P1,5,(-ia)y@) dt = f(a). 
0 


Solution: 
t sinh(zt) 
2cosh*(xt) Jo 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 514). 


y(t) = [P1,i¢ix) + Piya) f@) dx. 


| [ie*™* P_1 (cos t)+ Piyal- cos t)]y(t) dt = f(a). 


Solution: 


1 ~ x afi 
y(t) = 5 sin t Te abo P_1,,(cos t)+ Pie cost)] f(x) dz. 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 513). 


| [P1,2@PyO® dt = f(a), 1<a<co. 
0 
Solution: 


y(t) = tranh(nt) f Piyu@) [Q_1 4) + Q_1-i(@)] (x? 3 yrs [(@ = 1)? fa] dx 
1 


where Q(x) is the Legendre function of the second kind. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 514). 


ic P.tyic®|[Q_1ic® + Q_1ia®] yO dt = f(z), 0S w& <0. 


Here Q,(«) is the Legendre function of the second kind. 
Solution: 


wn = 2-92-22!" i. xtanh(rr)[P_14:,(O) f(x) de}. 
0 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 519). 


3.7-12. Kernels Containing Associated Legendre Functions. 


69. 


co 


(y(t) dt = f(x), 0<2<c. 


Eide 


Here P#'(x) is the associated Legendre function of the first kind (see Supplement 11.11-3) 
and i? =-1. 
Solution: 


| a ie : : 
y(t) = a i x sinh(rx)P(4 —pt ia) P(4 -—p- ix) PrapO fe) dx. 


The functions f(a) and y(t) are the generalized Mehler—Fock transform pair. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 518). 
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70. | P* (ey dt = f(x), 1<a2<oo. 
0 2 


Solution: 
1 co 
y(t) = —t sinh(rt)l' (5 —y. + it) (5 -p-it) | PH yw) f(a) de. 
1 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 519). 


1 
71. | PY, (Edy) dt = f(x), —00 < £ <0. 
-1 2 


Solution: 


y(t) = rien ye aD (5 +ia—ia) T(z -ta-ix) PA, (FOf(@) de. 


© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 518). 


73, a [(w+t-1)-4et]'7Q)_, (- ne ~) ye dt= f(z),  Rev>-t. 
0 2 


2V at 
Here Q(x) is the associated Legendre function of the second kind (see Supplement 11.11-3). 
Solution: 
1 


yb) = a2 


[ eo? (Grie17= aot} Ql (=) f(x) de. 


®© Reference: A. P. Prudnikov, Yu. A. Brychkoy, and O. I. Marichev (1992, p. 520). 


3.7-13. Kernels Containing Kummer Confluent Hypergeometric Functions. 


73. ip F(a, b; ixt)y(t) dt = f(a). 
0 


Here F(a, b; x) is the Kummer confluent hypergeometric function (see Supplement 11.9-1) 


and i? =-1. 
Let Re(b— a) <n < Reb—1/2. Then the solution is 
T d\" aaa 
y(t) = ane ag (=) Peek a e™'U(nt+a—b,n—b +2; ixt) f(x) dx|. 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 530). 


74, } Pe F (4b + iz, b; -it) y(t) dt = f(a). 


0 
Solution: 


fo-1 oo de : ‘ ae . 
y(t) = Oy) [. et [(4b+ ix) (Sb-ix) F (SbF 40; 0; it) f(a) dz, 


where Re b > 0. 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 531). 
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75. | °F (4 +ix,b + ia; iat) y(t) dt = f(x). 
0 
Solution: 


eae a ae ae ot F(z + #2) 1 vege 
wo=(-5) ie € Toe ae a eee 


where Ima = 0 and0 < Reb-1/2<n<Reb. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 531). 


76. is F(a, b; 7B(a - t)) y(t) dt = f(x). 


Solution: 
B?(a—1)(a—b + 1) sin(7b) oo 


y(t) = F(2 a,b-—a-—1;1B(x t)) f(a) da, 


where | < Rea < 3/2 and-1 < Re(b—a) <-1/2. 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 531). 


Ti. i F (4 + ia, 3; £i(w - t)”) y(t) dt = f(x), a>0. 


CO 


Solution: 


i(e—t)”) f(x) dz. 


NI 


ere co 
t) = ————— F(ixi 
yo) m™ cosh(7a) D (2 ¥ ia, 


@© References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 532). 


78. i F (4b + it, b; ix) y(t) dt = f(z),  Reb>0. 


CO 


Solution: 


ext : ; co = ; ; 
y(t) = TPAD! (2+ it) (4b-it) i x 'F(4b + it, b;-ix) f(x) dx. 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 532). 


79. | F(4b + it, b; -ix) y(t) dt = f(x), Reb> 0. 


CO 


Solution: 


ere Pe hc er 
yt) = TEX (28+ it) (4b it) ‘ a? | F (4b + it, b; ia) f(x) dx. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 532). 


80. / ~ a F (4 - it, b- it; iBax)y(t) dt = f(x). 


CO 


Solution: 


7 T'(4( - it) 


aoe 


| a? te Pr (n+ + —b, nt 1—b+ it; ibz) (=) [x f(a) dx. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 533). 
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3.7-14. Kernels Containing Tricomi Confluent Hypergeometric Functions. 


81. | t'*U(a + ia, 2ia + 1; thy(t) dt = f(x). 
0 


Here W(a, b; x) is the Tricomi confluent hypergeometric function (see Supplement 11.9-1) 


and 7? = 1. 
Solution: 
-t oe) 
y(t) = — i x sinh(27x)T (a —ix)C(a + ix)t' U(a + ix, 2ix + 1;t) f(x) dx. 
T 0 


© References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 534). 
bod . 
82. | x U(a + it, Ziv + 1; thy(t) dt = f(x). 
0 

Solution: 

t oe : 
y(t) = — sinh(2rt)P(a — it) Pa + in f x te W(a 4 it, 2it + 1; x) f(x) da. 

Tv 0 

© References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 535). 


83. ee WU (4 + ix, + -i6 + ia; Lit) yt) dt = f(x), Im 3 = 0. 


CO 


Solution: 


1 ca 1 . ; : : 
y@) = =| saan 1x, 3 +10 -i2; Fit) f(x) dx. 


4t Joo 


© Reference: A. P. Prudnikov, Yu. A. Brychkovy, and O. I. Marichev (1992, p. 536). 


3.7-15. Kernels Containing Whittaker Confluent Hypergeometric Functions. 


oF 1 
84. | Mriarvibty(t) dt = f(x), Rev > =F 
0 


Here M,,,(z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3) 


and i? =-1. 
Solution: 
1 Pe as ; . . 
y(t) = Ql 2(Qv + Ht / et™T (4 HY + ix)T(4 +VY-— ia) Miz, (it) f (x) dx. 


The integral equation and its solution form the Buchholz transform pair. 


© References: H. Buchholz (1969), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 523). 


ia 1 
85. ‘l Mia (it)y(t) dt = f(x), Rev > are 
0 


Solution: 


1 RP ba my | 0 i , , 
y(t) = tTQve Dt is e~ T(4 +y+ ia) TD (5 +) — ix) Minit) f(a) dx. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 523-524). 
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86 


87. 


88. 


89. 


90. 


91. 


/ Myitv(ix)y@) dt = f(x), Rev > + 


Solution: 


Fart 


a 
2nl2(2v + 1) 


yt) = 


co 
(devsityr(g+v—it) [ 2 MeapCin)f(o) de. 
0 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 524). 


i Mritv(-tx)y(t) dt = f(x),  Rev> = 


Solution: 


xnt 


is 
)= <p 
WO) = Fp +1) 


(-+v+it)P(4+v-it) | * yt Merit, Gx) f(a) de. 
0 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 524-525). 


/ 7 D(f+v tia —it)E($+v—-ix + it) Mitior(ay(b dt = f(a). 


Solution: 
_ vt I)sinarv) oe, 
~ 4n3 


y(t) [(-5-v +ia-it)P (-5 -v-iz + it) Miia ti@ f(a) de. 


—Oo 


© References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 526). 


i W,ix(t)y(t) dt = f(a). 


Here W,,,,,(z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3). 
Solution: 


1 WE ah : ; 
y(t) = a [ ax sinh(2ra)0(>5-p—-ix)P(4-ptixz)Wyic(t) f(x) de. 
© References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 527). 
[Waste at = Fo). 
0 
Solution: 
t co 
y¥OD= > sinh(2nt)I (4 —p- it) (4 —pt it) i a Whit (a) f(x) dx. 
wT 0 
© References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 527). 
/ cttw _(ixt)y(t) dt = f(x). 


Solution: 


_ T-#-») 
WO = TTGan Ww) 


oo ; a \” ie 
x i: i led ded | SREY EET ON (7) (=) [z 1/2 F()| dx, 
0 


where Re wp < Rev + 1/2 < 3/4. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 528). 


(tyr/2 
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3.7-16. Kernels Containing Gauss Hypergeometric Functions. 


7 6B B+1 4a? y(t)dt | 
a [r(§ es: rs) os = fle. 


Here0<asw,0<8<p< +1, and F(a,b,c; z) is the Gauss hypergeometric function 
(see Supplement 11.10-1). 


1°. Solution: 
gen d [“%  tg(t)dt 


"= Tosa de J, eae 
21(G) sin[(6 - pw)7] )_ 25 2-1 (5) ds 
2 eee baer (OE 
mI(y1) 0 (t —s Ee B° 
2°. If a= oo and f(z) is a differentiable function, then the solution can be represented in the 
form 
d [* (atyr" fit) B 1-6 so 
y(a) dt 0 (a2 + t2)2H-8 L 5 » t+ 5) , pt ae ——.. 7 
where A= DO) Tp — 8) sin[B— wr] 


mT (uy Td + pi) 
@© Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 
93. | F(at+iz,a—ix,c;—-t)y(t) dt = f(x), a,c>0. 
0 
Solution: 
tel 1+t 2a-c co 
eS | x sinh(27r2)|[(a + ix) P(c-a+ix)PF(atiz, a—ix, c; —t) f(x) dx. 
mT?(c) 0 


The integral equation and its solution form the Olevskii transform pair. 


y(t) = 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 538). 


3.7-17. Kernels Containing Parabolic Cylinder Functions. 


[ Diwrabe™ yt dt = fie), P=. 


Here D,,(z) is the parabolic cylinder function (see Supplement 11.12-1). 
Solution: 


1 oo ett /2 a ‘/4 ‘ 
=— ——— |). +e™ t) dt. 
ya) = i Sea inunceertay7 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 467). 


as i(a —t)? . a 
95. / exp | [DsialeT*/*(t - 2) — DiialeT*’/ (ax — t))] yt) dt = f(a). 


4 
Solution: 
ema/2 oo i(a —t)’ : 
~ exp|= Da +1i/4 t- 
We eee CHOY I a P| 4 II ge Cee) 


+ Deia(e*™/4(x — t))] Ff dt, 


where a > 0. 
© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 466). 
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Se i(ax +t)? 3i/4 ‘/4 
96. | exp aa ae [Driale Ye + t)) — Driale™ "(x + t))| 
0 


(om — $2 
+ exp | [Drialer™’/"(@ - t)) — Driale (a - by] fue at = fea. 
Solution: 


= emo e Ua + ty? ; ni/4 : ni/4 
y(2) = SramkeG@a) {exp |- A | [D-ricc(-e (x +t))- Driale™' (a+ t))| 
i(t— x) 


4 


+ exp |- [D ria (-e™4(t - 2) — D-ria(e™*(t - 2))| View dt. 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 465-466). 


3.7-18. Kernels Containing Other Special Functions. 
¢ 2V at t) dt 
97. | K (=) WEE 2). 
0 


att xat+t 


1 dt 
Here K(z) = | ———__————— is the complete elliptic integral of the first kind (see 
(1 -?#?)(1 — 27¢?) 
Supplement 11.13-1). 
Solution: 


_4 d [* tF(@dt d. 
w= So PP AOS  ro-5 f 


© Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


98. < Ie(5 + iv, it) 2 “(5 + im, 5 + it) | ye dt = f(x). 


1 
Here ¢€(z,v) = eras +h? is the generalized Riemann zeta function (Rez > 1; v # 


0, -1, -2,...). 
Solution: 


<<" foe) ere/2 i ta—1/2 : 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 454). 


co (ee 1+ 24 1 1-it 1 1+it 
99. ! ‘te gee ee — +24 S/ene ik(5 + ix, — ) = “(> + iz, — ) 
0 


2 2 


~¢(F+in-Z) +¢(F+ieZ) | bun at = feo. 


Here ¢(z, v) is the generalized Riemann zeta function (see Eq. 3.7.98). 
Solution: 


od ep aia Td. 3 2, yiw/2-1/4\__ F@) 
y(t) = z if {! sin ri +sin| (5 -ix) arctan (t* +1) Shae dx 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 454). 
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a ; 1+22 ; 1 1-it 1 1+it 
100. i: ti2/2 cos Maki ype | Cl 4a, phae ¢( —+i2, : 
0 4 2 2 2 2 


1. it 1 it t) dt = 
~¢(F+ie-$)-¢(F+ieZ)| bu = f(x). 


Here ¢(z, v) is the generalized Riemann zeta function (see Eq. 3.7.98). 


Solution: 
1 f° {3 1-2i 1 
y(t) = — i. t#?-1/2 cog Cae +cos| ( —-ia ) arctant} (t?+1)'*/2"1/4 ao dx 
T Joo 4 2 cosh(7) 


© Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 455). 


3.8. Equations Whose Kernels Contain Arbitrary 
Functions 


3.8-1. Equations with Degenerate Kernel. 


b 
1 f [averrutty + gaeyhatt)] y(t) at = Fe). 
This integral equation has solutions only if its right-hand side is representable in the form 
f(x) = Aygi (a) + Argo(2), A, =const, A> = const. (1) 


In this case, any function y = (x) satisfying the normalization type conditions 


b b 
i hi(t)y(t) dt = Ai, | ho(t)y(t) dt = Ay (2) 


is a solution of the integral equation. Otherwise, the equation has no solutions. 


brn 
a | [do an(ernutt)| y(t dt = fle 


k=0 


This integral equation has solutions only if its right-hand side is representable in the form 


f(x) = S5 Ange(a), (1) 


k=0 


where the A; are some constants. In this case, any function y = y(x) satisfying the normal- 
ization type conditions 


b 
hy(t)y(t)dt= A, (k=1,...,n) (2) 


is a solution of the integral equation. Otherwise, the equation has no solutions. 
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3.8-2. Equations Containing Modulus. 


b 
3. fl Ig(w) - g(t)| y(t) dt = f(a). 


Leta<x<banda<t< b; it is assumed in items 1° and 2° that 0 < g/,.(x) < co. 
1°. Let us remove the modulus in the integrand: 
x b 
if [g(ar) — g(t)] y(t) dt + if (a(t) — g(x) yt) dt = f(a). (1) 


x 


Differentiating (1) with respect to x yields 


x b 
Gz (©) / y(t) dt — g(x) | y(t) dt = f(a). (2) 
Divide both sides of (2) by g/.(x) and differentiate the resulting equation to obtain the solution 


_1d[fi@) 
- Bat 


(3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = a and x = 6, in (1), we obtain two corollaries 


¥ [9(t) — g(a) y(t) dt = f(a), i [9(b) — g(t) y@) dt = f(b). (4) 

Substitute y(x) of (3) into (4). Integrating by parts yields the desired constraints for f(x): 
(90) 9] = flay + FO, 
[9(a) - 9(6)] - a = fla) + fb). " 


Let us point out a useful property of these constraints: f/(b)g’.(a) + fi.(a)gi.(b) = 0. 
Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 
f(®) = F(a) + Ax+ B, (6) 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive), and the coefficients A and B are given by 


— GAOE (0) + 91, (0) F(a) 


A= 
g{,(a) + gi,(d) 
g(b) — g(a) ' 
B=-1A(a+b)-4[F(a)+ FQ) - ra [A+ Fi(a)]. 


3°. If g(a) is representable in the form g(x) = O(x — a)* with 0 < k < 1 in the vicinity of 
the point x = a (in particular, the derivative g’. is unbounded as x — a), then the solution of 
the integral equation is given by formula (3) as well. In this case, the right-hand side of the 
integral equation must satisfy the conditions 


f@+f)=0, fib) =0. (7) 
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As before, the right-hand side of the integral equation is given by (6), with 
A=-F/(b), B= 4 [(a + b)F"(b) — F(a) - F(b)| ; 
4°. For g/.(a) = 0, the right-hand side of the integral equation must satisfy the conditions 


f(a =0, — [g(b)- g(a)] f(b) = [F@ + FO] 9,0). 
As before, the right-hand side of the integral equation is given by (6), with 


4, $O=90) 


A=-F,@), B= 3|(a+F@)-F@)- FO) +S 


[Fi(b) — Fi,(a)]. 


i |g(a) - gAd| yt) dt = f(a), A>. 
0 


Assume that 0 < 2 <a,0<t<a,and0< gi(x)<o. 
1°. Let us remove the modulus in the integrand: 
x/X a 
if [g(a) - gt) y dt + i [gt) — g(a) yy) dt = f(a). (1) 
0 x 


Ir 


Differentiating (1) with respect to x yields 


a/X a 
gh (a) | y(t) dt — g(x) / | MOde= HC. (2) 


Let us divide both sides of (2) by g/,(x) and differentiate the resulting equation to obtain 
y(x/) = sA[ fi (2)/9/,(2)] ze Substituting x by Ax yields the solution 


y(x) = $4 [42]. z=. (3) 
ACS) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


i [g(At) — 9(0)] y(t) dt = f(0), g;,(0) iE y(t) dt = —f7,(0). (4) 

0 0 

Substitute y(x) of (3) into (4). Integrating by parts yields the desired constraints for f(x): 
£2,0)g,.Aa) + f,(Aa)g;,(0) = 0, 


fea) _ (5) 
[9)- 9] Fr Qay = FO+ FO). 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(®) = F(x) + Av+ B, (6) 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive), and the coefficients A and B are given by 


GO) FA) + gr ADF) 
gO) + g/,(Aa) 


g(a) — 9(0) 
B=—}Aad~ 3[F(0)+ FQa)] - EO 


A= 


[A+ F,O)]. 
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3°. If g(a) is representable in the form g(x) = O(x)* with 0 < k < 1 in the vicinity of the 
point z = 0 (in particular, the derivative g’, is unbounded as x — 0), then the solution of 


the integral equation is given by formula (3) as well. In this case, the right-hand side of the 
integral equation must satisfy the conditions 


f(0) + f(Aa) = 0, fia) = 0. (7) 
As before, the right-hand side of the integral equation is given by (6), with 


A=-Fi(Q\a), B= 4 [adF1(\a)- F(0)- FQ). 


| |g(a) - t| y(t) dt = f(a). 


Assume that0< a <a,0<t<a; g(0)=0, and 0 < gi.(x) < oo. 


1°. Let us remove the modulus in the integrand: 
g(@) a 
| [g(x) — t] y(t) dt + | [t- g(a) ] y@) dt = f(a). (1) 
0 g(x) 
Differentiating (1) with respect to x yields 
g(a) a 
gia) [ yodt—dyco) f ynat= few, Q) 
0 g(x) 


Let us divide both sides of (2) by g/(x) and differentiate the resulting equation to obtain 
2g).(x)y(g(z)) = [ fh(x)/g),(2)] ie Hence, we find the solution: 


1d ae 


__,-l| 
Qgl(2) dz Ee. eee 


y(@) = 


where g™! is the inverse of g. 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


f wmd=10. 6 f ynar=-10) (4) 
0 0 
Substitute y(a) of (3) into (4). Integrating by parts yields the desired constraints for f(x): 


f,O)gi-(ta) + f,(@a)g',(0) =0, ta = 9 (a); 


fe (5) 
gla) 2 = £0) + flea). 
g),.(La) 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation in question: 


f(®) = F(a) + Ax+ B, (6) 
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where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive), and the coefficients A and B are given by 


GeO) Fy(Ga) + Jr(Ga) FO) 
9,0) + gi,(a) 


B=-1Az,-4[F(0)+ F(a.) - 


A= > La = g! (a), 


g(a) 
29;,(0) 


3°. If g(x) is representable in the vicinity of the point x = 0 in the form g(x) = O(x)* with 
0<k <1 (ie., the derivative g’, is unbounded as x — 0), then the solution of the integral 
equation is given by formula (3) as well. In this case, the right-hand side of the integral 
equation must satisfy the conditions 


fO)+ f@a)=0, f(a) = 0. (7) 


As before, the right-hand side of the integral equation is given by (6), with 


[A+ F,@)]. 


A=-Fi(q), B= 4[xaFi(wa)- F)- F(ea)]. 


| |x - g(t)| y(t) dt = f(a). 
0 
Assume that0< 2 <a,0<t<a; g(0)=0, and0 < gi.(x) < oo. 
1°. Let us remove the modulus in the integrand: 
g'() a 
| [z- 9) yO dt + i} __ [9-2] yO dt = f@), (1) 
0 g'(@) 
where g! is the inverse of g. Differentiating (1) with respect to x yields 
g(x) a 
| y(t) dt — / y(O.dt= f(a). (2) 
0 g'(@) 


Differentiating the resulting equation yields 2y(g"!(a)) = g/,(x) f””,(a). Hence, we obtain the 
solution 
ya) = 79(DFzZ2), 2 = (2). (3) 


2°. Let us demonstrate that the right-hand side f(a) of the integral equation must satisfy 
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries 


| g(t)y(t) dt = f(0), y(t) dt = —f;,(0). (4) 
0 0 
Substitute y(a) of (3) into (4). Integrating by parts yields the desired constraints for f(x): 


taf, (a) = fO)+ fea), £00) + fr(ta)=0, ta = 9(Q). (5) 


Conditions (5) make it possible to find the admissible general form of the right-hand side 
of the integral equation: 


f(®) = F(a) + Av+ B, 
A=-1[F0)+ Fea], B=4[aFO)-F(ta)-FO], 2a = 9(0), 


where F'(x) is an arbitrary bounded twice differentiable function (with bounded first deriva- 
tive). 


10. 
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B y(t) 
aS fay he R21, 
7 Gei-sor aa 


Let g/, # 0. The transformation 
1 


——_ y(t 
g(t) ue) 


z=g(z), T= 90), wiT)= 


leads to an equation of the form 3.1.31: 


B 
I 1) dr=F@), A=g(a), B= 9(b), 


a le-7lF 
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where F’ = F(z) is the function which is obtained from z = g(x) and F' = f(x) by eliminating x. 


: y(t) 
ON aS Fe), WS REA. 
i Go-nor ae 


Let g(0) = 0, g(1) = 1, g/, > 0; h(O) = 0, AC) = 1, and hj, > 0. 
The transformation 


z=g(a), T=h®), wr)= (t) 


1 
hi” 


leads to an equation of the form 3.1.30: 


1 
i wr) dr = F(z), 
0 


lz—7I* 


where F’ = F(z) is the function which is obtained from z = g(x) and F' = f(x) by eliminating x. 


b 
i y(t) In|g(x) - g@®| dt = f(x). 


Let g/, # 0. The transformation 


229), Teg), w(r)= To 


leads to Carleman’s equation 3.4.2: 


B 
: In|z —t]w(7) dr = F(z), A=g(a), B=g(b), 
A 


where F’ = F(z) is the function which is obtained from z = g(x) and F' = f(x) by eliminating x. 


1 
| y(t) In|g(x) - hi(t)| dt = f(a). 
0 


Let g(0) = 0, g(1) = 1, g/, > 0; h(O) = 0, A(1) = 1, and h/, > 0. 
The transformation 
1 


z=g(a), T=h@), wr)= hw 


y@) 


leads to an equation of the form 3.4.2: 


1 
7 In|z —t]w(7) dr = F(z), 
0 


where F’ = F(z) is the function which is obtained from z = g(x) and F' = f(x) by eliminating x. 
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3.8-3. Equations with Difference Kernel: K(x, t) = K(x-t). 


11. / K(a—-t)y(t) dt = Ax”, n=0,1,2,... 


1°. Solution with n = 0: 
A [oe) 
y(x) = 2 B= i K(a) dz. 


2°. Solution with n = 1: 


A AC oa oo 
y@) = Bet ar Bef K(a) da, cof cK (2). 


3°. Solution with n = 2: 


_ d” Aer 7 ee) one 
y(x) = i S| iS BIA) = a K(a2je daz. 


12, | K(a - t)y(t) dt = Ae**. 


Solution: 


A co 
y(a) = ae B= / K(x2)e* dx. 


13. / K(a-t)y(t) dt = Axe”, n=1,2,... 
1°. Solution with n = 1: 


C 
er 


A AL 
y(a) = Fae a B > 


B -| K(a)e da, c= | aK (x)e* dz. 


2°. Solution with n = 2: 


d”™ [ Ae** 
y(2) = ZZ 


7 a —Av\L 
a | BO) = [. K(a)e* de. 


14, / K(a — t)y(t) dt = Acos(Ax) + B sin(Ax). 
Solution: 


Ale+Bh 90,4 Ble~ Al 
———_ Cos so 
P+ cea Eee 


I= ie K(z)cos(Az) dz, I, = ie K(z) sin(Az) dz. 


y(x) = sin(A2x), 
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15. ie K(a -t)y(t) dt = f(x). 


The Fourier transform is used to solve this equation. 
1°. Solution: 
1 f° f@ 


WO on Jo KC 


f(u) = = [. f(ae*™ dx, K(u) — = ie K(a)e* ae. 


The following statement is valid. Let f(a) € D2(—co, oo) and K(x) € L,(-0o0, co). Then 
for a solution y(x) € L2(—00, 00) of the integral equation to exist, it is necessary and sufficient 
that f(u)/K(u) € L2(-00, 00). 


2°. Let the function P(s) defined by the formula 


1 = a —st 
ee / age K(t)dt 


e’"* du, 


be a polynomial of degree n with real roots of the form 
ps)=(1-+) (1-=)...(1-=). 
ay a Gn 

Then the solution of the integral equation is given by 

d 

yx) = PWD)f(@), D= ae 

Ay 

© References: I. I. Hirschman and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965). 


16. ie K(a -t)y(t) dt = f(x). 
0 


The Wiener—Hopf equation of the first kind. This equation is discussed in Subsection 12.8-1 
in detail. 


3.8-4. Other Equations of the Form ip K(a, )y@) dt = F(a). 


17. | K (ax - t)y(t) dt = Ae**. 


Solution: 


y(2) = J exp(~2), B= i K(z) exp(-“2) dz. 


18. i K(azx — thy(t) dt = f(x). 


The substitution z = az leads to an equation of the form 3.8.15: 


if K(z-t)y(@ dt = f(z/a). 
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20. 


21. 


22. 


23. 


24. 
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i K(az + t)y(t) dt = Ae*”. 


Solution: 


y(x) = = exp(-A0), B= f. K() exp(-*2) dz. 


[ K(ax + thy(t) dt = f(a). 


The transformation 7 = -t, z = az, y(t) = Y (7) leads to an equation of the form 3.8.15: 


ie K(z-7)Y (1) dt = f(z/a). 


| [e?' K (ax + t) + e4* M(ax - t)]y(t) dt = Ae”. 


Solution: 
Ty (qyeP® — Im (p)e™ Bt xX 
Greg ee pS pS pe 
4 LOnO-LOn@ at og 
where 


na= | Ke de, Ina) = f Me™ de, 


[secon at= feo, 
By setting 
zee, t=e", ylt)=e’u(r), g(f)=Gdng), f(€) = Filing), 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


a G(z-7T)w(t) dr = F(z). 


[ 9(F) uae = te. 


By setting 
zeae, t=e, yt)=e7w(r), gO) =Ging), f()= Find), 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


is G(z-7T)w(t) dr = F(z). 


i i g(x°t*) y(t) dt = f(x), B>0, A>0. 
0 
By setting 
a=e/8 tet, yth=eAw(r), gf =Gdnd), fO=+F(bns, 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


i G(z-7T)w(t) dr = F(z). 


26. 


27. 


28. 


29. 
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co gh 
fi o( =) uo dt = f(x), B>0, A>O. 
0 eo 
By setting 
c=e/8, tae, y(t) = eT wr), g6=Gdn§, f(H= +F(GIn £), 


we arrive at an integral equation with difference kernel of the form 3.8.15: 


me G(z-7T)w(t) dr = F(z). 


= 1 
| or + eters] y(t) dt = f(x), 0<k<1. 


The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 3.1.30. 


| exp[-9(x)t"]y(t) dt = f(a). 
0 


Assume that g(0) = 00, g(oo) = 0, and g’, < 0. 


1 
The substitution z = ——— leads to equation 3.2.21: 
4g(x) 


eR ie 
Vnz ‘ exp (-=) y(t) dt = F(z), 


2 
where the function F'(z) is determined by the relations F’ = i f(x) V g(a) and z = 
7 


4g(a) 
by means of eliminating z. 
b 
J [inie-4+ peo] wb at = Fo. 
The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken 


into account that the truncated equation, with y(a) = 0, coincides with equation 3.4.2. See 
also Example 3 in Subsection 12.6-2. 


| [sin(wt) + p(a)p(t)ly(t) dt = f(a). 
0 


The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken 
into account that the truncated equation, with y(«) = 0, coincides with equation 3.5.8. 


Solution: 
y(t) = ys(t) + Ayy (0), 
where 
2p 2 pe [ v@yp@at 
yf OD= = i sin(xt) f(x)dx, yo(t)= - | sin(at)p(x4) dx, A=- 2 
0 0 


14 i. * (y(t) dt 
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31. 


32. 


33. 
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| [cos(at) + y(a)b(t)ly(t) dt = f(a). 


The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken 
into account that the truncated equation, with y(a) = 0, coincides with equation 3.5.1. 


Solution: 
y(t) = ys) + Ayo, 
where 
2 pe 2 7 [> ve@upwat 
yp De if cos(xt) f(x) dx, yy(t)=— f cos(at)y(x) dx, A= ————— 
™ Jo ™ Jo 1+ [ w@yolt)dt 


| - t* cos [p(x)t*| y(t) dt = f(x), a>0. 
0 


Transformation 
z=p(x), T=t", Yor)=y, F(z) =af(a) 


leads to an equation of the form 3.5.1: 


iE cos(zT)Y (rT) dr = F(z). 
0 


| t*" sin [p(a)t*] y(t) dt = f(x), a>0. 
0 
Transformation 
z=p(z) T=t*, Y(r)=y@), F(z) =af(a) 
leads to an equation of the form 3.5.8: 


iN sin(zT)Y (7) dt = F(z). 


0 


i [tJ (wt) + playp(t)ly(t)dt = f(z), v >-1. 


Here J,,(z) is the Bessel function of the first kind. The solution can be obtained by the methods 
described in Subsection 12.6-2; it must be taken into account that the truncated equation, with 
p(x) = 0, coincides with equation 3.7.17. 

Solution: 


y(t) = y(t) + Ay, 


where 


[vou at 


y= | tJ, (at) f(x) dx, v= [ tJ, (at)yp(x) da, = -— 
0 0 ty . u(by y(t) dt 


3.8. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 


3.8-5. Equations of the Form i K(a, thy(--) dt = F(a). 


34. 


35. 


36. 


37. 


38. 


39. 


b 
| f@®y(at) dt = Ax + B. 


Solution: 


b b 
y(x) = oot 2 a. / f@®d, T= / tf (t) dt. 
qi 0 a a 


b 
| f(t)y(at) dt = Axv®. 
Solution: 


A b 
y(a) = ie B= / f(tyt® dt. 


b 
| f(y(at) dt = Anz + B. 


Solution: 
y(x) =plnx+gq, 


where 


b b 
| ee! ae n= [ f@ dt, n= | f@® Int dt. 


b 
| f()y(at) dt = Ax? Inz. 


Solution: 
y(x) = pu? Ing+ qx’, 


where 


b b 
p=—, q=-— i - | f tt" dt, he f f (tt? int dt. 


b 
| f@®y(axt) dt = Acos(In x). 


Solution: 


I, 
= Sin(In z), 


y(@) = Bak 


Eek cos(In x) + ——— 


= i f@cosdnt)dt, I, = i: f(@ sindn t) dt. 


b 
/ f(Hy(at) dt = Asin(in 2). 


Solution: 


Al, 
cos(In x) + ———— 5 sin(In x), 


ie 
y(z) = — +P +E 


b 
I, - | f(@cosdnt)dt, J, -[ f(t) sin(in ¢) dt. 
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b 
40. / f(t)y(at) dt = Ax® cos(Inx) + Bx® sin(in x). 


Solution: 
y(z) = px® cos(In x) + qx" sin(In x), 
where 
ALB _ Al, + Ble 
Peo eye. Pe ayes 


b b 
= / f(t)t® cos(Int) dt, I, = / f(t)t® sin(Int) dt. 


b 
41. | f@®y(a -t) dt = Ax + B. 


Solution: 
y(x) = px +4q, 
where 
A Al B P 
=—_ =—+— Ip = Hdt, = tf(t) dt. 
Dp Th’ q eo 0 [ t 1 [ +10 


b 
42. | f(t)y(a - t) dt = Ae”. 
Solution: 


A b 
y(x) = ao B= / f(@) exp(—At) dt. 


b 
43. 7 f@®y(a - t) dt = Acos(Ax). 


Solution: 


sw sin(Az) + ava cos(Ax), 


Hop = = a: 


I, fn f@cos(At) dt, J, -[ f@ sin(t) dt. 


b 
44, | f@®y(a —- t) dt = Asin(Az). 


Solution: 


eal SE TE sin(Ax) + aaa cos(Ax), 


Yy(@) = ag 


I, i f@cos(At) dt, J, -[ f(t) sin(At) dt. 


45. 


46. 


3.8. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 


b 
/ f@®y(a —- t) dt = e**(AsinAx + BcosAz). 


Solution: 
y(x) = e**(psin Ax + qcos Ax), 
where 
_ Al, - BI; _ Al, + BI. 
Eee a eee 


b b 
I, = / fe cos(At) dt, I, = / fe" sin(At) dt. 


b 
/ f(y(a — t) dt = g(x). 
1°. For g(x) = $> A; exp(\x,2), the solution of the equation has the form 
k=l 


n 


A b 
yoc)= Se expie), Ba = f feexp-Atr 
k=l o 


2°. For a polynomial right-hand side, g(x) = > A;,x*, the solution has the form 
k=0 


1o= y Be 
k=0 


where the constants B;, are found by the method of undetermined coefficients. 


3°. For g(a) = ert > A,.x*, the solution has the form 
k=0 


yaj=e” S” Bak, 
k=0 


where the constants B;, are found by the method of undetermined coefficients. 


4°. For g(x) = >> Aj, cos(A;, 2), the solution has the form 
k=l 


y(a) = S- By cos(Ag@) + S- Cr sin(Ap 2), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


5°. For g(x) = 3> Ax sin(A, 2), the solution has the form 
k=l 


y(«) = > By cos(A,x) + S- Cy, sin(An@), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
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6°. For g(x) = cos(Ax) >> A;,2x*, the solution has the form 
k=0 


yx) = cos(Ar) ¥* Bea* + sin(Ar) S~ Cyar*, 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A, x*, the solution has the form 
k=0 


y(x) = cos(Az) », Brak + sin(Ax) S- Cyx*, 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


8°. For g(a) = e"* 3° Ax cos(\;,2), the solution has the form 
k=l 


y(a) =e" S~ By cos(Anx) +e" S* Cy, sin(Ag a), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


9°. For g(x) = e#” S* A, sin(A;2), the solution has the form 
k=l 


ya) =e" S~ By cos(Anx) + e"* S* Cy sin(Ag), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


10°. For g(x) = cos(Ax) 5> Ax exp(4,.2), the solution has the form 
k=l 


y(a) = cos(Ax) Y) Be exp(ynt) + sina) ) | By exp(ne), 
k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ar) )> Ax exp(,2), the solution has the form 
k=l 


y(a) = cos(Ax) Y ) Be exp(ynr) + sina) ) | By expe), 
k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


b 
| f(y(@ + Bt) dt = Ax + B. 


Solution: 
y(x) = px +4q, 


where 
A mee ALG 


ae ak ae R 


b b 
, =| f(t) dt, i= f t f(t) dt. 


48. 


49. 


50. 


51. 


52. 
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b 
f f(t)y(a + Bt) dt = Ae». 
Solution: 


A b 
y(x) = ie B - | f@ exp(Aft) dt. 


b 
/ f@®y(a + Bt) dt = AsinAx + Bcos Ax. 


Solution: 
y(x) = psin Ax + qcos Ax, 
where 
_ AI, + BI, _ BI, - Al, 
FO flee ape 


b b 
I, = ') f@) cos(ASt) dt, Is = / f(t) sin(A Gt) dt. 


1 
jf u@ae= Fe), &= aa. 
Assume that g(0) = 0, g(1) = 1, and g/, 2 0. 


1 
1°. The substitution z = g(x) leads to an equation of the form 3.1.42: i, y(2t) dt = F(z), 


where the function F(z) is obtained from z = g(x) and F' = f(x) by eliminating z. 


2°. Solution y = y(z) in the parametric form: 


yo= 2 pwo+f@, = 90). 
gi,(X) 


1 
| Py(é)dt= f(x), €=g(x)t. 
0 


Assume that g(0) = 0, g(1) = 1, and g/, 2 0. 


1 
1°. The substitution z = g(x) leads to an equation of the form 3.1.43: | DPy(zt) dt = F(z), 


where the function F(z) is obtained from z = g(x) and F' = f(a) by eliminating z. 


2°. Solution y = y(z) in the parametric form: 


g(x) 


a gi, (2) 


fet (At Df@, z= G(x). 


b 
| fy) dt = Ax’, £= xy(t). 
Solution: 


A b 
y(a) = Se", B= i) F@[yp@] "at. (1) 
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b 
i f@®y)dt=g@), E=xy(t). 
a 
n 
1°. For g(x) = >> Axx*, the solution of the equation has the form 
k=0 


n 


A b 
y= oat B= | peoleco)*at 


k=0 


2°. For g(x) = >> A,;,x*, the solution has the form 
k=0 


n A b 
ya= SoBe, Be= i Foleo)” at 
k=0 - 


3°. For g(a) =Inz > A;,2", the solution has the form 
k=0 


y(x) = Inz ba Byz* + S- Cpa"; 
k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


4°. For g(x) = >> Ap (In x)*, the solution has the form 
k=0 


y(x) = 5 B,(Ina)*, 


k=0 
where the constants B;, are found by the method of undetermined coefficients. 


5°. For g(x) = >> Ap cos(Ax In), the solution has the form 
k=l 


y(x) = we By cos(A, In x) + = C;, sin(Ax In x), 
k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


6°. For g(x) = S> Ax sin(A, In x), the solution has the form 
k=l 


y(a) = > By cos(A, In x) + S- C;, sin(Ax In x), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
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b 
54. / fi)y(6)dt=g(a), €=c+¢(t). 


1°. For g(x) = S> A; exp(\,2), the solution of the equation has the form 
k=l 


n 


A b 
yl) = Yr expOer), Be = ih f@exp[ xe] at. 


k=1 


2°. For a polynomial right-hand side, g(x) = > A;,x", the solution has the form 
k=0 


y(x) = S- Beat 
k=0 
where the constants B;, are found by the method of undetermined coefficients. 


3°. For g(a) = ere > A,.x*, the solution has the form 
k=0 


ya=e*s. Berk, 


k=0 


where the constants B;, are found by the method of undetermined coefficients. 


4°. For g(x) = >> Ax cos(A,,x) the solution has the form 
k=l 


y(«) = » By cos(Apx) + S- Cy, sin(AR@), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


5°. For g(a) = 3> Ax sin(A, 2), the solution has the form 
k=l 


y(x) = 5° By cos(Anr) + > Cy sin), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


6°. For g(x) = cos(Ax) >> A;,2x", the solution has the form 
k=0 


y(a) = cos(Az) y, Byak + sin(Ax) S- Cyx*, 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A,x*, the solution has the form 
k=0 


yx) = cos(Ar) §* Bea® + sin(Ax) S> Cyar*, 


k=0 k=0 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
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8°. For g(a) = e"* 3° Ax cos(\;,2), the solution has the form 
k=l 


y(a) =e" S~ By cos(Anx) +e" S* Cy sin(Ag), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
9°. For g(x) = e#* S> A, sin(A;,2), the solution has the form 
k=l 


y(ax) = et S- By cos(Agx) + e#” Se Cr sin(An 2), 


k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 
10°. For g(x) = cos(Ax) S> Ax exp(4,2), the solution has the form 
k=l 


yl) = cos(x) ~ By exp(iuxx) + sin(Ax) 5 > Bg exp(un2), 
k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) )> Ax exp(z2), the solution has the form 
k=l 


yx) = cos(Ax) §~ By exp(jiex) + sin(Av) 5° By exp(yn2), 
k=1 k=1 


where the constants B;, and Ci, are found by the method of undetermined coefficients. 


3.9. Dual Integral Equations of the First Kind 
1. | cos(xt)y(t) dt = f(x) for 0<a2<1, 
0 


| sin(at)y(t) dt = 0 for 1<a2<oo. 
0 


oe he f(s) ds 


© References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 134-136). 


Solution: 


2; i cos(xt)y(t) dt = 0 for 0<2<l1, 
0 


i sin(at)y(t) dt = f(x) for 1<a<co. 
0 


oy he ~~ f(s) ds 


© References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 136-137). 


Solution: 
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co 
| cos(xt)y(t) dt = f(x) for 0<a2<1, 
0 


i; t cos(xt)y(t) dt = 0 for 1<2<oo. 
0 
Solution: 


' f(s) ds 


dt - =s 
(x a ae 


1 
foe | toca) [ vi —— 
T Jo 


@) References: I. W. Busbridge (1938), B. N. Mandal and N. Mandal (1999, pp. 138-139). 


i tcos(xt)y(t) dt = f(x) for 0<a2 <1, 
0 


| cos(xt)y(t) dt = 0 for 1<2<oo. 
0 
Solution: ; ; 
2 f(s) ds 
v= tJo(at ——— | dt. 
waa? f wool ES 


© References: I. W. (1937, p. 339), B. N. Mandal and N. Mandal (1999, pp. 139-140). 
co 
| sin(at)y(t) dt = f(x) for 0<a< 1, 
0 


| t sin(xt)y(t) dt = 0 for 1<2<©oo. 
0 


It is assumed that f(0) = 0. 


Solution: : 
7 2 fits) ds 
ya) = = | tdocao| [ ae dt. 


@ References: I. W. Busbridge (1938), B. N. Mandal and N. Mandal (1999, pp. 140-141). 


| tsin(at)y(t) dt = f(x) for 0<2<l1, 
0 


| sin(at)y(t) dt = 0 for 1<2%<o. 
0 
Solution: , ; 
2 sf(s) =| 
“== J (at —— | dt. 
wat f aco] | Fes 


© References: B. Noble (1963), B. N. Mandal and N. Mandal (1999, pp. 141-142). 
co 
| [a sin(axt) + t cos(xt)]y(t) dt = f(x) for 0<a<1, 
0 


| tla sin(at) + t cos(xt)]y(t) dt = 0 for 1<2<oo. 
0 


Solution: 


1 foe) es 
y(a) = | tJo(at) F(t) dt + a ee Laxd)| S| a 
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where 


2d ft zp(z)dz 2 f* vp) (z) dz heed 9 ae 
F(t)= mae eee : Poe y(z) =e ie f(s)ds (O<z<1), 


and Ko() is the modified Bessel functions of the second kind. 
@ References: B. D. Aggarwala and C. Nasim (1996), B. N. Mandal and N. Mandal (1999, pp. 143-145). 


8. i tla sin(at) + t cos(xt)]y(t) dt = f(x) for 0<a2 <1, 
0 


| [a sin(at) + t cos(at)]y(t) dt = g(x) for 1<2<©oo. 
0 


Solution for a # 0: 


1 oe) oe) 
y(a)= | I(at)F(t) dt- | ti (at)G(t) d+ / Nat)Ky(atydt, D-LW+G 
0 1 Tw St ak,(a) 
where 
F(t) = eae e oz) =e i * eas f(s)ds O<z<l), 
ee 2” 0 
G(t) = ae Po. W(z) =e | e“g(s)ds (l<z<oo), 


and Ko(2) is the tel Bessel functions of the second kind. 


@® References: B. D. Aggarwala and C. Nasim (1996), B. N. Mandal and N. Mandal (1999, pp. 143, 147-148). 


3.9-2. Kernels Containing Bessel Functions of the First Kind. 
9. | Jo(at)y(t) dt = f(x) for 0<a<a, 
0 


| tJy(at)y(t) dt = 0 for a<r<o. 
0 


a t 
y(x) = =f cos(ot) | p IOE | a 


Solution: 


10. | tJo(at)y(t) dt = f(x) for O<a<a, 
0 


i: Jo(at)y(t) dt = 0 for a<xr<o. 
0 
Solution: 
y(x) = =| sin(ot)| POS a 


11. | tJ, (at)y(t) dt = f(x) for 0<2 <a, 
0 


| J (xt)y(t) dt = 0 for a<2< oo. 
0 


2 a n/2 
y(a) = | — : ae rent) | i sin“*! 9 f(t sin 0) d0| dt 
T 0 2 0 


Solution: 


12. 


13. 


14. 


15. 
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1 J.(xt)y(t) dt = f(x) for 0<2<1, 
0 


| VI (at)y(t)dt=0 for 1<a<oo. 
0 


Solution: f 
y(x) = fA) J,ae+2 f tJ (at) f(t) dt. 


@) Reference: B. N. Mandal and N. Mandal (1999, p. 31). 
co 
| VP? J, (at)y(t) dt = f(z) for 0<2 <1, 
0 


ih J (xt)y(t) dt = 0 for 1<2%<o. 
0 


1°. Solution for 6 > 0: 


ay? 
y(@) = TH 


2°. Solution for @ >—-1: 


1 1 
te Le(atF(t)dt, Ft)= i faQe"ta-C)F4 dé. = 
0 0 


(2x)? 
T+ 8) 


1 
YX) = 
0 


1 
[a Juool i Had — 2)? fi) dt + | tel — 4?) (a, t) dt], (2) 
0 


1 
(x,t) = ‘ wl)" Fraga (wf (Et) dE. 


Formula (2) holds for 6 >—1 and for —p— 4 <20<pt+ 3. It can be shown that for 3 > 0 the 
solution of Eq. (2) can be reduced to the form (1). 


| tJ, (xt)y(t) dt = f(z) for 0<2<1, 
0 


| t? J,,(at)y(t) dt=g(a) for 1<x<o. 
0 
Solution for 0< G-a<l1: 


1 t 
| ghee Pna Fae ala) | | si*H(e? — s?yP Ol f(s) as dt 
0 0 


Qita-B 4 l+a+Z 


P'(6-a) 


ge lt+a+6 o d 4 
goa ee ida re a C0) eae / LH (s? — 7)? 9(s) ds| dt. 
af paola] fst? PP g(s) ds 


y(@) = 


© References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 40-44). 
co 
| Jo(at)y(t)dt = f(x) for 0<a<a, 
0 


i cos(xt)y(t) dt = g(a) for a<x2<o. 
0 


Solution: 


2° f? d f* sf(s)ds 2° f° 
yoe)= = | cos(xt) E f one ase f cos(xt)g(t) dt. 


© Reference: B. N. Mandal and N. Mandal (1999, pp. 194-195). 
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co 
16. | tJy(at)y(t) dt = f(x) for 0O<a<a, 
0 


| sin(at)y(t) dt = g(a) for a<xr<co. 
0 


a ts < co 
y(x) = = [ sin(rt| ee at+= | sin(t)g(t) dt. 


@ Reference: B. N. Mandal and N. Mandal (1999, pp. 195-196). 


3.9-3. Kernels Containing Bessel Functions of the Second Kind. 


17. | t?°Y, (at)y(t) dt = f(x) for 0<2 <1, 
0 


Solution: 


| t??Y_(at)y(t)dt = g(a) for 1<a<co. 
0 


Let 2(a- 8) =v-—p>O0, |p] < 5, ju} < 4. 


1°. Solution for O< v-p<1: 


1 1 
eee | Heo) 5 i eae aye" fis)ds| at 
0 dt Ji 


y(@) = 


“Tia pean) 
T(u-v) J, : 


where H,,(z) is the Struve function, which is defined as 
ak Ce ke 
Huta) = ee. 
ag UG +o) Tat 545) 


2°. Solution for -1 <v-—y <0: 
de 2641 ' v+l : afi d ee DA 
x tH, (at) s Hse —t yh" f(s) ds| dt 
0 t 
Die. 


y(x) = 7 
Ta i "H, (at) | | s'"(s° — ?)"¥g(s) i dt. 


(u-V) 
@) References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 58-59). 


3.9-4. Kernels Containing Legendre Spherical Functions of the First Kind, i? =—1. 


18. | tP_1,;,(cosh x)y(t) dt = f(x) for 0<a2<a, 
0 
| tanh(7t)P_1 az(cosh x)y(t)dt=0 for a<a4<oo. 
0 
Solution: ; 
Dy ba inhs 
(a) = v2 i sin(xt| dS) Saal ap 
T Jo 0 vVcosht—coshs 
Note that 


vt fF cos(ts) 


P1,.,(coshz) = — I 4s, 
pa) ae |. egee =Coan 


where the integral on the right-hand side is called the Meler integral. 


x>O0, 


Chapter 4 


Linear Equations of the Second Kind 
with Constant Limits of Integration 


> Notation: f = f(x), g = g(x), h= h(a), v = v(a), w = w(x), K = K(x) are arbitrary functions; 
A, B, C, D, E, a, b,c la, 2, 7, 6, , and v are arbitrary parameters; n is a nonnegative integer; 
and 1 is the imaginary unit. 


> Preliminary remarks. A number 4 is called a characteristic value of the integral equation 


b 
y(a)—d i K(a,ty(t)dt = fe) 


if there exist nontrivial solutions of the corresponding homogeneous equation (with f(x) = 0). The 
nontrivial solutions themselves are called the eigenfunctions of the integral equation corresponding to 
the characteristic value \. If \ is a characteristic value, the number 1 /) is called an eigenvalue of the 
integral equation. A value of the parameter . is said to be regular if for this value the homogeneous 
equation has only the trivial solution. Sometimes the characteristic values and the eigenfunctions 
of a Fredholm integral equation are called the characteristic values and the eigenfunctions of the 
kernel K (a, t). In the above equation, it is usually assumed that a < x < b. 


4.1. Equations Whose Kernels Contain Power-Law 
Functions 


4.1-1. Kernels Linear in the Arguments «x and t. 


b 
1, -y(#) - af (x - t)y(t) dt = f(x). 


Solution: 
y(a) = f(a) + (A, a@ + Ad), 


where 


Pe 12f; + 6A (fiA2 -2 f2A1) A= -12 fy + 2A B foA2 —2f;A3) 
; MAT + 12 Le MAT +12 


b b 
fi=f f(a) dz, fi= f xf(x)dz, A, =b"-a”. 
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b 
2. y(a) - af (x + t)y(t) dt = f(x). 
The characteristic values of the equation: 


. 6(b + a) + 44/3(a2 + ab + b?) x 6(b + a) —4y/3(a? + ab + b*) 
= SS. aaa 


(a—by (a—by3 
1°. Solution with A # Aj 2: 
y(a) = f(x) + (Aya + Ad), 
where 
A 12 f; —6A( fi Ao — 2 foAy) diss 12 fy —2AB foAr -2f1;A3) 
12-12\A,-MAF ” 12-12\A,-HAP ’ 


b b 
n= f(x) dz, f= f xf(a)dz, A, =b"-a”". 
2°. Solution with \ = A; # A2 and f| = fo = 0: 


ya) = f(a) + Cy), 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,: 
1 b+a 
M(b-a) 2 
3°. Solution with A = A2 # A; and f; = f2 = 0 is given by the formulas of item 2° in which 
one must replace A; and y;(x) by Az and y2(x), respectively. 


Yr) = 2+ 


4°. The equation has no multiple characteristic values. 


b 
3. y(a) - a (Ax + Bt)y(t) dt = f(x). 
The characteristic values of the equation: 


_ 3(A+ Byb +a) + \/9(A- BY + a? + 48AB(a? + ab +b?) 


AB(a—by3 


Ai2 
1°. Solution with A # Aj 2: 
y(x) = f(a) + (Aya + Ad), 
where the constants A, and A) are given by 


ro 12Af; -6ABX fi Ar —2f2A1) _ 12Bf,-2ABAB rAd - 2 fi As) 
 "12-6(A+ B)AA, - ABWAA? *? 12 6(A + B)AA) — ABD2AS ” 


b b 
n= f(a) da, fi= [ xf(a)dxz, A, =b"-a". 
2°. Solution with A = A; # Az and f; = fo = 0: 


ya) = f(a) + Cy), 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \: 
1 b+a 
A A(b- a) 2 
3°. Solution with \ = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in which 
one must replace A; and yi(x) by Az and ya(x), respectively. 


yi(“Z) = “2+ 
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4°. Solution with \ = 12 =, and f; = f2 =0 provided that A # +B, where the characteristic 


value oe = (A+ B® —a@) is double: 


ya) = f(x) + Cy. (x), 


where C is an arbitrary constant and y,.() is an eigenfunction of the equation corresponding 
to Ax: 
(2) (A- B)(b+a) 
«(£) = & -— ———_———__.. 
4 4A 


The equation has no multiple characteristic values if A = +B. 


b 
y(x) - af [A + B(x -t)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = 1. 
Solution: 


y(a) = f(a) + ACA, + A22), 


where A, and A are the constants determined by the formulas presented in 4.9.8. 


b 
y (az) — a (Ax + Bt + C)y(t) dt = f(a). 


This is a special case of equation 4.9.7 with g(a) = x and A(t) = 1. 
Solution: 


y(a) = f(x) + AA, a@ + Ad), 


where A, and Ap are the constants determined by the formulas presented in 4.9.7. 


b 
y(x) + af |ja — t| y(t) dt = f(a). 


This is a special case of equation 4.9.36 with g(t) = A. 


1°. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


You + 2Ay = fr, (2). (1) 
The boundary conditions for (1) have the form (see 4.9.36) 
yi.(a) + y/,(b) = f(a) + f,0), 
y(a) + y(b) + (b-a)y;(a) = f(a) + f(b) + (b- a) f(a). 


Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


(2) 


2°. For A <0, the general solution of equation (1) is given by 


y(a) = C) cosh(kax) + Cz sinh(ka) + f(a) + a sinh[k(a-t)] f(t) dt, k=V-2A, (3) 
where C', and C are arbitrary constants. 
For A > 0, the general solution of equation (1) is given by 


x 


y(x) = Cy cos(kx) + Co sin(kx) + f(x) —k i; sin[k(x—t)]f(t)dt, k=V2A. (4) 


a 


The constants C and C} in solutions (3) and (4) are determined by conditions (2). 
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3°. In the special case a = 0 and A > 0, the solution of the integral equation is given by 
formula (4) with 


7 , ll +cos A) — I.(A + sin A) 
~ 2+2cosr\+ Asin A 


b 
k=V2A, \=bk, = | sin[k(b—-H]f() dt, Ie = if cos[k(b — t)] f(t) dt. 
0 


b 
0 


_ pds sin \ + I,(1 + cos A) 


A ‘ OS: 24+2cosr\+AsinA ’ 


4.1-2. Kernels Quadratic in the Arguments x and t. 


b 
7. y(a)-r | (a? + t”)y(t) dt = f(x). 
The characteristic values of the equation: 


1 1 
a 


1303) + ,/2@5—a5)(b—a) 163 —a3)— ,/465 —a)\(b—a)_ 


1°. Solution with A # Aj 2: 


y(a) = f(a) + MAj a" + Ap), 
where the constants A, and A) are given by 


fi-A(4 fi As - fot) 4 f2-d (Ff2A3- 4 fis) 


Al = : : 
2(4A2- FA) As) —2AA3 +1 


~ 2(4A3- 4A, As) - 2.03417 


b b 
f= f f(x) dz, f= f zg’ f(x)daz, An =b"-a". 


2= 


2°. Solution with A = A; # Az and f| = fo = 0: 


- ‘ — b> — a5 
Yan), wl) =a"44) <a 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \1. 


3°. Solution with \ = Az # A; and f; = fo = 0: 


b-a 
yla) = f(a) +Cyr(a), yp) = 2” - jes 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value \o. 


4°. The equation has no multiple characteristic values. 
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b 
yie)-df (a?-B yy at = Fe 
The characteristic values of the equation: 


1 
di =x 


[he —@P- L05—a)b-a) 


y(x) = f(x) + MA, a? + Ad), 


1°. Solution with A # Aj 2: 


where the constants A, and A) are given by 


_ fitA(GfiAs—fAt) _ fp tA(3fA3-3fiAs) 
~ 2 (EAIAs—$A3) 417 2 2 (FA VAS— FAR) 41’ 


b b 
f= f f(a) de, fi= f a’ f(x)dt, An =b"-a". 


2°. Solution with A = A; # Az and f| = fo = 0: 


A, 


3- mM (° = a’) 

3r1 (b = a) : 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


yx) = f(v)+Cyi(x), —-ys(w) = a? + 


3°. The solution with A = Az # A; and f|; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


4°. The equation has no multiple characteristic values. 


b 
y(a)—-X i (Ax + Bt*)y(t) dt = f(x). 
The characteristic values of the equation: 
+(A+ B)A3 + \/3(A- BY?AZ + ZABA\AS 
A. = eo A, = b" -a”. 
2AB(zA3-4AiAs) 
1°. Solution with A # Aj 2: 


y(a) = f(a) + MAj a? + Ap), 
where the constants A, and A) are given by 
z Af, - ABX (4fiA3— foAt) 
~ ABD (£A3—4A\As) —4(A+ B)AA3 +1" 
= B fy - ABX (3 foA3 - 3 fiAs) 
AB) ($A3- FA As) — 4(A + B)AA3 +17 


b b 
f= f f(a) dx, f= [ x? f(x) dx. 


2°. Solution with X = A; # Az and f| = fo = 0: 


A, 


Ag 


3—, A(b? — a3) 

3, A(b-a) ” 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


y(x) = f(x)+Cyi(z), —- yw) = a? + 
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3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


4°. Solution with X = Ay. = A, and fi = f2 = 0 provided that A # +B, where », = 


GEDeo=n is the double characteristic value: 


ya) = f(@) + Ciy.(@), 


where C’ is an arbitrary constant and y,.(x) is an eigenfunction of the equation corresponding 


to Ax: 
Bee (A— B)(b> - a?) 
HOS 24. 
a 6A(b—a) 
The equation has no multiple characteristic values if A = +B. 


b 
10. y(x)-A f (at — t?)y(t) dt = f(a). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and A(t) =t. 
Solution: 
y(a) = f(a) + (Aj + Az), 


where A, and Az are the constants determined by the formulas presented in 4.9.8. 


b 
11. y(ax)- rf (a? - at)y(t) dt = f(a). 


This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = x. 
Solution: 
y(x) = f(a) + (E12? + Epa), 


where F and E> are the constants determined by the formulas presented in 4.9.10. 


b 
12. y(x)-A i (Bat + Ct*)y(t) dt = f(a). 


This is a special case of equation 4.9.9 with A = 0 and A(f) = t. 
Solution: 
y(“) = f(a) + (Ay + Adz), 


where A, and A> are the constants determined by the formulas presented in 4.9.9. 


b 
13. y(x)-A / (Ba* + Cat)y(t) dt = f(a). 


This is a special case of equation 4.9.11 with A = 0 and A(x) = x. 
Solution: 
y(a) = f(a) + MAja" + Anz), 


where A, and A are the constants determined by the formulas presented in 4.9.11. 


b 
14. y(x)-A / (Ant + Ba? + Ca + D)y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g(x) = Ba? +Cx+D, h(t) = 1, go(x) = 2, 
and h(t) = At. 
Solution: 
y(a) = f(x) + ATA) (Ba? + Cx + D) + Aga], 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 
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b 
15. y(x)-A i (Ax? + Bt? + Ca + Dt + E)y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g,(x) = Ax? + Ca, h,(t) = 1, g2(x) = 1, and 
ho(t) = Bt? + Dt+ EL. 
Solution: 
y(x) = f(a) + ALA, (Aa? + Cx) + Ad], 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
16. y(x)- af [Av + B+ (Ca + D)(a - t)ly(t) dt = f(x). 
This is a special case of equation 4.9.18 with 9\(x) = Ca? + (A+ D)x + B, hi(t) = 1, 
g2(x) = Ca + D, and h(t) = -t. 
Solution: 


y(a) = f(a) + MA (Ca? + Ax + Dx + B) + Ar(Cx + DI, 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
17. y(a)- af [At+ B+ (Ct+ D)\(t-2x)]y(t) dt = f(x). 
This is a special case of equation 4.9.18 with g;(z) = 1, h(t) = Ct? +(A+ D)t+B, g(x) =2, 
and ho(t) = (Ct + D). 


Solution: 
y(a) = f(a) + ACA, + A22), 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
18. y(x)-A i (a -— t)*y(t) dt = f(a). 


This is a special case of equation 4.9.19 with g(x) = x, h(t) =-t, and m = 2. 


b 
19. y(x)-XA / (Ax + Bt) y(t) dt = f(a). 


This is a special case of equation 4.9.19 with g(x) = Az, h(t) = Bt, and m = 2. 


4.1-3. Kernels Cubic in the Arguments x and ft. 


b 
20. y(x)-A | (a? + t°)y(t) dt = f(x). 
The characteristic values of the equation: 


1 1 
N=, d= 


14 —a4) + ,/2@7—a?\(b-a) 4 (b+ a‘) \/ (07 a’)(b a. 


1°. Solution with A # Aj 2: 


y(x) = f(x) + MAja? + Ad), 
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where the constants A, and A) are given by 


fi-A (4 fi As - fA) _ fa-A (GA Aa Fi A7) 


Ne (Ara AA aOAg el Oe APSE AGA) ConA 


b b 
f= f f(x) dz, f= [ a f(x)dz, An =b"”-a". 


A, = 


2°. Solution with A = A; # Az and f; = fo = 0: 


b/ —q’ 
7(b—a)’ 


y(x) = f(x) + Cy: (a), yi(x) =a + 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. Solution with \ = Az # A; and f, = fo = 0: 


b)-al 
yr) = f(a)+Cyr(x), —-yp(a) = 2° - Te=ay 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value \o. 


4°. The equation has no multiple characteristic values. 


b 
21. y(x)-Ar | (x? - t?)y(t) dt = f(a). 


The characteristic values of the equation: 


1 
Ai2 = 


[Lat —b42— 17 —b7)b—a) 


yx) = f(x) + M Aja? + Ad), 


1°. Solution with A # Aj 2: 


where the constants A, and A) are given by 


fitr(4fida- fodrs) " —frtr(FfrA4- 3 fiA7) 
Se De aa ON 
BFA Bal+1 7 ead, GA) + 


b b 
fi =| f(x) dx, ho - | x f(x) dx, An =p" a”. 


Aj 


2°. Solution with \ = A; # Az and f; = fo = 0: 


A= S(6* S04 
ya) = f(a)+Cy(a), — -_yi(@) = a + ae 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(«), respectively. 


4°. The equation has no multiple characteristic values. 
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b 
22. y(a)-r if (Ax? + Bt?)y(t) dt = f(x). 
The characteristic values of the equation: 


4(A+ B)Ag + \/(A-BY?AZ + FABA\A, 
2 = ——___ Ava G = 4". 


2AB (£A}—4A,A;) : 


1°. Solution with A # Aj 2: 
y(a) = f(a) + MAja? + Ap), 
where the constants A, and A) are given by 


- Af, - ABA (4 fiA4— froAt) 
~ ABN (EA}-1A,A,) - 1A + BAG +1? 
> Bf,— ABA (4fAa-7fiA7) 

ABM (KAZ- 4A, As) -FXNAt BAGH 1? 


b b 
f= f f(x) dz, fi= f a? f(x) dx. 


Aj 


Ag 


2°. Solution with A = A; # Az and f = fo = 0: 


4—), A(b+ — a4) 


va) = f(@)+Cy(@), we) =a + 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value 1. 


3°. The solution with X = Az # A, and f|; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


4°. Solution with X = Ay. = Ax and fi = f2 = 0 provided that A # +B, where », = 


Gs Dba is the double characteristic value: 


= ates (A - B)(b* - a") 
y(x) = f(x) + Cy.(2), Yu (a) = a — ~ 8A(b—-a) ”’ 


where C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 
to Ax. 
The equation has no multiple characteristic values if A = +B. 


b 
23. y(a)-XA | (at? — t?)y(t) dt = f(a). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = t’. 
Solution: 
y(a) = f(a) + (Ay + Adz), 


where A, and Ap are the constants determined by the formulas presented in 4.9.8. 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 
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b 
y(x)-X ' (Bat? + Ct)y(t) dt = f(x). 


This is a special case of equation 4.9.9 with A = 0 and h(t) = ?’. 
Solution: 
y(a) = f(x) + (Ay + Adz), 


where A, and A are the constants determined by the formulas presented in 4.9.9. 


b 
y (az) - af (Ax?t + Bat*)y(t) dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = x and h(x) = x. 
Solution: 
y(x) = f(x) + MAi2? + Az), 


where A, and A are the constants determined by the formulas presented in 4.9.17. 


b 
y(a) —X | (Ax? + Bat*)y(t) dt = f(a). 
This is a special case of equation 4.9.18 with g;(x) = 2°, hi (t) =A, 92(x) = 2, and h(t) = Bt. 
Solution: 


y(a) = f(x) + MAja? + Aoz), 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
y(x)—X i} (Ax? + Ba*t + Cau” + D)y(t) dt = f(x). 
This is a special case of equation 4.9.18 with g)(a) = Av? + Ca? + D, hy(t) = 1, go(x) = 2”, 
and ho(t) = Bt. 


Solution: 
y(«) = f(x) + ALA) (Aa? + Ca? + D) + Apx?], 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 
b 
y(a) —X | (Act? + Bt? + Ct? + D)y(t) dt = f(a). 
This is a special case of equation 4.9.18 with g)(a) = x, h(t) = At?, go(x) = 1, and ho(t) = 
Bb +Ct +D. 


Solution: 
y(a) = f(a) + AA, a@ + Ad), 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
roan | (a - t)y(t) dt = f(a). 


This is a special case of equation 4.9.19 with g(x) = x, h(t) =-t, and m = 3. 


b 
y(a) — i (Ax + Bt) y(t) dt = f(a). 


This is a special case of equation 4.9.19 with g(x) = Az, h(t) = Bt, and m = 3. 
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4.1-4. Kernels Containing Higher-Order Polynomials in x and t. 


31. 


32. 


b 
y(az) — af (x” +t” )y(t) dt = f(x), = 1, 2, 6 


The characteristic values of the equation: 
1 


An + VAoain’ 


1°. Solution with A # Aj 2: 


1 
Ai2 = where A, = ——(b™! -a"*!). 
n+l 


y(a) = f(x) + Aa" + Ad), 
where the constants A, and A) are given by 


xs fi -—ACfi An — f2Ao) 
(Az, = AoAdn) = 2r+An +1 


b b 
1 
fi = f(a)dz, fo =) a” f(x)dx, A, =—~(b"™'-a™). 
4 a n+1 

2°. Solution with A = A; # Az and f; = fo = 0: 

y(x) = f(e)+Cyi(@), — yn (@) = 2" + V/Arn/Ao, 
where C is an arbitrary constant and yj; (x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 
3°. Solution with \ = Az # A; and f, = fo = 0: 

y(x) = f(x)+Cy(x), = yo) = 2" — V/Aon/Ao, 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value Ao. 


fo —A(foAn — fidon) 


A = 2 AW2An = Aen) 
: A? = AAG An aT 


Ag 


4°. The equation has no multiple characteristic values. 


b 
ee / (w” —t")y(t) dt = f(x), n=1,2,... 


The characteristic values of the equation: 
-1/2 


Ge _ a \G= a) 


prt _ n+1y)2 _ 
( le deer rare 


Ai2=4 


4 1 
~L(n+ 1)? 
1°. Solution with A # Aj 2: 

y(a) = f(a) + (Aix + Ad), 
where the constants A, and A) are given by 


_ fit AGfiAn = froAo) _ —fa + ACfrAn - fidon) 


Ae N(KoAo, —At)4 1 7 (Agar, — 02) 41 * 
b b 
re / joes. Be i: 2" f(a)de, Ay =—— (6! — a", 
a eb n+l 
2°. Solution with A = A; # Az and f; = fo = 0: 
fe as 
y(x) = f(x) + Cy:(@), yi(z) = x” + —_— _, 
A Ao 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with X = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. The equation has no multiple characteristic values. 


312 


33. 


34. 


35. 
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b 
y(x) - af (Axv” + Bt”)y(t) dt = f(x), m=1,2,... 
The characteristic values of the equation: 


igs (A+ B)A, + ((A- BAZ +4ABAl Arn, A 1 (ntl — gy. 


2AB(A2, - ApArn) > m nt+1 


1°. Solution with A # Aj 2: 
y(x) = f(x) + A(A1 2" + Ad), 
where the constants A, and A) are given by 


“ Afi — ABA(fiAn = f2A0o) 

~ AB)(A2 — ApAnn)— (A+ B)AAn + 1” 

fe Bf2- ABA frAn —- fidon) 
AB)(A2 — ApAm)-(A+ B)AAy + 1’ 


b b 
f= f f(a) da, f= [ x” f(x) dz. 


A, 


Ag 


2°. Solution with \ = A; # Az and f; = fo = 0: 
1-Ad\,A, 
Ad\;Ao ” 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


y(x) = f(x) + Cy: (@), yi(@) = 2" + 


3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with \ = 1.2 =, and f; = f2 =0 provided that A # +B, where the characteristic 
value A, = 2/[(A + B)A,] is double: 


(A-B)An 
2AAo 
Here C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 


to Ax. 
The equation has no multiple characteristic values if A = +B. 


y(x) = f(x) + Cy,(2), yx(a) = x" — 


b 
y (az) — a (x —t)t™ y(t) dt = f(x), m=1,2,... 


This is a special case of equation 4.9.8 with A =0, B = 1, and h(t) =t™. 
Solution: 
y(a) = f(a) + (Aj + Adz), 


where A, and Az are the constants determined by the formulas presented in 4.9.8. 


b 
y (az) — rf (x —tha”™ y(t) dt = f(x), m=1,2,... 


This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = 2”. 
Solution: 
y(a) = f(a) +A Aia™*! + Apa”), 


where A, and A> are the constants determined by the formulas presented in 4.9.10. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
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b 
y(a) — i (Ac™! 4 Ba™t + Ca™ + D)y(t) dt = f(x), m =1,2,... 


This is a special case of equation 4.9.18 with gi(x) = Av™*!+Ca™+D, hi=1, m(a)=2"™, 
and ho(t) = Bt. 
Solution: 
y(a) = f(x) + AA(Aa™*! + Cx™ + D) + Ape), 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
y(a) — 2X i (Act™ + Bt™! +Ct™ + D)y(t) dt = f(x), m =1,2,... 
This is a special case of equation 4.9.18 with g\(x) = 2, hi(t) = At™, g(x) = 1, and 
ho(t) = Bt™! + Ct™ + D. 
Solution: 


y(a) = f(a) + MA, ax + Ad), 


where A, and A are the constants determined by the formulas presented in 4.9.18. 


b 
y(x) - af (Ax”t” + Ba™t™ )y(t) dt = f(x), n,m=1,2,..., nz#m. 


This is a special case of equation 4.9.14 with g(x) = x” and h(t) = t”™. 
Solution: 
y(x) = f(x) + AAi2" + Ape”), 


where A, and A> are the constants determined by the formulas presented in 4.9.14. 


b 
y(az) - af (Aa”"t™ + Ba™t” y(t) dt = f(x), nym=1,2,..., n#m. 
This is a special case of equation 4.9.17 with g(x) = x” and h(t) = t”™. 


Solution: 
y(a) = f(x) + AA, a" + Apx™), 


where A, and A> are the constants determined by the formulas presented in 4.9.17. 


b 
yla) - i (w-t)™y(t)dt = f(z), m=1,2,... 


This is a special case of equation 4.9.19 with g(x) = x and h(t) = -t. 


b 
y(az) — af (Ax + Bt)™ y(t) dt = f(x), m=1,2,... 


This is a special case of equation 4.9.19 with g(a) = Az and A(t) = Bt. 


b 
y(xz) + A if |x — t|t” y(t) dt = f(a). 


This is a special case of equation 4.9.36 with g(t) = At*. Solving the integral equation 
is reduced to solving the ordinary differential equation y”,, + 2Ax"*y = f!”,(x), the general 
solution of which can be expressed via Bessel functions or modified Bessel functions (the 
boundary conditions are given in 4.9.36). 
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b 
y(x) + A | |x — t?"*! y(t) dt = f(a), n =0,1,2,... 


Let us remove the modulus in the integrand: 


x b 
y(a) +A if (w— 1)" y(t) dt-+A i (t— 0)" y(t) dt = f(a). (1) 


The k-fold differentiation of (1) with respect to x yields 


x b 
ya) + ABg i) (a —tyr*! *y(t) dt + (-1)* AB, i ¢-ay”*** ye) dt = f(a), 


By =(2n+1Qn)...Qn+2-k), k=1,2,...,2n41. 


(2) 


Differentiating (2) with k = 2n + 1, we arrive at the following linear nonhomogeneous 
differential equation with constant coefficients for y = y(x): 


yor?) + 2(2n + 1)! Ay = fOr (x). (3) 


Equation (3) must satisfy the initial conditions which can be obtained by setting x = a in (1) 
and (2): 


b 
y(a)+ A i (t—a)"*'y(t) dt = f@), 
5 ‘ (4) 
ya) + (-1)* AB, i (¢-a)?"* y(t) dt = f(@), k=1,2,...,2n41. 


These conditions can be reduced to a more habitual form containing no integrals. To this end, 
y must be expressed from equation (3) in terms of y?”*”) and f?"*”) and substituted into (4), 


and then one must integrate the resulting expressions by parts (sufficiently many times). 


4.1-5. Kernels Containing Rational Functions. 


44. 


45. 


br1 41 
y(x) - rf (- + +) ue dt = f(x). 
‘a x t 


This is a special case of equation 4.9.2 with g(x) = 1/. 
Solution: 


y(x) = f(x) + (4 + An), 


where A, and A are the constants determined by the formulas presented in 4.9.2. 


b/1 1 
Ce I (< =) ue se Fe): 


This is a special case of equation 4.9.3 with g(x) = 1/a. 
Solution: 


y(x) = f(x) + (4 + An), 


where A, and Az are the constants determined by the formulas presented in 4.9.3. 


46. 


47. 


48. 


49. 


50. 


51. 
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b5/A B 
yla) — i (= + 2) uo de=5@) 


This is a special case of equation 4.9.4 with g(x) = 1/2. 
Solution: 


y(x) = f(x) + (4 + An), 


where A, and Ap are the constants determined by the formulas presented in 4.9.4. 


b A B 
yla) - | ( + —) uaa te). 


zrta t+ 8 


and A(t) = 2 


This i ial f tion 4.9.5 with = , 
is is a special case of equation with g(x) ES i+ 6 


Solution: 


A 
yo) f(a) #( A + An), 


where A, and A are the constants determined by the formulas presented in 4.9.5. 


b/ ge t 
Haan ‘| (= : =) xe HAG). 


x 


This is a special case of equation 4.9.16 with g(x) = x and h(t) = 1/t. 
Solution: 


y(a) = f(a) + A(Aie + *). 


where A, and Ap are the constants determined by the formulas presented in 4.9.16. 


b’/ Ax Bt 
yla) - ‘) (= + =) y(t) dt = fla). 


This is a special case of equation 4.9.17 with g(x) = x and h(t) = 1/t. 
Solution: 


io2F@x (aie i =), 


where A, and A) are the constants determined by the formulas presented in 4.9.17. 


2 rta tt+a 
1 


This is a special case of equation 4.9.17 with g(x) = x + a and A(t) = tap 


Solution: 


i= [Ac +0) + * 5): 


where A, and A are the constants determined by the formulas presented in 4.9.17. 


ia (x +a)” a 
y(a2)-A A +B y(t) dt = f(x), n,m =0,1,2,... 


(t+ B)™ (a + )™ 


This is a special case of equation 4.9.17 with g(x) = («+ a)” and A(t) = (t+ BY ™. 


Solution: 


where A, and A> are the constants determined by the formulas presented in 4.9.17. 
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52. 


53. 


54, 
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co y(t 
yie)->f WO at = $0) 1l<a<o, -wo<7mdA<1. 
1 at+t 


Solution: 
(x) dr, 


Phair 


ae i’ 7 sinh(77T) FO p 
e 0 


cosh(7T) — 72 
F(r)= i FOP 4 iq) de, 


where P,(a) = F’ (-v, y+1,1; 41 - x)) i is the Legendre spherical function of the first kind, 
for which the integral representation 


" cos(Ts) ds 
P cosha) = — —— a2z0 
~$sir ) 2(cosh a — coshs) ( ) 
can be used. 
@© Reference: V. A. Ditkin and A. P. Prudnikov (1965). 
a3 y(t) 


2 —— ——————E——— 
(a? + B)y(2) = 7 i = 


This equation is encountered in atomic and nuclear physics. 
We seek the solution in the form 


ioe) Me 
y(x) = >. (1) 


= x? +(am +b) 
The coefficients A,,, obey the equations 


m + 2b oo 
a Am-1 = 0, Am = 0. 2 
m ( , Jer a 0 (2) 


m=0 


Using the first equation of (2) to express all A,, via Ao (Ao can be chosen arbitrarily), 
substituting the result into the second equation of (2), and dividing by Ag, we obtain 


(ym : 
yor aN Calbia bbe Gn onia). ©) 


It follows from he Tenis of the Bessel functions of the first kind that equation (3) 


can be rewritten in the form 
Ae Toe (2V2) = 0. (4) 


In this sort of problem, a and are usually assumed to be given and b, which is proportional 
to the system energy, to be unknown. The quantity b can be determined by tables of zeros of 
Bessel functions. In some cases, b and a are given and A is unknown. 


@© Reference: I. Sneddon (1995). 


1 
1 |x&-t 


The characteristic values of the equation: 


dy =2(l+o4--45), where n=1,2,... 
2: n 


The eigenfunctions of the equation: 
Yn(xz) = P(x), where n=1,2,... 
nr 
n!2” dx” 
@) Reference: A. G. Petrov (1986). 


Here P,,(x) = (a? —1)” are the Legendre polynomials. 
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4.1-6. Kernels Containing Arbitrary Powers. 


55. 


56. 


57. 


58. 


59. 


60. 


b 
yla) — | (a - t)t"y(t) dt = f(a). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and A(t) = t". 
Solution: 
y(a) = f(x) + (Ay + Adz), 


where A, and Ap are the constants determined by the formulas presented in 4.9.8. 


b 
yla) —d i (a - t)x” y(t) dt = f(a). 


This is a special case of equation 4.9.10 with A =0, B = 1, and h(x) = x”. 
Solution: 
y(a) = f(a) + AE,a"*! + Eye”), 


where F and E> are the constants determined by the formulas presented in 4.9.10. 


b 
yla) —d | (a! — t*)y(t) dt = flv). 


This is a special case of equation 4.9.3 with g(x) = x". 
Solution: 
y(a) = f(a) + A(Aia" + Ad), 


where A, and A are the constants determined by the formulas presented in 4.9.3. 


b 
y(x) - rf (Ax” + Bt’ )t* y(t) dt = f(a). 


This is a special case of equation 4.9.6 with g(a) = x” and A(t) = t¥. 
Solution: 
y(x) = f(z) + (Ai 2” + Ad), 


where A, and A are the constants determined by the formulas presented in 4.9.6. 


b 
y(x) - af (Da” + Et*)ax y(t) dt = f(x). 


This is a special case of equation 4.9.18 with gj(x) = 2”*7, hy(t) = D, go(x) = «7, and 
ho(t) = Et. 
Solution: 
y(a) = f(x) + A Aya"*? + Ana), 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
y(x) - af (Ax’t" + Bat®)y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g)(a) = 2”, h,(t) = At, go(x) = «7, and 
ho(t) = Bt. 
Solution: 
y(x) = f(x) + A Aya” + Aga”), 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 
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61. 


62. 


63. 


64. 


65. 
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b 
y(x)—-X | (A+ Bat” + Ct#*!)y(t) dt = f(a). 


This is a special case of equation 4.9.9 with h(t) = t". 
Solution: 


y(a) = f(a) + (A, + A22), 


where A, and A are the constants determined by the formulas presented in 4.9.9. 


b 
y(x)—-X y (At® + BaP? t! + Ct"*7)y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g,(x) = 1, hi(t) = At® + Ct#*7, go(x) = x8, and 
ho(t) = Bt¥. 
Solution: 
y(x) = f(a) + MA + Ax”), 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


b 
y(x) - af (Ax*t? + Bx? t? + Ca“t”)y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g)(x) = Ax? + Be®, hi(t) =t7, go(x) = x", and 
ho(t) = Ct”. 
Solution: 
y(x) = f(a) + MA (Ax® + Ba’) + Ana", 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 
(a+ (x + pi)? (x + pr)" 

yl) -d [ [A + BP | y(t) dt = f@). 
(t+ qy (t + q) 


This is a special case of equation 4.9.18 with gi(x) = (a +p), h(t) = At + q1), g2(x) = 
(x + pr)", and ho(t) = Bt + my”. 
Solution: 


y(x) = f(x) + A[Ay(w + pi)? + Aa(a + pr)“], 


where A, and A) are the constants determined by the formulas presented in 4.9.18. 


ze+a a’+ec 
y(a) - af (a= ——_ +B ; )ue dt = f(x). 
+d 


t 
ie A 
This is a special case of equation 4.9.18 with g)(z) = 7 +a, h(t) = wag g2(@%) = 27 +6, 
B 
d h2(t) = ——. 
and) +d 
Solution: 


y(x) = f(x) + ATAi(a* + a) + An(a” + 0], 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 
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4.1-7. Singular Equations. 


In this subsection, all singular integrals are understood in the sense of the Cauchy principal value. 


66. 


67. 


68. 


B f' y@)dt 
Ay(a) + =| = f(x), -l<2<l. 
Ww Sy t-2x 


Here A and B are real numbers such that B+ 0, A+ B #0, and A? + B? = 1. 


1°. The solution bounded at the endpoints: 


Z B f' g(x) fat 
ye) Age)-= f SOA" 


T 
where a is the solution of the trigonometric equation 


, gw) = (+ a)*1- a)", 


A+ Bcot(za) =0 
"fO 


on the interval 0 < a < 1. This solution y(x) exists if and only if —dt=0. 


g(t) 


2°. The solution bounded at the endpoint x = 1 and unbounded at “ endpoint x = —1: 


7 Bf! g(x) f(dt 
e)= Afo)-—= | 2 9» 


where a is the solution of the trigonometric equation (2) on the interval -1 <a <0. 


» gy =(1 +a)" -2y%, 


3°. The solution unbounded at the endpoints: 


: B [' g(x) fat 
ya)= Afe)-> f 2 i 


+Cg(x), g(x) =(1+ 2)*(1-a2y'*, 
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(1) 


(2) 


(3) 


(4) 


where C is an arbitrary constant and a is the solution of the trigonometric equation (2) on the 


interval-l1<a<0. 


@) References: N. I. Muskhelishvili (1992), I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, pp. 6-7). 


t) dt 
yar se = fla). 


t- 
fat 
yo) = ml! f(x) + vaf 4 we. 


@ Reference: M. L. Krasnov (1975). 


I 1 1 
y(a) -r (— = aa) dt = f(x), 0<a<l. 
0 a = 


Tricomi’s equation. 
Solution: 


Solution: 


1 t*(1—2)* (1 1 Ci -2)? 
MS Tea EE | Ko [ES (Ate) veils oho 


lous 


2 
a = —arctan(A7) (-l<a<1),_ tan aka At (-2< 6 <0), 
T 


where C is an arbitrary constant. 


© References: P. P. Zabreyko, A. I. Kosheley, et al. (1975), F. G. Tricomi (1985). 
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1+t na 1 1 
69. yiar+ rf ( ae (—- uta = fee) 0<2<l. 
-2 


l+z t-a 1 


Tricomi—Gellerstedt equation. 


In the class of functions y(x) for which integrals iG ly(x)| In|a + 1|dx are finite the 
unique solution of the equation has the form 


1 
1-t? \n2 1 1 
y@) = Ta EE |Ko- LF =) (- 5) foal). 


@ Reference: S. G. Mikhlin (1967). 


4.2. Equations Whose Kernels Contain Exponential 
Functions 


4.2-1. Kernels Containing Exponential Functions. 


b 
1. y(az) - af (e8 + e*)y(t) dt = f(a). 
The characteristic values of the equation: 


pB 


ef — ePa + ,/ 4+ B(b — a)(e28> — @28a) 


y(x) = f(x) + (Aje%* + Ad), 


Ai2 = 


1°. Solution with A # Aj 2: 


where the constants A, and A) are given by 


fi-A[ fide -(b- a) fa] fo —ACfroAg - fidze) 


A Se A Tay ae aD 
' 2[A2 = (b-a)Arg]—2AAg +1? “AZ —G—a)Arg] —2AAg + 1 


b b 
1 
fi - | f(x)dz, fr -| f(x)e®* dz, Ag= Bre: 
2°. Solution with \ = A; # Az and f; = fo =0 
28d _ 28a 


2B(b—a) ° 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \1. 


3°. Solution with A = Az # A; and f, = fo =0 


2b _ 62Ba 
ya) = f(a) + Cyr(z), p(w) = &?* - (ae 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


y(z) = f(x) + Cy (2), yi(a) = eF? + 


4°. The equation has no multiple characteristic values. 
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b 
yie)-df (e8* ~e% y(t) dt = fla. 
The characteristic values of the equation: 


B 
(e8? — e8a)2 +B(b a)(e28> e2Ba) 


Aig = + 


1°. Solution with A # Aj 2: 
y(a) = f(x) + MAie** + Ap), 
where the constants A, and A) are given by 


_ fAi+AlfiAs-- afr] 
2 [(b=a)Arg - AZ] +17 


_ -fo+rAfroAge - fire) 


a ~ 2[(b=a)Azg — AZ] +1 


Ag 


b b 
fi - | f(a) dz, fa - | f(x)e?* dx, Ag = zie, 


2°. Solution with A = A; # Az and f; = fo = 0: 
n 1-A, Ag 
Ai(b- a) 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


ya) = f@)+Cy(a), —-yi(a) =e” 


3°. The solution with \ = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


4°. The equation has no multiple characteristic values. 


b 
y(x)—-X | (Ae®* + Be®*)y(t) dt = f(x). 


The characteristic values of the equation: 


mn 2 
sas en sida aes ikea =F (eh 2), 
B 


2AB[A2 — (b—a)Arg] eee 


1°. Solution with A # Aj 2: 


12 = 


y(a) = f(a) + MAie** + Ap), 
where the constants A, and A) are given by 
_ Afi - ABA| fidg-(b- a) fr] 
~ ABA? -(b-a)Azg] -(A+ B)AAgt 1? 
aj = BA ABM Aga fiboe) 
ABM [Az -(b- a)A2,| -—(A+ B)\Ag +17 


A, 


Ag 


b b 
f= f f(x) dz, f= [ f(xye?* dex. 


2°. Solution with A = A; # A, and f = fo = 0: 
‘ 1- AA; Ag 
A(b-a)A,’ 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


yx) = f(a)+Cy(@), —-ys(a) =e” 
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3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and yi(x) by Az and y2(x), respectively. 


4°. Solution with \ = 1.2 =, and f; = f2 =0 provided that A # +B, where the characteristic 


2 
value A, = (A+ Bhs is double: 


oe (A- B)Ag 
2A(b—a) ’ 
where C' is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 


to Ax. 
The equation has no multiple characteristic values if A = +B. 


y(x) = f(x) + Cy,(2), Yyx(X) =e 


b 
y(a) —A | [Ae®*™ + Bl y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g)(x) = e?”, h(t) = Ae*t, go(x) = 1, and 
ho(t) = B. 
Solution: 
y(a) = f(a) + (Ale** + Ad), 


where A, and A are the constants determined by the formulas presented in 4.9.18. 


b 
y(x) - af [AeSatut + Be@rt! y(t) dt = f(x). 


This is a special case of equation 4.9.6 with g(x) = e?” and A(t) = e”*. 
Solution: 
y(x) = f(a) + MAre** + Ad), 


where A, and Ap are the constants determined by the formulas presented in 4.9.6. 


b 
y(ax) - af [Ae + Be? @*) y(t) dt = f(a). 


This is a special case of equation 4.9.14 with g(x) = e® and h(t) = e”. 
Solution: 
y(a) = f(x) + MAre™ + Ape**), 


where A, and A> are the constants determined by the formulas presented in 4.9.14. 


b 
y(x) - rf (Ae®™*## + Be®?**) y(t) dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = e°” and h(t) = eft, 
Solution: 
y(x) = f(x) + MAie** + Are**), 


where A, and A> are the constants determined by the formulas presented in 4.9.17. 


b 
y(x) - af [De + Eevhre| y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g,(a) = e*, hi (t) = D, go(x) = e#”, and 
ho(t) = Ee”. 
Solution: 
y(x) = f(x) + ALAjeH”? + Ane” ], 


where A, and A> are the constants determined by the formulas presented in 4.9.18. 


10. 


11. 


12. 


13. 
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b 
y(x) - af (Ae®*Ft + BeY®*5t)y(t) dt = f(x). 
a 


This is a special case of equation 4.9.18 with gi(x) = e®”, h(t) = Ae®*, g(x) = e%, and 
ho(t) = Be™. 
Solution: 
y(x) = f(x) + A(Aje™ + Age”), 


where A, and A are the constants determined by the formulas presented in 4.9.18. 


b n 
yin) JS Anew] yt) dt = fla 


k=1 


This is a special case of equation 4.9.20 with g,(a) = e7** and h(t) = Ape". 


1 co 
y(x) - >| e?tHy(t) dt = AeX”, O<p<l. 
0 
Solution: 
y(a) = C+ 2) + Ap [W? -IeM* - p+ 1], 
where C is an arbitrary constant. 


© Reference: P. P. Zabreyko, A. I. Kosheley, et al. (1975). 


wie) + rf ee y(ty dt = fle) 
0 


Solution: 


y(a) = f(a) - exp (-v 1+2A|x—- tl) ft) dt 


r [o.e) 
‘earth 


+ (1 - as} if exp[-V1 + 2\(a + t)| f( dt, 


where \ > 5. 


@® Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


y(az) - af e?tlay(t) dt = 0, A> 0. 


The Lalesco—Picard equation. 
Solution: 


C; exp(rV1-22) + Cp exp(-7V'1 -2) for 0<A< 4, 
y(@) = ¢ Cr+ Cox for A= 4, 
C; cos(xV/2A- 1) + C2 sin(xV/2A-1) for A> 4, 


where C', and C are arbitrary constants. 


© Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 
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14. y(x) +X if ~ e?4y(t) dt = f(x). 

1°. Solution with \ >—4: 

ye) = f(a) = ih : exp(-V1+4 2a lar —tl) f(a 
2°. IfAS -, for the equation to be solvable the conditions 

ie f(x) cos(azx) dx = 0, De f(x) sin(ax) dx = 0, 
where a = a ae must be satisfied. In this case, the solution has the form 
y(x) = f(a) - oO ie sin(at) f(a + t) dt, (-0o < © < 00). 
In the class of solutions not viene to L2(-00, 00), the homogeneous equation (with 


f(x) = 0) has a nontrivial solution. In this case, the general solution of the corresponding 
nonhomogeneous equation with A < -4 has the form 


F a+ fe. 
y(x) = C| sin(ax) + Cy cos(ax) + f(x) - i sin(a|x — t]) f(t) dt. 


4a oS 


@ Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


b 
15. y(x)+A | erl?ty(t) dt = f(x). 


This is a special case of equation 4.9.37 with g(t) = A. 


1°. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


yn, + A2A—d)y = f(x) — f(a). (1) 
The boundary conditions for (1) have the form (see 4.9.37) 
y,(a) + Ay(a) = fi.(a) + Af (a), 
yip(b) — Ay(b) = f7,(b) — Af (0). 


Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


(2) 


2°. For \(2A — X) < 0, the general solution of equation (1) is given by 


y(a) = Cy cosh(ka) + Co sinh(ka) + f(x) — aA / : sinh[k(a —t)] f(t) dt, s 
k=4/O= 24), 


where C', and C are arbitrary constants. 
For \(2A — A) > 0, the general solution of equation (1) is given by 


y(x) = C, cos(kx) + C2 sin(kx) + f(x) - as i: sin[k(x —t)] f(® dt, (4) 


k= J/\QA-D). 


For \ = 2A, the general solution of equation (1) is given by 


y(ax) = C) + Cox + f(x) - 4A? i) “G —t) f(t) dt. (5) 


The constants C and C} in solutions (3)—(5) are determined by conditions (2). 


16. 
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3°. In the special case a = 0 and (2A — A) > 0, the solution of the integral equation is given 
by formula (4) with 

_ A(kIe — XI) 

~ (A A)sin p—kcos p’ 


b b 
k=VJ\QA-\), p=bk, I= | sin[k(b—O] f(t) dt, Ie = i: cos[k(b — t)] f(t) dt. 
0 0 


A(kI, — XI) 
(A— A) sin p—kcos pe’ 


> 
Ch — 


brn 
y(a) + | b Ax exp(Az|x - w y(t) dt = f(x), -0o0o <a<b<oo. 
a k=1 


1°. Let us remove the modulus in the kth summand of the integrand: 


b 
expldx(e—H]y(t) dt + / exp[Ax(t—2)]y(t) dt. (1) 


x 


x 


b 
Oe / exp( Axl —t)y(t) dt = / 


Differentiating (1) with respect to x twice yields 


x b 
Ti, = Xx i: exp[Az.(a — t)]y(@) dt - Ax if exp[Axz(t — x) ]y() dt, 

a 2 x : (2) 
Tl = 2dpy(a) + 2 i: exp[A,(x — t)] y(t) dt + 7 / exp[A,(t — x) ]y(t) dt, 


a x 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I! and I: 


Tf =2rgpy(a)+ Ae, = Ty = Ig (2). (3) 
2°. With the aid of (1), the integral equation can be rewritten in the form 
y(a)+ > Any = f (2). (4) 
k=l 
Differentiating (4) with respect to 2 twice and taking into account (3), we find that 
Yh o(@) + ony(a) +S” ARATE = f(@), On =2/ AnAn- (5) 
k=l k=l 


Eliminating the integral J,, from (4) and (5) yields 


n-l 
rol) + (On —X,, ya) + S7 ARAL-ARM a = fl(@) — 7, f(@). (6) 
k=1 


Differentiating (6) with respect to x twice and eliminating J,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 


n-2 
differential operator (acting on y) with constant coefficients plus the sum )> B,J,. If we 


k=l 
successively eliminate I,_2, In_3, ..., with the aid of double differentiation, then we finally 
atrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant 
coefficients. 


3°. The boundary conditions for y(x) can be found by setting x = a in the integral equation 
and all its derivatives. (Alternatively, these conditions can be found by setting x =a andx=b 
in the integral equation and all its derivatives obtained by means of double differentiation.) 
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4.2-2. Kernels Containing Power-Law and Exponential Functions. 


b 
17. y(a)-A | (x — t)e* y(t) dt = f(a). 


This is a special case of equation 4.9.8 with A = 0, B = 1, and A(t) =e”. 


b 
18. y(x)- af (x —t)e’” y(t) dt = f(a). 


This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = e”. 


b 
19. y(x)-A | (x — the?**+* y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g(x) = xe7”, hy(t) = ee“, go(a) = e””, and 
ho(t) = te”. 


b 
20. y(a)- af [A + (Ba + Ct)e™ ]y(t) dt = f(x). 


This is a special case of equation 4.9.11 with h(x) = e7”. 


b 
21. y(x)-A i (a? + B)eV y(t) dt = f(x). 
0 


This is a special case of equation 4.9.15 with g(x) = x7e7 and h(t) = e”. 


b 
22. y(a)-A ‘| (a? - te? y(t) dt = f(x). 
0 


This is a special case of equation 4.9.18 with gi(x) = xer, h(t) =e, go(x) = e”™, and 
ho(t) = te". 


b 
23. y(a)-Xr | (Ax” + Bt” )e%*4t y(t) dt = f(a), n=1,2,... 
0 


This is a special case of equation 4.9.18 with g)(a) = 7”e°”, hi(t) = Ae®*, go(x) = e®”, and 
ho(t) = Bt"e®*. 


b n 
24. y(x)-Xr i bs Agee eens] y(t) dt = f(x), n=1,2,... 


k=1 


This is a special case of equation 4.9.20 with g,(x) = e°** and h;,(t) = A,t’”* ePrt 


b n 
25. y(x)-Xr | bs Ace) y(t) dt = f(x), n=1,2,... 


k=1 


This is a special case of equation 4.9.20 with g,(x) = Apa’* e%*® and hy(t) = ePrt, 


b 
26. y(a)-r / (a -t)"e!@ y(t) dt = f(x), n=1,2,... 


This is a special case of equation 4.9.20. 
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b 
27. y(a)-r ' (a — t)"e%?*Pt a(t) dt = f(x), n=1,2,... 


This is a special case of equation 4.9.20. 


b 
28. y(a)-A | (Ax + Bt)"e%*t y(t) dt = f(a), n=1,2,... 


This is a special case of equation 4.9.20. 


b 
29. y(a) + af tery (t) dt = f(x). 


This is a special case of equation 4.9.37 with g(t) = At. The solution of the integral equation 
can be written via the Bessel functions (or modified Bessel functions) of order 1/3. 


30. y(a) + | (a + bla — t|) exp(-|x — t|)y(t) dt = f(x). 
0 


Let the biquadratic polynomial P(k) = k* + 2(a—b+ 1)k? + 2a + 2b+ 1 have no real roots and 
let k = a +i be a root of the equation P(k) = 0 such that a > 0 and @ > 0. In this case, the 
solution has the form 


ya) = f(a) + p| exp(—(|x — t|) cos(6 + ala — t}) f(t) dt 


0 
¥ [a+(8-1))? 
4023 


er ei exp[—G(ax + t)] cos[w + a(x + t)] f@® dt, 
4a? Jo 


i exp[—G(ax + t)] cos[a(a« — t)] f() dt 
0 


where the parameters p, 6, R, and w are determined from the system of algebraic equations 
obtained by separating real and imaginary parts in the relations 


iO _ LU Reiv - (B-1-ta)" 


C= Se € Oo..27R 
me B-ia 8a2(3—ia) 
@® Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


4.3. Equations Whose Kernels Contain Hyperbolic 
Functions 


4.3-1. Kernels Containing Hyperbolic Cosine. 


b 
1. y(az) — af cosh(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cosh(@z) and A(t) = 1. 


b 
2. y(a) - rf cosh(Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = 1 and h(t) = cosh(Gt). 
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b 
yla) — i cosh[A(a - t)]y(t) dt = fla). 


This is a special case of equation 4.9.13 with g(x) = cosh(Gx) and A(t) = sinh(@t). 
Solution: 
y(x) = f(x) + A[A; cosh(8x) + Ap sinh(Bz)], 


where A, and Ap are the constants determined by the formulas presented in 4.9.13. 


b 
y(a) - af cosh[G(ax + t)]y(t) dt = f(x). 
This is a special case of equation 4.9.12 with g(x) = cosh(Gx) and A(t) = sinh(@t). 


Solution: 
y(a) = f(x) +2 [Ai cosh(G) + Az sinh()] : 


where A, and A are the constants determined by the formulas presented in 4.9.12. 


b n 
ya) {> Ancoshioute—o1 byte dt = fle, m= 1,24... 


k=1 


This is a special case of equation 4.9.20. 


aya nee) (t) dt = f(x) 
u a cosh(Gt) . - ; 


This is a special case of equation 4.9.1 with g(a) = cosh(Gz) and h(t) = ————_. 
cosh(Gt) 


Gaya f° Seno (t) dt = f(x) 
id a cosh(3a) ” = ; 


This is a special case of equation 4.9.1 with g(x) = and A(t) = cosh(t). 


1 
cosh(Gx) 


b 
y(ax)—-X | cosh” (Gx) cosh” (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cosh’ (3x) and h(t) = cosh’ (yt). 


b 
y(a) —X i t® cosh” (Gax)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cosh” (Gx) and h(t) = t*. 


b 
y(a) — | a® cosh" (Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = cosh" ((t). 


b 
y(az) — a [A + B(x - t) cosh(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = cosh(Gz). 
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b 
12, y(x)- rf [A + B(x — t) cosh(Bt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = cosh(t). 


3. ya +rf AOS — = Fe) 
DNS eae OGE SE 
Solution with 6 > 7A: 
2 sinh[2k(x — t)] a: TX 
y(@) = f(x) - os | otal, k= — arceos(“*). 


@ Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


4.3-2. Kernels Containing Hyperbolic Sine. 


b 
14. y(x)- rf sinh(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = sinh(Gx) and A(t) = 1. 


b 
15. y(x)- af sinh(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and A(t) = sinh((t). 


b 
16. y(x)- af sinh[G(a — t)]y(t) dt = f(x). 


This is a special case of equation 4.9.16 with g(x) = sinh(Gx) and A(t) = cosh((t). 
Solution: 
y(x) = f(x) + A[ A; sinh(Gx) + Ay cosh(Bz)], 


where A, and A are the constants determined by the formulas presented in 4.9.16. 


b 
17. y(x)- af sinh[G(a + t)]y(t) dt = f(a). 


This is a special case of equation 4.9.15 with g(x) = sinh(Gx) and h(t) = cosh((t). 
Solution: 


y(x) = f(x) + A[ A; sinh(Gx) + Ay cosh(Bz)], 


where A, and A are the constants determined by the formulas presented in 4.9.15. 


b n 
18. y(ax)-Xr i { S > Ax sinh[ Bx (a - nity dt=f(x), n=1,2,... 


k=1 


This is a special case of equation 4.9.20. 


19 gee 
-  y(x)- iy sinh 2 ) = f(x). 


This is a special case of equation 4.9.1 with g(a) = sinh(Gx) and A(t) = sinh) 
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aya f° ano (t) dt = f(a) 
2 . ainh(Bayo 


This is a special case of equation 4.9.1 with g(x) = and A(t) = sinh (Gt). 


1 
sinh(Gx) 


b 
y(x)—- 2X | sinh* (Ga) sinh” (jut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = sinh” (Bx) and h(t) = sinh” (pt). 


b 
y(a) — / t® sinh” (Ga)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = sinh” (Gx) and h(t) = t*. 


b 
y(a) — i a sinh” (Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = x” and h(t) = sinh” (t). 


b 
y(ax)—X i. [A + B(x —t) sinh(t)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = sinh((t). 


b 
y (a) - af [A + B(x - t) sinh(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = sinh(Gz). 


b 
y(a) + af sinh(A|x — t))y(t) dt = f(x). 


This is a special case of equation 4.9.38 with g(t) = A. 


1°. The function y = y(«) obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


Yoo + A2A—Ay = fi,(@)-” fa). (1) 
The boundary conditions for (1) have the form (see 4.9.38) 
sinh[A(b — a)]/,(b) — A cosh[\(b — a)]:p(b) = Ava), 
sinh[A(b — a)]y/,(a) + A cosh[A(b — a)]e(a) = —Av(0), 
Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


p(x) = ya) - f(z). (2) 


2°. For \(2A— A) =-k* <0, the general solution of equation (1) is given by 
y(x) = C; cosh(kax) + Co sinh(kax) + f(x) - ae / sinh[k(a — t)] f() dt, (3) 


a 


where C', and C are arbitrary constants. 
For \(2.4 — A) = k? > 0, the general solution of equation (1) is given by 


x 


y(x) = C cos(kx) + Co sin(kx) + f(x) — a i sin[k(a —t)] f(t) dt. (4) 


For \ = 2A, the general solution of equation (1) is given by 
y(a) = Ch + Coe + f(a) -44 ii (w-f( dt. 6) 


The constants C; and C} in solutions (3)—(5) are determined by conditions (2). 


27. 


28. 


29. 
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b 
y(a) + Af t sinh(\|a — t))y(t) dt = f(a). 


This is a special case of equation 4.9.38 with g(t) = At. The solution of the integral equation 
can be written via the Bessel functions (or modified Bessel functions) of order 1/3. 


b 
y(x) +A i sinh? (A|a — t|)y(t) dt = f(x). 


Using the formula sinh? 3 = + sinh 33 — 3 sinh 3, we arrive at an equation of the form 4.3.29 
with n = 2: 


b 
y(a) + / [+A sinh(3 Ala — t]) A sinh(A|zx — t|)] y(t) dt = f(a). 


b n 
y(x) + ‘ b A; sinh(A,|x - ) y(t) dt = f(x),  -co<a<b<o. 
e k=1 


1°. Let us remove the modulus in the kth summand of the integrand: 


x 


b b 
iua)= | sinh(ake—tby(tat= f sinh[A;,(2-t)]y@) a+ | sinh[A;(t—2x)]y() dt. (1) 


Differentiating (1) with respect to x twice yields 
b 


Ti, = Ax / cosh[A;,(a — t)]y(t) dt— Ax i cosh[A;.(t — x)] y(t) dt, 
a . x ‘ (2) 
Tl = 2dpy(a) + XZ ' sinh[A,.(x — t)]y(t) dt + 7 / sinh[A;,(t — x) ]y(t) dt, 
where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between I7/ and I;: 
Tf = 2Apy(a) + ALe, Te = Tg (a). (3) 
2°. With the aid of (1), the integral equation can be rewritten in the form 
y(a)+ S> Andy = f (2). (4) 


k=l 
Differentiating (4) with respect to 7 twice and taking into account (3), we find that 


Yu(®) + Ony(a) + S- Apr Tk = f(a); On = 2 x Aan. (5) 
k=l k=l 
Eliminating the integral J,, from (4) and (5) yields 
n-l 
Yoel) + (On — Ay )y(a) + D> ARAL -— Ar Me = fle (@) — rf (@). (6) 
k=l 


Differentiating (6) with respect to x twice and eliminating J,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 


n-2 
differential operator (acting on y) with constant coefficients plus the sum )> B,J,. If we 


k=l 
successively eliminate [,_2, In_3, ..., with the aid of double differentiation, then we finally 
arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant 
coefficients. 


3°. The boundary conditions for y(x) can be found by setting x = a in the integral equation 
and its derivatives. (Alternatively, these conditions can be found by setting x = a and x = b 
in the integral equation and all its derivatives obtained by means of double differentiation.) 
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4.3-3. Kernels Containing Hyperbolic Tangent. 


b 
30. y(a)- af tanh(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = tanh(@x) and h(t) = 1. 


b 
31. y(a)- af tanh(Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = 1 and A(f) = tanh(t). 


b 
32. y(a)- af [A tanh(Gx) + B tanh(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = tanh(@z). 


b 
33. y(a)—-A | ame) de FO), 


tanh(Gt) 
hae ; : . 1 
This is a special case of equation 4.9.1 with g(a) = tanh(@x) and h(t) = ianh(Gd)* 
ae aie) PED aaa) 
° YL) - / tanh(Ga)” = Z). 


This is a special case of equation 4.9.1 with g(x) = and A(t) = tanh(Gt). 


1 
tanh(Gx) 


b 
35. y(a)-Ar / tanh’ (3x) tanh” (t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (Bx) and h(t) = tanh” (yt). 


b 
36. y(x)-A | t® tanh"’(Gx)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = tanh" (Gx) and h(t) = t*. 


b 
37. y(a)-Xr | x® tanh" (St)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = tanh" (t). 


b 
38. y(a)- af [A + B(x - t) tanh(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with A(t) = tanh((3t). 


b 
39. y(a)- af [A + B(x - t) tanh(Gx)]y(t) dt = f(a). 


This is a special case of equation 4.9.10 with h(x) = tanh(Gz). 
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4.3-4. Kernels Containing Hyperbolic Cotangent. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


b 
yla) — | coth(3x)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(a) = coth(Gx) and A(t) = 1. 


b 
ee ij coth((3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = 1 and A(t) = coth(t). 


b 
y(az) - af [A coth(Gx) + B coth(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = coth(Gz). 


aya f° Some) (t) dt = f(a) 
v a coth(Bt) ‘s ~ , 


1 
This is a special case of equation 4.9.1 with g(a) = coth(Gz) and h(t) = coth(ab) 


car f° NGO (t) dt = f(a) 
ss a coth(Gx) ” 7 : 


This is a special case of equation 4.9.1 with g(x) = and A(t) = coth(Gt). 


1 
coth(Gx) 


b 
y(x)-X | coth*(3x) coth”’(j:t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = coth* (32) and A(t) = coth” (ut). 


b 
y(a) — 2X | t® coth” (3x)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = coth" (Gx) and h(t) = t*. 


b 
y(a) — | a coth™ (3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = coth"(t). 


b 
y(ax) —X / [A + B(x —t) coth(Bt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = coth(t). 


b 
y(x) - af [A + B(x - t) coth(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = coth(Gz). 
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4.3-5. Kernels Containing Combination of Hyperbolic Functions. 


b 
50. y(a)-A | cosh* (Gx) sinh” (yt)y(t) dt = f(a). 
This is a special case of equation 4.9.1 with g(x) = cosh’ (3x) and A(t) = sinh’ (yt). 


b 
51. y(a)-A i [A sinh(ax) cosh(3t) + B sinh(yx) cosh(dt)]y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g;() = sinh(ax), h,(t) = A cosh(Gt), go(x) = 
sinh(yx), and h2(t) = B cosh(dt). 


b 
52. y(a)-Ar : tanh’ (yx) coth™ (wt) y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (yx) and h(t) = coth”™ (ut). 


b 
53. y(a)-A | [A tanh(ax) coth(Gt) + B tanh(yx) coth(dt)]y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = tanh(ax), h)(t) = A coth(Gt), go(ax) = 
tanh(yx), and h2(t) = B coth(6t). 


4.4. Equations Whose Kernels Contain Logarithmic 
Functions 


4.4-1. Kernels Containing Logarithmic Functions. 


b 
1. y (az) — rf In(yx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = In(yx) and A(t) = 1. 


b 
2. vie)-2 f In(yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = In(y?2). 


b 
3. y(a) - af (In x — In t)y(t) dt = f(x). 


This is a special case of equation 4.9.3 with g(x) =Inz. 


> In(yx) 
4. y(az) - af y(t) dt = f(x). 
a Int) 


1 
This is a special case of equation 4.9.1 with g(a) = In(yx) and A(t) = hop: 
ny 


> In(yt) 
5, yie)-> f y(t) dt = fla). 
Line 


1 
This is a special case of equation 4.9.1 with g(x) = On and A(t) = In(yt). 
n(yx 
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b 
6. ule) fink eye) n™ (ut)ylt) dt = fla, 


This is a special case of equation 4.9.1 with g(x) = In* (yx) and h(t) = In (yt). 


4.4-2. Kernels Containing Power-Law and Logarithmic Functions. 


b 
7, wie)-d fe m™e)ylt) dt = fla. 


This is a special case of equation 4.9.1 with g(x) = In" (ya) and h(t) = t*. 


b 
8. wie)-df a* n™(yby(t) dt = fla. 
This is a special case of equation 4.9.1 with g(x) = x* and h(t) = In” (91). 


b 
9. y(az) — af [A + Bia -t) In(yb)]y(@) dt = f(a). 


This is a special case of equation 4.9.8 with A(t) = In(yt). 


b 
10. y(x)- af [A + B(a - t) In(yx)] y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = In(yz). 


b 
11. y(x)- af [A + (Ba + Ct) In(yb)]y() dt = f(a). 


This is a special case of equation 4.9.9 with A(t) = In(yt). 


b 
12. y(x)- af [A + (Ba + Ct) In(yx)]y@) dt = f(z). 


This is a special case of equation 4.9.11 with h(x) = In(yz). 


b 
13. yie)-df [Ae in (Bz) + Ba" in'(ye)ly(t) at = Fe) 


This is a special case of equation 4.9.18 with g;(z) = In" (Gz), hi(t) = At”, go(x) = v®, and 
ho(t) = Bin'(4t). 


4.5. Equations Whose Kernels Contain Trigonometric 
Functions 


4.5-1. Kernels Containing Cosine. 


b 
1. y(az) — af cos(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cos(Gx) and A(t) = 1. 
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b 
yla) —d i cos(Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = cos((t). 


b 
yla) — cos[A(a - t)]y(t) dt = f(a). 


This is a special case of equation 4.9.12 with g(x) = cos(@x) and A(t) = sin(t). 
Solution: 


y(a) = f(x) +r [Ai cos(3x) + Ag sin(3z)] ‘ 


where A, and A> are the constants determined by the formulas presented in 4.9.12. 


b 
oD i cos[A(a + t)ly(t) dt = f(a). 


This is a special case of equation 4.9.13 with g(x) = cos(@x) and A(t) = sin(3t). 
Solution: 


y(a) = f(x) +2 [Ai cos(Gx) + Ag sin(32)] F 


where A, and A> are the constants determined by the formulas presented in 4.9.13. 


y(a2)-A | ~ cos(xt)y(t) dt = 0. 
0 


Characteristic values: \ = +,/2/7. For the characteristic values, the integral equation has 
infinitely many linearly independent eigenfunctions. 
Eigenfunctions for \ = +,/2/7 have the form 


2 Co 
yale) = fo) +/ = | f(t) cos(et) alt, (1) 
0 
where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 
Eigenfunctions for \ = —,/2/7 have the form 
2 Co 
y-(e) = f@)—4f — F(t) cos(xt) dt, (2) 
0 


where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 
In particular, from (1) and (2) with f(a) = e°” we obtain 


ah /2 a /2 
y(x) = e + are for A=+ me 


ee 2 a 2 
OS Naga. Oa. 


where a is any positive number. 


© Reference: M. L. Krasnoy, A. I. Kisilev, and G. I. Makarenko (1971). 


y(a) - af cos(xt)y(t) dt = f(a). 
0 


Solution: 
f(z) A 


a cos(at) f(t) dt, 
1-5? 1-5 


Yy(@) = 


where A # +,/2/7. 


© Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 
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b n 
7.  y(a)-Xr i) { S- Ax cos[3x(x - orhuie dt = f(x), n=1,2,... 
o k=1 


This equation can be reduced to a special case of equation 4.9.20; the formula cos[3(x —t)] = 
cos(3x) cos(Gt) + sin(Gx) sin(Gt) must be used. 


b 
8. -y(a)-A y SOMES) aks $C): 


cos(Gt) 
1 
This is a special case of equation 4.9.1 with g(a) = cos(Gx) and h(t) = ———-. 
cos(3t) 
> cos(Bt) 
9. y(a2)- AX y(t) dt = f(x). 
a ¢cos(Bx) 
1 
This is a special case of equation 4.9.1 with g(a) = ———— and h(#) = cos((3t). 


os(3x) 
b 
10. y(a)-Xr i cos" (32) cos” (tut) y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cos" (3x) and A(t) = cos™ (yt). 


b 
11. y(x)-A i t® cos’ (Gax)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cos’ (3x) and h(t) = t*. 


b 
12. y(x)-Xr | a cos™ (Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = cos’ (t). 


b 
13. y(x)- af [A + B(x - t) cos(Bx)] y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = cos(Gz). 


b 
14. y(x)- af [A + B(a - t) cos(Bt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = cos((t). 


4.5-2. Kernels Containing Sine. 


b 
15. y(x)- a sin(Ga)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = sin(Gx) and h(t) = 1. 


b 
16. y(x)- a sin(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = 1 and A(f) = sin(Zt). 
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17. 


18. 


19. 
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b 
yla) — ‘| sin[/3( - t)ly(t) dt = (2). 


This is a special case of equation 4.9.16 with g(x) = sin(Gx) and h(t) = cos((t). 
Solution: 


y(x) = f(x) +2 [Ai sin(Gx) + Ag cos(3x)] ; 


where A, and A> are the constants determined by the formulas presented in 4.9.16. 


b 
yla) — | sin[/3(x + t)ly(t) dt = fla). 


This is a special case of equation 4.9.15 with g(x) = sin(Gx) and h(t) = cos((t). 
Solution: 
y(a) = f(x) + A[ Aj sin(Bx) + Az cos(Bx)], 
where A, and A> are the constants determined by the formulas presented in 4.9.15. 


Example. Let us consider the case of a = 0, b = 7, @ = | in detail. 


1°. Solution for A 4 +2/n: 
y(x) = f(x) + AAsinzg +ABcosz, (1) 
where ‘ 
fit z7Af2 aTAfi + fa a £ ; 
A= 2 ap «CBR _—— TOL f= f f(t) cost dt, fa= f f(t) sin t dt. (2) 
l-gq Xr l-g7 mr 0 0 


2°. Characteristic values and normed eigenfunctions of the homogeneous equation for f(x) = 0 are given by the 
formulas 


ML = 


(sin 2 — cos x); 


oe 
Bae yi(x) = Va 


2 1 
n=, xv) = — (sin x + cos 2). 
Sr y2(x) Si ) 


3°. If A =-2/7n and f; = fo (values of f; and f2 can be found using formulas of Item 1°). In this case the solution 
can be obtained with the help of formula (1) in which B = f, — A where A is an arbitrary constant. 

If \ = 2/n and f; =—f then the solution can be found using formula (1) in which B = A — f; where A is an 
arbitrary constant. 


4°. If \ =-2/n and f, # fo or \ = 2/7 and f; #—f2, then the equation under consideration has no solutions. 


y(az)-A | sin(at)y(t) dt = 0. 
0 


Characteristic values: ) = +,/2/7. For the characteristic values, the integral equation has 
infinitely many linearly independent eigenfunctions. 
Eigenfunctions for \ = +,/2/7 have the form 


y(x) = f(x) + (2 | ‘ f@ sin(zt) dt, 
T Jo 


where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 
Eigenfunctions for \ = —,/2/7 have the form 


2 foe) 
y(x) = f(x)-4/ = | f@) sin(ct) dt, 
T Jo 


where f = f(x) is any continuous function absolutely integrable on the interval [0, oo). 


© Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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y(a) - af sin(at)y(t) dt = f(a). 
0 


Solution: 


f(x) » 70 a 
y(x) = 1230 + Tea | sin(at) f(t) dt, 


where \# +,/2/7. 


@© References: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971), F. D. Gakhov and Yu. I. Cherskii (1978). 


b n 
ya) {> Ansintdte—oi byte dt = fl, n= 1,2... 


k=1 


This equation can be reduced to a special case of equation 4.9.20; the formula sin[G(a —t)] = 
sin(Gx) cos(Gt) — sin(Gt) cos(Gx) must be used. 


Bigs 
nen | EE) abi ge), 


sin(Gt) 
1 
This is a special case of equation 4.9.1 with g(a) = sin(Gx) and h(t) = ———~. 
sin(3t) 
> sin(Gt) 
we) yn at = fa. 
a sin(Gx) 
1 
This is a special case of equation 4.9.1 with g(a) = ———— and A(t) = sin ((t). 


sin(Gx) 
b 
y(a)—d | sin® (Bax) sin” (it)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sin’ (Gx) and h(t) = sin”™ (jut). 


b 
yla) — i t* sin™(Sax)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = sin™ (3x) and h(t) = t*. 


b 
Fee i, w* sin” (Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = sin” (Gt). 


b 
y(a) - af [A + B(x — t) sin(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with A(t) = sin(t). 


b 
y(az) — af [A + B(x - t) sin(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = sin(Gz). 
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29. 


30. 


31. 
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b 
y(a) + af sin(A|x — t))y(t) dt = f(a). 


This is a special case of equation 4.9.39 with g(t) = A. 


1°. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary 
differential equation with constant coefficients: 


Yoo t AZA + A)y = fro(x) +’ f(a). (1) 
The boundary conditions for (1) have the form (see 4.9.39) 


sin[A(b — a)]91,(b) — A cos[A(b— a)] 9(b) = Ay(a), 


TOO Ovas ee, oe ee 


Equation (1) under the boundary conditions (2) determines the solution of the original 
integral equation. 


2°. For \(2A + \) =-k? <0, the general solution of equation (1) is given by 


y(a2) = C) cosh(kx) + C2 sinh(kax) + f(x) -— A i: sinh[k(a — t)] f(t) dt, (3) 


a 


where C', and C are arbitrary constants. 
For \(2.4 + \) = k? > 0, the general solution of equation (1) is given by 


y(a) = Ci cos(kax) + Co sin(ka) + f(a) - as a sin[k(a —t)] f(t) dt. (4) 
For \ = 2A, the general solution of equation (1) is given by 
y(a) = Cy + Cra + f(x) + 4A? / ES —t) f(t) dt. (5) 
The constants C and C) in solutions (3)—(5) are determined by conditions (2). 


b 
y(a) + af t sin(A|x — t))y(t) dt = f(a). 


This is a special case of equation 4.9.39 with g(t) = At. The solution of the integral equation 
can be written via the Bessel functions (or modified Bessel functions) of order 1/3. 


b 
y(a) + A | sin?(A|ax — t|)y(t) dt = f(a). 


Using the formula sin? 3 = -4 sin 3G + ; sin 3, we arrive at an equation of the form 4.5.32 
with n = 2: 


b 
y(x) + / [-ZA sin(3Ala - |) + 4A sina - tl) ]y@) dt = f(a). 


32. 


33. 
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b n 
y(x) + | b Ax sin(An|x -1| y(t) dt = f(x),  -co<a<b<oo. 
a k=1 


1°. Let us remove the modulus in the kth summand of the integrand: 


b 


b x 
na) = | sinha —thytt) dé = | sink ve Dly.at f sin[A,(t-— x)]y(@) dt. (1) 


Differentiating (1) with respect to x twice yields 
z b 
1S Ne / cos[Az (a — t)]y() dt — Ax i cos[A;,(t — x) ]y(@) dt, 
Ti = 2drzy(a) — A2 i, sin[A, (a — t)]y(t) dt — dz | sin[A;,(t — x) y(t) dt, 


where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2), 
we find the relation between J i and I;,: 


Tf =2gny(a)-—ARTe, = Te = Th (2). (3) 
2°. With the aid of (1), the integral equation can be rewritten in the form 
y(a)+ S> Andy = f(a). (4) 
k=l 
Differentiating (4) with respect to x twice and taking into account (3), we find that 
Yr o(@) + ony(@)— S> Age = fe(@), In = 2° Agr. (5) 
k=l k=l 


Eliminating the integral [,, from (4) and (5) yields 


n-1 
Yn o(@) + (On + Any) +S AR? = Age = fn (@) +X, f(a). (6) 
k=1 


Differentiating (6) with respect to x twice and eliminating [,,_; from the resulting equation 
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear 


n-2 

differential operator (acting on y) with constant coefficients plus the sum >> B,J,. If we 
k=l 

successively eliminate [,_2, In_3, ..., with the aid of double differentiation, then we finally 


arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant 
coefficients. 


3°. The boundary conditions for y(x) can be found by setting x = a in the integral equation 
and all its derivatives. (Alternatively, these conditions can be found by setting x =a and x =b 
in the integral equation and all its derivatives obtained by means of double differentiation.) 


°° sin(a — t) 
y(x)-A —— y(t) dt = f(x). 
65:0, St 


Solution: 


7 py © sin(a —t) 2 
ule) = fa)+ qo — [SEP ya, vee 


@ Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 
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4.5-3. Kernels Containing Tangent. 


b 
34. y(a)- af tan(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = tan(Gx) and h(t) = 1. 


b 
35. y(a)- af tan(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and A(£) = tan((t). 


b 
36. y(a)- af [A tan(Gx) + B tan(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = tan(Gz). 


37 arf BMC? ye at = f@ 
eRe a tan(3t) ” = ee 


This is a special case of equation 4.9.1 with g(x) = tan(Gx) and h(t) = ian(Bty” 


38 y f° taneo) (t) dt = f( 
ula) fo ute = f(a). 


This is a special case of equation 4.9.1 with g(x) = and A(t) = tan((t). 


1 

an(Bx) 
b 

39. y(a)-A | tan* (Ga) tan” (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = tan* (Bx) and h(t) = tan”™ (yt). 


b 
40. y(a)-r | t® tan™ (Bx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = tan” (3x) and h(t) = t*. 


b 
41. y(x)-A | x* tan" (Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = tan’ (Gt). 


b 
42. y(a)- rf [A + B(a — t) tan(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with A(t) = tan(Gt). 


b 
43. y(a)- af [A + B(x — t) tan(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = tan(Gz). 
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4.5-4. Kernels Containing Cotangent. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


b 
yla) — | cot(Bx)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = cot(Gx) and h(t) = 1. 


b 
y(a) - af cot(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and A(t) = cot(t). 


b 
y (az) — af [A cot(Gx) + B cot(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = cot(Gz). 


Gad | ED ede Fe) 
i a cot(Bty I 


This is a special case of equation 4.9.1 with g(a) = cot(Gx) and h(t) = cay 


(ean } UD ak =F) 
t a coax) 


This is a special case of equation 4.9.1 with g(x) = and A(t) = cot((t). 


1 
cot(Gx) 
b 
Fee | cot®(Bx) cot” (yt)y(t) dt = f(z). 


This is a special case of equation 4.9.1 with g(x) = cot* (Bx) and h(t) = cot” (yt). 


b 
ee | t* cot""(Ba)y(t) dt = f(z). 


This is a special case of equation 4.9.1 with g(a) = cot’ (3x) and h(t) = t*. 


b 
Gar | x* cot (St)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = x* and h(t) = cot’ (Gt). 


b 
y(a) - rf [A + B(a — t) cot(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = cot(Gt). 


b 
way j [A + B(x -t) cot(Gx)]y(t) dt = f(a). 


This is a special case of equation 4.9.10 with h(x) = cot(Gz). 
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4.5-5. Kernels Containing Combinations of Trigonometric Functions. 


b 
54. y(x)-rA / cos" (32) sin™ (ut) y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = cos" (3) and h(t) = sin” (jut). 


b 
55. y(a)- af [A sin(ax) cos(Bt) + B sin(yx) cos(6t)]y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x)=sin(az), h1(t)= A cos(Zt), go(x) =sin(yx), 
and h2(t) = Bcos(6t). 


b 
56. y(x)-A i tan® (yx) cot” (yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = tan*(yx) and h(t) = cot” (yt). 


b 
57. y(a)-A | [A tan(ax) cot(Gt) + B tan(yx) cot(dt)]y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g)(x)=tan(ax), hy (t)= A cot(Gt), go(x) =tan(yx), 
and h2(t) = B cot(dt). 


4.5-6. Singular Equation. 


B ff? t-2x 
$8. Ay() - —— ‘| cot (—)uo dt=f(«), O<a#<2rn. 


Here the integral is understood in the sense of the Cauchy principal value. Without loss of 
generality we may assume that A? + B? = 1. 
Solution: 


2 QT 


Bigs t-« B 
yla) = Af(a) + = i cot( ==) fo dts a fo fat, 


© Reference: I. K. Lifanov (1996). 


4.6. Equations Whose Kernels Contain Inverse 
Trigonometric Functions 


4.6-1. Kernels Containing Arccosine. 


b 
1. y(az) - af arccos(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arccos(@x) and A(t) = 1. 


b 
2. y(a2)-A i arccos(Gt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = arccos((t). 
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3 (aya fo Mee ie dt = fee) 
> ge _ arecos(Gt) ” Se 


This is a special case of equation 4.9.1 with g(a) = arccos(3x) and h(t) = —————_. 
arccos(3t) 


b 
4. y(a) - rf festa selec dt = f(x). 


arccos(Gx) 


This is a special case of equation 4.9.1 with g(x) = and A(t) = arccos((t). 


1 
arccos(3x) 


b 
5. y(a2)- A | arccos* (G2) arccos’™ (yt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arccos*(Gx) and h(t) = arccos™ (yt). 


b 
6. = -y(a)-A i. t® arccos’™’ (Gax)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arccos™(@) and A(t) = aa 


b 
7. y(a)-r | a” arccos™ (3t)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = arccos” (Gt). 


b 
8. y(a) - af [A + B(x - t) arccos(Gx)] y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = arccos(Gzx). 


b 
9, y(az) - af [A + B(a - t) arccos(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = arccos((t). 


4.6-2. Kernels Containing Arcsine. 


b 
10. y(x)- rf arcsin(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arcsin(@z) and A(t) = 1. 


b 
11. y(x)- af arcsin(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and A(f) = arcsin(Zt). 


12 (x) pf men ye at = fea) 
NES _ aresin(@t) © eas 


1 


This is a special case of equation 4.9.1 with g(a) = arcsin(@x) and A(t) = aan 
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> arcsin(Gt) 
13. y(x)- af ——_—_ y(t) dt = f(x). 
a arcsin(Gx) 


1 
This is a special case of equation 4.9.1 with g(a) = ————— and A(t) = arcsin (3t). 
arcsin(Gx) 


b 
14. y(a)-A | arcsin® (Ga) arcsin™ (ut) y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arcsin” (Gx) and h(t) = arcsin"™ (yt). 


b 
15. y(x)-A i. t® arcsin"™ (Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arcsin™ (Gx) and A(t) = tt. 


b 
16. y(a)-A if x* arcsin™ (Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and A(t) = aresin™ (Gt). 


b 
17. y(x)- af [A + B(a - t) arcsin(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with A(t) = arcsin(Zt). 


b 
18. y(x)- af [A + B(x — t) arcsin(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(x) = arcsin(Gz). 


4.6-3. Kernels Containing Arctangent. 


b 
19. y(x)- af arctan(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arctan(@x) and A(t) = 1. 


b 
20. y(a)-A i arctan(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and h(¢) = arctan((t). 


b 
21. y(a)- af [A arctan(Gx) + B arctan(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(a) = arctan(Gz). 


22. y(x)-r | 7 MOBS) ake eo 
5 MN], arctan(Bty ” = oar 


1 


This is a special case of equation 4.9.1 with g(a) = arctan(@x) and h(t) = aeanGD: 


4.6. EQUATIONS WHOSE KERNELS CONTAIN INVERSE TRIGONOMETRIC FUNCTIONS 347 


> arctan(3t) 
23. -y(a)- rf —— y(t) dt = f(x). 
a arctan(Gx) 


This is a special case of equation 4.9.1 with g(x) = and A(t) = arctan(t). 


arctan((Gx) 


b 
24. y(a)-A | arctan’ (32) arctan” (yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = arctan*(Gx) and h(t) = arctan” (ut). 


b 
25. y(a)-rA i. t® arctan” (Ga)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = arctan™ (Gx) and A(t) = tf. 


b 
26. y(a)-A if x arctan” (3t)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and A(t) = arctan’ (Gt). 


b 
27. -y(a)- af [A + B(a — t) arctan(Gt)] y(t) dt = f(x). 


This is a special case of equation 4.9.8 with A(t) = arctan((t). 


b 
28. y(a)- af [A + B(a - t) arctan(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = arctan(Gzx). 


4.6-4. Kernels Containing Arccotangent. 


b 
29. y(a)- af arccot(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arccot(Gx) and A(t) = 1. 


b 
30. y(a)-A / arccot(Gt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = 1 and h(f) = arccot(St). 


b 
31. y(a)- af [A arccot(Gx) + B arccot(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.4 with g(x) = arccot(Gz). 


32. y(x)—A | "SCONE? gears 
5 MN], arccot(Bt) © Pare 


1 


This is a special case of equation 4.9.1 with g(a) = arccot(@x) and h(t) = aeconGD’ 
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34. 


35. 


36. 


37. 


38. 
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b 
yla) — i SON a dee): 


arccot(Gx) 


1 
This is a special case of equation 4.9.1 with g(a) = ————— and h(#) = arccot((t). 
arccot(Gx) 


b 
y(a2)-A ji arccot” (3a) arccot™ (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = arccot*(Gx) and h(t) = arccot’™ (ut). 


b 
y(az) — af t® arccot”(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = arccot™ (Gx) and A(t) = tt. 


b 
y(a) — | a arccot” (Bt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = x* and h(t) = arccot’”(3t). 


b 
y(az) — af [A + B(x - t) arccot(Gt)]y(t) dt = f(x). 


This is a special case of equation 4.9.8 with h(t) = arccot((t). 


b 
y(az) — a [A + B(x - t) arccot(Gx)]y(t) dt = f(x). 


This is a special case of equation 4.9.10 with h(a) = arccot(Gz). 


4.7. Equations Whose Kernels Contain Combinations 


of Elementary Functions 


4.7-1. Kernels Containing Exponential and Hyperbolic Functions. 


b 
PCs iy eX eosh[A(a - t)ly(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = e“* cosh(@z), hi(t) = e* cosh(3t), 
g2(x) = e#* sinh(Gx), and h2(t) = —e~* sinh(Bt). 


b 
ae | eM sinh[ G(x - t)ly(t) dt = f(a). 


This is a special case of equation 4.9.18 with g;(x) = e”” sinh(Gx), h(t) = e* cosh(3t), 
g2(x) = e#* cosh(Zx), and h2(t) = —e* sinh(Gt). 


b 
y(ax) —X | te“@ sinh[ (ax — t)]y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g(x) = e“” sinh(Gx), hy(t) = te* cosh(3t), 
g2(x) = e#* cosh(Zx), and h2(t) = —te* sinh(3t). 
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4.7-2. Kernels Containing Exponential and Logarithmic Functions. 


b 
4. y(a)-r | et In(Gx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = In(@z) and h(t) = e“*. 


b 
5. y (a) — a e4* In(Bt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = e” and h(t) = In((t). 


b 
6. y(a)-A | e@-4) In(Bax)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = e“ In(Gx) and h(t) = e*". 


b 
7. y(a)-r if e(@-) In(Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = e“” and h(t) = e“? In(Gt). 


b 
8. -y(a)-A | e4@O in x — In t)y(t) dt = f(x). 


This is a special case of equation 4.9.18 with g(x) = e Ina, h)(t) = e™, go(x) = e#”, and 
ho(t) = -e" Int. 


2 


2a i rep (-a|n —| )y@) dt = f(a). 


Solution with a > 0, b> 0, and x > 0: 


9, y(a) + 


y(a) = f(x) + ciel is ~ exp(-bin =| FO dt. 


@ Reference: F. D. Gakhov and Yu. I. Cherskii (1978). 


4.7-3. Kernels Containing Exponential and Trigonometric Functions. 


b 
10. y(a)-A / e"* cos(Gx)y(t) dt = f(x). 
This is a special case of equation 4.9.1 with g(x) = cos(Gx) and h(t) = e**. 


b 
11. y(x)- af e4” cos(Bt)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = e”” and h(t) = cos((t). 


12. y(x)-A | e@) eos(axt)y(t) dt = f(x). 
0 
Solution: 


Haye ree Fs — | * ete) cos(at) ft) dt, A# 4x/2/m. 
ns =D. 0 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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b 
yla) -d i eH) eos[A(a — t)ly(t) dt = f(a). 


This is a special case of equation 4.9.18 with g(x) = e“* cos(Gx), h(t) = e* cos(3t), 
g2(x) = e#* sin( Gx), and h2(t) = e* sin(3t). 


b 
yie)-d fel sin(dzeyy(t) at = Fe) 
This is a special case of equation 4.9.1 with g(x) = sin(Gz) and h(t) = e“*. 


b 
ree i eM sin(Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = e“* and A(t) = sin(Gt). 


y(a) — i e4@) sin(axt)y(t) dt = f(x). 
0 
Solution: 


oe — rt = | * ete) sin(at) f(t) dt, A# BJ. 
ARTs an 0 


b 
ied | eM) sinf B(w - t)ly(t) dt = fl). 


This is a special case of equation 4.9.18 with g(x) = e“* sin(Gx), h(t) = e** cos(3t), 
g2(x) = e#* cos(Bx), and h2(t) = -e* sin(3t). 


b n 
y(a)-r y en, do Axe sin[ B(x - ohyie dt = f(x),  n=1,2,... 


k=1 


This is a special case of equation 4.9.20. 


b 
HEE ‘| te" sin[A(a - t)ly(t) dt = fla). 


This is a special case of equation 4.9.18 with g;(x) = e”” sin(Gx), h,(t) = te* cos(3t), 
g2(x) = e#* cos(Bx), and h2(t) = —te® sin(t). 


b 
ito | re sin[ Aa — t)]y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g)(x) = xe“ sin(Gx), hi(t) = e* cos(3t), 
g2(x) = vet cos(Bx), and h2(t) = —e! sin(3t). 


b 
ee | eM tan(Ba)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tan(Gx) and h(t) = e“*. 


b 
yay | e"® tan((3t)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = e”” and A(t) = tan({t). 


23. 


24. 


25. 
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b 
yla) — i; cH ftan(3x) - tan((3t)|y(t) dt = f(a). 


This is a special case of equation 4.9.18 with g(x) = eX” tan(Gzx), hi (t) = e**, go(x) = eX”, 


and h(t) = —e* tan(Bt). 


b 
eee | e* cot(Bax)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cot(Gx) and h(t) = e“*. 


b 
ue i eM cot(Bt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = e”” and h(t) = cot(Gt). 


4.7-4. Kernels Containing Hyperbolic and Logarithmic Functions. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


b 
noon | cosh*(Ba) In (yut)y(t) dt = f(2). 


This is a special case of equation 4.9.1 with g(x) = cosh* (3x) and A(t) = In” (yt). 


b 
ir | cosh*((3t) In” (ux)y(t) dt = f(w). 


This is a special case of equation 4.9.1 with g(x) = In" (za) and A(t) = cosh*(t). 


b 
we | sinh" (Bx) In"(yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sinh’ (Br) and A(t) = In” (yt). 


b 
y(e)—d | sinh" (t)In™ (yix)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = In” (ux) and h(t) = sinh” (Gt). 


b 
Was | tanh* (32) In (jut)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (32) and h(t) = In” (yt). 


b 
io | tanh" (Bt) In” (a)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = In" (ua) and A(t) = tanh’ (Gt). 


b 
ger / coth*(Ga) In” (yut)y(t) dt = f(z). 


This is a special case of equation 4.9.1 with g(x) = coth* (32) and h(t) = In” (yt). 


b 
ee. ’) coth" (Bt) In (ux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = In” (ux) and h(t) = coth*(t). 
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4.7-5. Kernels Containing Hyperbolic and Trigonometric Functions. 


b 
34. y(x)-A if cosh* (Ga) cos” (jt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cosh* (32) and h(t) = cos” (yt). 


b 
35. y(x)-Xr | cosh* (Bt) cos” (yrx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cos™(wx) and h(t) = cosh*((t). 


b 
36. y(ax)-A / cosh® (Gx) sin™ (pt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cosh* (3x) and A(t) = sin™ (ut). 


b 
37. y(a)-A if cosh” (Gt) sin” (px)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = sin™ (wx) and h(t) = cosh* (Gt). 


b 
38. y(a)-A | sinh* (32) cos” (yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sinh’ (3x) and h(t) = cos’ (yt). 


b 
39. y(a)-A | sinh® (Bt) cos” (px) y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = cos™ (wx) and h(t) = sinh’ (Gt). 


b 
40. y(a)-A if sinh® (Gx) sin™ (jut)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = sinh’ (3x) and A(t) = sin™ (ut). 


b 
41. y(x)-r j sinh*(t) sin™ (ux) y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = sin” (wx) and h(t) = sinh* ((3t). 


b 
42. y(a)-A ' tanh’ (3x) cos™ (ut)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (32) and h(t) = cos’ (ut). 


b 
43. y(x)-X i. tanh’ (3t) cos” (wx)y(t) dt = f(x). 


This is a special case of equation 4.9.1 with g(a) = cos™ (wx) and h(t) = tanh*((t). 


b 
44. y(a)-Xr i tanh’ (3x) sin™ (wt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = tanh“ (Ga) and A(t) = sin (ut). 


45. 
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b 
y(x)—-X i tanh’ (t) sin" (ux)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = sin™ (wx) and h(t) = tanh*((t). 


4.7-6. Kernels Containing Logarithmic and Trigonometric Functions. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


b 
ee j cos*(Gx) In" (yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = cos*(3) and A(t) = In”™ (yt). 


b 
aren | cos*(Bt)In™(ua)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = In” (ux) and h(t) = cos* (Gt). 


b 
y(a) -d | sin*(Gx)In™(yt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = sin’(3x) and h(t) = In (ut). 


b 
y(e)—d | sin* (Gt) In (uxe)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = In" (yx) and h(t) = sin* (Bt). 


b 
Hea | tan*(Gx)In™ (yut)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = tan*(Gx) and h(t) = In" (yt). 


b 
Fee. i tan*(3t) In” (jux)y(t) dt = f(2). 


This is a special case of equation 4.9.1 with g(a) = In" (jx) and h(t) = tan* (Gt). 


b 
eee | cot®(Bx) In” (yut)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(x) = cot*(Gx) and h(t) = In" (yt). 


b 
iO ) cot®(St)In"(ua)y(t) dt = fle). 


This is a special case of equation 4.9.1 with g(a) = In" (jx) and h(t) = cot (Gt). 


4.8. Equations Whose Kernels Contain Special 


Functions 


4.8-1. Kernels Containing Bessel Functions. 


1. 


b 
vie) f IBeVylt) dt = flay. 
This is a special case of equation 4.9.1 with g(a) = J,(Gx) and h(t) = 1. 
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b 
yla) — i TABt)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(f) = J (St). 


y(a) + af tJ. (axt)y(t) dt = 0, y>-l. 
0 


Characteristic values: \=-+1. For the characteristic values, the integral equation has infinitely 
many linearly independent eigenfunctions. 
Eigenfunctions for \ = +1 have the form 


RO mniOe : tJ, Aat) f(t) dt, 


where f = f(x) is an arbitrary function. 
Eigenfunctions for \ = —1 have the form 


vie)=flay+ | td (eb fide 
0 
where f = f(x) is an arbitrary function. 


y(a) + af tJ (at)y(t) dt = f(x), y>-l. 
0 


Solution: fa) X oo 
x 
y(a) = ea ee | tJ (xt) f(t) dt, A#d 


TT 
_ 


y(a) + | J, (2V xt ) y(t) dt = f(a). 
0 


By setting x = 52, t= 47°, y(x) = Y(z), and f(x) = F(z), we arrive at an equation of the 
form 4.8.4: 


Y(z)+r if TI (27T)Y (7) dt = F(z). 
0 


b 
eX i [A+ B(w-t)J,(Bt)lyt) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = J, (Gt). 


b 
Hee if [A+ Bla -t)J,(B2)ly(t) dt = f(a). 


This is a special case of equation 4.9.10 with h(x) = J, (Gz). 


b 
y(a) - af [AJ (ax) + BIL (Bt)]y(t) dt = f(x). 


This is a special case of equation 4.9.5 with g(x) = AJ,,(ax) and h(t) = BJ, (Gt). 


b 
y(x) - rf [AJ (x) JID @® + BIL(x)Ip.Oly@) dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = J,,(x) and A(t) = JL (0). 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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b 
yla) — i Y,(Bx)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(a) = Y,(Gx) and h(t) = 1. 


b 
ios i Y, (Bt)y(t) dt = flv). 


This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = Y_ (St). 


b 
ie if [A+ B(x - bY, (Bt)ly(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = Y_((t). 


b 
ie=> | [A + B(x - t)Y,(2)ly(t) dt = fle). 


This is a special case of equation 4.9.10 with h(x) = Y,,(Gz). 


b 
Oe q [AY,,(az) + BY, (St)ly(t) dt = f(a). 


This is a special case of equation 4.9.5 with g(x) = AY,,(ax) and h(t) = BY, (Gt). 


b 
y(a)- A i [AY, (x) ¥,() + BY (x) Y,Oly@ dt = f(x). 


This is a special case of equation 4.9.14 with g(x) = Y,,(x) and h(t) = Y_(¢). 


b 
y(a) - | [AY, (x) YL) + BYL (x) Y,Oly@ dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = Y,,(x) and h(t) = Y_(¢). 


4.8-2. Kernels Containing Modified Bessel Functions. 


17. 


18. 


19, 


20. 


b 
we | 1(Ba)y(t) dt = fla). 


This is a special case of equation 4.9.1 with g(a) = I,(Gx) and h(t) = 1. 


b 
ax ' 1, (Bt)y(t) dt = flv). 


This is a special case of equation 4.9.1 with g(a) = 1 and h(t) = 1, (8). 


b 
ia f [A+ B(w-t)1,(St)ly(t) dt = f(a). 


This is a special case of equation 4.9.8 with h(t) = I(t). 


b 
ae i [A+ B(w-t)1,(32)ly(t) dt = f(2). 


This is a special case of equation 4.9.10 with h(x) = I, (Gz). 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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b 
y(x) - af [AI (ax) + BI, (Gt)]y@) dt = f(x). 


This is a special case of equation 4.9.5 with g(x) = AI,,(ax) and h(t) = BI, (Gt). 


b 
y(a) - a [AI (x)I,,(t) + BIL(a)IL@)]y@) dt = f(x). 


This is a special case of equation 4.9.14 with g(x) = I,,(x) and A(t) = I(t). 


b 
y(a) - af [AI (w)IL@®) + BIL (x)I,O]y@) dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = I,,(x) and h(t) = I(t). 


b 
a (| K,(Ba)y(t) dt = f(a). 


This is a special case of equation 4.9.1 with g(a) = K,(Gx) and A(t) = 1. 


b 
ie | K,(At)y(t) dt = fie). 


This is a special case of equation 4.9.1 with g(a) = 1 and A(t) = K_((t). 


b 
i= | [A + B(x - t)K,(Bt)ly(t) dt = fla). 


This is a special case of equation 4.9.8 with h(t) = K,((t). 


b 
ree i [A + B(x - t)K,(2)ly(t) dt = f(z). 


This is a special case of equation 4.9.10 with h(a) = K,(Gzx). 


b 
y(x) - rf [AK (ax) + BK,(Gt)]y@ dt = f(x). 


This is a special case of equation 4.9.5 with g(x) = AK,,(ax) and h(t) = BK, (Gt). 


b 
y(x) - af [AK (a) K,(t) + BKL(a@)KLO)]y@) dt = f(x). 


This is a special case of equation 4.9.14 with g(x) = K(x) and h(t) = K_(t). 


b 
y(x) - af [AK (a) KL) + BK, (a) K,Oly@ dt = f(x). 


This is a special case of equation 4.9.17 with g(x) = K(x) and h(t) = K_(t). 
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4.9. Equations Whose Kernels Contain Arbitrary 
Functions 


4.9-1. Equations with Degenerate Kernel: K(a, t) = g\(a)hi(t) +--+ + gn(x)hn(b). 


b 
1: yie)-df gaphityylt) dt = fla, 


1°, Assume that \ # ( i ° G(t)h(E) at) 


Solution: 
b -1 pb 
y(a) = f(x) + Akg(x), where k= (: - af g(t)hit) ar) / hit) f @ dt. 


b -l 
2°. Assume that \ = ( ‘t g(t)hit) dt) 
d a 
For i h(t) f(t) dt = 0, the solution has the form 


y = f(@)+Cg@), 
where C is an arbitrary constant. 


b 
For ‘) h(t) f(t) dt # 0, there is no solution. 


a 
The limits of integration may take the values a = —oo and/or b = ov, provided that the 
corresponding improper integral converges. 


b 
2 yla)-df Ig(a) + g(blyt at = Fw) 
The characteristic values of the equation: 
AL = : mr : 
+ VO-On G1 -JO=OH’ 


where . ‘ 
91 a g(x) dx, n= [ g(a) dx. 


1°. Solution with A # Aj 2: 
y(x) = f(a) + ATA g(a) + Ad], 
where the constants A, and A) are given by 


Lg? —(b-a)go]\* -2gi A+ 1? 


~ [ge —(b-a)go)A2 - 2g) 41? 


b b 
f= f f(x) dz, f= [ f(x)g(a) de. 


1 


2°. Solution with X = A; # Az and f| = fo = 0: 


92 
b-a’ 


ya) = f(a) + Cyi(a), yi(@) = g(x) + 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \1. 
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3°. Solution with \ = Az # A; and f, = fo = 0: 


y(a) = f(a) + Cyr(a), yaa) = g(x) - 4] i 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value A>. 


4°. The equation has no multiple characteristic values. 


b 
yie)-df tg(e)- g(thlyt) dt = fla. 
The characteristic values of the equation: 


1 1 


iJ am > 2 — SSS 

V 95 — b= a)g2 V9 — (b= ag2 

where 
b b 

n= / g(a)dxz, g= / g(a) dx. 

1°. Solution with A # Aj 2: 
y(x) = f(x) + A[Ai g(a) + Ad], 

where the constants A, and A) are given by 


Hes fi+Alfigi -(- a) fal yee —fo + M frog — fige) 
Te-am -FPP+1? 9? [b= ag@— RPP F 1’ 


b b 
n= f f(a) da, f= [ f(x)g(2) de. 


2°. Solution with A = A; # A2 and f; = fo = 0: 


l-Aign 


wa) = f(@)+Cu(e, — w(e)= 9(@) + GD 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with X = A2 # A; and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


4°. The equation has no multiple characteristic values. 


b 
eX | [Ag(a) + Bg(t)ly(t) dt = f(a). 


The characteristic values of the equation: 


X (A+ B)g + ((A- BY’ gi +4AB(b-ag 
12. TOTO 


2AB[gi - (b- ago] 


> 
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where ; ‘ 
gi = i g(a)dz, 92 = / g(x) de. 
1°. Solution with A # Aj 2: ° ° 
y(x) = f(x) + A[Ai g(a) + Ad], 


where the constants A, and A) are given by 


_ Afi-AABLfigi-(b-@) fal rie Bf,-AAB(fagi-figr) 
~ AB[g?-(b-a)go)\2-(A+ B)giAt 1’ ABlgj-(b-a)go|\27-(A+ B)gi\4 1? 


,= 
b b 
fi= / f(a)dz, fr= ‘i f(x)g(ax) dz. 
2°. Solution with A = A; # Az and f|; = fo = 0: 


1 


1- vt Agi 

aT A(b = a) , 

where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


y(x) = f(x) + Cy: (a), yi(@) = g(x) + 


3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and yi(x) by Az and y2(x), respectively. 


4°. Solution with \ = 12 =, and f; = f2 =0 provided that A # +B, where the characteristic 


value A,. = —————— is double: 
(A+ Bg 
(A-B)gi 
= a C * ? * = me Agy aN 
yl) = fx) + Cyl), yal) = (0) - 3 
Here C is an arbitrary constant and y,.(2) is an eigenfunction of the equation corresponding 
to Ax. 
The equation has no multiple characteristic values if A = +B. 


b 
yla) —d ' [g(x) + h(t)ly(t) dt = f(@). 


The characteristic values of the equation: 


8, +53 + »/(s} — 83)? + 4(b- a)s2 
M2 = —— a 


2[s153 — (b—a)s2] : 


where 


b b b 
S| - | g(x) dx, a= | g(x)h(x) dx, a= / h(x) da. 


a 


1°. Solution with A # Aj 2: 
y(x) = f(x) + ALA: g(a) + Ad], 
where the constants A, and A) are given by 
- fi -Alfiss -(- afr] 2 fo — NM fosi — 182) 
; [5153 —(b—a)s2]A2 — (5, +53)A +1? e [5153 —(b—a)s2]A2 — (5, + 53)A 4.1 
b b 
fi=f fara f= f fe@nrde. 

2°. Solution with \ = A; # Az and f; = fo = 0: 

1-A\s 
yx) = f(x)+Cy(a), yl) = g(a) +$ —, 

Ai(b- a) 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 
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3°. The solution with X = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and yi(x) by Az and y2(x), respectively. 


4°. Solution with \ = A). =, and f; = f2 =0 provided that s; # +s3, where the characteristic 


value A, = is double: 
Sy + 83 
(a) = f(a) + Cys) (e) = g(2)- = 
a=f(a ¥(Z), w(XL) = g(x) — ; 
y 7] y g (b=) 
Here C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 
to Ax. 
The equation has no multiple characteristic values if s; = +53. 


b 
6. y(e)-df (Agia) + Bo®In(t) ye dt = fla. 
The characteristic values of the equation: 


X (A+ B)s, + /(A- Bys? +4ABsos2 
(SSS SS SS SSS 


2 AB(s? — sos2) , 


where ‘ . A 
so = / h(x)dz, s, = iy g(a)h(a) dx, 8) = i; g (x)h(a) dx. 
1°. Solution with a yi2! ' : 
y(x) = f(x) + A[Ai g(x) + Ad], 
where the constants A, and A) are given by 


Af, — ABX(f1s1 — f250) Bf, - ABN fasi — fis2) 


A a EN SE 
! AB(s? — sos2)\? —(A + B)sjA\ +1? AB(s? — sos2)\* -(A + B)siA+ 1? 


b b 
ae i f@)h(a)de, fr = | f(a)g(a)h(a) da. 


2°. Solution with \ = A; # A2 and f; = fo = 0: 
1- AI As 1 
At Aso , 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


y(x) = f(x) + Cy: (@), yi(@) = g(x) + 


3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with \ = 1.2 =, and f; = f2 =0 provided that A # +B, where the characteristic 


value A,. = ott She, is double: 
(A+ B)s, 


y(a) = f(x) + Cy. (x), 
where C is an arbitrary constant and 


(A- B)si 
2Asp 


is an eigenfunction of the equation corresponding to Ax. 
The equation has no multiple characteristic values if A = +B. 


Yx(@) = g(a) — 
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b 
yla) — | [Ag(a) + Bg(t) + Clh(t) y(t) dt = fla). 


The characteristic values of the equation: 


(A+ B)s, + Cs + \/(A- B)?s7 + 2(A + B)Cs 50 + C755 + 4ABso 


2 AB(s? — sos2) : 


A112 = 


where 


b b b 
»= | h(x) dx, =| g(x)h(ax) dx, n= | g'(ax)h(ax) dx. 


a 


1°. Solution with A # Aj 2: 
y(x) = f(x) + ALA g(a) + Ad], 
where the constants A, and A) are given by 


. Af; - ABX(fisi — f280) 
AB(s? — sos2)\* —[(A + B)s1 + Cso]A + 1” 
= Cifi+ Bf,- ABN fos — fisz) 
AB(s? — sosx) 2 - [(A + B)s1 + Cs] + 1? 


Ay 


Ay 
b b 
fi =| f(a)h(a) dz, fi= f f(@)g(a)h(a) dz. 


2°. Solution with A = A; # Az and f| = fo = 0: 


= 1— A, As 
yo) = fa)+Cy@), ila) = g(a) +# SA, 
14189 


where C is an arbitrary constant and y; (x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with A = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with \ = Aj» = A, and fi = f2 = 0 provided that (A + B)s; + Csp =# 0, where 


the characteristic value A, = apes os is double: 


y(x) = f(x) + Cys(2), 
where Cis an arbitrary constant and 


(A - B)s, —Cso 


Yala) = gle) - Sa 


is an eigenfunction of the equation corresponding to A.. 
The equation has no multiple characteristic values if (A + B)s; + C'sp = 0. 
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b 
y(x) - af [A + B(a - Hh) y() dt = f(x). 


The characteristic values of the equation: 


\, 7 = AO- w+) /{A(b— a) —2Bhy 2 + 2Bhol Ae — a2) —2Bha] 
1,2 SS 


B{A(b—a)[2h — (6 + a)ho] — 2B(hi - hoh2)} 


> 


where 


b b b 
ho = , h(x) dz, hy = i; xh(x) dz, ho = ‘il x’ h(x) da. 


1°. Solution with A # Aj 2: 
y(a) = f(x) + MA) + Ao2), 


where the constants A, and A) are given by 


7 fi-A[BCfihi + foh2) - FA fo(O? - @”)] 

~ BL{Ab-a) [hi - 4 + a)ho] — B(h? — hohz)} 2 + AW- DAF? 
2 fo - ALA — a) fo - Bfiho + fohi)] 

~ B{Ab—a) [hy — 4 + a)ho] — Bh} - hoh2)} 2 + Ab-a)A+ 1? 


A, 


Ag 
b b b 
fi -4f fla)de—B f xf (x)h(ax) da, f= B f f(a)h(a) da. 


2°. Solution with A = A; # A2 and f| = fo = 0: 


2-2) [A(b-a)- Bhi] 


y(x) = f(z)+Cy(z), = ys (w) = 14+ AG se Dehal 


where C is an arbitrary constant, and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with X = Az # A, and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and yi(x) by Az and y2(x), respectively. 


4°. Solution with \ = Ay. =A, and f; = f2 = 0 provided that A # 0 or 2Bh; — A(b- a) #0, 


where the characteristic value A, = AG=o. is double: 
y(x) = f(x) + Cy.(2), 


where C is an arbitrary constant, and 


4 A(b-a)-2Bh, 
(2) = 1 -— —>——_—__ 
# A — a) —-2Bhy 
is an eigenfunction of the equation corresponding to Ax. 

The equation has no multiple characteristic values if A = 0 or 2Bh,; — A(b- a) = 0. 
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b 
y(x) - af [A + (Ba + Ct)h(t)]y(@) dt = f(x). 


The characteristic values of the equation: 


ie A(b—a)+(C + B)hj VD 
'* BLAG—al2hi — (6+ a)hol + 2C(h2 = hoha)}’ 
D =[A(b-a) +(C - B)hiP + 2Bho[A(W? - a7) + 2Chy], 


where 
b 


b b 
ho = i, h(x) dz, hy = ‘) xh(x)dz, ho = 7 x’ h(x) dx. 
1°. Solution with A # Aj 2: 
y(a) = f(a) + A(A; + Aa), 


where the constants A, and A) are given by 


A; =A" {f,-A[Bfihi-Chha- FAC -@) fr] }, 
Ay = At { fy-A{A@-a)fo- Bfiho +Cfrahi]}. 
A = B{A(b-a) [hi —3(b+ a)ho] + Ch} — hoh2)} ° + [A(b-a) + (B+ C)hi JA + 1, 


b b b 
fi -4[ flayde+c | xf (x)h(x) daz, f= Bf f(~)h(a) dz. 


2°. Solution with X = A; # Az and f| = fo = 0: 


; +! _, , 2=2A,[Ab-a)+ Chi] 
yx) = f(a)+Cy@), = yw) = 1+ MLAG@?— a2) +20ha] 


where C is an arbitrary constant and y; (x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with A = A;2 = A, and fi = fo = 0 provided that + A(b—a)+(B+C)h, #0, 
2 


where the characteristic value A, = A= TOs is double: 


y(x) = f(x) + Cys(@), 
where C is an arbitrary constant and 


(ied A(b-—a)+(C- B)h, 
(0) = 1 -— 
2 A? — a2) +2Cho 
is an eigenfunction of the equation corresponding to Ax. 
The equation has no multiple characteristic values if +A(b-—a)+(B+C)h, =0. 


364 LINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION 


b 
10. y(x)- af [A + B(x - Hh(x)] y(t) dt = f(x). 


The characteristic values of the equation: 


\, , - A@= a) + VIAG= a) +2Bhi P —4 Bho AG— a) + Bhal 
ye 2Biho[A(b—a) + Bho] —hi[A(b— a) + Bhi]} 


where 
b 


b b 
ho = / h(x) dz, hy = ip xh(x)dz, hy = i x’ h(x) dx. 


a 


1°. Solution with A # Aj 2: 
y(a) = f(x) + [AE + (BE\x + Ex)h(a)], 
where the constants F, and EF) are given by 


Ey = A! fi + AB(fi hi = foho)| - 
Ey =A" { fo-Af2[A(b- a) + Bhi] - Afi [AG- a) + Bho] }, 
A = B{ho [A(b- a) + Bhz] — hi [AQ— a) + Bhi]} * - AW-@A +1, 


b b 
fi= f f(a) da, fi= [ xf (x) dx. 


2°. Solution with A = A; # Az and f; = fo = 0: 


1-A,[A(b- Bh 
(OFOXONES gi@= Ag Baws a 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with A = A2 # A; and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with \ = Ay. = A, and f; = f2 = 0 provided that A # 0 or A(b— a) +4Bh, #0, 


where the characteristic value A, = AG=0) is double: 
y(x) = f(x) + Cy.(@), 


where C is an arbitrary constant and 


y.(2) = A+ Bah(x)- “tn 


is an eigenfunction of the equation corresponding to A.. 
The equation has no multiple characteristic values if A = 0 or A(b- a) +4Bh, = 0. 


11. 
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b 
y(az) — af [A + (Ba + Ct)h(x)Jy(t) dt = f(a). 


The characteristic values of the equation: 


a A(b-—a)+(B+C)h; VD 
~ 2Cfh[A(b- a) + Bhi] — ho[A(b—- a) + Bho]}’ 
D =[A(b-a) +(B-C)hi f+ 4Cho[ Ab - a) + Bho], 


A1,2 


where 


ho = ‘| ‘ h(x) dz, hi = i , xh(x)dxz, ho = / : x’ h(x) da. 
1°. Solution with A # Aj 2: 
y(x) = f(x) +A, AE) + (BE\x + Ey)h(2)), 
where the constants F, and E> are given by 


E, = A"[fi-AC(fili — foho)l, 
Ey = CA" { fo -Afo[A@—a) + Bhi] —Afi[A@—a) + Bhy] }, 
A =C{h\[A(b-a) + Bhi] - ho[A(b— a) + Bho] }X? -[A@-a) + (B+ OC) A+ 1, 


b b 
f= f f(x) dx, fi= f xf (x) dx. 


2°. Solution with A = A; # Az and f; = fo = 0: 


by 1- A(b— Bh 
=F O eC: ne) = A+ Boh) + OTA EN ha, 


where C is an arbitrary constant and y; (x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with A = A; 2 = A, and f; = fo =0 provided that A(b—a)+(B+C)h, #0, where 
2 


the characteristic value A, = Ab_a+(B+O is double: 


y(x) = f(x) + Cys(@), 
where C is an arbitrary constant and 


y.() = A+ Beh(a) - —eeen h(x) 


is an eigenfunction of the equation corresponding to Ax. 
The equation has no multiple characteristic values if A(b—a)+(B+C)h, =0. 
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b 
12. yie)-d ff Ig(e)glt) + heayh(tylyl® dt = fla). 


The characteristic values of the equation: 


$1 + 53 + \/(s1 — 53)? + 455 - 81 +53 — \/(s1 — 93)? + 485 
= a 


7 2(s183 — s3) 2(s183 — 83) 


’ 


where ‘ ‘ . 
Ss, = i g(x) dz, S= | g(a)h(x) dx, s3= i h?(x) dx. 
1°. Solution with A # Aj 2: 
y(a) = f(x) + ATA g(a) + Aph(x)], 
where the constants A, and A) are given by 


fi —ACfi83 — fos2) oi fo —A(fasi — fis2) 


(5153 — s5)\2 —(s, + 3)A 41° e Gis s3)\? —(s, +53)\ 41° 
b b 
fi=f fargerar, f= f foonayae. 
2°. Solution with \ = A; # Az and f; = fo = 0: 


y(x) = f(x) + Cy: (@), yi(z) = g(x) + 1 — Ay 81 h(x) /(A152), 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with \ = A;2 =, and f; = f2 =0 provided that s,; # +s3, where the characteristic 
value A,. = 1/s; is double: 


y(a) = f(x) + Cig(a) + Coh(a), 


where Ci and C are arbitrary constants. 
The equation has no multiple characteristic values if s; = +53. 


b 
13. wie)- f tg(a)g(t)- h(aphit)ly(t) at = Fe). 


The characteristic values of the equation: 


81 —83 + \/(s| + 53)? —485 81 —$3 — 1/(s| + 83)? —485 
\y = 7 » = oo —* 


2(s} — $153) 2(s} — $153) 


> 


where ; ‘ , 
S| = g(x) da, a= | g(x)h(x) dx, a= | h?(x) dex. 


1°. Solution with A # Aj 2: 


y(x) = f(x) + ATA g(a) + Agh(a)], 


4.9. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 367 


where the constants A, and A) are given by 


fi +A(fis3 = f282) — ~fa + ACfas1 — fis2) 


a (s} — s153)A? — (1 —53)A +1” cal (s} — 8153)A? —(s; —3)A + 1? 


b b 
fi = i) f(x)g(a) dz, fr = i: f(a)h(a) da. 


1 


2°. Solution with A = A; # A2 and f = fo = 0: 


1-Ais 
ule) = fla)+Cu(o),— yi(2) = gle) + [2 hea), 


Ay 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value 1. 


3°. The solution with A = A2 # A; and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and yi(x) by Az and y2(x), respectively. 


4°. Solution with \ = A;2 =, and f; = f2 =0 provided that s; # +s3, where the characteristic 


is double: 


value A,. = 


S] — 83 
Sp +33 


y(x) = f(a) + Cy,(2), Yx(@) = g(%) — A(x), 


where C is an arbitrary constant and y,.() is an eigenfunction of the equation corresponding 
to A... 
The equation has no multiple characteristic values if s; = +53. 


b 
14. y(o)-Af LAg@ig) + Bheayn(tlytt) at = Fe 
The characteristic values of the equation: 


5 As, + Bs3 + \/(As) — Bs3)? + 4ABs5 
1,2. 


2.AB(s153 — $3) 


where 


b b b 
Ss] -| g(a) da, a= | g(x)h(x) dx, a= / h?(x) dev. 


a 


1°. Solution with A # Aj 2: 
y(x) = f(x) + ATA g(a) + Aph(x)], 
where the constants A, and A) are given by 


7 Af — \AB(fis3 — f252) ests B fp — AAB(fr51 — fisa) 
AB(s183 — s3)A2 — (As; + Bs3)A + 1’ 2 "AB(s153 — s5)\2 — (As; + Bs3)A +1” 


b b 
fe i. PON dis. / f(a)h(x) de. 


A\ 


2°. Solution with A = A; # Az and f; = fo = 0: 
1-2, As; 
A, As 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


y(x) = f(x) + Cy: (a), yi(@) = g(x) + h(a), 
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3°. The solution with X = Az # A; and f; = f2 = 0 is given by the formulas of item 2° in 
which one must replace A; and yi(x) by Az and y2(x), respectively. 


4°. Solution with X = Ay. = Ax and f; = f2 = 0 provided that As; # +Bs3, where the 


characteristic value \,, = —————— is double: 
As, + Bs3 


y(a) = f(x) + Cy. (x), 
where C is an arbitrary constant and 


As, — Bs 
Yala) = g(a) - Sa hla) 


is an eigenfunction of the equation corresponding to Ax. 
The equation has no multiple characteristic values if As, = +Bs3. 


b 
15. y(a)-A | [g(a)h(t) + h(x)g@)ly@ dt = f(x). 
The characteristic values of the equation: 


1 1 


A, = ———=> 2 = ———— 
81 +./5953° 81 —./5983° 


where 


b b b 
=| h(x)g(x) dx, a= | h?(a) da, a= | g(x) dx. 


a 


1°. Solution with A # Aj 2: 
y(a) = f(x) + ATAi g(a) + Aph(x)], 
where the constants A, and A) are given by 


fi-ACfisi = f2s2) x R= Ast 185) 


A — — > 
: P (st — 5253)A?2 —25)A + 1 


~ (s? — s983)A2 —25, 417 
b b 
fi= / f@@~h(x)dz, fr= / f(x)g(a) dz. 


2°. Solution with A = A; # Az and f; = fo = 0: 


y(x) = f(a) + Cyi(a), yi(@) = g(a) + [She 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,. 


3°. Solution with \ = Az # A; and f; = fo = 0: 


ya) = f(@)+ Cyl), yaw) = g(x) - /2 A(x), 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value Xo. 


4°. The equation has no multiple characteristic values. 
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b 
16. y(a)-A / [g(a)h(t) - h(x)gbly(@) dt = f(x). 


The characteristic values of the equation: 


where ; 


b b 
=| h(x)g(x) dx, a= | h?(x) dx, a= / g(a) dx. 


a 


1°. Solution with A # Aj 2: 
y(x) = f(x) + ATA g(a) + Anh(x)], 
where the constants A, and A) are given by 


_ AtaAisi~frsa) 4 _ aha + ACs — fiss) 


(sos3—s?)\2 +1 7 ~ (s983—87)2 +1 


b b 
He i eonalde.- = i) engaiae 


A, 


> 


2°. Solution with A = A; # Az and f; = fo = 0: 


> 


| od 
S| — S283 — S] 
4 h(x) 
i) 


ya) = f(a)+Cy(@), yi (@) = g(a) + 
where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 


to the characteristic value \,. 


3°. Solution with \ = Ay # A; and f, = fo = 0: 


y(x) = f(x) + Cy2(a), y2(x) = g(x) - 


> 


(stm + 51 
eis es h(x) 
S2 


where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding 
to the characteristic value Xo. 


4°. The equation has no multiple characteristic values. 


b 
17. y(x)--A i [Ag(x)h(t) + Bh(x)g@)ly@ dt = f(x). 


The characteristic values of the equation: 


, (A+ B)s, + \/(A- B)*s? + 4A Bay 53 
1,2. o> 


2AB(s? — $783) 


> 


where 


b b b 
a= | h(x)g(x) dx, a= | h?(x) dx, a= / g(x) dx. 


a 


1°. Solution with A # Aj 2: 


y(x) = f(x) + ATA g(a) + Agh(x)], 
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where the constants A, and A) are given by 
Af; — AAB(fisi — f252) . B fp — AAB(fasi — 153) 
AB(s? — s83)\? —(A + B)sj\ +1” E AB(s? — s953)\* -(A + B)s} + 1? 


b b 
fi= f(~h(a)dz, fo= i) f(x)g(a) dz. 
2°. Solution with A = A; # Az and f; = fo =0 


y(x) = f(x) + Cy: (a), yi(@) = g(x) + 


Aj = 


1- , As} 
ee 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 


to the characteristic value \,. 


3°. The solution with A = A2 # A; and f; = fy = 0 is given by the formulas of item 2° in 
which one must replace A; and y(x) by Az and y2(x), respectively. 


4°. Solution with \ = 12 =, and f; = f2 =0 provided that A # +B, where the characteristic 


value A,. = ————— is double: 


~ (A+ Bs, 
(A-B)s 
y(x) = f(a)+Cys(a), —-ya(w) = g(x) - ae 
Here C is an arbitrary constant and y,.(a) is an eigenfunction of the equation corresponding 
to Ax. 
The equation has no multiple characteristic values if A = +B. 


b 
18. y(a)-A | Lgi(x)hi(t) + g2(x)ho(t)ly(t) dt = f(x). 


The characteristic values of the equation A; and .> are given by 


* Si + S22 + V/(S11 — S22)? + 4512591 
12 = — 


2(811$22 — 812821) 


> 


provided that the integrals 
b 


b b b 
su= : hi(x)g(x) dx, si2= i hy(x)go(x) dx, so, = i ho(a)gi(x) dx, so2= i ho(x)go(ax) dx 


a a a 
are convergent. 


1°. Solution with A # Aj 2: 
y(x) = f(x) + A[Ai gi (2) + Argo(2)], 
where the constants A, and A) are given by 


fi — ACf1822 — f2si2) fo — ACfosu1 — fsa) 


a 2 8 a EE 
(811522 — $12821)A? — (S11 + 522)A +1? (S11$22 — $1221) A? — (S11 + S22)A + 1’ 


b b 
fc / fwm(e)de, fre / Ha)hnla) de. 
2°. Solution with A = A; # Az and f; = fo =0 
y(x) = f(x) + Cy (@), 


where C is an arbitrary constant and y;(x) is an eigenfunction of the equation corresponding 
to the characteristic value \,: 
—\s 1S11 — $21 
a g(a) = g(x) + —— (2). 
Ais -A18 


3°. The solution with \ = A2 # A; and es = f2 = 0 is given ihe formulas of item 2° in 
which one must replace A; and y;(x) by Az and y2(x), respectively. 


yi(x) = g(x) + 


19, 


20. 
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4°. Solution with A= 1,2 =, and f; = f2 =0 provided that s1; # E22, where the characteristic 


value \,. = ———— is double: 
S11 + S22 


ya) = f(x) + Cy. (x), 


where C is an arbitrary constant and 


Sil — 


oy) 
sn g2(x) 


Yx(X) = g(x) — 


is an eigenfunction of the equation corresponding to A.. 
The equation has no multiple characteristic values if s;; = +52. 


b 
waar } [g(w) + h(t)! y(t) dt = f(z), = m=1,2,... 


This is a special case of equation 4.9.20 with g,(x) = g*(x), h(t) = CK,h™*(t), and 
k=1,...,m. 
Solution: 
y(a) = f(@)+XS° Ang*(a), 
k=0 


where the A; are constants that can be determined from 4.9.20. 


brn 
wie)-2 f bs m(ayratt| y(t) dt = f(w), n=23,... 


k=1 


The characteristic values of the integral equation (counting the multiplicity, we have exactly 
n of them) are the roots of the algebraic equation 


A(A) = 0, 
where 
1- AS —As812 —AS13 so —ASin 
—Aso, 1-Asx2 = -As23, +++ Son 
A(A) = —A383| —As32 1- AS33 tee —AS3n, 
—ASn1 —ASn2 —ASn3 or a (a ASnn 
8, -X! S12 813 Sin 
S82] Soo — XI $23 Sn 
=(-))”} 531 $32 833-1 S3n | 
Snl Sn2 8n3 Snn — Ne 


and the integrals 
b 
Smk - | Am (x)gn(x) dx; m,k= Te iaeetts 


are assumed to be convergent. 
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Solution with regular \: 


yx) = f(r) +r¥S° Angn(a), 


k=1 


where the constants A; form the solution of the following system of algebraic equations: 
n b 
Aes -AS7 smi Ar = fins a - | f(z)Rm(a)dz, m=l1,...,n. 


k=1 


The A; can be calculated by Cramer’s rule: 


Ax = Ax(A)/AQ), 


where 
1L-Asy +++ Asta fi ASteet +7 -ASIn 
—As ree sop —As s+ =Ag 
RUT foneseg ne ue ree : 
—ASn1 sats —ASnk-I fn —ASnk+l eee be ASnn 
For solutions of the equation in the case in which is a characteristic value, see Subsec- 
tion 13.2-2. 


@© Reference: S. G. Mikhlin (1960). 


4.9-2. Equations with Difference Kernel: K(a,t) = K(a-t). 


21. y(a)= af” K(a -t)y(t) dt, K(a) = K(-2). 
ipessieraite values: 
LE SS; an == [Kay cosna de (n=0,1,2,...). 
The corresponding eigenfunctions are 


yo(r) =1, yY(x) =cos(nz), yO (x) =sin(nz) (n=1,2,...). 


For each value X,, with n # 0, there are two corresponding linearly independent eigenfunctions 
y) (a) and y (x). 


(O) Reference: M. L. Krasnoy, A. I. Kisilev, and G. I. Makarenko (1971). 


22. y(ax) + | > K(a - t)y(t) dt = Ae**. 


Solution: 


y(a) = er. q= / K(a)e da. 


l+q 


23. -y(a) + i K(a — t)y(t) dt = Acos(Ax) + B sin(Ax). 


Solution: 


Al, + Bl, BI, - Al; 


Pak cos(Ax) + Tae sin(Ax), 


Yy(@) = 


T,=1+ ie K(z)cos(Az) dz, I, = de K(z)sin(Xz) dz. 


24. 


25. 
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vie) f K(w-t)y(t) dt = fl). 


Here —co < x < oo, f(x) € L)(-oo, 00), and K(x) € Ly(-co, 00). 
For the integral equation to be solvable (in L,), it is necessary and sufficient that 


1-V2r K(u)#0, cos u<m, (1) 


where K(u) = Aor / K(x2)e dx is the Fourier transform of K(x). In this case, the 


equation has a unique solution, which is given by 


y(x) = fay f Rw —t) f@ dt, 


1% ee, ~ K(u) 
R(2) = —= Rue du, R(u) = —————_.. 
(2) Jon < eG wv 1-/2n K(u) 


@ Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


uie)- f K(w-t)y(t) dt = fl). 
0 


The Wiener—Hopf equation of the second kind.* 
Here 0 < x < ~w, K(x) € L\(-co, 00), f(x) € L,(0, 00), and y(a) € L,(0, 00). 
For the integral equation to be solvable, it is necessary and sufficient that 


Q(u) = 1-K(u) #0, 00 <u < 00, (1) 


where K(u) = K(a)e'"* dz is the Fourier transform (in the asymmetric form) of K(x). 


In this case, the index of the equation can be introduced, 
: 1 00 
vy = -ind Q(u) = -—— arg Q(u)] 
21 mo 
1°. Solution with v = 0: 
y(x) = f(a) + | R(a, t) f(b) dt, 
0 


where % 
R(z,t) = Ri(a—-t)+ R(t-2)+ | R,(a —s)R_(t—s) ds, 
0 


and the functions R,(2) and R_(x) satisfy the conditions R(x) = 0 and R_(x) = 0 for x < 0 
and are uniquely defined by their Fourier transforms as follows: 


1+ / Ri(the* dt = exp -5 In Q(u) + cil nee | ; 
0 


271 J_5, t-—u 


Alternatively, R,(2) and R_(x#) can be obtained by constructing the solutions of the 
equations 


Ri(a) + qe K(2-1t)R,() dt = K(x), O<ar<aM, 
0 


R(x) + { K(t-2)R_() dt = Kk(-2), O<srSom. 
0 


* A comprehensive discussion of this equation is given in Subsection 13.10-1, Section 13.11, and Section 13.12. 
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2°. Solution with v > 0: 


wa) = fla)+ DCm e* + i © Ret) Ko +> Cmte dt, 
0 


m=1 m=l 
where the C,, are arbitrary constants, 


R°(a, t) = RO(w@-t)+ RO(U- 2) + | RO (a —s)R(t-s) ds, 
0 


and the functions R© (x) and R®(z) are uniquely defined by their Fourier transforms: 


1: / RO Wet at = (=) f + i RO(H)etiet a), 
0 rag Ut? 0 me 


sa ; 1 1 se mac 
ie | RP Het dt = exp [-5 m2" = = © at) 
0 


" Oni en eek 


Q°(u)(u ti)” = O(u)(u— i)”. 


3°. For v <0, the solution exists only if the conditions 


i f(e)m(x) dx = 0, m=1,2,...,-V, 
0 


are satisfied. Here w(x), ..., w(x) is the system of linearly independent solutions of the 
transposed homogeneous equation 


Wa) — | 7 K(t—2x)w(t) dt = 0. 
0 


Then a 
ule) = fa) f R*(a, t)f( dt, 


where = 
R*(a,t) = RO(w-t)+ ROW-2)+ i; RO (x - s)R©(t-s) ds, 
0 


and the functions RY (a) and R© (cx) are uniquely defined in item 2° by their Fourier trans- 
forms. 


© References: V. I. Smirnov (1974), F. D. Gakhov and Yu. I. Cherskii (1978), I. M. Vinogradov (1979). 


4.9-3. Other Equations of the Form y(x) + iis K(a, }y@) dt = F(a). 


26. 


y(a) -/ K(a + thy(t) dt = f(a). 


The Fourier transform is used to solve this equation. 


Solution: ce = A3 
ey ff” DOV EIDRY e g, 
V2n Joo 1-V2n K(u)K(-u) 
where 


~ 1 oF : ~ 1 eed ; 
Zz tux | K = K —1Ul dor. 
jw) = iy fae" de, Ru) = i. (we de 


@ Reference: V. A. Ditkin and A. P. Prudnikov (1965). 


27. 


28. 


29. 


30. 


31. 
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y(x) + f e?' K(x + t)y(t) dt = Ae*”. 


CO 


Solution: 
err a ket 


ee = - (A+B)a 
T-kOvRCB- A)’ k(A) = ne K(a)je dx. 


y(@) = 


y(x) + [ieeKe +t)+ M(x -t)Jy(t) dt = Ae”, 
Solution: 
I,(A)eP® — [1 + Im(p)]e*” 


a er et ce PO a 
YOAV = Its AOU In @): 


p=-A- B, 


where me . 
Ty (A) = i K(z)e? dz, Im(A) = if M(z)e? dz. 


wie) f K(wt)y(t) dt = fla). 


The solution can be obtained with the aid of the inverse Mellin transform: 


r) 


oy [ARONA 9 4, 
271 Jeion 1-K(s)K(1-s) 


where fand K stand for the Mellin transforms of the right-hand side and of the kernel of the 
integral equation, 
f(s) = | f(a)a*' de, K(s) = i, K(a)x*! de. 
y 0 


®© Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


y(a) - | ~ K(at)t? y(t) dt = Aa. 
0 


Solution: 
x so Taxa 


HOLA i= f KOE" a. 


1-Ip4,Ly-1 
It is assumed that all improper integrals are convergent. 
ve)- [Kear yp at = fla. 
0 
The solution can be obtained with the aid of the inverse Mellin transform as follows: 


7 I pg CeO 
Oa. ea 
2m Jeicoo 1-K(s)K(1+(-s) 


where fand K stand for the Mellin transforms of the right-hand side and of the kernel of the 
integral equation, 


f(s) = [ f@s"'de, K(@)= i’ K(a)x*! da. 
7 0 
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33. 
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FOE | glat)art"y(t) dt = fla). 
0 


This equation can be rewritten in the form of equation 4.9.31 by setting K(z) = z*g(z) and 
B=p-A. 


y(x) - [Gs —) yt) dt = 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (algebraic) equation for the parameter 1: 


[eee ae =A, (1) 


1°. Fora real simple root 4,, of equation (1), there is a corresponding eigenfunction 
Yn(a) = 2 
2°. Fora real root A, of multiplicity r, there are corresponding r eigenfunctions 
Yni(@) = x, Yn2(@) = ering, ..., Ynr(x) = a In| x. 


3°. For a complex simple root Ap», = An +78, of equation (1), there is a corresponding pair 
of eigenfunctions 


yO (x) = 2°" cos(Bn Ina), y(ax) = 2% sin(Bp Ina). 


4°. Foracomplex root A, =a7,+73,, of multiplicity r, there are corresponding r eigenfunction 
pairs 


yi(a) = 2" cos(Bp In x), y (x) = 2° sin(By, Inv), 
y3(@) = x°" Inxcos(G,, In x), yx) = 2°" Inzsin(GB, nz), 


yP (x) = 2° In”! xcos(B, nz),  yO(x) = 2%" In”! x sin( Gy nz). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 


y(x) -[- “K(=) yw dt = Ax? 
o ¢t t 
A solution: 


y(a) = Za Bz 1- f° «(Z)e" dé. 


It is assumed that the improper integral is convergent and B 4 0. The general solution of 
the integral equations is the sum of the above solution and the solution of the homogeneous 
equation 4.9.33. 


35. 


36. 
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@)- [7K (Z)uoat= fe) 
ya)- J ; ay = f(x). 


The solution can be obtained with the aid of the inverse Mellin transform: 


7 1 ctHioo f(s) 2s 
ee Qni i 1- K(s) ous 


where f and K stand for the Mellin transforms of the right-hand side and the kernel of the 
integral equation, 


f= | “fae lde, Ks) = | ” Kaa" de. 
o 0 


Example. For f(x) = Ae” and K(x) = se, the solution of the integral equation has the form 


4A 
—_—_ for Ax > 1, 
(3 -—2C)(Ax)3 
y(@) = oo 1 
for Ax <1. 


mi » (Ax)*k W(Sp) 


k=1 


Here C = 0.5772... is the Euler constant, ¢(z) = [InI'(z)]/, is the logarithmic derivative of the gamma function, 
and the sz are the negative roots of the transcendental equation ['\(s;,) = 2, where ['(z) is the gamma function. 


© Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971). 


b 
y(x) + | lx - tlg(ty(t) dt = f(x), asaxsb. 


1°. Let us remove the modulus in the integrand, 


x b 
y(a) + / (x —t)g@y@ dt + / (t— x)g(t)y(t) dt = f(x). (1) 
Differentiating (1) with respect to x yields 
x b 
Yr (x) + if g(tyy(t) dt — 7 g(tyy(t) dt = f(a). (2) 
Differentiating (2), we arrive at a second-order ordinary differential equation for y = y(x), 
Yrw + 2G(@)y = frn()- (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 
integration satisfy the conditions -co < a < b < oo. By setting x = a and x = b in (1), we 
obtain two consequences 


b 
roe / (t-ag(t)y(t) dt = f(a), 
« (4) 
Oe | (b— tg(tyl(t) dt = FO). 


Let us express g(x)y from (3) via y””,, and f/”,. and substitute the result into (4). Integrating 
by parts yields the desired boundary conditions for y(x), 
y(a) + yb) + (b— a) f,(0) — y,(0)] = f(a) + f(b), 
y(a) + y(b) + (a— dL, (a) — yi Cay] = f(a) + 0). 


Note a useful consequence of (5), 


yi(a) + yi,(b) = f(a) + f(b), (6) 
which can be used together with one of conditions (5). 
Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in the solution of the differential equation (3). 


(5) 
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b 
y(x) +f elt 9(t)y(t) dt = f(x), a<a<b. 


1°. Let us remove the modulus in the integrand: 


x b 
y(x) + / eX? g(t)y(t) dt + / eX) g(t)y(t) dt = f(a). (1) 


Differentiating (1) with respect to x twice yields 


x b 
yl (x) + 2Ag(a)y(x) + 7 / eX") g(t)y(t) dt + 7 i er") g(t)y(t) dt = f7(@). (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x), 


yl, + 2Ag(x)y — ry = f(x) — rH f(a). (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 
integration satisfy the conditions -co < a < b < oo. By setting x = a and x = b in (1), we 
obtain two consequences 


b 
y(a)+e™ i e g(t)y(t) dt = fla), 
(4) 
b 
y(b) +e” / e** g(t)y(t) dt = f(b). 


Let us express g(x)y from (3) via y””,, and f” and substitute the result into (4). Integrating 
by parts yields the conditions 
eo! (b) — e**y/, (a) = Ale**y(a) + Ale*?p(b), 
Nb! faci -da db Pla) = yz) — f(@). 
ey, (b) —e “yp, (a) = Ae (a) + Ae (0), 


Finally, after some manipulations, we arrive at the desired boundary conditions for y(«): 
yi(a) + Ap(a) = 0, 9L(b)— Av) =0; v(x) = ya) — f(a). (5) 


Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in solving the differential equation (3). 


b 
y(a) +f sinh(A|x — t))g()y(t) dt = f(x), asax<b. 


1°. Let us remove the modulus in the integrand: 


b 


y(a) + / sinh[A(x — t)]g(t)y(t) dt + i sinh[ A(t — x) ]g(@)y(t) dt = f(a). (1) 


x 


Differentiating (1) with respect to x twice yields 


Yala) + 2Ag(a)y(a) +” / ; sinh[A(x — t)]g(t)y(t) dt 


a 


b 
+X / sinh[A(t— 2)]g(t)y(t) dt = f%,(2). (2) 


39. 
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Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x), 


Ylnn + 2AG(a)y — NY = flow) — WX f(2). (3) 
2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 


integration satisfy the conditions -co < a < b < oo. By setting x = a and x = b in (1), we 
obtain two corollaries 


b 
ya)+ | sinhtt—a)lg(Oylt) at = fa), 
a (4) 
y(b) + / sinh[A(b—H]g(t)y(@) dt = f). 


Let us express g(x)y from (3) via y””,, and f”, and substitute the result into (4). Integrating 
by parts yields the desired boundary conditions for y(«), 
sinh[A(b — a)]v,(b) — A cosh[A(b — a) ]y(b) = Av(a), 
sinh[ A(b — a)]y/,(a) + A cosh[A(b — a)] (a) = —Ap(b); p(x) = y(x) — f(x). 
Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in solving the differential equation (3). 


(5) 


b 
y(a) +f sin(A|x — t))g(t)y(t) dt = f(x), asax<b. 


1°. Let us remove the modulus in the integrand: 
b 


y+ f sin[A(a — 1) gy) a+ | sin[A(t — x) ]g(tyy(t) dt = f(a). (1) 


Differentiating (1) with respect to x twice yields 


yf (a) + 2Agla)y(a)— / sin[Ma— t)]g(t)y(t) dt 


a 


b 
_» i sin[A(t— 2) lg()y(0) dt = (2). (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x), 

Yn + 2AG(a)y + XY = fra(w) +r” fa). (3) 
2°. Let us derive the boundary conditions for equation (3). We assume that the limits of 
integration satisfy the conditions -co < a < b < oo. By setting x = a and x = b in (1), we 
obtain two consequences 


b 
y(a) + i) sin[A(t — a)]g(t)y(t) dt = f(a), 
. (4) 
y(b) + / sin[A(b— t)lg(t)y(t) dt = f(b). 


Let us express g(x)y from (3) via y””,, and f/”,. and substitute the result into (4). Integrating 
by parts yields the desired boundary conditions for y(«), 
sin[A(b — a)]y,,(b) — A cos[A(b — a)] (db) = Av(a), 
sin[A(b — a)]9),(a) + Acos[A(b— a) ip(a) = —Av(b); p(x) = y(x) — f(z). 
Equation (3) under the boundary conditions (5) determines the solution of the original 


integral equation. Conditions (5) make it possible to calculate the constants of integration 
that occur in solving the differential equation (3). 


(5) 
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40. y(a) + i [Act + p(ayb(t)ly(t) dt = flo). 


The solutions can be obtained by the methods described in Subsection 13.2-3; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 4.2.14. 


Solution: 
y(x) = Yp(x) + AY, (a), 
where 
Y;(z) = f(x) - TB i exp(-V1+ 2A|x-t|) f(d dt, 
Y,(z) = v(x) - TR [. exp(-V 1+ 2A|a — tl) y(t) dt, 
if. | U(t)Y,,(t) dt 2 


ai. Bey | [A sin(wt) + y(a)b(t)ly(t) dt = flv). 
0 


The solution can be obtained by the methods described in Subsection 13.2-3; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 4.5.20. 


Solution: 
y(x) = Yp(x) + AY, (a), 
where i . 
(x) are 
Y;(x) = To=e + ie ; sin(at) f(t) dt, 
r 
Y,(2) = oa = a. sin(at)o(t) dt, 


[ voyjwat 3 
[= i; Ut)Y,,(t) dt 7 
42. y(a) -/ [A cos(at) + y(x)b(t)]y@ dt = f(x). 
0 


The solution can be obtained by the methods described in Subsection 13.2-3; it must be taken 
into account that the truncated equation, with y(«) = 0, coincides with equation 4.5.6. 


Solution: 
y(a) = Y-(x) + AY, (x), 
where 
r loc) 
Y;(z) = _—_ ee TF [ cos(at) f(t) dt, 
5 [oe) 
Y,(x) = ae 3 +———~ =e if cos(at)yp(t) dt, 


wW(t)Y p(t) dt 
= _Leorow : , AF 2/2, 


ie w(t)Y,,(t) dt 
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43. y(x) +f [AtJL (at) + p(x)p(t)]y(@) dt = f(x), y>-l. 
0 


Here J,,(z) is the Bessel function of the first kind. The solution can be obtained by the methods 
described in Subsection 13.2-3; it must be taken into account that the truncated equation, with 
p(x) = 0, coincides with equation 4.8.4. 


Solution: 
y(a) = Y-¢(a) + AY, (2), 
where ‘ os 
Y;(x) = z o ~<a | tJ,(at) f(t) dt, 
a ona 0 
Xr CO 
Y,(x) = sae -y [ tJ,(at)p(t) dt, 
[voy at 
A=-—2 ______ 55) , AF#I. 
14+ [ w(Y,,(t) dt 


4.9-4. Equations of the Form y(x) + i K(a, tHy(--) dt = F(a). 


b 
44. y(ax) + | f(®y(a - t) dt = 0. 


Eigenfunctions of this integral equation* are determined by the roots of the following char- 
acteristic (transcendental or algebraic) equation for ju: 


b 
i f(t) exp(-yt) dé = -1. (1) 
1°. Fora real (simple) root yx of equation (1), there is a corresponding eigenfunction 
YR(@) = Exp(UE a). 
2°. Fora real root juz of multiplicity r, there are corresponding r eigenfunctions 
yri(e) = exp(Htne), -yro(%) = cexp(ee), ---,  Yer(w) = a" exp(tine). 


3°. For a complex (simple) root 4, = a, + 73, of equation (1), there is a corresponding pair 
of eigenfunctions 


y\ (x) = exp(azr) cos(3z.2), y\(x) = exp(azx) sin(B,2). 


4°. For a complex root uz, = a, +73, of multiplicity r, there are corresponding r pairs of 


eigenfunctions 
y(a) = expla) cos(3xx), yO (a) = exp(aga) sin(B,.2), 
y\)(x) = x exp(ax,x) cos(3,x), Y\(a) = x exp(azx) sin(3,2), 


yuna) = x"! exp(ajzx)cos(G,2), — yf(x) = a! exp(axex) sin(3,2). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 


* In the equations below that contain y(a — t) in the integrand, the arguments can have, for example, the domain 
(a) -co < %@ < CO, -0C0 <t < co fora =-co and b= 00 or (b) aS t <b, -co < x < ~, for a and b such that -co <a<b<co. 
Case (b) is a special case of (a) if f(t) is nonzero only on the interval a < t < b. 
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> For equations 4.9.45—4.9.50, only particular solutions are given. To obtain the general solution, 


one must add the particular solution to the general solution of the corresponding homogeneous 
equation 4.9.44. 


b 
45. y(a)+ if f@®y(a-t)dt = Ax + B. 


A solution: 
yx) = px + q, 
where the coefficients p and q are given by 
A Al, B : 3 
= —— = —__ + — Ip = thdt, T= t f(t) dt. 
PT arta (ef sow n= f ef 


b 
46. y(x) + f f(t)y(a —t) dt = Ae”. 
A solution: 
A b 
y(@) = ae B=1 +f fd) exp(—At) dt. 


The general solution of the integral equation is the sum of the specified particular solution 
and the general solution of the homogeneous equation 4.9.44. 


b 
47. y(a)+ i f®y(a -t) dt = Asin(Az). 


A solution: 


I, 
Se cos(A2z), 


ae 
y(r) = =—> sin(Axr) + ——= PEE 


+ I? 


where the coefficients J, and J, are given by 


b b 
I,=1 +f f@cos(At) dt, I, = / f(t) sin(At) dt. 


b 
48. y(a) + | f@®y(a - t) dt = Acos(Ax). 


A solution: 


y(“) =- sin(Ax) + ———> a 5 COs(Ar), 


I; 
+1 +1; 
where the coefficients J, and J, are given by 


b b 
Le=1 +f f(t) cos(At) dt, I, = i f@ sinQt) dt. 


b 
49. y(x)+ / f@®y(a -t) dt = e**(AsinAx + Bcos Az). 
A solution: 
y(x) = e**(psin Ax + qcos Ax), 
where the coefficients p and qg are given by 
_ Al. - BI; Al, + BI, 


Par. ~2- "pep. * 


b b 
I, =14+ i fe! cos(At) dt, I, = if fe sin(At) dt. 


50. 
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b 
y(x) + | f@®y(a - t) dt = g(x). 


1°. For g(x) = S> A, exp(,2), the equation has a solution 
k=l 


n 


A b 
y(r) = > a exp(\,z),  Be=1+ ) f(@® exp-Axt) dt. 


k=1 


2°. For polynomial right-hand side of the equation, g(x) = $> A,x*, a solution has the form 
k=0 


y(x) = 5 Ba, 
k=0 
where the constants 5; can be found by the method of undetermined coefficients. 


n 
3°. For g(a) = er > A,2x", a solution of the equation has the form 
k=0 


ya=e" Ss. Ber*, 
k=0 


where the constants 5; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> Aj, cos(A;, 2), a solution of the equation has the form 
k=l 


y(a) = » By cos(Anx) + S- Cy, sin(AR®), 


k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


5°. For g(x) = 3> Ax sin(A, 2), a solution of the equation has the form 
k=l 


y(x) = 5° By cos(Anr) + > Cy sin), 


k=1 k=1 


where the constants B;, and C; can be found by the method of undetermined coefficients. 


6°. For g(x) = cos(Ax) >> A; 2x", a solution of the equation has the form 
k=0 


y(a) = cos(Az) SS, Byak + sin(Ax) S- Cyx*, 


k=0 k=0 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A,«*, a solution of the equation has the form 
k=0 


yx) = cos(Ar) §~ Bea® + sin(Ar) > Cyar*, 


k=0 k=0 


where the constants B;, and C; can be found by the method of undetermined coefficients. 
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8°. For g(a) =e” > Ax, cos(A\;,2), a solution of the equation has the form 
k=l 


y(a) =e" S~ By cos(Agx) +e" S* Cy sin(Ag), 
k=l k=l 
where the constants B;, and Cy can be found by the method of undetermined coefficients. 


9°. For g(x) = e#” S> A, sin(A,2), a solution of the equation has the form 
k=l 


y(x) = et x By cos(A,x) + e#” ¥ Cr sin(An 2), 
k=l k=l 
where the constants B;, and Cy can be found by the method of undetermined coefficients. 


10°. For g(x) = cos(Ax) 5> Ax exp(4z2), a solution of the equation has the form 


ya) = cos(\r) §~ By exp(iuxx) + sin(Ax) 5 > Be exp(un2), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) 5> Ax exp(u~2), a solution of the equation has the form 
k=l 


y(x) = cos(Ax) Y) Be exp(uit) + sin) ) | By exp(un), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


b 
51. y(a) +f f@®y(a + Bt) dt = Ax + B. 


A solution:* 


y(x) = pr +q, 
where 
es =e Ale I =f poa I = [sma 
Sia 2 oie ene "op, ieee 


b 
52. y(x)+ Y f(ty(a + Bt) dt = Ae?”. 
A solution: 


b 
y(x) = oe, B=1 +f f@ exp(AGt) dt. 


* Tn the equations below that contain y(a + Gt), 3 > 0, in the integrand, the arguments can have, for example, the domain 
(a0 <S4<w,0<t<o fora=O0andb=oo or(b)a<st<b,0< 2 <.o fora and b such that 0 < a < b< c@. Case (b) is 
a special case of (a) if f(¢) is nonzero only on the interval a <t < b. 
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b 
53. -y(a) + | f@®y(a + Bt) dt = AsinAx + Bcos Ax. 


A solution: 
y(x) = psin Ax + gcos Ax, 


where the coefficients p and q are given by 


AI, + BI, _ BI-Al, 


i Geayes 2 ee 


b b 
I, =1 +f f@cosAGt) dt, I,= / f@® sinAt) dt. 


b 
54. -y(a) +f f®y(a + Bt) dt = g(a). 
1°. For g(x) = 5> A, exp(,2), a solution of the equation has the form 
k=l 


n 


A b 
yr) = 5° a expr), Br=1+ / f(t) exp(GAxt) dt. 
k=1 @ 


2°. For polynomial right-hand side of the equation, g(x) = S> A,gx*, a solution has the form 
k=0 


gaye SB’ 
k=0 


where the constants 5B; can be found by the method of undetermined coefficients. 


n 
3°. For g(x) = er > A, 2x", a solution of the equation has the form 
k=0 


n 
y(a) =e S” Bia, 
k=0 
where the constants 5; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> Aj, cos(A,,2), a solution of the equation has the form 
k=l 


y(«) = S- By cos(Apx) + > C;, sin(AR@), 


k=1 k=1 


where the constants B;, and C; can be found by the method of undetermined coefficients. 


5°. For g(x) = 3+ Ag sin(A,2), a solution of the equation has the form 
k=l 


y(r) = S* By cos(Agar) + > Cy sing), 


k=1 k=1 


where the constants B;, and C; can be found by the method of undetermined coefficients. 
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6°. For g(x) = cos(Ax) >> A;,2", a solution of the equation has the form 
k=0 


ya) = cos(Ar) §~ Brar* + sin(r) S> Cyar*, 
k=0 k=0 
where the constants B;, and C; can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A,«*, a solution of the equation has the form 
k=0 


y(x) = cos(Az) S- Bya* + sin(Ax) S- Crx”, 
k=0 k=0 
where the constants B;, and Cy can be found by the method of undetermined coefficients. 


8°. For g(a) = e"” > Ax, cos(A\;,2), a solution of the equation has the form 
k=l 


y(a) = et By cos(Agx) + e4” S- Cr sin(An@), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


9°. For g(x) = e4” S> Ax sin(A,2), a solution of the equation has the form 
k=l 


y(x) = 4” ye By cos(A,x) + e4” S- Cr sin(An 2), 


k=l k=l 
where the constants B;, and Cy can be found by the method of undetermined coefficients. 


10°. For g(x) = cos(Ax) 5> Ax exp(4z2), a solution of the equation has the form 
k=l 


yx) = cos(Ar) §~ By exp(jiex) + sin(v) 5 > By expe), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) 5> Ax exp(ux2), a solution of the equation has the form 
k=l 


y(a) = cos(Ax) Y | Be exp(ynr) + sina) ) | By exp(in2), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


55. 
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b 
vic)+ f flt)y(wt) dt = 0. 


Eigenfunctions of this integral equation* are determined by the roots of the following tran- 
scendental (or algebraic) equation for A: 


b 
i) f(t)? dt =-1. (1) 
1°. For a real (simple) root A; of equation (1), there is a corresponding eigenfunction 
ye(v) = 2, 
2°. For areal root A; of multiplicity r, there are corresponding r eigenfunctions 
YRi(z) = x, YR2(x) = xing, ..., Ykr (XL) = x In”! x, 


3°. For a complex (simple) root Ay = ax + 73, of equation (1), there is a corresponding pair 
of eigenfunctions 


ya) = 2° cos(Gz, Inz), yO (a) = r° sin(G, In x). 


4°. For a complex root Ay = a, +78, of multiplicity r, there are corresponding r pairs of 
eigenfunctions 


yl (a) = «* cos(3, In x), y(a) = 2° sin(B;, In), 
yt3(x) = 2°* In x cos(;, Inz), y\(a) = 2° Ine sin(3;, Inx), 


ya) = 2% In”! ¢cos(G, nx), y(a) = w%* In"! & sin(By In 2). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 


> For equations 4.9.56—4.9.62, only particular solutions are given. To obtain the general solution, 
one must add the particular solution to the general solution of the corresponding homogeneous 
equation 4.9.55. 


56. 


57. 


b 
y(a) + | f@)y(at) dt = Ax + B. 


A solution: 


A B 
UO) age 


b b 
——_ In = t) dt L= t f(t dt. 
Aare, o= f soa, ; i f(t) 


b 
y(x) + | f(ty(at) dt = Ax?. 
A solution: 


A b 
y(a) = re Bz=l+ i f (tye? dt. 


* Tn the equations below that contain y(t) in the integrand, the arguments can have, for example, the domain (a)0 <a <1, 
0<t<1fora=Oandb=1,(b)1<a<ow,1<t<o fora=landb=~a,(c)0<x4<w,0<t< oo fora =O0and b=, 
or (d)a $t<b,0< a < ow for a and b such that 0 < a < b < oo. Case (d) is a special case of (c) if f(t) is nonzero only on 
the interval a <t < b. 
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59. 


60. 


61. 
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b 
y(x) + ') f@®y(at) dt = Alina + B. 


A solution: 
y(z) = pina +4q, 
where 
A B Al; , 
ogee 2 Ip = Hdt, T= t) Int dt. 
eae ede ligase [ 10 ae [ to 


b 
y(x) + | f(t)y(at) dt = Av? Ina. 


A solution: 
y(x) = pu? Ing+ qu?, 


where 


A Aly 


rages oe “ae tee 


b b 
I= / ft'dt, b= a f(t)t? Int dt. 


b 
y(x) + | f@®y(at) dt = Acos(Inz). 


A solution: 


Al, 
y(x) = ip P+ sin(In x), 


Al, 
ip Pee cos(In x) + ——— 


kets [ f(t) cos(In t) dt, nef f@ sindn t) dt. 


b 
y(x) + i f@®y(at) dt = Asin(inz). 


A solution: 


Al, Al, 
y(x) = “ZB Par cos(In x) + ———> Pek sin(In x), 


nats | f(t) cos(In t) dt, n=[ f(@ sindn t) dt. 


b 
y(x) + | f(t)y(at) dt = Ax® cos(A In x) + Ba® sin(A In x). 


A solution: 
y(x) = px? cos(A In x) + qx® sin(A In x), 


where 
_AL-BI | A+ Ble 
a peees EC peepee 


b b 
I, =1+ / f(t)t® cos(Alnt) dt, I, = if f(t)t? sinQ Int) dt. 


63. 


64. 


65. 
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b 
iia ') fiydt=0, €= x(t). 


Eigenfunctions of this integral equation are determined by the roots of the following tran- 
scendental (or algebraic) equation for A: 


b 
iA FOLPOY dt = +1. (1) 
1°. Fora real (simple) root A; of equation (1), there is a corresponding eigenfunction 
YR(&) = ge, 
2°. For areal root A, of multiplicity r, there are corresponding r eigenfunctions 
yri(c)=2>*, ype) =a Ina, ...,  Yer(x) =a In”! x. 


3°. For a complex (simple) root Ay = ax + 73, of equation (1), there is a corresponding pair 
of eigenfunctions 


y\ (a) = «°* cos(Bg nx), y(a) = «°* sin(3, Ina). 


4°. For a complex root A, = ax + 79% of multiplicity r, there are corresponding r pairs of 
eigenfunctions 


yl) (x) = 2% cos(Gx In x), yl) (a) = «° sin( By Ina), 
yj (x) = x°* Inxcos(G, In x), y\> (a) = xc Ina sin(G; Inz), 


yw) = 2% In| a cos(G, Ina), yO(a) = x In"! x sin( 3; In). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunc- 
tions of the homogeneous integral equation. 


b 
io | fit\y@dt= Ax, €= eet). 
A solution: 
A b 
yay=0%, B= 1+ i FeO IPdt. 


It is assumed that B # 0. A linear combination of eigenfunctions of the corresponding 
homogeneous equation (see 4.9.63) can be added to this solution. 


b 
wie)+ [ f@yedt= ge), E= a9. 
1°. For g(x) = > Aza*, a solution of the equation has the form 
k=0 
y(x) = y Arak, Beals i " pOleOrat. (1) 
By at 
k=0 

2°. For g(x) =Inz > A,x*, a solution has the form 

k=0 


y(x) = Ina S~ Bra +S > Cyak, (2) 
k=0 k=0 


where the constants B;, and C; can be found by the method of undetermined coefficients. 


390 LINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION 


3°. For g(a) = 5) Ax(in x)*, a solution of the equation has the form 
k=0 


y(x) = 5 B,(nax)*, (3) 
k=0 
where the constants 5B; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> Ax, cos(Ax In x), a solution of the equation has the form 
k=l 


y(x) = ) > By cos(Ax Inx) + $ > Cy sin(\g In), (4) 


k=l k=l 
where the constants B;, and C; can be found by the method of undetermined coefficients. 


5°. For g(a) = 5> Ax sin(Ay In x), a solution of the equation has the form 
k=l 


y(a) = 2 By cos(A, In x) + > C;, sin(A, In x), (5) 


k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


Remark. A linear combination of eigenfunctions of the corresponding homogeneous 
equation (see 4.9.63) can be added to solutions (1)-(5). 


4.10. Some Formulas and Transformations 


Let the solution of the integral equation 


b 
ya) | K(a, thy) dt = f(x) (1) 


have the form : 
y(x) = f(x) + if R(x, t) f () dt. (2) 


Then the solution of the more complicated integral equation 


ya) + [ K(a, oe y(t) dt = f(x) (3) 
has the form 
y(a) = f(a) + i Rl yo f(t) dt. (4) 


Below are formulas for the solutions of integral equations of the form (3) for some specific func- 
tions g(x). In all cases, it is assumed that the solution of equation (1) is known and is given 
by (2). 


4.10. SOME FORMULAS AND TRANSFORMATIONS 


1°. The solution of the equation 
b 
yia)+ [ K(e.0(a/tubat = F@ 


has the form 


b 
y(x) = f(x) + / R(a, t)(a/t) f(t) dt. 


2°. The solution of the equation 
b 
ya) + / K(x, He? y(t) dt = f(x) 


has the form 


b 
y(x) = f(x) + } R(z, te* f(t) dt. 


a 
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Chapter 5 


Nonlinear Equations of the First Kind 
with Variable Limit of Integration 


> Notation: f, g, h, and K are arbitrary functions of an argument specified in the parentheses 
(the argument can depend on t, x, and y); A, B, a, b, k, B, A, and y are arbitrary parameters. 


5.1. Equations with Quadratic Nonlinearity That Contain 


Arbitrary Parameters 
5.1-1. Equations of the Form if y(t)y(a — t) dt = f(x). 


1. 7 y(t)y(a —t) dt = Ax + B, A,B>O0. 
0 


y(o)= VB | exp(A2) +4 en( 3*)| 


z 


Solutions: 


2 
where erf z = —= exp (-t”) dt is the error function. 


Vm Jo 
2. | y(t)y(a — t) dt = A*a. 

0 

Solutions: 
VI(At 1) Att 

y(a) = tA— > 2? ,, 
IN Gora 
2 


where I'(z) is the gamma function. 


3. i y(t)y(a - t) dt = Aa*!+ Ba, A>0. 
0 


Solutions: 


_ _ VATO) 22 B Atl A.B 
yO) ==ET yy * exp(-AZ 2) @(S—, FZ). 


where ®(a, c; x) is the degenerate hypergeometric function (Kummer’s function). 


4, | y(t)y(a - t) dt = Ae”. 
0 


Solutions: y(x) = + e€ 
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5. i y(t)y(a — t) dt = (Ax + B)e**, A,B > 0. 
0 


pool 4a) 


2 7 2 2 : : 
where erf z = —= exp(—t~) dt is the error function. 
re a 


Solutions: 


y(a) = +VB er | 


6. | y(t)y(a - t) dt = A?ae*, 
0 


Solutions: 


y(@) =+ 


7. i y(t)y(a — t) dt = (Aat! + Ba")e*, 
0 


Solutions: 


y(@) = a Mw "> exp| (r- n=) a] 0(42* aa <2), 


am Wry) ae 2° 2 ha 
where ®(a, c; x) is the degenerate hypergeometric function (Kummer’s function). 
8. | y(t)y(a — t) dt = A? cosh(Ax). 
0 


A d_ [* In(At) dt 
(a dx Jy Va-t 


Solutions: y(x) = 4 , where [o(z) is the modified Bessel function. 


9. f y(t)y(a — t) dt = A sinh(A2). 
0 


Solutions: y= +vV AA Ip(Ax), where Ip(z) is the modified Bessel function. 


10. a y(t)y(a — t) dt = Asinh(A /Z ). 
0 


Solutions: y = tVA11/42-7/8)3/4g1/87_ | 14 ( 4c), where J_\/4(z) is the modified 
Bessel function. 


11. | . y(t)y(a — t) dt = A? cos(Ax). 
0 


A df? Jo(Aatyat 
Vn dx Jo Vx-t 


Solutions: y(x) =4 , where Jo(z) is the Bessel function. 


12. Va y(t)y(a — t) dt = Asin(Ax). 
0 


Solutions: y = +V AA Jo(Ax), where Jo(z) is the Bessel function. 


13. 


14. 


15. 


16. 


17. 
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[ y(t)y(a - t) dt = Asin(AV/z ). 
0 


395 


Solutions: y = eA 42-18 3/4 a M8 7 1g ( 4x ) where J_;/4(z) is the Bessel func- 


tion. 


i : y(t)y(a — t) dt = A*e"® cosh(Az). 
0 


A df” Ip(At) dt 
Solutions: y(a) = +—= e”” o(X0) 


vas dx 0 vVa-t 


| y(t)y(a — t) dt = Ae*” sinh(Az). 
0 


Solutions: y = +7 Ad e#* Ip(Ax), where Ip(z) is the modified Bessel function. 


| y(t)y(a — t) dt = A*e"® cos(Az). 
0 


Solutions: y(x) = pA ne d Jo(At) dt 


Tt dx 0 Vae-t 


i y(t)y(x — t) dt = Ae” sin(Ax). 
0 


Solutions: y= +V AA e4* Jo(Ax), where Jo(z) is the Bessel function. 


5.1-2. Equations of the Form 1 K(«, Hy®y(a —t) dt = f(x). 


18. 


19, 


20. 


| t®y(t)y(a - t) dt = Aa, A>O. 
0 


Solutions: 


wa) = + AT(A+ 1) [oe 
= r(As*)r(44*) 


where I'(z) is the gamma function. 


| t* y(t)y(a - t) dt = Ae**. 
0 


Solutions: 


Hoes FET) 


where I'(z) is the gamma function. 


fi t*y(t)y(a - t) dt = Are”. 
0 


Solutions: 


1/2 yg 
y(x) =x ANG as y) } ea au 


Ress 


where I'(z) is the gamma function. 


, where Jo(z) is the Bessel function. 


, where [p(z) is the modified Bessel function. 
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i ” yby(« - t) 
0 


ax + bt 


dt = Ax. 


A d/2 : ON dz 
=+4/— i Ca 
yla) = yf 2 oN”, je (1-22 


ee ae 
22. | YOUR—-D a Aer, 
0 


ax + bt 
Finite 1 b 
yla) = yf e™, T= in(1+-). 


21. 


Solutions: 


Solutions: 


© y(t -t 
23. il YOUE~O on Ante, 
0 ax + bt 
Solutions: 
A ! dz 
=4+,/2 ypt/2—r2 [= b/2¢q _ 7)H/2 
yla) = yf 2 ate, ie (1-2? 
* y(t)y(x — t) x 
24. ————-. dt = Ax. 
0 Vax? + bt? 
Solutions: 
A : dz 
(x)=4\/—2*?, T= | aes (ees ge 
# I 0 Vat bz2 
* y(b)y(a - t) X 
25. ———. dt = Ae”. 
0 Vax? + bt? 
Solutions: 
A | dz 
(x) =+,/—e™, r= | = 
‘ I 0 Va+bz2 
* y(t)y(x — t) x 
26. ————. dt = Ar"e””. 
0 Vax? + bt? 
Solutions: 


A : dz 
x) =t4/— ct, fe | 22 — 2? 
eae ae es 5 


5.1-3. Equations of the Form is y(t)y(.--) dt = f(x). 


27. | y(t)y(ax + bt) dt = Aa. 
0 


A dt del dal 
y(v) =+ ees t= f Paste dz. 
0 


Solutions: 
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28. i y(t)y(ax — t) dt = Ae”, a>l. 
0 


jen exp(Az/a) ref dz 
me ONT Je? fy a= 2) 


29. fl y(t)y(ax -t)dt = Ax“e**, = a > 1. 
0 


Solutions: 


Solutions: 


p-l 
2 


ax 


<I 


1 p-l p-l 
y(a) = + exp(Ax/a), I= i, z2(a-—z)2 dz. 
0 


30. i y(t)y(at) dt = Ax”. 
0 


ya) = +) 5ACu+ ees (A>0, w= 0). 


5.2. Equations with Quadratic Nonlinearity That Contain 
Arbitrary Functions 


Solutions: 


5.2-1. Equations of the Form Ks K(a, t)[Ay(t) + By?(t)] dt = f(a). 


1. i (w - HL Ay(t) + By(t)|dt = f(a), fla) = f(a) =0. 


Solution in implicit form: 
Ay + By’ — f(a) = 0. 


2: j (a-t)"[Ay(t)+ By] dt = fia), f@=fi(a=---=f@=0. 
Here n = 1,2,... Solution in implicit form: 


n! (Ay + By?) — f2*?(a) =0. 


3, | e@LAy(t) + By] dt = f(z), f(a) = 0. 


Solution in implicit form: 


Ay + By? +Af(a) - f(x) =0. 


4. / sinh[A(a - t)][Ay(t) + By*(t)] dt = f(a), f(a) = f'(a) = 0. 
Solution in implicit form: 


\MAy + By?) + f(a) — f(a) = 0. 


398 NONLINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION 


5. i cosh[\(x - t)][Ay(t) + By?(t)] dt = f(z), f(a) = 0. 


Solution in implicit form: 


Ay + By? +» . : f(t)dt— fi (x) =0. 


6. i) sin[\(x - HILAy(t) + By) dt = fa), f(a) = f'(a) =O. 
Solution in implicit form: 


\MAy + By’) — ” f(x) - fr, (a) = 0. 


7; / : cos[A(x - t)][Ay(t) + By*(t)] dt = f(x). 


Solution in implicit form: 


Ay+ By’ -» i : f(t) dt— fi(a) =0. 


8. / [g(w) - g(t) LAy(t) + By(t)] dt = f(a). 


It is assumed that f(a) = f/(a) =O and f/./g/, # const. 
Solution in implicit form: 


2_ @ | f(a) 
eke rakaott 


9. | : K(a, t)[Ay(t) + By’(t)] dt = f(a). 


The substitution w(t) = Ay(t) + By’(t) leads to the linear integral equation of the first kind 


[ K(a, thw(t) dt = f(x). 


For the exact solutions of the equation with various K(x, t) and f(x), see Chapter 1. 


5.2-2. Equations of the Form fe K(a, )hy(y(ax + bt) dt = f(x). 


10. | K (t)y(a)y(t) dt = f(a). 


Solutions: 


7 -1/2 
yoo = +f) [ Koso : 


a fee 
11. i f (=) y(t)y(a - t) dt = Aa». 
0 x 


Solutions: 
A xt ? dal del 
y(@) = Fr? ref fee*a-2 dz. 
0 
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12. | f (=) y(t)y(a - t) dt = Ae. 
0 x 


Solutions: 


edie Ae ' f(@@dz 
y(@) = T Vz’ I | 


13. [ f(=) sone -t)dt = Are”. 
0 x 


= 1 ne = 
ya)= ey) S02 e™, r= | FOE Gane dz. 
0 


14. | : f (=) y(t)y(ax + bt) dt = Aa». 
0 x 


Solutions: 


Solutions: 


A ; dal dl 
y@)y=ty\/—22, r= | f(z 2 (atbz) 2 dz. 
0 


15. | . f (=) y(t)y(ax—t)dt = Ae", az. 
0 x 


Solutions: 


reer 2 exp(Az/a) Iz i f(idz 
0 


fro” Vzla—z) 


= t 
= | f (=) uoyax-1 d= Avte™, ge: 
0 x 


Solutions: 


A el 1 pel pol 
y(x) = +4/ Ft x 2 exp(Ax/a), I= [ f(2z 2 (a-z) 2 dz. 
0 


5.3. Equations with Nonlinearity of General Form 
5.3-1. Equations of the Form te K(a, tH f(t, yt) dt = g(a). 


1. i f (t, y@)) dt = g(x), g(a) = 0. 


Solution in implicit form: 
f(z, y)- g(a) = 0. 


2. | (e-Hf(t,y@) dt=g(x), gla) = g(a) = 0. 


Solution in implicit form: 
f(@.y)- Gre(a) = 0. 
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3. i (w-t)"f(t,y(t)) dt =9(z), gla) = gia) =--» = g(a) =0. 
Here n = 1,2,... Solution in implicit form: 
n! f(a, y)—g%*? (a) =0. 
$f F(t.) dt=9@), gla) =0. 


Solution in implicit form: 
f(a, y) + Ag(a) - g(a) = 0. 


8. sinhiNa-H1F (ty) dt= g(a), gla) = g(a) =O. 
Solution in implicit form: 
Af (x,y) + g(a) — gf) = 0. 
6. ii cosh[A (x —- Of (t, y(t)) dt = g(x), g(a) = 0. 


Solution in implicit form: 


fley)+ / g(t) dt — gh (a) = 0. 


a 


7. f sintXw-HF (ty) dt= ga), gla) =9'(a) =0. 
Solution in implicit form: 


Af (a, y)— g(x) - g%,(x) = 0. 


8. i cos[A(x — OIF (t, y(t)) dt = g(x). 


Solution in implicit form: 


fe.y)- / g(t) dt — g(x) = 0. 


9, ‘| [h(a) — A(t) ]f (ts y(t)) dt = g(@). 


It is assumed that g(a) = g/.(a) = 0 and g//h!, # const. 
Solution in implicit form: 


_ d | g,(2) 


hi,(@) 
10. | K (a, t)f (t, y(t) dt = g(a). 
The substitution w(t) = f (t, y(t) leads to the linear integral equation of the first kind 


ia K (a, thw(t) dt = g(x). 


For the exact solutions of the equation with various K(x, t) and g(x), see Chapter 1. 
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5.3-2. Other Equations. 


11. 


12. 


13. 


14. 


15. 


e /t 
| f (=. y(t), ye)) dt = Az. 
0 x 


A solution: y(x) = A, where ) is a root of the algebraic (or transcendental) equation 


1 
F(A)-A=0, roy= | f(z, A, A) dz. 
0 


[14 PD) aman 
0 x y(x) 


A solution: y(ax) = C'x*, where C is an arbitrary constant and ) is a root of the algebraic (or 
transcendental) equation 


1 
F(\)- A=0, F(A) = | flz, 2) dz. 
0 


mice YO) yen at = Av". a#0. 
0 x y(x) 


A solution: 
y(a)= AVA, A=, 


where \ is a root of the algebraic (or transcendental) equation 


1 
F(A)-1=0, F(A) = | f(z, 2>*)2™ dz. 
0 


[+(e yO ue) dt = Ax. 
0 x t x 


A solution: y(a) = Ax, where 4 is a root of the algebraic (or transcendental) equation 


1 
F(A)-A=0, ray= | f(z, A, A) dz. 
0 


ie f(t —ax, y(t- x)) y(t) dt = Ae”. 


x 


Solutions: y(x) = by e>*, where b;, are roots of the algebraic (or transcendental) equation 


bI(b) = A, I(b) = | i f(z, be)e* dz. 
0 


Chapter 6 


Nonlinear Equations of the Second Kind 
with Variable Limit of Integration 


> Notation: f, g, and h are arbitrary functions of an argument specified in the parentheses (the 
argument can depend on t, x, and y); A, B, C, a, b, k, 3, X, and yw are arbitrary parameters. 


6.1. Equations with Quadratic Nonlinearity That Contain 


Arbitrary Parameters 


6.1-1. Equations of the Form y(x) + fe K(a, ty(t) dt = F(a). 


1. 


y(a) + af y(t) dt = Bx +C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 


1°. Solution with AB > 0: 


_ (e+ Ya) expl2Ak(a — a)] + Ya — k es Y 
y(a) = Yay Je aha 4 pp RN a eT eR ee: 


2°. Solution with AB < 0: 
y(a) = ktan| Ak(a 2) + arctan 3, k=\/-—, y=aB+C. 


3°. Solution with B = 0: 
C 


Saale Vee Fe 


y(x) + kf (a - t)y*(t) dt = Ax? + Bx +C. 


This is a special case of equation 6.8.3 with f(y) = ky’. 
Solution in an implicit form: 


y 
/ [4Au—2kF(u) + B?-4AC] 7 du =+(x-a), 
Yo 

F(u)= +(u>—y), yo = Aa? + Ba+C. 
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y(x) + af ty°(t) dt = Ba*"!+C. 


This is a special case of equation 6.8.4 with f(y) = Ay”. By differentiation, this integral 
equation can be reduced to a separable ordinary differential equation. 
Solution in an implicit form: 


@ du 
0 + vf Aw—Ba+lh + gt _ qt! = 0, Yo = Ba"! +0. 


y(x) + af ay? (t) dt = Ba*, A> -t. 
0 


Solutions: y)(x) = Gi a* and Yyo(x) = Gox*, where (12 are the roots of the quadratic equation 
AG? + (214+ DG-B2A+1)=0. 


eaf wee 
9 ax+bt 


Solutions: yj(x) = A; and y2(x) = A2, where A; are the roots of the quadratic equation 


n(1+2).*+5.— 40 =0. 


2 
yaya [2 UOTE 5 


“2 4 2 + 2 
Solutions: y(x) = Aya and y2(x) = Ax”, where 12 are the roots of the quadratic equation 
(1-47) AM +A-B=0. 
* y(t) dt 
0 Vaxr+bt 


Solutions: y (x) = Ay and yo(a@) = Az, where 212 are the roots of the quadratic equation 


y(x) + 


1 
IN +r-A=0, r= | —a 
0 Vatbz2 


x A+1 
y(x) + af (aa” + bt”) y(t) dt = Ba». 
0 


Solutions: y)(x) = B,a* and Yyo(x) = Gox*, where (1.2 are the roots of the quadratic equation 


| Atl 
Alp? +8-B=0, rey 2(atbz") ™ dz. 
0 


y(x) + af ety?(t) dt = Be” +C. 
This is a special case of equation 6.8.9 with f(y) = Ay”. By differentiation, this integral 
equation can be reduced to a separable ordinary differential equation. 

Solution in an implicit form: 


Pi TO hole es Nae, yo = Be** +C. 
o Au? — BX 


10. 


11. 


12. 


13. 


14. 


15. 
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y(a)+A i] XO y2(t) dt = B. 


This is a special case of equation 6.8.10. By differentiation, this integral equation can be 
reduced to the separable ordinary differential equation 


yi, + Ay’ —Ay+AB=0, ya) = B. 


Solution in an implicit form: 


ie a + 0 
—;———— +2-a=0. 
p Au*-Au+AB 


y(x) + kf er) y(t) dt = Aer” + B. 


Solution in an implicit form: 
ig du 
———_.—— _ = 4-4, = Ae** + B. 
pale weaee SS 


y(x) +k | sinh[X(a — t)]y?(t) dt = Ae*” + Be** + C. 


This is a special case of equation 6.8.12 with f(y) = ky’. 
Solution in an implicit form: 


y 
| [\2u? —22C'u — 2kAF(u) + 2(C? -4AB)] 1!” du = +(e -a), 
yl 


0 


F(u)= +(u? - 4); yo = Ae** + Be** + C. 


y(a) +k i : sinh[X(a — t)]y?(t) dt = Acosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = ky’. 
Solution in an implicit form: 


y 
/ [\2u? — 2? Bu —2kAF(u) + 42(B? = A?)]/? du = +(a—a), 
y 


0 


F(u)=4(u>-yg), yo = Acosh(Aa) + B. 


y(a) +k | sinh[X(a — t)]y?(t) dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = ky’. 
Solution in an implicit form: 


y 
i [\2u? -2\ Bu —2kAF(u) + 2(A? + BY)] /? du = +(e -a), 
ye 


0 


F(u)=4(u3-yg), yo = Asinh(\a) + B. 


y(x) +k - sin[A(a — t)]y*(t) dt = Asin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = ky’. 
Solution in an implicit form: 


y 
/ [AD - Mu? + 2A7Cu- 2kAF(u) ifs * du =+(x—a), 
Yo 

yo = Asin(\a) + Bcos(Aa)+ C, D=A*+B?-C’, F(u)=4(u'—y). 
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6.1-2. Equations of the Form y(x) + ae K(«, Hby®y(a — tb) dt = F(a). 


16. 


17. 


18. 


19. 


20. 


y(x) + af y(t)y(a -t) dt = AB’x + B. 
A elite y(x) = B. 
y(x) + af y(t)y(a - t) dt = (AB*x + B)e**. 
A solution: y(x) = Be”. 
rN re 


y(z)+— | y(t)y(x - t) dt = $B sinh(Az). 
28 Jo 


A solution: y(x) = B1,(Axz), where [(x) is the modified Bessel function. 


Xr x 
y(a) -— — i y(t)y(a — t) dt = $A sin(Az). 
28 Jo 
A solution: y(x) = GJ\(Ax), where J)(x) is the Bessel function. 
y(x) + af a y(t)y(a - t) dt = Ba». 
0 
Solutions: y)(x) = Bix and y2(x) = B2x*, where (1.2 are the roots of the quadratic equation 


} T2(\ + 1) 
AI? +8-B= T= A. — z)dz = ————. 
B+ 8-B=0, fw Me= 


6.2. Equations with Quadratic Nonlinearity That Contain 


Arbitrary Functions 


6.2-1. Equations of the Form y(x) + ie K(a, ty(t) dt = F(a). 


1. 


y(a) + ih f(y? (t) dt = A. 
Solution: 


2 =i 
yoy= Altea f fa : 


y(a) + i ° er g(t)y?(t) dt = f(x). 


Differentiating the equation with respect to x yields 


yl, + g(x)y? +r / : eX?) g(t)y?(t) dt = f(a). (1) 


Eliminating the integral term from (1) with the aid of the original equation, we arrive at a 
Riccati ordinary differential equation, 


yl, + g(x)y? — Ay + Af (a) - h(x) = 0, (2) 


under the initial condition y(a) = f(a). Equation (2) can be reduced to a second-order linear 
ordinary differential equation. For the exact solutions of equation (2) with various specific 
functions f and g, see, for example, E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev 
(2003). 
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3. ya) + ‘| gla)h(t)y2(t) dt = f(a). 


Differentiating the equation with respect to x yields 


yl, + g(a)h(a)y? + gf (2) / h(t)yP(t) dt = f(a). (1) 


Eliminating the integral term from (1) with the aid of the original equation, we arrive at a 
Riccati ordinary differential equation, 


Gp) 
g(x) 


_ Ie(@) 


gia) Fn(@)— 


yl, + g(a)h(x)y? f@, (2) 


under the initial condition y(a) = f(a). Equation (2) can be reduced to a second-order linear 
ordinary differential equation. For the exact solutions of equation (2) with various specific 
functions f, g, and h, see, for example, E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev 
(2003). 


4. y(x)+ a gts (=) y(t) dt = Ax». 
0 ax 


Solutions: y)(x) = Bia* and Yyo(x) = (ox, where (1.2 are the roots of the quadratic equation 


1 
If? +6-A=0, i} f(z)2 dz. 
0 


5. -y(a) - / : Erte F(x — t)y(t) dt = 0. 


This is a special case of equation 6.3.19 with k = 2. 


6 = -y(a) - | si ert+B@ F(x — t)y?(t) dt = 0. 


A solution: 
1 lo e) 
y(2) = cou", A = | et Bz f(-z) dz. 
0 


6.2-2. Other Equations. 


21 /t , 
7. y(x) + | ~1(=) y(t)y(a — t) dt = Ae*”. 
0 @& xv 


Solutions: 
y(t) = Bye”, yo(x) = Boe**, 


where B, and By are the roots of the quadratic equation 


1 
IB? +B-A=0, t= f peyae. 
0 
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8. y(az) + af ait : ) voce -t) dt = Ba. 
0 


xv 


Solutions: y1(x) = Bia* and Yyo(x) = (ox, where (1.2 are the roots of the quadratic equation 


1 
AI? +6-B=0, I= i f(o2°(1 - z)*dz. 
0 


9, y(a) + ie f(t-a)y(t-x)y(t) dt = ae”. 


Solutions: y(x) = b,e”, where b;, (k = 1,2) are the roots of the quadratic equation 
bl+b-a=0, I= | f(Zer* dz. 
0 


To calculate the integral J, it is convenient to use tables of Laplace transforms (with parameter 
p=2A). 


6.3. Equations with Power-Law Nonlinearity 


1. vie) =a f y(t) dt +b, a>0,b>0,k>0. 
0 


Solution: 1 
[bi *+a—-kac]ee if O<k<1, 
y(a) = be@” if k= 1, 


1 
[b* —a(k—-l)a]-e if k>1. 


If0 <k< 1, the solution exists for all x > 0. If k > 1, the continuous solution exists only in a 
limited interval of argument variation 


pl-* 

< = ——_ 

O<r<a, 1 
2; y(x) + af ty*(t) dt = Ba®*"!+C. 

By differentiation, this integral equation can be reduced to a separable ordinary differential 


equation. 
Solution in an implicit form: 


y du 
(A of 1) Au? —-BA+) + gt! _ qt! = 0, Yo = Ba*"! +C. 
Yo 


xz k t 
3. vie)+ f YO nea. 
9 ax+bt 
A solution: y(«) = A, where ) is a root of the algebraic (or transcendental) equation 


in(1+2)* +0A- Ab =0. 
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xz ,k 
y"(t) dt 
yio)+ Ae | eB 


A solution: y(«) = A, where ) is a root of the algebraic (or transcendental) equation 
A+ zAnnr* = B. 


2 y*(t) dt 7 
Vax? + bt? 7 


A solution: y(«) = A, where ) is a root of the algebraic (or transcendental) equation 


y(x) + 


1 
dz 
IMF +X-A=0, | ———. 
0 Vatbz2 


A-kA-1 


y(x) + af (ax” + bt”) nn y*(t) dt = Ba». 
A solution: y = 3x*, where (3 is a root of the algebraic (or transcendental) equation 


1 A-kA=1 
Alp" +8-B=0, a z\(a+bz") dz. 
0 


y(x) + af ety" (t) dt = Be +C. 
By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 


Solution in an implicit form: 


fee 20 Be +C 
Creer SU, Yo = DE . 
yo Aut — Br 


y(x) + kf e*@-) y(t) dt = Ae*” + B. 
Solution in an implicit form: 


7 dt 


Aa 
—————— =17-4, yo = Ae** + B. 
yp At—kiv - AB 


y(x) +k if sinh[X(a — t)]y“(t) dt = Ae*” + Be** + C. 


This is a special case of equation 6.8.12 with f(y) = ky". 
Solution in an implicit form: 


y 
/ [\2u2 2 Cu—2kAF(u) + 2(C? -4AB)] /? du = +(@—a), 
ye 


0 


1 
F(u) = rea Gi - yo"), yo = Ae** + Be? +. C. 
Ul 
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10. y(x) + kf sinh[A(x - t)]y"(t) dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = ky”. 
Solution in an implicit form: 


1/2 


y 
if [\°u? — 2? Bu — 2k\F(u) + 4°(B? — A”)| 


Yo 


du = +(x -a), 


F(u)= : i (ult! —yf'*!) yy = Acosh(Aa) + B. 


pt 


11. y(x)+ kf sinh[X(a — t)]y” (t) dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = ky". 
Solution in an implicit form: 


y 
ip [\?u? - 2? Bu -2kAF(u) + (A? +B)? du = +(a-a), 
yl 


0 


1 
F(u) = i (ult! yt!) yy = Asinh(Aa) + B. 


pt 
12. y(x)+ kf sin[A(a — t)]y”’(t) dt = Asin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = ky". 
Solution in an implicit form: 


y 
/ [AD — ru? +2 Cu-2kAF(u) ir * du =+(x—a), 


Yo 


yo = Asin(\a) + Bcos(Aa)+C, D=A?+B*-C*, F(u)= (ull — yhh) 


tl 


6.3-2. Equations Containing Arbitrary Functions. 


13. y(x) + / : f(t)y*(t dt = A. 


Solution: 


y(a) = [44a | fay ; 


14. y(x)- | f(x)g(by*(t) dt = 0. 


1°. Differentiating the equation with respect to x and eliminating the integral term (using the 
original equation), we obtain the Bernoulli ordinary differential equation 


yl, — f(x)g(a)y* — Bey = 0, y(a) = 0. 


2°. Solution with k < 1: 


1 
. Tk 
y(x) = f(x) c ~by | f*®g@) a| 


Additionally, for k > 0, there is the trivial solution y() = 0. 
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15. y(x) + | ges (=) y*(t) dt = Ax. 
0 x 


A solution: y(x) = 3x%, where (3 is a root of the algebraic equation 


1 
Ip’ +B-Az=0, I=] f(z dz. 
0 


16. y(x)+ is (=) VJ y(t) dt = Aa’. 
0 xv 


Solutions: y,(x) = Bie, where B,, (k = 1,2) are the roots of the quadratic equations 


1 
B?+IB-A=0, r= | zf(z) dz. 
0 


Xe t 
17. y(x) -[ er(=)ure@ dt = 0, k#1. 
0 x 
A solution: 
dia . 1 atk 
y(a) = Ax Fk , Al*k = i zi-k f(z) dz. 
0 


18. y(x)- / ert+B@ F(x — t)y*(t) dt = 0, k#1. 


A solution: 


y(a) = Aexp( 2 re x) ; A= a exp( Ant z) fC2z) dz. 


19. y(x)- / Erte F(x — t)y*(t) dt = 0, k#1. 


A solution: 


y(x) = Aexp(A*2 ), Al = es exp(—* ren 2) f@) dz. 


6.4. Equations with Exponential Nonlinearity 


1. y(a) + af exp[Ay(t)] dt = B. 


Solution: i 
y(2) = = In [AXa —a)+ ere ; 


2. y(a) + af exp[Ay(t)] dt = Bx +C. 


For B = 0, see equation 6.4.1. 
Solution with B # 0: 


A 


ss apnea Bes os aly AB(a-«) » 
woy=—s In] 5 + (¢ -=)e ; yo =aB+C. 
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3% y(a) + kf (a — t) exp[Ay(t)] dt = Ax* +Ba+C. 


1°. This is a special case of equation 6.8.3 with f(y) = ke*”. The solution of this integral 
equation is determined by the solution of the second-order autonomous ordinary differential 
equation 

yl tker¥ -2A=0 


under the initial conditions 
y(a) = Aa + Ba+C, y,.(a) =2Aa+ B. 


2°. Solution in an implicit form: 


a [4Au—2F(u) + B?-4AC] ? du =-+(x-a), 
Yo 


k 
F(u) = ale. —e%), yy = Aa + BatC. 


4. y(a)+A f t* exp[Gy(t)] dt = Ba**!+C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


d 
(A +1) cao = 0, yo = Ba"! +. 
explAy(@)] 
5. y(x) + is =A. 
ax + bt 


A solution: y(x) = 3, where ( is a root of the transcendental equation 
b\ x3 
in(1 ra —)e +b — Ab = 0. 
a 
* exp[Ay(t)] 


0 Vaa? + bt? 


A solution: y(x) = 3, where ( is a root of the transcendental equation 


6. y(a) + dt = A. 


1 
ke? + B-A=0, k= | a 
e 0 Va+tbz2 


7. — -y(a) + af exp [At + By(t)| dt = Be** + C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


y du ter _ er = 0, Yo = Be» +C. 
a6 Ace84 — BY 


10. 


11. 


12. 


13. 
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y(x) +k / exp [A(x — t) + By(t)| dt = A. 


Solution in an implicit form: 


i dt 
——.——_ = 2-4. 
a At—keSt— XA 


y(a) + ‘fe exp [A(x —t)+ By(t)] dt = Ae*” + B. 


Solution in an implicit form: 


7 ue Ae“ +B 
——_—._——— = 4-4, yo = Ae : 
yp het — XB 


y(x) +k | : sinh[ A(x — t)] exp[Gy(t)] dt = Ae** + Be? +C. 

This is a oer case of equation 6.8.12 with f(y) = ke®¥. 

y(a) + Kf sinh[A(a — t)] exp[Gy(t)] dt = A cosh(Ax) + B. 

This is a ee case of equation 6.8.13 with f(y) = ke®¥. 

y(a) + af sinh[A(a — t)] exp[Gy(t)] dt = A sinh(Ax) + B. 

This is a ul case of equation 6.8.14 with f(y) = ke®¥. 

y(a2) +k i : sin[A(x — t)] exp[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = ke®¥. 


6.4-2. Equations Containing Arbitrary Functions. 


14. 


15. 


y(x) + | f(t) explAy(t)] dt = A. 


Solution: 


y(a) = + In i ‘ : f(t)dt + | : 


ya) + | g(t) exp[Ay(t)] dt = f(x). 


1°. By differentiation, this integral equation can be reduced to the first-order ordinary differ- 
ential equation 
Yr + g(ae’ = f(a) (1) 
under the initial condition y(a) = f(a). The substitution w = eY reduces (1) to the linear 
equation 
wy + Af, (aw -Ag(a)=0, wa) = exp[-Af(a)]. 


2°. Solution: 


1 x 
y(a) = f(x)- ~ inf + af g(t) exp[Af()] ar\. 
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16. y(ax)+ =|" (= ) exp[Ay(t)] dt = 


A solution: y(x) = 3, where ( is a root of the transcendental equation 


1 
B+Ie%-A=0, r= | f(z) dz. 
0 


6.5. Equations with Hyperbolic Nonlinearity 
6.5-1. Integrands with Nonlinearity of the Form cosh[Gy(t)]. 


1. y(az) + kf cosh[Gy(t)] dt = 


This is a special case of equation 6.8.1 with f(y) = k cosh(Gy). 


2. y(a) + Kf cosh[Gy(t)] dt = Ax + B. 


This is a special case of equation 6.8.2 with f(y) = k cosh(Gy). 
3. y(a)t+k / (a — t) cosh[Gy(t)] dt = Ax? + Ba + C. 
This is a special case of equation 6.8.3 with f(y) = k cosh(Gy). 


4. y(x)+k | t* cosh[Gy(t)] dt = Ba**! + C. 


This is a special case of equation 6.8.4 with f(y) = k cosh(Gy). 


5. y(ax) + / g(t) cosh[By(t)] dt = 
This is a special case of equation 6.8.5 with f(y) = cosh(Gy). 


y(a) + is SOB YON oh oo: 


aa +bt 


This is a special case of equation 6.8.6 with f(y) = cosh(Gy). 


* cosh[Gy(é)] 
7. —_———. dit= A. 
ya) + i Vax? + bt? 


This is a special case of equation 6.8.7 with f(y) = cosh(Gy). 


8 = y(a) +k / e™ cosh[3y(t)] dt = Be” + C. 


This is a special case of equation 6.8.9 with f(y) = k cosh(Gy). 


9 y(a)t+k | e*@ cosh[Gy(t)] dt = 


This is a special case of equation 6.8.10 with f(y) = k cosh(Gy). 


10. 


11. 


12. 


13. 


14. 
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y(x) +k | e*@) cosh[By(t)] dt = Ae*” + B. 


This is a special case of equation 6.8.11 with f(y) = k cosh(@y). 


y(a) +k sinh[X(a — t)] cosh[Gy(t)] dt = Ae” + Be** + C. 


This is a special case of equation 6.8.12 with f(y) = k cosh(Gy). 


y(a) + kf sinh[X(a — t)] cosh[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k cosh(Gy). 


y(a) + kf sinh[X(a — t)] cosh[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k cosh(Gy). 


y(a) + kf sin[X(x — t)] cosh[Gy(t)] dt = Asin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k cosh(Gy). 


6.5-2. Integrands with Nonlinearity of the Form sinh[Gy(t)]. 


15. 


16. 


17. 


18. 


19. 


20. 


y(a) + Kf sinh[Gy(t)] dt = A 


This is a special case of equation 6.8.1 with f(y) = k sinh(Gy). 


y(a) + kf sinh[Gy(t)] dt = Ax + B. 

This is a special case of equation 6.8.2 with f(y) = k sinh(Gy). 
y(x) +k i (a - t) sinh[Gy(t)] dt = Ax”? + Bx + C. 

This is a special case of equation 6.8.3 with f(y) = k sinh(Gy). 
y(x) +k i t* sinh[Gy(t)] dt = Ba**! + C. 

This is a special case of equation 6.8.4 with f(y) = k sinh(Gy). 


y(a@) + i g(t) sinh[By(t)] dt = A 


This is a special case of equation 6.8.5 with f(y) = sinh(Gy). 


y(a) + +f sm pe A: 


ax+ bt 


This is a special case of equation 6.8.6 with f(y) = sinh(Gy). 
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* sinh[Gy(t)] 
21. —————. dt=A 
ue i Vax? + bt? 


This is a special case of equation 6.8.7 with f(y) = sinh(Gy). 


22. y(a)t+k | e™ sinh[Gy(t)] dt = Be” + C. 


This is a special case of equation 6.8.9 with f(y) = k sinh(Gy). 


23. y(a)t+k | e* sinh[ Gy(t)] dt = A. 


This is a special case of equation 6.8.10 with f(y) = k sinh(Gy). 


24. y(a)t+k if e* sinh[ Gy(t)] dt = Aer” + B. 


This is a special case of equation 6.8.11 with f(y) = k sinh(Gy). 


25. y(x) + kf sinh[ A(x — t)] sinh[Gy(t)] dt = Ae*” + Be” + C. 


This is a special case of equation 6.8.12 with f(y) = k sinh(Gy). 


26. y(a)+ kf sinh[X(x — t)] sinh[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k sinh(Gy). 


27. -y(a) + am sinh[A(a — t)] sinh[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k sinh(Gy). 


28. -y(a) + wf sin[XA(x — t)] sinh[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k sinh(Gy). 


6.5-3. Integrands with Nonlinearity of the Form tanh[G@y(t)]. 


29. y(a)+ Kf tanh[Gy(t)] dt = A. 


This is a special case of equation 6.8.1 with f(y) = & tanh(Gy). 


30. y(a)+ kf tanh[Gy(t)] dt = Ax + B. 


This is a special case of equation 6.8.2 with f(y) = k tanh(Gy). 


31. y(a)t+k i (a — t) tanh[Gy(t)] dt = Aa? + Bx + C. 


This is a special case of equation 6.8.3 with f(y) = & tanh(Gy). 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
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y(x) +k | t* tanh[Gy(t)] dt = Ba**! +C. 


This is a special case of equation 6.8.4 with f(y) = k tanh(Gy). 


y(a) + i g(t) tanh[By(t)] dt = 


This is a special case of equation 6.8.5 with f(y) = tanh(@y). 


y(x) + is pull rae) —————— dt =A. 


ax +bt 


This is a special case of equation 6.8.6 with f(y) = tanh(Gy). 


0 Vax? + bt? 


This is a special case of equation 6.8.7 with f(y) = tanh(Gy). 


y(a) +k i, e™ tanh[Gy(t)] dt = Be** + C. 


This is a special case of equation 6.8.9 with f(y) = k tanh(Gy). 


y(a) +k d e* tanh[Gy(t)] dt = A 


This is a special case of equation 6.8.10 with f(y) = k tanh(Gy). 


y(a) +k | e* tanh[Gy(t)] dt = Ae*” + B. 


This is a special case of equation 6.8.11 with f(y) = k tanh(Gy). 


y(ax) + kf sinh[ A(x — t)] tanh[Gy(t)] dt = Ae*” + Be** +C. 


This is a special case of equation 6.8.12 with f(y) = k tanh(Gy). 


y(a) + kf sinh[X(a — t)] tanh[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k tanh(Gy). 


y(a) + Kf sinh[X(x — t)] tanh[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k tanh(Gy). 


y(a) + kf sin[XA(x — t)] tanh[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k tanh(Gy). 
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6.5-4. Integrands with Nonlinearity of the Form coth[Gy(t)]. 


43. y(a)+ kf coth[Gy(t)] dt = 


This is a special case of equation 6.8.1 with f(y) = k coth(Gy). 


44.) y(ax)+ Kf coth[Gy(t)] dt = Ax + B. 


This is a special case of equation 6.8.2 with f(y) = k coth(Gy). 
45. y(a)+k i (a — t) coth[Gy(t)] dt = Ax? + Bx +C. 
This is a special case of equation 6.8.3 with f(y) = k coth(Gy). 


46. y(a)t+k i t* coth[Gy(t)] dt = Ba**! +C. 


This is a special case of equation 6.8.4 with f(y) = k coth(Gy). 


47. y(a)+ a g(t) coth[ Gy(t)] dt = 


This is a special case of equation 6.8.5 with f(y) = coth(Gy). 


48. y(a) + i. cothlOyOl oy 8g. 


aa + bt 


This is a special case of equation 6.8.6 with f(y) = coth(Gy). 


49. y(x) + i, © cothSyOl oy = 


Vax? + bt? 
This is a special case of equation 6.8.7 with f(y) = coth(Gy). 


50. y(a)+k / e® coth[By(t)] dt = Be®” +C. 


This is a special case of equation 6.8.9 with f(y) = kcoth(Gy). 


51. y(x)+k | e*@) coth[ Gy(t)] dt = 


This is a special case of equation 6.8.10 with f(y) = k coth(Gy). 


52. y(x)+k if e*©) coth[Gy(t)] dt = Ae*” + B. 


This is a special case of equation 6.8.11 with f(y) = k coth(Gy). 


53. y(a) +k if sinh[X(a — t)] coth[By(t)] dt = Ae*” + Be** + C. 


This is a special case of equation 6.8.12 with f(y) = k coth(Gy). 


6.6. EQUATIONS WITH LOGARITHMIC NONLINEARITY 
54. -y(a) + kf sinh[X(x — t)] coth[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = 


55. y(x)+k | sinh[\(a — t)] coth[ Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = 
56.  y(a) + kf sin[XA(x — t)] coth[Gy(t)] dt = A sin(Axr) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = 


6.6. Equations with Logarithmic Nonlinearity 


6.6-1. Integrands Containing Power-Law Functions of «x and t. 


1. y(ax)+k if In[Ay(t)] dt = 


This is a special case of equation 6.8.1 with f(y) = 


2. y(az) + kf In[Ay(t)] dt = Ax + B. 


This is a special case of equation 6.8.2 with f(y) = 


k In(Ay). 


k In(Ay). 


3. y(a)t+k i (a — t) nfAy(t)] dt = Ax? + Ba + C. 


This is a special case of equation 6.8.3 with f(y) = 


4. y(a)t+k / t* In[y(t)] dt = Ba**!+C. 


This is a special case of equation 6.8.4 with f(y) = 


© InfAy(t 
soe faa 


This is a special case of equation 6.8.6 with f(y) = 


*  InfAy(6)] 


6. peed ee 
Vax? + bt? 


This is a special case of equation 6.8.7 with f(y) = 


7. y(a)tk i e™ In[wy(t)] dt = Be*” + C. 


This is a special case of equation 6.8.9 with f(y) = 


k In(Ay). 


k In(uy). 


In(\y). 


In(ay). 


6.6-2. Integrands Containing Exponential Functions of x and t. 


k in(uy). 


k coth(Gy). 


k coth(Gy). 


k coth(Gy). 
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8 -y(a) +k | er Inf wy(t)] dt = A. 


This is a special case of equation 6.8.10 with f(y) = k In(uy). 


9 y(a)t+k | e*@) In[uy(t)] dt = Ae*” + B. 


This is a special case of equation 6.8.11 with f(y) = k In(uy). 


6.6-3. Other Integrands. 


10. y(ax) + | g(t) In[Ay(t)] dt = A. 


This is a special case of equation 6.8.5 with f(y) = In(Ay). 


11. y(x)+k i, sinh[A(x — t)] In[uy(t)] dt = Ae** + Be? +C. 


This is a special case of equation 6.8.12 with f(y) = k In(uy). 


12. y(ax)+ kf sinh[A(a — t)] In[wy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k In(uy). 


13. y(x)+ kf sinh[A(a — t)] Infwy()] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k In(uy). 


14. y(x)+ kf sin[A(x — t)] nfuy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k In(uy). 


6.7. Equations with Trigonometric Nonlinearity 


6.7-1. Integrands with Nonlinearity of the Form cos[@y(t)]. 


1. y(a) + kf cos[Gy(t)] dt = A. 


This is a special case of equation 6.8.1 with f(y) = k cos(Gy). 


2. y(a) + kf cos[By(t)] dt = Ax + B. 


This is a special case of equation 6.8.2 with f(y) = k cos(Gy). 


3. y(a)t+k i (a — t) cos[By(t)] dt = Ax? + Ba + C. 


This is a special case of equation 6.8.3 with f(y) = k cos(Gy). 


10. 


11. 


12. 


13. 


14. 
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x 
y(x) +k / t* cos[By(t)] dt = Ba**"! +C. 
a 
This is a special case of equation 6.8.4 with f(y) = k cos(Gy). 


y(x) + if g(t) cos[By(t)] dt = 


This is a special case of equation 6.8.5 with f(y) = cos(Gy). 


oe i cos yl] Si 


ax + bt 


This is a special case of equation 6.8.6 with f(y) = cos(Gy). 


y(a) + i : Palee 0 yO dt = 
0 Vaa? + bt? 


This is a special case of equation 6.8.7 with f(y) = cos(Gy). 


y(a) +k i, e™ cos[3y(t)] dt = Be*” + C. 


This is a special case of equation 6.8.9 with f(y) = k cos(Gy). 


y(x) +k d e*@) cos[By(t)] dt = A 


This is a special case of equation 6.8.10 with f(y) = k cos(Gy). 


y(x) +k | e*@) cos[By(t)] dt = Aer** +B 


This is a special case of equation 6.8.11 with f(y) = k cos(Gy). 


y(x) + kf sinh[A(x — t)] cos[By(t)] dt = Ae** + Be** +C. 


This is a special case of equation 6.8.12 with f(y) = k cos(Gy). 


y(a) + kf sinh[X(a — t)] cos[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k cos(Gy). 


y(a) + kf sinh[X(a — t)] cos[Gy(t)] dt = Asinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k cos(Gy). 


y(a) + kf sin[X(x — t)] cos[Gy(t)] dt = Asin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k cos(Gy). 
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6.7-2. Integrands with Nonlinearity of the Form sin[Gy(t)]. 


15. y(x) + Kf sin[Gy(t)] dt = 


This is a special case of equation 6.8.1 with f(y) = k sin(Gy). 


16. y(x)+ kf sin[Gy(t)] dt = Ax + B. 

This is a special case of equation 6.8.2 with f(y) = k sin(Gy). 
17. y(x)+k i (a - t) sin[Gy(t)] dt = Ax? + Ba + C. 

This is a special case of equation 6.8.3 with f(y) = k sin(Gy). 
18. y(x)+k i t* sin[Gy(t)] dt = Ba**!+C. 

This is a special case of equation 6.8.4 with f(y) = k sin(Gy). 


19. y(x) + | g(t) sin[By(t)] dt = 


This is a special case of equation 6.8.5 with f(y) = sin(@y). 


20. y(x)+ i sinfGy@®I a 


ax + bt 


This is a special case of equation 6.8.6 with f(y) = sin(@y). 


*  sin[By(t)] 
21. ——__——. dt = 
us i. Vax? + bt? 


This is a special case of equation 6.8.7 with f(y) = sin(@y). 


22. y(a)+k / e™ sin[ Gy(t)] dt = Be** + C. 


This is a special case of equation 6.8.9 with f(y) = k sin(Gy). 


23. y(a)t+k if e*@ sin[ By(t)] dt = 


This is a special case of equation 6.8.10 with f(y) = k sin(Gy). 


24. y(a)t+k if e* sin[ By(t)] dt = Ae*” + B. 


This is a special case of equation 6.8.11 with f(y) = k sin(Gy). 


25. y(x) + kf sinh[ A(z — t)] sin[Gy(t)] dt = Ae*” + Be? +C. 


This is a special case of equation 6.8.12 with f(y) = k sin(Gy). 


26. 


27. 


28. 
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y(a) + kf sinh[X(x — t)] sin[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k sin(Gy). 


y(a) + Kf sinh[X(x — t)] sin[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k sin(Gy). 


y(x) + kf sin[XA(x — t)] sin[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k sin(Gy). 


6.7-3. Integrands with Nonlinearity of the Form tan[Gy(¢)]. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


ya) +k | tan[By(t)] dt = 


This is a special case of equation 6.8.1 with f(y) = k tan(Gy). 


y (a) + kf tan[Gy(t)] dt = Ax + B. 

This is a special case of equation 6.8.2 with f(y) = k tan(Gy). 
y(a) +k | (a — t) tan[Gy(t)] dt = Aw? + Ba +C. 

This is a special case of equation 6.8.3 with f(y) = k tan(Gy). 
y(x) +k : t* tan[Gy(t)] dt = Ba**! +C. 

This is a special case of equation 6.8.4 with f(y) = k tan(Gy). 


y(x) + | g(t) tan[Gy(t)] dt = 


This is a special case of equation 6.8.5 with f(y) = tan(Gy). 


steve ‘a tani GyOI ae 


aa + bt. 


This is a special case of equation 6.8.6 with f(y) = tan(Gy). 


y(a) + j : any yO dt = 
0 Vaa? + bt? 


This is a special case of equation 6.8.7 with f(y) = tan(Gy). 


y(x) +k i e™ tan[Gy(t)] dt = Be®” +C. 


This is a special case of equation 6.8.9 with f(y) = k tan(Gy). 
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37. y(a)t+k | e*@~) tan[By(t)] dt = A. 


This is a special case of equation 6.8.10 with f(y) = k tan(Gy). 


38. y(a)t+k f e* tan[By(t)] dt = Ae*” + B. 


This is a special case of equation 6.8.11 with f(y) = k tan(Gy). 


39. y(a) +k i sinh[X(a — t)] tan[Gy(t)] dt = Ae*” + Be** + C. 


This is a special case of equation 6.8.12 with f(y) = & tan(Gy). 


40. y(a)+ kf sinh[X(x — t)] tan[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k tan(Gy). 


41. y(a)+ Kf sinh[X(x — t)] tan[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k tan(Gy). 


42. y(a)+ kf sin[XA(x — t)] tan[Gy(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k tan(Gy). 


6.7-4. Integrands with Nonlinearity of the Form cot[Gy(t)]. 


43. y(a)+ kf cot[By(t)] dt = A. 


This is a special case of equation 6.8.1 with f(y) = k cot(Gy). 


44.) y(a)+ kf cot[Gy(t)] dt = Ax + B. 


This is a special case of equation 6.8.2 with f(y) = k cot(Gy). 


45. y(a)t+k - ae - t) cot[By(t)] dt = Ax? + Ba + C. 


This is a special case of equation 6.8.3 with f(y) = k cot(Gy). 


46. y(a)t+k i t* cot[By(t)] dt = Ba**! +C. 


This is a special case of equation 6.8.4 with f(y) = k cot(Gy). 


47. y(a)+ i g(t) cot[Gy(t)] dt = A. 


This is a special case of equation 6.8.5 with f(y) = cot(Gy). 


48. 


49. 


50. 


51. 


52. 


53. 


54, 


55. 


56. 
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wae fs cot[Gy(t)] Heed. 
ax + bt 


This is a special case of equation 6.8.6 with f(y) = cot(Gy). 


* cot[By(6)] 
—————— dit=A. 
ue) | Vax? + bt? 


This is a special case of equation 6.8.7 with f(y) = cot(Gy). 


y(x) +k / e™ cot[By(t)] dt = Be®” +C. 


This is a special case of equation 6.8.9 with f(y) = k cot(Gy). 


y(a) +k | ” eX» cot[y(t)] dt = 


This is a special case of equation 6.8.10 with f(y) = k cot(Gy). 


y(x) +k i e*@) cot[ By(t)] dt = Ae*” + B. 


This is a special case of equation 6.8.11 with f(y) = k cot(Gy). 


y(x) + kf sinh[X(x — t)] cot[By(t)] dt = Ae*” + Be?* +C. 


This is a special case of equation 6.8.12 with f(y) = k cot(Gy). 


y(a) + kf sinh[X(x — t)] cot[Gy(t)] dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.13 with f(y) = k cot(Gy). 


y(az) + wf sinh[X(x — t)] cot[Gy(t)] dt = A sinh(Ax) + B. 


This is a special case of equation 6.8.14 with f(y) = k cot(Gy). 


y(a) + kf sin[X(a — t)] cot[By(t)] dt = A sin(Ax) + B cos(Ax) + C. 


This is a special case of equation 6.8.15 with f(y) = k cot(Gy). 


6.8. Equations with Nonlinearity of General Form 


6.8-1. Equations of the Form y(x) + ie K(a, t)G (y(t) dt = F(a). 


1. 


y(a) + i) f (y(t) dt = A. 


This is a special case of equation 6.8.16. 
Solution in an implicit form: 


¥ du 


a fu) 


+x-a=0. 
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2. y(a) + ie f(y@) dt = Ax + B. 


Solution in an implicit form: 


¥ du 


———— = 4-4, = Aat+ B. 
Yo A- fu) a 


3. y(a) + fe - t)f (y@) dt = Av? + Ba+C. 


1°. This is a special case of equation 6.8.17. The solution of this integral equation is 
determined by the solution of the second-order autonomous ordinary differential equation 


Yee + f(y)-2A =0 
under the initial conditions 
y(a) = Aa? + Bat+C, y,.(a) = 2Aa+ B. 


2°. Solutions in an implicit form: 


y 
/ [4Au—2F(u) + B?-4AC] du =4+(@-a), 
Ye 


0 


F(u= | f(dt, yo = Aa? + Ba+C. 


Yo 


4. y(a) + if : tf (y@) dt = Ba" +C. 


By differentiation, this integral equation can be reduced to a separable ordinary differential 
equation. 
Solution in an implicit form: 


. du AHL AHL _— BR,» 
a+ | a5cpary -—a = 0, Ya = Ba +C. 


5. -y(a) + / g(t) f (y(t)) dt = A. 


Solution in an implicit form: 


¥ du - 
iy at g(t) dt = 0. 


6. y(a) + FOO) ae a. 
9 ax + bt 


A solution: y(«) = A, where ) is a root of the algebraic (or transcendental) equation 


in(1 + 7) F(A) + bd— AD =p; 


10. 


11. 


12. 
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*  f(y@) 
V aa? + bt? 


A solution: y(«) = A, where ) is a root of the algebraic (or transcendental) equation 


y(x) + dt = A. 


1 
dz 
kFONS A ASO, b=} mute 
a 0 Vatbz? 


eo 
A solution: y(«) = A, where ) is a root of the algebraic (or transcendental) equation 


At Grf =A. 


° t tt =A 
vie) +e f f(y) = A. 


y(a@) + i) ° e™ f(y(t)) dt = Be” +C. 
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By differentiation, this integral equation can be reduced to a separable ordinary differential 


equation. 
Solution in an implicit form: 


[ee 20 Be +0 
—— +e" -e“* =0, yo = Be : 
Yo f(u)- Br 
y(x) +f eX F (y(t) dt = A. 


This is a special case of equation 6.8.19. 
Solution in an implicit form: 


y du 7 
r Matwossa 


y(a) + | Net f(y() dt = Ae” +B. 


This is a special case of equation 6.8.19. 
Solution in an implicit form: 
4 du x 
———} = 2-4, yo = Ae“ + B. 
4p Au— f(u)-AB 


y(a) + / " sinh[A(a - t)]f (y(t) dt = Ae + Be +C. 


1°. This is a special case of equation 6.8.21. The solution of this integral equation is 
determined by the solution of the second-order autonomous ordinary differential equation 


Yaw + Af(Y)- Ny + XC =0 
under the initial conditions 
y(a) = Ae** + Be** +C, y,(a) = Ande? = Bier, 


2°. Solution in an implicit form: 


y 
/ [\?u? -22Cu-2AF(u) + 2(C? -4AB)] 7 du =+(e-a), 


Yo 


F(u= | f(t)dt, yo = Aer* + Be** +C. 
Yo 
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13. y(x) + | sinh[A(z — t)]f (y() dt = A cosh(Ax) + B. 


This is a special case of equation 6.8.12. 
Solution in an implicit form: 


y 
} [\2u? 2? Bu —2F(u) + 2B? — Ay)? du = +(@— a), 
7] 


0 


F(u) = : f(t) dt, yo = Acosh(Aa) + B. 


Yo 


14. y(x)+ | sinh[A(x - t)] f(y) dt = Asinh(Ax) + B. 


This is a special case of equation 6.8.21. 
Solution in an implicit form: 


ei +(x -a), 


y 
i [u? - 2’ Bu - 2AF(u) + 7(A” + B?)] 
Yo 


F(u)= | f(t)dt, yo = Asinh(\a) + B. 


Yo 


15. y(x)+ j sin[X(x - t)]f (y(t)) dt = Asin(Ax) + B cos(Ax) + C. 


1°. This is a special case of equation 6.8.23. The solution of this integral equation is 
determined by the solution of the second-order autonomous ordinary differential equation 


yf tAf(y) + vy-NC =0 
under the initial conditions 
y(a) = Asin(Aa) + Bcos(Aa) + C, y,.(a) = AX cos(Aa) — BA sin(\a). 


2°. Solution in an implicit form: 


y 
‘| [\2D - u? +2 Cu-2\F(u) |? du = +(e -a), 
Yo 


yo = Asin(Aa) + Bcos(Aa)+C, D=A*+B?-C’, F(w=] f(t dt. 


Yo 
6.8-2. Equations of the Form y(x) + f” K(«-t)G(t, y(t) dt = F(a). 


16. y(e)+ f f(t,y(b) at = 9. 


The solution of this integral equation is determined by the solution of the first-order ordinary 
differential equation 
yy + f(z y)— g(x) = 0 


under the initial condition y(a) = g(a). For the exact solutions of the first-order differential 
equations with various f(x,y) and g(x), see E. Kamke (1977) and A. D. Polyanin and 
V. F. Zaitsev (2003). 


17. 


18. 


19. 
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y(a) + | (x -t)f (t, y(t) dt = g(a). 


Differentiating the equation with respect to x yields 


tf +f f(t, y(@)) dt = gf). (1) 


In turn, differentiating this equation with respect to x yields the second-order nonlinear 
ordinary differential equation 


You + f(@,Y)— Gp 4(x) = 0. (2) 


By setting x = a in the original equation and equation (1), we obtain the initial conditions for 
y = y(@): 
y(a)= g(a), —-y¥, (a) = g(a). (3) 


Equation (2) under conditions (3) defines the solution of the original integral equation. For 
the exact solutions of the second-order differential equation (2) with various f(x, y) and g(x), 
see A. D. Polyanin and V. F. Zaitsev (2003). 


wie)+ f (eH f(t yd) dt=g(@), n= 1,2... 


Differentiating the equation n+ 1 times with respect to x, we obtain an (n+ 1)st-order nonlinear 
ordinary differential equation for y = y(a): 


yO? +n! fe, y)- gh P@) = 0. 
This equation under the initial conditions 
y(a)=9(2), y(@=9,@), --. YPM=9C), 


defines the solution of the original integral equation. 


y(a) + | Xe F(t, y(b)) dt = g(a). 
Differentiating the equation with respect to x yields 
Ur + f(x. ya) + i eX@ F(t, yD) dt = 9),(a). 


Eliminating the integral term with the aid of the original equation, we obtain the first-order 
nonlinear ordinary differential equation 


y, + f(a, y) — Ay + Ag(x) — gi, (x) = 0. 
The unknown function y = y(x) must satisfy the initial condition y(a) = g(a). For the exact 


solutions of the first-order differential equations with various f(x, y) and g(x), see E. Kamke 
(1977) and A. D. Polyanin and V. F. Zaitsev (2003). 
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21. 
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yie)+ f coshtNa-H1f (t,u(b) dt = 9. 


Differentiating the equation with respect to x twice yields 


yl (a) + f(a,y(a)) +A / sinh[\(a —t)]f (t, y(t)) dt = 9/ (2), (1) 


yea) + [f (x, y(a))]), + / cosh[A(a — t)]f (t, y()) dt = gf.(@). (2) 


a 
Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


Yoo + [Fy], Ny + G(2) - gto(a) = O. (3) 
By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(a): 
y(a)=gla), —-y,(a) = g(a) - f (a, g(a). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. 


y(a) + / sinh[ (a - 8)1f (t, y(b) dt = g(a). 


Differentiating the equation with respect to x twice yields 


POS / cosh[ A(x —)]f (t, y(t) dt = gf.(2), (1) 


ylig(a) +f (2, yla)) +? / sinh[A(w —2)]f (t. y()) at = 9”, (2). (2) 


a 
Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


Yaw + AF(@.y)— NY + N° G(@) ~ Gal) = (3) 
By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(z): 
y(a)= g(a), —-¥, (a) = 9, (a). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. For 
the exact solutions of the second-order differential equation (3) with various f(x, y) and g(x), 
see A. D. Polyanin and V. F. Zaitsev (2003). 


yl) + / cos[ Aa - t)If (t, y(t)) dt = g(x). 


Differentiating the equation with respect to x twice yields 


yi (a) + f (x,y(a)) —d i: sin[(a —£)]f (t,y(t)) dt = 9) (a), (1) 


yea) + [f (a, y(a)) |", — if cos[A(a - t)] f(t, y(t) dt = g'f,(2). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


Yen + [F@, yi, + ’y-VGle) - G/,(a) = 0. (3) 
By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(a): 
y(a)= g(a), yi, (a) = gi, (a) - f (a, g(a). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. 


23. 
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y(a) + / sin[A(w - t)] f(t, y(t)) dt = g(a). 


Differentiating the equation with respect to x twice yields 


yh(a) +a / cos[M(x — t)] f(t, y(t) dt = 9/2), (1) 
yl! (a) + Mf (e,y(a)) —? i sin[\(a —t)]f (t, y(t) dt = g!",(2). (2) 


Eliminating the integral term from (2) with the aid of the original equation, we arrive at 
the second-order nonlinear ordinary differential equation 


ye, tAf(a,y) + Vy — A G(x) - g",(z) = 0. (3) 
By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(x): 
y(a)= g(a), —-¥, (a) = 9, (a). (4) 


Equation (3) under conditions (4) defines the solution of the original integral equation. For 
the exact solutions of the second-order differential equation (3) with various f(x, y) and g(x), 
see A. D. Polyanin and V. F. Zaitsev (2003). 


6.8-3. Other Equations. 


24. 


25. 


26. 


1% t 
y(x) + — if f (=. y(t), ()) dt = A. 
rLJI0 x 


A solution: y(x) = A, where ) is a root of the algebraic (or transcendental) equation 


1 
A+ F(A)-A=0, ray= [ f(z, A, A) dz. 
0 


was fo t(<, yO a dt = Aa. 
0 x 


t x 


A solution: y(a) = Ax, where 4 is a root of the algebraic (or transcendental) equation 
1 
A+ F(A)-A=0, Fo= | f(z, A, A) dz. 
0 


y(x) + ic f(t —2x, y(t—- x)) y(t) dt = ae”. 


Solutions: y(x) = by e>*, where b;, are roots of the algebraic (or transcendental) equation 


b+b1(b) =a, I(b) = i 7 flz,be*)e* dz. 
0 


Chapter 7 


Nonlinear Equations of the First Kind 
with Constant Limits of Integration 


> Notation: f, 9, yp, and are arbitrary functions of an argument specified in the parentheses (the 
argument can depend on t, x, and y); and A, B, a, b, c, 3, y, 4, and pare arbitrary parameters. 


7.1. Equations with Quadratic Nonlinearity That Contain 
Arbitrary Parameters 


7.1-1. Equations of the Form ft K(t)y(x)y(t) dt = F(x). 


1 
1. | y(x)y(t) dt = Ax, A>0, A>-1. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(z) = Ax*, a= 0, and b = 1. 
Solutions: y(a) = +/AQ+4 12%. 


1 
2. | y(x)y(t) dt = Ae®”, A>0. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(a) = Ae®*, a = 0, and b= 1. 
AB ax 


e€ 


Soluti ‘ =x 
olutions: y(x) Faas 


1 
3. | y(x)y(t) dt = A cosh(Gx), A>O. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(x) = Acosh(Gx), a = 0, and b= 1. 


Solutions: y(x) = +4] — cosh(3z). 


1 
4, i y(x)y(t) dt = A sinh(Gx), AB > 0. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(x) = Asinh(Gz), a = 0, and b = 1. 


Solutions: y(x) = +y/ oe sinh(Gx). 
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1 
fl y(x)y(t) dt = A tanh(Gx), AB > 0. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(x) = Atanh(Gx), a = 0, and b= 1. 
A 
Solutions: y(x) = + ese tanh(Gx). 
Incosh 3 


1 
i y(x)y(t) dt = Aln(Gx), A(In BG -1) > 0. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(x) = Aln(Gx), a = 0, and b= 1. 
; A 
luti : Fe 1 ; 
Solutions: y(x) ing n(x) 


1 
| y(x)y(t) dt = A cos(Bx), A>0O. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(x) = Acos(3x), a = 0, and b= 1. 
A 
Solutions: y(x) = +4/— B cos(Gx). 
sin 3 


1 
| y(x)y(t) dt = Asin(Gx), AB > 0. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(x) = Asin(Gx), a = 0, and b= 1. 
A 
Solutions: y(x) = + 2a sin(Gx). 
1—cos 


1 
| y(x)y(t) dt = A tan(Gx), AB > 0. 
0 


This is a special case of equation 7.2.1 with f(t) = 1, g(x) = Atan(Gx), a = 0, and b= 1. 
{| —A 
Solutions: y(x) = + ning tan(Gz). 


1 
| t“y(a)y(t) dt = Ax, A>0, wtA>-t. 
0 


This is a special case of equation 7.2.1 with f(t) = t”, g(x) = Ax, a = 0, and b= 1. 


Solutions: y(«) =+/A(i+A+4 1) 2. 


1 
i ey(x)y(t) dt = Ae”, A>0. 
0 


This is a special case of equation 7.2.1 with f(t) =e", g(x) = Ae®”, a = 0, and b = 1. 


Solutions: y(x) = +4/ aur) eee. 
e _ 
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7.1-2. Equations of the Form fe K(Hy@®y(at) dt = F(a). 


12. 


13. 


14. 


1 
| y(t)y(at) dt = A, O<a<l1. 
0 


This is a special case of equation 7.2.2 with f(t) = 1,a=0, and b= 1. 


1°. Solutions: 


yi(a) = VA, yar) =-VA, 
y3(a) = VA (3a —2), y4(x) = -V'A (32-2), 
ys(v) = VA (10x? - 127 +3),  yo(x) = -VA (102? — 122 + 3). 


2°. The integral equation has some other solutions; for example, 


yx) = ue [(2C+D2°-C-1], a(x) = ae [2c + D2? -C-1], 
yo(x) = VA (Ina +1), yio(a) = -VA (Ine + 1), 


where C is an arbitrary constant. 


3°. See 7.2.2 for some other solutions. 


1 

| y(y(at®)dt= A, B>0. 
0 

1°. Solutions: 


yi(a) = VA, yo(a) =-VA, 
y3(v) = VB [(8+2)¢-B-1], ys(x) =-VB [(6+2)e-6-1], 


| 2A 
where B = BB+ 1)’ 


2°. The integral equation has some other (more complicated solutions) of the polynomial 
form y(x) = >> Byx*, where the constants B;, can be found from the corresponding system 


k=0 
of algebraic equations. 


fl y(t)y(at) dt = Ax, A>0, 1<a4<c. 
1 


This is a special case of equation 7.2.3 with f(t) = 1,a= 1, andb= oo. 
1°. Solutions: 
yi(x) = Ba, y(x) = -Bx, 
y3(z) = B[(2\-3)e-2A +2] a, ys(z) =-B[(2Q\-3)e-2A+2]a%, dr 
where B = \/AQA—1). 
2°. For sufficiently large , the integral equation has some other (more complicated) solutions 
of the polynomial form y(a7) = YBa, where the constants B; can be found from the 


corresponding system of algebraic equations. 
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| et y(t)y(axt) dt = A, A>0, 0<2<a@. 
0 


This is a special case of equation 7.2.2 with f(t) = e*', a = 0, and b = oo. 


1°. Solutions: 

yi(a) = VAD, yo(a) = -VAX, 

yo) = fEAAQ@-2), yal) =-y/ FAN -2). 
2°. The integral equation has some other (more complicated) solutions of the polynomial 
form y(a) = Ss B, a", where the constants B;, can be found from the corresponding system 


of algebraic equations. See 7.2.2 for some other solutions. 


7.1-3. Other Equations. 


16. 


17. 


18. 


19. 


1 
| y(t)y(a + At) dt = A, 0<2<cW. 
0 


This is a special case of equation 7.2.7 with f(t) = 1, a =0, and b= 1. 


Solutions: 
yi(a) = VA, yp(a) =-V'A, 


y3(az) = J3A/AC-22),  ys(a) =-V3A/A(L - 22). 


| y(t)y(a + At) dt = Ae”, A,A,3>0, 0<2<co. 
0 


This is a special case of equation 7.2.9 with f(t) = 1, a = 0, and b = 00. 
Solutions: 


yi (x) = \/ ABA + De®", yo(x) =. ABO + 1) e**, 
y3(z) = B[BA + Da-1je*, —-y4(x) = -B[BO + Da -1e*", 
where B= \/AB(A 4+ 1)/). 


1 
| y(t)y(a — t) dt = A, -00 < & <0. 
0 


This is a special case of equation 7.2.10 with f(t) = 1, a =0, and b= 1. 
1°. Solutions with A > 0: 
yi(a) = VA, ya(a) =-V'A, 
y3(x) = V5A(62* 6x41),  ya(x) = -V5A(6x? — 62 + 1). 
2°. Solutions with A < 0: 
y(z) = V-3A(1-22),  yo(x) =-V-3A (1-22). 
The integral equation has some other (more complicated) solutions of the polynomial 
form y(x) = s B,«*, where the constants B;, can be found from the corresponding system 


k=0 
of algebraic equations. 


OP en ee _ arb 
i e u(=) y(t) at = Ae”, A> 0. 


Solutions: y(v)=+VAX2°. 
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7.2. Equations with Quadratic Nonlinearity That Contain 
Arbitrary Functions 


7.2-1. Equations of the Form fe K(Hy®yC--) dt = F(a). 


b 
1. j f@y(a)y@) dt = g(x). 


Solutions: 


b -1/2 
y(x) = £Ag(x), A= | - f@g@ a| ; 


b 
Zs i f@®y®y(act) dt = A. 


1°. Solutions:* 
yi(x) = V/ A/Io, yo(x) = -/ A/Ip, 
yx(x)=qhae-h), yar) =-qizx—1), 


where 


b A 1/2 
ae t’™ f(t) dt, =| ——_——_ ; =0,1,2. 
/ 1@) (aa) me 


The integral equation has some other (more complicated) solutions of the polynomial 
form y(x) = >> Byx", where the constants B; can be found from the corresponding system 
k=0 
of algebraic equations. 


2°. Solutions: 


ys(z)=Q(z°-b), yo(x)=-g(hz? - b), 


A 1/2 b A 
SS Ss 2 Es is t) dt, = 0, 1,2, 
# ( Ile — 7h ) i xO - 


where C is an arbitrary constant. 
n 
The equation has more complicated solutions of the form y(x) = $> Byx*@, where C is 


k=0 
an arbitrary constant and the coefficients B; can be found from the corresponding system of 


algebraic equations. 


3°. Solutions: 
yr(x) = p( Jo ln x — J1), ys(x) = —p(Jo In x — J1), 


A 1/2 b 
= (a). a Se OE. 
Dp (a) [om f@® 


The equation has more complicated solutions of the form y(a#) = 5> E,(in x)*, where the 
k=0 


constants E;, can be found from the corresponding system of algebraic equations. 


* The arguments of the equations containing y(at) in the integrand can vary, for example, within the following intervals: 
(a0 st<1,0<a2<1fora=Oand b=1;(b)1<t<w,l<a<o fora=1andb=a@;(c)0<t<o,0< 2 < oo for 
a =Oand b= 00; or (d)a<t<b,0< 2x < ow for arbitrary a and b such that 0 < a < b < oo. Case (d) is a special case of (c) 
if f(t) is nonzero only on the interval a < t < b. 
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b 
3. | f(\y®y(at) dt = Ax*. 


1°. Solutions: 
yi(x) = VA/Inx®, yx) =-VA/Ip x”, 
y3(x) = qhiz-h)x®, ya(x) =-g(iz-h)x®, 


b 
A 
In = f Perri. “ge 4).—— m =0,1,2. 
a f bh - I?) 


2°. The substitution y(x) = x? w(a) leads to an equation of the form 7.2.2: 


where 


b 
if g(t)w(t)w(at) dt = A, g(x) = f(x)x’P. 


Therefore, the integral equation in question has more complicated solutions. 


b 
4. / f@®y®y(at) dt = Ana + B. 


This equation has solutions of the form y(~) = plInx+q. The constants p and q are determined 
from the following system of two second-order algebraic equations: 


hp’ + Ippq = A, hp’ + 2I\pq + Inq? = B, 


where 


b 
In= f f()dnt)™” dt, m=0,1,2. 


b 
5. | f(\y®y(at) dt = Ac* na + Ba. 


The substitution y(x) = x*w(x) leads to an equation of the form 7.2.4: 


b 
/ g(t)w(t)w(axt) dt = Alna + B, g(t) = f(tt. 


co x 7 ‘ 
6. ‘i f®yOu(=) dt = Ax. 


A A 
mae ya, ylaye—/ 2, r= | f(t) dt. 
0 


b 
7. / f@®y()y(a + At) dt = A, A> 0. 


Solutions: 


1°. Solutions* 
yi(z) = V A/Ip, y2(x) = A/To, 
y3(x) = qdox-t), — ya() = -qUox - li), 
* The arguments of the equations containing y(2+At) in the integrand can vary within the following intervals: (a) 0<t<oo, 


0<2<o fora =O0andb=ooor(b)a<t<b,0< 2 < o for arbitrary a and b such that 0 < a < b < ew. Case (b) isa 
special case of (a) if f(t) is nonzero only on the interval a < t < b. 


7.2. EQUATIONS WITH QUADRATIC NONLINEARITY THAT CONTAIN ARBITRARY FUNCTIONS 439 


b 
A 
hel PIO, gs. 310,169: 
| FO) Me AUeh — lol?) ae 


2°. The integral equation has some other (more complicated) solutions of the polynomial 


where 


n 
form y(x) = >> Byx*, where the constants B;, can be found from the corresponding system 
k=0 
of algebraic equations. 


b 
| f@®y(y(a + At) dt = Ax + B, A> 0. 


A solution: y(x) = Gx + yw, where the constants @ and yu are determined from the following 
system of two second-order algebraic equations: 


b 
h6w+h@=A, Ib’ + A+) but rAh’=B, Im = / t™ f(t)dt. (1) 


Multiplying the first equation by B and the second by —A and adding the resulting equations, 
we obtain the quadratic equation 


Alp? + [A+ DAI -Bly]z+AAb- Bl, =0, z=p/B. (2) 


In general, to each root of equation (2) two solutions of system (1) correspond. Therefore, 
the original integral equation can have at most four solutions of this form. If the discriminant 
of equation (2) is negative, then the integral equation has no such solutions. 


The integral equation has some other (more complicated) solutions of the polynomial 


form y(x) = >> 3,2", where the constants 3, can be found from the corresponding system 
k=0 
of algebraic equations. 


b 
| f(\y®y(a + At) dt = Ae®, A> 0. 
1°. Solutions: 


yi(a) = VW A/Ipe?*, yo(«) =-/ A/Ip €**, 
y3(a) = qUoa — Ne”, ~—-ya(x) = -g(Iox — Hie", 


b 
A 
a te BOrt t) dt, = ,/—-———-, =0, 1,2. 
/ - ie IH Se ey 


n 
2°. The equation has more complicated solutions of the form y(x) = e8” S> Byx*, where 
k=0 
the constants 5; can be found from the corresponding system of algebraic equations. 


where 


3°. The substitution y() = e?* w(x) leads to an equation of the form 7.2.7: 


b 
i: eBO+DE FB)w(t)w(a + At) dt = A. 
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b 
10. / f@®y(t)y(a -t) dt = A. 


1°. Solutions* 
na) = VAll, yp) =-/ATTo, 


yx(a) = qUor—th), — yalx) = -qUoa - th), 


2 A 
He t’” f(t) dt, = ,/————_ =0,1,2. 
if fO qd h-hh m 


2°. The integral equation has some other (more complicated) solutions of the polynomial 


where 


form y(x) = 5> Axx", where the constants A, can be found from the corresponding system 
k=0 
of algebraic equations. For n = 3, such a solution is presented in 7.1.18. 


b 
11. / f@®y®Oy(a -t) dt = Axr+ B. 


A solution: y(a) = Ax + yw, where the constants \ and jz are determined from the following 
system of two second-order algebraic equations: 


b 
IpwthX=A, Inw-b» =B, Im= fe feat, m=0,1,2. (1) 


Multiplying the first equation by B and the second by —A and adding the results, we obtain 
the quadratic equation 


Alpz* - BIpz - Alb - BI, = 0, B= pir (2) 


In general, to each root of equation (2) two solutions of system (1) correspond. Therefore, 
the original integral equation can have at most four solutions of this form. If the discriminant 
of equation (2) is negative, then the integral equation has no such solutions. 
The integral equation has some other (more complicated) solutions of the polynomial 
n 
form y(x) = )> Axx", where the constants x, can be found from the corresponding system 


k=0 
of algebraic equations. 


b n 
12. i f(\y®y(a - t) dt = S- A,x*. 
@ k=0 


This equation has solutions of the form 
y(a) = S> Aga’, (1) 
k=0 


where the constants \; are determined from the system of algebraic equations obtained by 
substituting solution (1) into the original integral equation and matching the coefficients of 
like powers of x. 


* The arguments of the equations containing y(x—t) in the integrand can vary within the following intervals: (a)-co<t<oo, 
-oo < x < oo for a = -oo and b = cw or (b) aS t <b, -co < & < ~, for arbitrary a and b such that -co < a< b< om. 
Case (b) is a special case of (a) if f(t) is nonzero only on the interval a < t < b. 


13. 


14. 


15. 
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b 
| f@y(a - t)y(t) dt = Ae**. 


Solutions: 
yi(x) = / A/Ine?”, y2(a) =-/A/Ip e*”, 
yx(x) = q(Ipx—T)e**, —-y4(x) = -q(Iox — I )e**, 
where 


b 
| A 
Li t™ f(t) dt, = ,/——_ = 0, 1,2. 
i fO qd II - [2 m 


n 
The integral equation has more complicated solutions of the form y(x) = e* )~ Bya*, where 
k=0 
the constants 6; can be found from the corresponding system of algebraic equations. 


b 
/ f®yy(a -t) dt = Asinh Ax. 


A solution: 
y(x) = psinh Ax + qcosh Az. (1) 


Here p and gq are roots of the algebraic system 
Iopq + Tos(p" > 7) = A, Ieee = Tsp” = 0, (2) 


where the notation 
b b 
Ig = sf f@dt,  Is= / f(t) cosh(At) sinh(At) dt, 
i b . b 
Teg = i f(t) cosh?(At) dt, Iss = if f(t) sinh? (At) dt 


is used. Different solutions of system (2) generate different solutions (1) of the integral 
equation. 

It follows from the second equation of (2) that g = +4/Iss/Icc p. Using this expression to 
eliminate g from the first equation of (2), we obtain the following four solutions: 


Yi2(x) = p(sinh Ax + k cosh Az) > Y34(x) = —p(sinh Ax + k cosh Xz) ; 
k = Iss = A 
“VE POV G-RMigtkh 


b 
i f@®yQ)y(ax - t) dt = A cosh Ax. 


A solution: 
y(x) = psinh Ax + qcosh Az. (1) 


Here p and gq are roots of the algebraic system 
Iopq + Tes(p” = 7) = 0, Tose _ Tgp” = A, (2) 


where we use the notation introduced in 7.2.14. Different solutions of system (2) generate 
different solutions (1) of the integral equation. 
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16. 


17. 


18. 


b 
| f®yDy(a -t) dt = Asin Ax. 


A solution: 
y(x) = psin Ax + qcos Ax. (1) 


Here p and q are roots of the algebraic system 
Iopq + Jes" + 7) =A, Toc? = I = 0, (2) 
where 
b b 
Ih = i f@dt, Is = i, f(t) cos(At) sin(At) dt, 


b b 
Tog = / f(t) cos*(At) dt, Ig. = i f(t) sin? (At) dt. 


It follows from the second equation of (2) that g = +4/Iss/Icc p. Using this expression to 
eliminate g from the first equation of (2), we obtain the following four solutions: 


Yi2(x) = p(sin Ax + kcos Az) > Y3,4(x) = —p(sin Ax + k cos Xz) : 
“Vie? POV Gti Ek 


b 
i f@®y)y(ax - t) dt = Acos Az. 


A solution: 
y(x) = psin Ax + qcos Ax. (1) 


Here p and q are roots of the algebraic system 
Iopq + Ies(p” + 7) = 0, lage _ Tgp” = A, (2) 


where we use the notation introduced in 7.2.16. Different solutions of system (2) generate 
different solutions (1) of the integral equation. 


1 
i yyQdt=A,  €= flat. 
1°. Solutions: 


y(t) = VA, y(t) = VA, 
ys(t) = VA (3t 2), ya(t) = -V'A (Bt —2), 
ys(t) = VA(L0t? -12t +3), y(t) = -V'A (100? — 12¢ + 3). 


2°. The integral equation has some other (more complicated) solutions of the polynomial 

form y(t) = )> B,t*, where the constants B; can be found from the corresponding system of 
k=0 

algebraic equations. 


3°. The substitution z = f(a) leads to an equation of the form 7.1.12. 
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7.2-2. Equations of the Form [PKa, ty) + M(a, dy?(b)] dt = F(a). 


19. 


20. 


21. 


22. 


o 1 
| Fee + eeeoiovr| dt=f(x), O<k<1. 
0 


a — ¢|* 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 3.1.30. 


b 
J [ne- ty + pe@rwmvo] at = feo. 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(«) = 0, coincides with equation 3.4.2. 


| [sin(act)y(t) + p(a)eb(t)y*(t)] dt = f(x). 
0 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(«) = 0, coincides with equation 3.5.8. 
Solutions: 


yi2(t) = Y(t) + Ai2¥, (4), 


where 


Tv 


2: of 2% 
Y,H=— ‘ sin(xt) f(a)dz, Y,=— i sin(at) p(x) da, 
wT JO 0 
and A; are roots of the quadratic equation 


pA? +qAtr=0, 


p= ) WY (dt, q=1+2 | WOHY;OY(t) dt, r= | w(t); (t) dt. 
0 0 0 
@) Reference: A. D. Polyanin and A. I. Zhurov (2007). 


| [cos(at)y(t) + p(a)p(t)y*(t)] dt = f(a). 
0 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 3.5.1. 
Solutions: 


yi2t) = Ys) + Ai2Y,(), 
where 


Y7() = 2 ie cos(xt) f(a)dxz, Y,(t)= Zz a cos(xt) p(x) da, 
0 0 


T 


and A; are roots of the quadratic equation 


pA’ +qAtr=0, 


p= / 7 WY 2) dt, q=1+2 i ~ WOY;OY (dt, r= i: 7 WL); (t) dt. 
0 0 0 
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23. | [tJ (at)y(t) + p(w)o(Oy')] dt = f(x), vy>-l. 


Here J,(z) is the Bessel function of the first kind. The solutions can be obtained by the 
methods described in Subsection 16.4-4; it must be taken into account that the truncated 
equation, with v(x) = 0, coincides with equation 3.7.17. 

Solutions: 


yi2t) = Ys) + Ai2Y,(), 
where 


Ye = i, wd (xt) f(x)dz, Yo (t)= i tJ (at)yp(x) dx, 
0 0 
and A; are roots of the quadratic equation 


pA’ +qAt+r=0, 


p= i ‘ wOY2() dt, q=1+2 ih ‘ WOY OY, dt, r= de P WY; (t) dt. 
0 0 0 


7.3. Equations with Power-Law Nonlinearity That Contain 
Arbitrary Functions 


7.3-1. Equations of the Form Hh K(t)y"(a)y7(t) dt = F(a). 


b 
1. ‘| Dy" (x)y(t) dt = g(x). 


A solution: 
1 


+y 


a b a aT; 
y(x)= Alg(a)]", A= { / t*[g(t)| # ar} 


b 
2 | ety" (x)y7(t) dt = g(x). 


A solution: 
I 


7 Ty 
y(@) = Alg(x)| a A= {/ er [g(t)] r ar} ae . 


7.3-2. Equations of the Form i K(t)y7(t)y(at) dt = F(a). 


b 
3. | f@®y" ®y(at) dt = A. 


This is a special case of equation 7.4.4. 


b 
4, / f@®y" ®y(at) dt = Ax + B. 


This is a special case of equation 7.4.5. 
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b 
i f(y" (y(t) dt = Ax?®. 
This equation has solutions of the form y(2) = ka’, where k is a constant. 
b 
/ f®y b)y(ct) dt = Anz +B. 
This equation has solutions of the form y(~) = pIn x + q, where p and q are some constants. 


b 
| f(t)y? ®y(at) dt = Ax? Ina. 


This equation has solutions of the form y(a) = px? Ina + qx°, where p and q are some 
constants. 


b 
/ f@®y" ®y(at) dt = Acos(GiIn x). 


This equation has solutions of the form y(x) = pcos(G In x) + qsin(@ In x), where p and q are 
some constants. 


b 
| f@®y @)y(at) dt = Asin(Ginz). 


This equation has solutions of the form y(x) = pcos(@ In x) + qsin(@ In x), where p and q are 
some constants. 


7.3-3. Equations of the Form fi K (thy (Hy(a + Bt) dt = F(x). 


10. 


11. 


12. 


13. 


14. 


b 
i) f(y (Hy(a + Bt) dt = Ax + B. 


This is a special case of equation 7.4.16. 


b 
| fy (Oya + Bt) dt = Ae”. 


This is a special case of equation 7.4.17. 


b 
| fy (t)y(a + Bt) dt = Acos Ax. 


This equation has solutions of the form y(x) = psin Ax + qgcos Ax, where p and qg are some 
constants. 


b 
/ f®y" ®y(a + Bt) dt = AsinrAx. 


This equation has solutions of the form y(x) = psin Ax + qgcos Ax, where p and qg are some 
constants. 


b 
i f@®y" ®y(a + Bt) dt = e"*(AcosAx + Bsin Az). 


This equation has solutions of the form y(x) = e"*(psin Ax + qcos Ax), where p and q are 
some constants. 
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7.3-4. Equations of the Form [Ka, thy(t) + M(a, thy? (t)] dt = f(x). 


15. y(t) + ceeoou"o| dt = f(x), 0<a<o. 


nf 1 
I | Vie -t| 
The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 3.1.22. 


16. f Fee + concord) dt = f(x), 0<k<1. 
0 


|x — t|* 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 3.1.30. 


b 
17. | [Im ar — tly (t) + playyb(tyy(t)] dt = fa). 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(«) = 0, coincides with equation 3.4.2. 


18. | [sin(wt)y(t) + o(a)eb(t)y(t)] dt = f(a). 
0 


This is a special case of equation 7.4.24. 


19. | [cos(xt)y(t) + yla)y(t)y1(t)] dt = f(a). 
0 


This is a special case of equation 7.4.25. 


7.3-5. Other Equations. 


20. | fatty (ty (a*t) dt = Ax®. 
0 
A solution: 


1 
A) 741 b 
gers see 


I k-a-ay’ 


atctay+bk+cy 


T= i f@tedt, B= 
0 k-a-ay 


1 
21. | [y(at) + p(ayb(tyy")] dt = fle). 
0 


This is a special case of equation 7.4.27. 


w/2 
22, | [y(w sin t) + p(a)b(tyy(t)] dt = f(a). 
0 


This is a special case of equation 7.4.28. 
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7.4. Equations with Nonlinearity of General Form 


7.4-1. Equations of the Form ie y(y(x)) K (t, y@) dt = F(a). 


b 
1. / y(x)f (t, y(t)) dt = g(a). 
A solution: y(x)=Ag(x), where \ is determined by the algebraic (or transcendental) equation 


b 
x / f(t, Ag(t)) dt = 1. 


b 
2. | y*(«) f(t, y(t)) dt = g(a). 


A solution: y(x) = Ag(x)]!/ where . is determined from the algebraic (or transcendental) 


equation a f (t, dg'/F(t)) dt = 1. 


b 
3. j p(y(x)) f(t, yO) dt = g(a). 
A solution in an implicit form: 
Av (y(a)) — g(x) = 0, (1) 


where J is determined by the algebraic (or transcendental) equation 


b 
\- F(A) = 0, F(A) = / f(t.y@) dt. (2) 


Here the function y(x) = y(z, A) obtained by solving (1) must be substituted into (2). 
The number of solutions of the integral equation is determined by the number of the 
solutions obtained from (1) and (2). 


7.4-2. Equations of the Form ii y(at ke (t, y(t)) dt = F(x). 


b 
4, i y(at)f (t, y(t)) dt = A. 
1°. Solutions: y(a) = Ax, where A, are roots of the algebraic (or transcendental) equation 
b 
a f(t, dt = A. 


2°. Solutions: y(a) = px + q, where p and q are roots of the following system of algebraic 
(or transcendental) equations: 


b b 
[ tives adt=o, vf fit,pt+q@ dt =A. 


In the case f(t, y(t)) = Foy, see 7.2.2 for solutions of this system. 

2°. The integral equation has some other (more complicated) solutions of the polynomial 
form y(a) = 3 B,«", where the constants B;, can be found from the corresponding system 
of algebraic Ge transcendental) equations. 


4°. The integral equation can have logarithmic solutions similar to those presented in item 3° 
of equation 7.2.2. 
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b 
i y(at)f (t, y(t) dt = Ax + B. 


1°. A solution: 
y(x) = pr +4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b b 
»|f tf(t, pt+q)dt-A=0, | fit, pt+qdt-B=0. (2) 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


2°. The integral equation has some other (more complicated) solutions of the polynomial 
form y(x) = >> Byx*, where the constants B;, can be found from the corresponding system 


k=0 
of algebraic (or transcendental) equations. 


b 
J vecos (typ) at = A0®. 


A solution: 
y(a) = ke®, (1) 


where k is a root of the algebraic (or transcendental) equation 
b 
kF(k)-A=0, F(k) = / ty (to kbe hat. (2) 
Each root of equation (2) generates a solution of the integral equation which has the form (1). 


b 
| y(at)f (t, y(t) dt = Alna + B. 


A solution: 
y(z) = plInz+4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 
b b 
»|f fd, pint+q@dt-A=0, ‘| (pInt+q@ f(t, pInt+q)dt-B=0. (2) 
Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
/ y(xt)f (t, y(t) dt = Ax? Ina. 


This equation has solutions of the form y(x) = px? Inx + qx", where p and q are some 
constants. 


b 
| y(at)f (t, y(t)) dt = A cos(BIn x). 


This equation has solutions of the form y(x) = pcos(@ In x) + qsin(@ In x), where p and q are 
some constants. 


10. 


11. 
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b 
| y(at)f (t, y(t)) dt = Asin(GInz). 


This equation has solutions of the form y(x) = pcos(@ In x) + qsin(@ In x), where p and q are 
some constants. 


b 
| y(xt)f (t, y(t)) dt = Ax® cos(8Inz) + B® sin(GInz). 


This equation has solutions of the form y(a) = px? cos(3 In x)+qx° sin(3 In x), where p and q 
are some constants. 


7.4-3. Equations of the Form a y(x + Bt)K (t, y(t)) dt = F(a). 


12. 


13. 


14. 


15. 


16. 


17. 


b 
| y(a —t)f (t, yd) dt = Ax + B. 


This equation has solutions of the form y(~) = px + q, where p and q are some constants. 


b 
| y(a - df(t, y(t)) dt = Ae”, 


This equation has solutions of the form y(a) = pe*”, where p is some constant. 


b 
| y(a — t)f (t, y(t) dt = Acos Ax. 


This equation has solutions of the form y(x) = psin Ax + qcos Ax, where p and qg are some 
constants. 


b 
iy y(a — t) f (t, y(t) dt = e**(Acos Ax + Bsin Az). 


This equation has solutions of the form y(x) = e"*(psin Ax + qcos Ax), where p and q are 
some constants. 


b 
| y(x + At)f (t, y(t)) dt = Ax + B, B>o. 


A solution: 
y(x) = pr +4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 
b b 
»|f ft, pt+qdt-A=0, : (Gpt+ qf t, pt+q)dt-B=0. (2) 
Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
/ y(a + Bt)f (t, y(t)) dt = Ae”, B>0. 


Solutions: 
y(x) = kin et > 


where k;,, are roots of the algebraic (or transcendental) equation 


b 
kF(k)-A=0, F(k)= / f (tke) at. 
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b 
/ y(x + Bt) f (t, y(t) dt = Acos Ax, B>0. 


This equation has solutions of the form y(x) = psin Ax + qgcos Ax, where p and qg are some 
constants. 


b 
| y(ax + Bt)f (t, y(t)) dt = AsinAx, B>o0. 


This equation has solutions of the form y(x) = psin Ax + qcos Ax, where p and q are some 
constants. 


b 
| y(x + Gt) f (t, y(t) dt = e**(A cos Ax + Bsin Ax), B>0. 


This equation has solutions of the form y(x) = e"*(psin Ax + qcos Ax), where p and q are 
some constants. 


7.4-4. Equations of the Form [-K(a, thy(t) + p(x) W(t, y(t))] dt = F(x). 


21. 


22. 


23. 


24. 


° 1 
= yb) + pla) UE, 70) dt = f(x), 0<asco. 
i. | Via -t| 
The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y() = 0, coincides with equation 3.1.22. 


a Fee + (x) V(t, 70) dt=f(x), O<k<1. 
0 


Ja —t|* 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(z) = 0, coincides with equation 3.1.30. 


b 
/ [in ja — tly(t) + pla ywet, w(t))] dt = fa). 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 3.4.2. 


| [sin(xt)y(t) + p(x) W(t, y(t))] dt = f(x). 
0 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with v(x) = 0, coincides with equation 3.5.8. 
Solutions: 
Ym(t) = Y(t) + AmY pO) 


where 


Y;() = =f sin(xt) f(a)dx, Y,(t)= = [. sin(xt) p(x) dx, 
0 0 


and A,, are roots of the algebraic (transcendental) equation 


b 
A+ O Wit, Yp(t) + AY, (t)) dt = 0. 


25. 


26. 
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| [cos(wt)y(t) + y(a) H(t, y(t))] dt = fla). 


The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 3.5.1. 
Solutions: 


Ym(t) = Y(t) + AmY pO); 


where 
[oe) 


Y;() = =f" cos(at) f(x)dxz, Y,(t)= =| cos(xt) p(x) dx, 
0 0 


and A,,, are roots of the algebraic (transcendental) equation 


b 
A+ i Wit, Yp(t) + AY, (t)) dt = 0. 


| [tJ (wt)y(t) + pla) Ut, y(t))] dt = fw), v >-L. 
0 


Here J,,(z) is the Bessel function of the first kind. The solutions can be obtained by the 
methods described in Subsection 16.4-4; it must be taken into account that the truncated 
equation, with v(x) = 0, coincides with equation 3.7.17. 

Solutions: 


Ym(t) = Y7(t) + AmY, (0), 
where 


Ye) = Ue wd (xt) f(x)dz, Yo (t)= - tJ (at)yp(x) dx, 
0 0 


and A,,, are roots of the algebraic (transcendental) equation 


b 
A+ / Wit, Yp(t) + AY, (t)) dt = 0. 


7.4-5. Other Equations. 


27. 


1 
i [ylat) + pla) W(t, ylt))] dt = f(@). 
0 


Solutions: 
Ym(t) = Y7(t) + AmY, (0), 


where 
YpO=thO+fO®, Yp-) =ty,@)+ vd), 
and A,, are roots of the algebraic (transcendental) equation 


b 
A+ / Wit, Yp(t) + AY,(t)) dt = 0. 


The functions f(a) and y(x) are assumed to satisfy the conditions hie f (x)] niles [zy(z)] ay 0. 
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w/2 
| [y(a sin t) + p(a) W(t, y(t))] dt = fla). 
0 


For v(x) = 0, it is the Schlomilch equation, see Eq. 3.5.40. 
Solutions: 
Ym(Z) = Y;(z) + AmY(z), 


where 


TT 


2 n/2 2 n/2 
Vee S Lo) + Zp fet) ar| » Y(o)= = cor ah ye(€) ar| , €=Zs8inT, 


and A,, are roots of the algebraic (transcendental) equation 
b 
At | Wt, Ye() + AY, (d) dt = 0. 


@ Reference: A. D. Polyanin and A. I. Zhurov (2007). 


Chapter 8 


Nonlinear Equations of the Second Kind 
with Constant Limits of Integration 


> Notation: f, 9, h, yp, Y, and» are arbitrary functions of an argument specified in the parentheses 
(the argument can depend ont, x, and y); and A, B, C, a, b, 3, y, X, and ys are arbitrary parameters. 


8.1. Equations with Quadratic Nonlinearity That Contain 


Arbitrary Parameters 
8.1-1. Equations of the Form y(x) + L K(a, ty(t) dt = F(a). 


b 
1. y(a) + af xy*(t) dt = 0. 


Solutions: 
2rA+1 _ 


yi(x) = 0, y2(x) = “Faia 


b 
2. y(az) + af x th y(t) dt = 0. 


Solutions: 
2A+ ut] y 
yi(x) = 0, y2(x) = Trl — aay” . 


b 
3. y(a) + af er? y(t) dt = 0. 
Solutions: 


2A —A\x 


yite)=0, — yo(@) = Fane etna” 


b 
4, y(a) + af err-Ht y(t) dt = 0. 


Solutions: 
2A + Lt —A\x 
W@)=0, — y2(@) = Fax Omay® 
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b 
5. y(a) + af xrety*(t) dt = 0. 


This is a special case of equation 8.2.2 with f(x) = Ax* and g(t) =e". 


b 
6. y(x) + af eH? 447 (t) dt = 0. 


This is a special case of equation 8.2.2 with f(z) = Ae” and g(t) = t. 


1 
7. y(az) + af y(t) dt = Ba", p> i. 
0 


This is a special case of equation 8.2.4 with g(t) = A, f(z) = Ba’, a=0, andb=1. 
A solution: y(x) = Ba" + A, where \ is determined by the quadratic equation 


2 
ea o(i4o)as are 
A 2ut1 


8. y(a) + af t? y(t) dt = Ba". 

This is a oi case of equation 8.2.4 with g(t) = At? and f(x) = Ba". 
9. y(a) + af eft y(t) dt = Be’. 

This is a aa case of equation 8.2.4 with g(t) = Ae” and f(x) = Bet”. 
10. y(x)+ af x? y*(t) dt = Ba". 

This is a oer case of equation 8.2.5 with g(a) = Av® and f(x) = Ba". 
11. y(x)+ af e?* y(t) dt = Be”. 


This is a special case of equation 8.2.5 with g(x) = Ae®* and f(x) = Bet”. 


8.1-2. Equations of the Form y(x) + ah K(a, thy(«)y() dt = F(x). 


12. y(x)+ af t? y(a)y(t) dt = Ba". 

This is a ogi case of equation 8.2.7 with g(t) = At? and f(x) = Ba". 
13. y(x)+ af e?'y(x)y(t) dt = Be”. 

This is a oe case of equation 8.2.7 with g(t) = Ae” and f(x) = Bet. 
14. y(a)+ af x? y(a)y(t) dt = Ba". 

This is a ol case of equation 8.2.8 with g(a) = Av’ and f(x) = Ba". 
15. y(a) + af e?* y(x)y(t) dt = Bet”. 


This is a special case of equation 8.2.8 with g(x) = Ae®* and f(x) = Be“. 
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8.1-3. Equations of the Form y(x) + i K(tj)y®yC-:) dt = F(x). 


1 
16. y(ax)+ af y(t)y(at) dt = 0. 
0 


This is a special case of equation 8.2.16 with f(t) = A,a=0, andb=1. 


1°. Solutions: 


(i —JIo)a +L, - Lh 4e 
ie 


> 


1 
ne) =-ZC + De’, yx) = 


A 


nm = > = 0, 1,2, 
2C+m+1 eM) 


where C is an arbitrary nonnegative constant. 
n 
There are more complicated solutions of the form y(xz) = 2° )> Byx*, where C is an 


arbitrary constant and the coefficients B;, can be found from the corresponding system of 
algebraic equations. 


2°. A solution: 


(1 -Iy)a° + I) — hh C A 


: Im = 5A = 0, 1,2, 
hoa. 20+mp+1? 


y3(x) = 


where C and @ are arbitrary constants. 
n 
There are more complicated solutions of the form y(x) = «© > Dyx"’, where C and 3 


are arbitrary constants and the coefficients D; can be found from the corresponding system 
of algebraic equations. 


3°. A solution: 


C l _ 1 
jet a Jm= f PCamtymat, -m=0,1,2, 


JoJo - J? 0 


where C is an arbitrary constant. 
n 
There are more complicated solutions of the form y(a) = ae > Ex dn x)", where C' is 


k=0 
an arbitrary constant and the coefficients /;, can be found from the corresponding system of 
algebraic equations. 


17. y(a) + Ay. y(t)y(at) dt = 0. 
1 


This is a special case of equation 8.2.16 with f(t) = A, a = 1, and b= ow. 


18. y(x)+ af y(t)y(at) dt = Ax®. 
1 


This is a special case of equation 8.2.17 with f(t) = A, a = 0, and b= 1. 
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1 
19. y(a) + af y(t)y(a + At) dt = 
0 


This is a special case of equation 8.2.21 with f(t) = A,a=0, and b=1. 


1°. A solution: CA+1) 
+ Ca 
y(x) = A — eCO+D] © > 


where C is an arbitrary constant. 


n 
2°. There are more complicated solutions of the form y(xz) = eC® S> By a™, where C is an 
m=0 
arbitrary constant and the coefficients B,, can be found from the corresponding system of 


algebraic equations. 


20. y(a)+ af y(t)y(a + At) dt = 0, A>0, O<a4<c. 
0 


This is a special case of equation 8.2.21 with f(t) = A, a =0, and b =o. 


A solution: 
CiAF1) _oo 
————e 5 


y(x) =- A 


where C is an arbitrary positive constant. 
21. y(a)+A i. erty (=) dt = rA>0. 
en 
A solution: y(x) = =a , where C is an arbitrary constant. 


22. yoy fo ey (=) )y(t) dt = Ba, d>0. 


Solutions: 
yi(x) = Biz, yx) = Box, 


where (3; and 3; are the roots of the quadratic equation AG? + \3- Br =0. 


8.2. Equations with Quadratic Nonlinearity That Contain 
Arbitrary Functions 


8.2-1. Equations of the Form y(x) + a K(a, ty(t) dt = F(a). 
b 
1. y(a)+ | f(a)y2(t) dt = 0 
b -l 
Solutions: y;(a) = 0 and y(x) = f(a), where \ = -| y Pa) at] 


b 
2. y(a)+ / Fla)g(t)y2(t) dt = 0 


This is a special case of equation 8.8.9. 


Solutions: y;(a) = 0 and yo(x) = f(a), where \ =— [ ° P@g(t) at] w 
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b 
3. y(a)t+A " y(t) dt = f(a). 


This is a special case of equation 8.8.7. 
A solution: y(x) = f(x) +A, where A is determined by the quadratic equation 


b b 
A(b-a)\? +(14+2AT))A\+ Ab =0, where I; = if f@dt, h= | {7 (irdt. 


b 
4. y(x)+ | g(t)y2(t) dt = f(a). 


This is a special case of equation 8.8.9. 
A solution: y(x) = f(x) + A, where A is determined by the quadratic equation 


b 
Ip? +(1+2))\+1=0, where ay f™(t)g(t)dt, =m =0,1,2. 


b 
5. y(a)+ | gla)yP(t) dt = f(a). 


Solution: y(x) = Ag(x) + f(x), where 2 is determined by the quadratic equation 
IggX + (1 + 21g) A+ 1ypp = 0, 


b b b 
Pag / gi(t)dt, Ipg= i fg) dt, pp = / f° @ dt. 


b 
6. -y(x) + / [g1(w)hy(t) + go(ax)ho(t)] y*(t) dt = f(a). 


A solution: y(x) = Ay g(x“) + A2g2(x) + f(x), where the constants A; and Az can be found 
from a system of two second-order algebraic equations (this system can be obtained from the 
more general system presented in 8.8.19). 


8.2-2. Equations of the Form y(a)+ fr Yo Kam (2, Dy" (wy () dt = F(x), nt+m<2. 


b 
7. ya) + | glt)yla)y(t) dt = f(a). 


Solutions: 
yi(a) = Ai f(x), yo(x) = Az f(x), 


where A, and 2 are the roots of the quadratic equation 


b 
IN +r-1=0, I= / f(t)g(t) dt. 


b 
8. -y(x) + if g(x)y(x)y(t) dt = f(x). 


A solution: 
y(x) = Cae 
1+ Ag(2) 
where ) is a root of the algebraic (or transcendental) equation 
Uae... 
da V+ AG) 


Different roots generate different solutions of the integral equation. 
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b 
y(a) + / [ait)y"(x) + gr(x)y(t)] dt = f(a). 
Solution in an implicit form: 
b 
y(x) + Ty°(a) + Ago(a) - f(x) = 0, AS / gi(t) dt, (1) 


where is determined by the algebraic equation 


b 
\= : y(t) dt. (2) 


Here the function y(x) = y(a, A) obtained by solving the quadratic equation (1) must be 
substituted in the integrand of (2). 


b 
y(x) + | [gi(t)y?(x) + go(x)y*(t)] dt = f(x). 


Solution in an implicit form: 


b 
y(a) + Iya) + Ag2(x) — f(x) = 0, l= / gi(t) dt, (1) 


where J is determined by the algebraic equation 


b 
A= i: y(t) dt. (2) 


Here the function y(x) = y(a, A) obtained by solving the quadratic equation (1) must be 
substituted into the integrand of (2). 


b 
y(x) + if [gu(x)hi(t)y*(x) + giro(x)hir(t)y(x)y(t) + g22(x)hn(t)y*(t) 


+ gi(a)hi(t)y(a) + go(a)ha(t)y(t)] dt = f(a). 


This is a special case of equation 8.8.49. 


y(a) + / [ret Hly(t) + playp(t)y2()] dt = f(a). 


The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 4.2.14. 
Solutions for \ > 4: 
n2(e) = ¥p(x) + Ai2¥ (a), 


where 
dr CO 
Y}(z) = f(x) - Teer i] exp(-V 1+ 2A|x-t\) f(d dt, 
r [oe) 
Y,(z) = v(x) - Tan / exp(-V 1+ 2A|a —t|) y(t) dt, 


and A,» are roots of the quadratic equation 
pA’ +qAtr=0, 


p= / 7 WY 2) dt, q=1+2 i * WOY;OY (dt, r= i: 7 WL); (t) dt. 
0 0 0 


13. 


14. 


15. 
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y(x) - 7 [A sin@at)y(t) + p(a)pt)y*()] dt = f(a). 


The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 4.5.20. 


Solutions for \ # +,/ 2: 


yi2(@) = Y(x) + Ai2Y,(a), 


where fa) ‘ = 
x . 
Y;(2) = 1-22 + 1s 42 ih sin(at) f(t) dt, 
_  ¥(2) A Tex 
Y,(x) = T-=% + Tomy =e | sin(xt)y(t) dt, 


and A; 2 are roots of the quadratic equation 
pA? +qAt+r=0, 


p= i WY (dt, q=2 i wY-(OY,@) dt-1, r= ip WY 7 (t) dt. 


oe i [A cos(at)y(t) + ola)p(t)y2(t)] dt = f(a). 
0 


The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken 
into account that the truncated equation, with y(«) = 0, coincides with equation 4.5.6. 


Solutions for \ # + 2; 


Yyi2(x) = Ye(x) + Ai2Y,(2), 


where te) " ss 
x 
Y}(2) = 1-2 + 1-2 : cos(at) f(t) dt, 
_ _¥(@) A ce 
Y,(2) = 7 =e zy +7 a2 =x |, cos(axt)y(t) dt, 


and A 2 are roots of the quadratic equation 
pA’ +qA+r=0, 


p= [ poYe@)dt, q=2 i WOY;OY,()dt-1, r= i WY; (t) dt. 


y(a) + | [AtJ(at)y® + playpOy’Oldt = fiw),  v>-t. 
0 


Here J,(z) is the Bessel function of the first kind. The solutions can be obtained by the 
methods described in Subsection 16.4-5; it must be taken into account that the truncated 
equation, with y(z) = 0, coincides with equation 4.8.4. 

Solutions for \ # +1: 


Yi2(x) = Yp(x) + Ai2Y,(2), 


where 5 m 
Y;(a) = — -a ip tJ,(at) f(t) dt, 

Xr foe) 
Y,(2) = sae -—> [ tJ (xt) y(t) dt, 
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and A,» are roots of the quadratic equation 
pA*+qA+r=0, 


p= f[ v@rvzma, g=142 [ vororena, r= [ vovzoa 
0 0 0 


8.2-3. Equations of the Form y(x) + ie K(Hy®yC--) dt = F(x). 


b 
16. y(a) +f f®yby(ct) dt = 0. 


1°. Solutions: 
Ci -lo)t+h-h ioc 


@ x 
Ipky — I? 


1 
yi) = a a » Y2lx) = 


b 
Im = f fee” dt, m-=0,1,2, 


where C is an arbitrary constant. 


n 
There are more complicated solutions of the form y(x7) = x° S> Byax*, where C is an 


k=0 
arbitrary constant and the coefficients B;, can be found from the corresponding system of 


algebraic equations. 

2°. A solution: 

(-h)e®+h-h ¢ 
eet’ Of 


y3(x) = hb = r 


? 


b 
a ftye?-cr"* dt, ~=m=0,1,2, 


where C and @ are arbitrary constants. 


There are more complicated solutions of the form y(x) = «© > Dyx"’, where C and 3 


are arbitrary constants and the coefficients D; can be found from the corresponding system 


of algebraic equations. 
3°. A solution: 
xo (J, Inaz — Jr) 


ya(x) = Tt 7 oP 


> 


b 
Im= f feyeCantyat m =0, 1,2, 


where C is an arbitrary constant. 


There are more complicated solutions of the form y(a) = ae > Ex (dn x)*, where C is 


k=0 


an arbitrary constant and the coefficients &;, can be found from the corresponding system of 


algebraic equations. 
4°. The equation also has the trivial solution y(x) = 0. 


5°. The substitution y(x) = x°w(a) leads to an equation of the same form, 


b 
w(x) + / g(t)w(t)w(at) dt = 0, g(x) = f(a)x??, 


17. 


18. 


19. 


20. 
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b 
y(x) + | fy(ty(at) dt = Ax®. 


1°. Solutions: 
yi(a) = kx", w(x) = knw, 


where k, and ky are the roots of the quadratic equation 
b 
Ik’? +k-Az=0, I= / f(t)t?? dt. 


2°. Solutions: 
y(x) = v° (Ax + 1), 


where A and y are determined from the following system of two algebraic equations (this 
system can be reduced to a quadratic equation): 


brA+hp+1=0, TAwt low? +py-A=0 
b 
where I, = / f(perrr” dt, m =0,1,2. 


3°. There are more complicated solutions of the form y(x) = xP >> Bmx™, where the By, 
m=0 
can be found from the corresponding system of algebraic equations. 


b 
y(x) + i f@®y)y(at) dt = Ana + B. 


This equation has solutions of the form y(x) = pln x + q, where the constants p and q can be 
found from a system of two second-order algebraic equations. 


y(a) + if 7 fiyy(—) dt = 0. 
0 t 
1°. A solution: 


ioe) -1 
y(a) =-ke°, e=| | feova 
0 


where C is an arbitrary constant. 
2°. The equation has the trivial solution y(x) = 0. 


3°. The substitution y() = x? w(2) leads to an equation of the same form, 


aa x 
w(x) + [ fOuw(thw(=) dt =0. 


y(x) + i f®yOu(=) dt = Ax®. 


Solutions: 
yi(x) = 2°, ya) = rx, 


where A, and Az are the roots of the quadratic equation 


IN +A-A=0, iS f(b dt. 
0 
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22. 
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b 
y(x) + | f®yODy(a + At) dt = 0, A> 0. 
1°. Solutions: 


cL a a —C2), 


1 
yi(x) = 7 exp(-C'x),  y2(x) = = a 


b 
Im = / t™ exp[-C(A + lt] f(® dt, m =0, 1,2, 
where C is an arbitrary constant. 


2°. There are more complicated solutions of the form y(x) = exp(—Cz) > A,x*, where C 
k=0 
is an arbitrary constant and the coefficients A; can be found from the corresponding system 


of algebraic equations. 
3°. The equation also has the trivial solution y(x) = 0 


4°. The substitution y(x) = e?* w(x) leads to a similar equation: 


b 
w(x) + / g(t)w(t)w(ax + At) dt = 0, g(t) = ePOTDE Fa), 


b 
y(x) + / f@®y(a + At)y(t) dt = Ae”, A>0. 


1°. Solutions: 
yi(z) = kye*™, yo(x) = koe, 


where k, and ky are the roots of the quadratic equation 


b 
k+k-A=0, I= i. gPhone FE) dt. 


2°. There are more complicated solutions of the form y(x) =e” > By,x™, where the Br, 
m=0 
can be found from the corresponding system of algebraic equations. 


3°. The substitution y(a) = e?* w(x) leads to an equation of the same form, 


b 
w(x) + / g(t)w(t)w(a — t) dt = Ae, g(t) = f(elOr™, 


b 
y(@) + | f®y@Oy(a -t) dt = 
1°. Solutions: 


1 
yi(%) = ore exp(C'z),  y2(x) = =i 7 


where C is an arbitrary constant and m = a 1,2. 


b 
2271" exp(Cz), a / t™ f(t) dt, 


2°. There are more complicated solutions of the form y(x) = exp(C'x) >> A,x™, where C is 
k=0 

an arbitrary constant and the coefficients A, can be found from the corresponding system of 

algebraic equations. 


3°. The equation also has the trivial solution y(x) = 


4°. The substitution y(x) = exp(C'x)w(z) leads to an equation of the same form: 


b 
w(x) + / f®whHw(a-t) dt =0 


24. 


25. 


26. 


27. 


8.2. EQUATIONS WITH QUADRATIC NONLINEARITY THAT CONTAIN ARBITRARY FUNCTIONS 463 


b 
Foe | f(t)y(a — t)y(t) dt = Ae. 


1°. Solutions: 
yi(x) = ker”, yo(a) = ke”, 


where k, and ky are the roots of the quadratic equation 
b 
Ik’? +k-A=0, r= | f(t) dt. 
2°. The substitution y(x) = e?* w(x) leads to an equation of the same form, 


b 
w(x) + i f)w(tyw(a -t) dt = Ae”. 


b 
y(x) + | f(®y®y(« -t) dt = Asinh Ax. 


A solution: 
y(x) = psinh Ax + qcosh Ax. (1) 
Here p and q are roots of the algebraic system 
p+ lopqtIes(p-)=A, q+ Lecg? ~ Isp” = 0, (2) 
where 


b b 
Ih= / f@dt, Tes = ‘i f(é) cosh(At) sinh(At) dt, 


b b 
Teg = / f(t) cosh?(At) dt, Iss = i f(t) sinh? (At) dt. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) + | f@®yt)y(a - t) dt = Acosh Ax. 
A solution: 
y(x) = psinh Ax + qcosh Ax. (1) 
Here p and gq are roots of the algebraic system 
pt lopa+ Les - 7) =0, q+ Lecg” — Iss” = A, (2) 


where we use the notation introduced in 8.2.25. Different solutions of system (2) generate 
different solutions (1) of the integral equation. 


b 
y(x) + / f(y(t)y(x -t) dt = AsinAx. 


A solution: 
y(x) = psin Ax + qcos Ax. (1) 
Here p and q are roots of the algebraic system 
ptlopq+Is(p+¢)=A, 9+ Teo - Isp” = 0, (2) 


where 


b b 
Ip = / f@dt, es = ) f(t) cos(At) sin(At) dt, 


b b 
Tee = / f(t)cos*(At) dt, Iss = i f(t) sin?(At) dt. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


464 


28. 


8.3. Equations with Power-Law Nonlinearity 


NONLINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION 


b 
y(x) + | f®yy(a -t) dt = AcosAx. 


A solution: 
y(a) = psin Ax + qcos Ax. 


Here p and q are roots of the algebraic system 


pt Iopq + Teg(p” + 7) =0, qt le? = Tsp” = A, 


(1) 


(2) 


where we use the notation introduced in 8.2.27. Different solutions of system (2) generate 


different solutions (1) of the integral equation. 


8.3-1. Equations of the Form y(x) + (- K(a, tyy®(t) dt = F(a). 


b 
y(x) + af t* y(t) dt = g(a). 


This is a special case of equation 8.8.7 with f(t, y) = At*y’®. 


b 
ya) + A | ety (t) dt = g(2). 


This is a special case of equation 8.8.7 with f(t, y) = Ae“ y’. 


b 
y(x)+ A if eX) yF (t) dt = g(x). 


This is a special case of equation 8.8.8 with f(t, y) = Ay’. 


b 
y (a) - | g(x)y?(t) dt = 0. 


A solution: 


y(x) = Ag(2), A= | i. scat : 


For @ > 0, the equation also has the trivial solution y(x) = 0. 


b 
ie) / gla)y9(t) dt = h(a). 


This is a special case of equation 8.8.9 with f(t, y) =—y’. 


b 
y(a) + A | cosh(Ax + pt)y?(t) dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = Ay’. 


b 
y(a) + A i sinh(Ax + pt)y?(t) dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = Ay’. 


10. 


11. 


12. 
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b 
y(x) +A | cos(Ax + pt)y?(t) dt = h(a). 


This is a special case of equation 8.8.13 with f(t, y) = Ay’. 


b 
y(x) +A if sin(Ax + pt)y9(t) dt = h(a). 


This is a special case of equation 8.8.14 with f(t, y) = Ay’. 


oo t 
vio) + [ f(=) Va ae = Ac’ 


Solutions: y,(x) = rar where (3; (k = 1,2) are the roots of the quadratic equations 


@+IB-A=0, ref 2f@)de 
0 


y(x) -[- “t(=) y(t) dt = 0, B#1. 
0 xv 


A solution: 
co A+B 


14+ 
y(2) = Ar, Al 8 - | zB f(z) dz. 
0 


y(x) -/ et f(ax + bt)y?(t) dt = 0, 640, aBz#-b. 


A solution: 


y(a) = Aew(-—> x) ; Arh = [. oxn( 2) f (bz) dz. 


8.3-2. Other Equations. 


13. 


14. 


b 
yie+ Af yoy" dt = fa, 
Solution in an implicit form: 
y(a) + Ady” (x) - f(x) = 0, (1) 
where J is determined by the algebraic (or transcendental) equation 
b 
A= i, y" (t) dt. (2) 


Here the function y(x) = y(a, A) obtained by solving the quadratic equation (1) must be 
substituted in the integrand of (2). 


b 
y(a) + i, gtyy(a)y"(t) dt = f(x). 


A solution: y(x) = Af(x), where is determined from the algebraic (or transcendental) 
equation 


b 
It! 4-1=0, rf g(t) X(t) dt. 
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16. 


17. 


18. 


19, 


20. 


NONLINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION 


b 
y(a@) + / g(a)y(ax)y"(t) dt = f(x). 


A solution: 
f(x) 


y(@) = T+ g(a)’ 


where \ is a root of the algebraic (or transcendental) equation 


fe(tydt 
a [ Tero ~° 


Different roots generate different solutions of the integral equation. 


b 
y(a) + | [au(t)y2(x) + ga(a)y""(t)] dt = f(a). 


Solution in an implicit form: 


b 
y(a) + Ty?(a) + Ago(a) - f(a) = 0, [= i g(t) dt, (1) 


where A is determined by the algebraic (or transcendental) equation 


b 
ihe i y(t) dt. (2) 


Here the function y(x) = y(x, A) obtained by solving the quadratic equation (1) must be 
substituted in the integrand of (2). 


b 
ya) + j [gi (@)hi(t)y*(w)y"(b) + gro(w)ha(y”(w)y1()] dt = f(a). 


This is a special case of equation 8.8.49. 


b 
y(x)+A i fy(xt)y?(t) dt = 


This is a special case of equation 8.8.25 with f(t, y) = Af(y®. 


a) i [Act ly(t) + playb(t)y2(t)] dt = f(a). 


This is a special case of equation 8.8.21. The solutions can be obtained by the methods 
described in Subsection 16.4-5; it must be taken into account that the truncated equation, with 
p(x) = 0, coincides with equation 4.2.14. 


y(a) - | [A sin(at)y(t) + p(a)y Oy] dt = f(a). 
0 


This is a special case of equation 8.8.22. The solutions can be obtained by the methods 
described in Subsection 16.4-5; it must be taken into account that the truncated equation, with 
p(x) = 0, coincides with equation 4.5.20. 


21. 


22. 
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y(x) - 7 [A cos(wt)y(t) + p(a)e(t)y”(t)] dt = fiw). 


This is a special case of equation 8.8.23. The solutions can be obtained by the methods 
described in Subsection 16.4-5; it must be taken into account that the truncated equation, with 
(x) = 0, coincides with equation 4.5.6. 


y(a) + j [AtJ, (atyy(t) + o(a)b(t)y®(t)] dt = f (2). 
0 


Here J,,(z) is the Bessel function of the first kind. This is a special case of equation 8.8.24. 


8.4. Equations with Exponential Nonlinearity 


8.4-1. Integrands with Nonlinearity of the Form exp[@y(t)]. 


b 
y(a)+A i) exp[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = Aexp(Gy). 


b 
y(a)+A i] t exp[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At" exp(Gy). 


b 
y(a) + af exp [pt + By(t)| dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A exp(ut) exp(Gy). 


b 
y(x) + af exp [A(x -t)+ By(t)| dt = g(x). 


This is a special case of equation 8.8.8 with f(t, y) = Aexp(Gy). 


b 
PE: : g(a) exp[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.9 with f(t, y) = exp(Gy). 


b 
y(ax) + af cosh(Ax + pt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = A exp(Gy). 


b 
y(a) + af sinh(Ax + yt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = A exp(Gy). 


b 
y(a) + af cos(Ax + yt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A exp(Gy). 


b 
y(a) + af sin(Ax + pt) exp[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.14 with f(t, y) = A exp(Gy). 


468 NONLINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION 


8.4-2. Other Integrands. 


b 
10. y(x)+ af exp [By(a) + yy(b] dt = h(x). 


This is a special case of equation 8.8.48 with g(x, y) = Aexp(Gy) and f(t, y) = exp(yy). 


b 
11. y(x)+ af y(axt) exp[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A exp(Gy). 


8.5. Equations with Hyperbolic Nonlinearity 
8.5-1. Integrands with Nonlinearity of the Form cosh[Gy(t)]. 


b 
1. y(a) + af cosh[Gy(t)] dt = g(a). 


This is a special case of equation 8.8.7 with f(t, y) = Acosh(Gy). 


b 
2. y(a)t+A | t” cosh*[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At“ cosh* (Gy). 


b 
3. y(x) + A | cosh(yt) cosh[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = Acosh(ut) cosh(Zy). 


b 
4. y(a)+A i e*@ cosh[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.8 with f(t, y) = A cosh(Gy). 


b 
5. y(a) +f g(x) cosh[By(t)] dt = h(x). 


This is a special case of equation 8.8.9 with f(t, y) = cosh(Gy). 


b 
6. y(a) + af cosh(Ax + yt) cosh[By(t)] dt = h(a). 


This is a special case of equation 8.8.11 with f(t, y) = A cosh(Gy). 


b 
7. y(a) + af sinh(Az + pt) cosh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = A cosh(Gy). 


b 
8. y(a) + af cos(Ax + yt) cosh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A cosh(Gy). 


b 
9. y(a) + af sin(Ax + pt) cosh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.14 with f(t, y) = A cosh(Gy). 
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8.5-2. Integrands with Nonlinearity of the Form sinh[Gy(¢)]. 


b 
10. y(x)+ af sinh[Gy(t)] dt = g(a). 


This is a special case of equation 8.8.7 with f(t, y) = A sinh(Gy). 


b 
11. y(a)+A i] t” sinh*[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At“ sinh’ (Gy). 


b 
12. y(a)+ af sinh(yt) sinh[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A sinh(yt) sinh(Gy). 


b 
13. y(a)+A i e*@) sinh[ By(t)] dt = g(x). 


This is a special case of equation 8.8.8 with f(t, y) = A sinh(Gy). 


b 
14. y(a) + | g(x) sinh[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.9 with f(t, y) = sinh(Gy). 


b 
15. y(x)+ af cosh(Ax + yt) sinh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = A sinh(Gy). 


b 
16. y(ax)+ af sinh(Ax + pt) sinh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = A sinh(Gy). 


b 
17. y(a)+ af cos(Ax + yt) sinh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A sinh(Gy). 


b 
18. y(x)+ af sin(Ax + pt) sinh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.14 with f(t, y) = A sinh(Gy). 


8.5-3. Integrands with Nonlinearity of the Form tanh[Gy(¢)]. 


b 
19, y(a) + af tanh[Gy(t)] dt = g(a). 


This is a special case of equation 8.8.7 with f(t, y) = A tanh(Gy). 
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b 
20. y(a)+A if t“ tanh” [3y(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At” tanh*(3y). 


b 
21. y(a)+ af tanh(yt) tanh[Gy(t)] dt = g(a). 


This is a special case of equation 8.8.7 with f(t, y) = A tanh(t) tanh(Gy). 


b 
22. y(a)+A | e* tanh[Gy(t)] dt = g(a). 


This is a special case of equation 8.8.8 with f(t, y) = A tanh(Gy). 


b 
23. -y(a) +f g(x) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.9 with f(t, y) = tanh(@y). 


b 
24. y(aj+A i} cosh(Ax + yt) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = A tanh(Gy). 


b 
25. y(ax) + af sinh(Ax + yt) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = A tanh(Gy). 


b 
26. y(a)+ af cos(Ax + yt) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A tanh(Gy). 


b 
27. -y(a) + af sin(Ax + yt) tanh[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.14 with f(t, y) = A tanh(Gy). 


8.5-4. Integrands with Nonlinearity of the Form coth[Gy(4)]. 


b 
28. y(a) + af coth[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = Acoth(Gy). 


b 
29. y(a)+A i t” coth*[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At“ coth* (By). 


b 
30. y(a)+A ' coth(t) coth[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A coth(yt) coth(Gy). 


31. 


32. 


33. 


34. 


35. 


36. 
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b 
y(a) + A i e* coth[By(t)] dt = g(a). 


This is a special case of equation 8.8.8 with f(t, y) = Acoth(Gy). 


b 
y(a) + / gla) coth[By(t)] dt = h(z). 


This is a special case of equation 8.8.9 with f(t, y) = coth(Gy). 


b 
y(a) + af cosh(Ax + pt) coth[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = A coth(Gy). 


b 
y(a) + af sinh(Ax + pt) coth[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.12 with f(t, y) = A coth(Gy). 


b 
y(ax) + af cos(Ax + pt) coth[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A coth(Gy). 


b 
y(a) + af sin(Ax + yt) coth[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.14 with f(t, y) = A coth(Gy). 


8.5-5. Other Integrands. 


37. 


38. 


39. 


40. 


41. 


b 
y(az) + af cosh[Gy(ax)] cosh[yy(t)] dt = h(a). 


This is a special case of equation 8.8.48 with g(x, y) = Acosh(Gy) and f(t, y) = cosh(yy). 


b 
y(ax) + af y(at) cosh[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A cosh(Gy). 


b 
y(a) + af sinh[Gy(a)] sinh[yy(t)] dt = h(x). 


This is a special case of equation 8.8.48 with g(x, y) = Asinh(Gy) and f(t, y) = sinh(yy). 


b 
y(x) + af y(at) sinh[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A sinh(Gy). 


b 
y(a) + af tanh[Gy(a)] tanh[yy(¢)] dt = h(a). 


This is a special case of equation 8.8.48 with g(x, y) = A tanh(Gy) and f(t, y) = tanh(yy). 
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b 
42. y(a)+ af y(at) tanh[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A tanh(Gy). 


b 
43. y(a)+A i) coth[Gy(ax)] coth[yy()] dt = h(x). 


This is a special case of equation 8.8.48 with g(x, y) = Acoth(Gy) and f(t, y) = coth(yy). 


b 
44, y(a)+ af y(axt) coth[By(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A coth(Gy). 


8.6. Equations with Logarithmic Nonlinearity 


8.6-1. Integrands with Nonlinearity of the Form In[Gy(¢)]. 


b 
1. y(a) + af In[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A In(Gy). 


b 
2 «y(a)+A | t” In®[By(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At" In*(Gy). 


b 
3. y(a) + af In(ut) In[By(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A In(ut) In(Gy). 


b 
4. y(a)+A | e*@ In[By(t)] dt = g(a). 


This is a special case of equation 8.8.8 with f(t, y) = A In(Gy). 


b 
5. y(x)+ f gla) nf By(t)] dt = h(a). 


This is a special case of equation 8.8.9 with f(t, y) = In(Gy). 


b 
6. y(a) + af cosh(Ax + pt) n[Gy()] dt = h(a). 


This is a special case of equation 8.8.11 with f(t, y) = Aln(Gy). 


b 
7. y(a) + af sinh(Ax + pt) In[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = AIn(Gy). 
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b 
8. y(a) + af cos(Ax + pet) n[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.13 with f(t, y) = AIn(Gy). 


b 
9. y(a) + af sin(Ax + pt) In[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.14 with f(t, y) = A In(Gy). 


8.6-2. Other Integrands. 


b 
10. y(x)+ af In[Gy(x)] In[yy(d)] dt = h(a). 


This is a special case of equation 8.8.48 with g(x, y) = Aln(Gy) and f(t, y) = In(yy). 


b 
11. y(x)+ af y(t) n[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A In(Gy). 


8.7. Equations with Trigonometric Nonlinearity 


8.7-1. Integrands with Nonlinearity of the Form cos[@y(t)]. 


b 
1. y(a) + af cos[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A cos(Gy). 


b 
2. y(a)t+A | t” cos*[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At” cos*(3y). 


b 
3. y(z)+A if cos(jt) cos[By(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A cos(yt) cos(Gy). 


b 
4. y(a)+A | e*@ cos[By(t)] dt = g(x). 


This is a special case of equation 8.8.8 with f(t, y) = Acos(Gy). 


b 
5. y(a)+ i gla) cos[By(t)] dt = h(a). 


This is a special case of equation 8.8.9 with f(t, y) = cos(@y). 


b 
6. y(x) + af cosh(Ax + pt) cos[By(t)] dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = A cos(Gy). 
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b 
y(a) + af sinh(Ax + pt) cos[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = A cos(Gy). 


b 
y(a) + af cos(Ax + yt) cos[By(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A cos(Gy). 


b 
y(a) + af sin(Ax + pt) cos[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.14 with f(t, y) = A cos(Gy). 


8.7-2. Integrands with Nonlinearity of the Form sin[(@y(¢)]. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


b 
wie) +A | sinlsy(t) dt = g(x) 
This is a special case of equation 8.8.7 with f(t, y) = A sin(Gy). 


b 
y(a) + A | t” sin” [By(t)] dt = g(a). 


This is a special case of equation 8.8.7 with f(t, y) = At” sin* (Gy). 


b 
y(a)+A / sin(ut) sin[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A sin(ut) sin(Gy). 


b 
y(a) + A i e*@ sin[ By(t)] dt = g(x). 


This is a special case of equation 8.8.8 with f(t, y) = A sin(Gy). 


b 
uae i g(a) sin[By(t)| dt = h(a). 


This is a special case of equation 8.8.9 with f(t, y) = sin(Gy). 


b 
y(x) + A ' cosh(Ax + yt) sin[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = A sin(Gy). 


b 
y(z)+A | sinh(Ax + pt) sin[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = A sin(Gy). 


b 
y(a) + af cos(Ax + pt) sin[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A sin(Gy). 


b 
y(a) + af sin(Ax + pt) sin[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.14 with f(t, y) = A sin(Gy). 


8.7. EQUATIONS WITH TRIGONOMETRIC NONLINEARITY 475 


8.7-3. Integrands with Nonlinearity of the Form tan[Gy(t)]. 


b 
19, y(a) + af tan[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A tan(Gy). 


b 
20. y(a)+A | t” tan®[By(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At” tan* (Gy). 


b 
21. y(a)+ af tan(pt) tan[By(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A tan(yt) tan(Gy). 


b 
22. y(a)+A / e* tan[By(t)] dt = g(a). 


This is a special case of equation 8.8.8 with f(t, y) = A tan(Gy). 


b 
23. -y(a) +f g(x) tan[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.9 with f(t, y) = tan(Gy). 


b 
24. y(a)+ af cosh(Ax + pt) tan[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.11 with f(t, y) = A tan(Gy). 


b 
25. y(a) + af sinh(Ax + yt) tan[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.12 with f(t, y) = A tan(Gy). 


b 
26. y(a)+ af cos(Ax + pt) tan[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A tan(Gy). 


b 
27. -y(a) + af sin(Ax + pt) tan[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.14 with f(t, y) = A tan(Gy). 


8.7-4. Integrands with Nonlinearity of the Form cot[Gy(t)]. 


b 
28. -y(a) + af cot[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = Acot(Gy). 
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b 
29. y(x)+A if t” cot” [Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = At” cot*(3y). 


b 
30. y(a)+ af cot(ut) cot[Gy(t)] dt = g(x). 


This is a special case of equation 8.8.7 with f(t, y) = A cot(ut) cot(By). 


b 
31. y(x)+A i e*© cot[By(t)] dt = g(x). 


This is a special case of equation 8.8.8 with f(t, y) = Acot(Gy). 


b 
32. y(a)+ i gla) cotlSy(t)] dt = h(a). 


This is a special case of equation 8.8.9 with f(t, y) = cot(Gy). 


b 
33. y(a)+A | cosh(Ax + pt) cot[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.11 with f(t, y) = A cot(Gy). 


b 
34. y(a) + af sinh(Ax + pt) cot[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.12 with f(t, y) = A cot(Gy). 


b 
35. -y(a) + af cos(Ax + pt) cot[Gy(t)] dt = h(x). 


This is a special case of equation 8.8.13 with f(t, y) = A cot(Gy). 


b 
36. y(a)+ af sin(Ax + pt) cot[Gy(t)] dt = h(a). 


This is a special case of equation 8.8.14 with f(t, y) = A cot(Gy). 


8.7-5. Other Integrands. 


b 
37. -y(a) + af cos[Gy(x)] cos[yy(t)] dt = h(a). 


This is a special case of equation 8.8.48 with g(x, y) = Acos(Gy) and f(t, y) = cos(yy). 


b 
38. -y(a) + af y(axt) cos[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A cos(Gy). 


b 
39. y(a) + af sin[Gy(a)] sin[yy(t)] dt = h(x). 


This is a special case of equation 8.8.48 with g(a, y) = A sin(@y) and f(t, y) = sin(yy). 


40. 


41. 


42. 


43. 


44. 


45. 
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b 
y(x) + af y(at) sin[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A sin(Gy). 


y(t) 
f@® 
Solutions are sought in the form y(a) = Af(ax), where the constant A is determined from the 
transcendental equation (the trivial solution corresponding to A = 0 is not taken into account): 


1 
HOS | Fla)gtt sin ( ) wie ae 
0 


1 
1=)osin A, o= | f@gt) dt. 
0 


For |\| < 1/|o|, the integral equation has no real solutions (the case o = 0 is included). 
For any 4 satisfying the inequality |A| > 1/|o|, the integral equation has infinitely many 
real solutions. 


b 
ya) + A / tan[9y(a)] tan[yy(t)] dt = h(a). 


This is a special case of equation 8.8.48 with g(a, y) = A tan(Gy) and f(t, y) = tan(yy). 


b 
y(a) + af y(at) tan[Gy(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A tan(Gy). 


b 
y(a)+ A | cot[By(x)] cot[yy(t)] dt = h(x). 


This is a special case of equation 8.8.48 with g(x, y) = Acot(Gy) and f(t, y) = cot(yy). 


b 
y(az) + af y(at) cot[By(t)] dt = 0. 


This is a special case of equation 8.8.25 with f(t, y) = A cot(Gy). 


8.8. Equations with Nonlinearity of General Form 


8.8-1. Equations of the Form y(a) + ie K(\x-t)G(y@) dt = F(a). 


b 
y(x) + / |x -tlf (y(t) dt = Ax? + Ba +C. 


This is a special case of equation 8.8.15 with f(t, y) = f(y) and g(x) = Az? + Br +C. 
The function y = y(x) obeys the second-order autonomous differential equation 


ie + 2fY) =2A, 


whose solution can be represented in an implicit form: 


- du u 
qa SS EE F = d 1 
| a Vwe + 4A = Ya) -4F(U, Ya) a (u,v) | f@dt, 
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where y_ = y(a) and wa = y/,(a) are constants of integration. These constants, as well as 
the unknowns y, = y(b) and wy = y/,(b), are determined by the algebraic (or transcendental) 
system 
Ya + Yo —(a— b)wWe = (b’ + 2ab—a’)A + 2bB +2C, 
Wa + wy = 2(at+ b)A+2B, 
wy = We +4A(Yp— Ya) —4F (Yo, Ya) (2) 
Yb du 


ya YVwe +4A(u-Yya)-—4F (u, Ya) 7 


Here the first equation is obtained from the second condition of (5) in 8.8.15, the second 
equation is obtained from condition (6) in 8.8.15, and the third and fourth equations are 
consequences of (1). 

Each solution of system (2) generates a solution of the integral equation. 


+(b—a). 


b 
y(a) + i, el #(y(t)) dt = A+ Be*” +Ce*. 


This is a special case of equation 8.8.16 with f(t, y) = f(y) and g(x) = A+ Be** +Ce*. 
The function y = y(x) satisfies the second-order autonomous differential equation 


Yan + 2Af(y)— Ny =’ A, (1) 
whose solution can be written in an implicit form: 


¥ du 
Ya VY We +r>2(u2-y2)-2A?(u—Ya) -4AF (u, Ya) 


=it(r-a), F(u,v)= i f(@) dt, (2) 


where Yq = y(a) and we = y/,(a) are constants of integration. These constants, as well as 
the unknowns y, = y(b) and wy = y/,(b), are determined by the algebraic (or transcendental) 
system 

Wa + AYa = AXA + DBE: 

we — Ayp = -AX-2C€®, 

wy = Wa + N(Y5 — Ye) — 2AM (Yo — Ya) — 4AF (Yds Ya): (3) 

Yb du 
ya we + M7(u2 — y2) — 2AM (u - Ya) — 4AF (U, Ya) 


= +(b-a). 


Here the first and second equations are obtained from conditions (5) in 8.8.16, and the third 
and fourth equations are consequences of (2). 
Each solution of system (3) generates a solution of the integral equation. 


b 
y(x) +f el F(y(t)) dt = B cosh(Az). 


This is a special case of equation 8.8.2 with A=0 and B=C= 56. 


b 
y(x) + i e**-4l f(y(t)) dt = 3 sinh(Az). 


This is a special case of equation 8.8.2 with A =0, B = 48, and C' = -5f. 
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b 
y(x) + | sinh (A\x — t|) f (y(t)) dt = A+B cosh(Ax) + C sinh(A2). 
This is a special case of equation 8.8.17 with f(t, y) = f(y) and g(x) = A + Bcosh(Az) + 


C sinh(\z). 
The function y = y(x) satisfies the second-order autonomous differential equation 


Yen + 2Af(y)—AXy =A, 


whose solution can be represented in an implicit form: 


du UU 
=r - Si F 7 = t dt, 
[ \/we + (uz — 2) — 2A 2(u — Ya) — 4AF (U, Ya) + \2(u2 — y2) — 2AM (u— ya) — 4AF (u, Ya) a ey) / Lo) 


where yq = y(a) and wa = y/,(a) are constants of integration, which can be determined from 
the boundary conditions (5) in 8.8.17. 


b 
y(a) + i; sin (Alz - t|) f (y(t) dt = A + Bcos(Ax) + C sin(Az). 


This is a special case of equation 8.8.18 with f(t, y)= f(y) and g(x) = A+B cos(Ax)+C sin(Ax). 
The function y = y(x) satisfies the second-order autonomous differential equation 


yl t2Af(y) + dy =A, 


whose solution can be represented in an implicit form: 


y Ae u 
=r _ F ’ = t dt, 
a we — d2(u2 — y2) + 2AM (u— Ya) — 4AF (u, Ya) ee oe i: io) 


where yq = y(a) and wa = y/,(a) are constants of integration, which can be determined from 
the boundary conditions (5) in 8.8.18. 


8.8-2. Equations of the Form y(«) + He K(x, t)G(t, y) dt = F(a). 


b 
y(a) + | f(t, y@)) dt = g(a). 


A solution: y(x2) = g(x) + A, where 2 is determined by the algebraic (or transcendental) 
equation 


b 
\+ F(A) = 0, F(A) = / f(t, g(t) +2) dt 


b 
uae | e®@-) F(t, y(t)) dt = g(@). 


A solution: y(x2) = Ber? + g(x), where is determined by the algebraic (or transcendental) 
equation 


b 
8+F(8)=0,  F(B)= ‘ e™ f(t, Be + g(t)) dt 
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b 
(a4 ') gle) f(t, y(t)) dt = h(a). 


A solution: y(x) = Ag(x) + h(x), where A is determined by the algebraic (or transcendental) 
equation 


b 
\+ F(A) = 0, F(A) = i f(t, Ag) + A) dt. 


b 
y(a) + ) (Ax + Bt) f(t, yd) dt = g(a). 


A solution: y(x) = g(x) + Aw + ps, where the constants ’ and jz are determined from the 
algebraic (or transcendental) system 


b b 
rsa | f(t, gd) + At + 1) dt =0, w+B | tf (t, g(t) + At +p) dt =0. 


b 
y(a) + i cosh(Ax + pt) f(t, y(t) dt = h(x). 


Using the formula cosh(Ax + pt) = cosh(Ax) cosh(yt) + sinh(wt) sinh(Ax), we arrive at an 
equation of the form 8.8.19: 


b 
y(x) +/ [cosh(Az) fi (t, y(t)) + sinh(Ax) fo (t, y(t)) | dt = h(x), 
fi(t,y®) =cosh(ut)f(t.y), fo(t. y) = sinh(ut)f (t, y@). 


b 
y(a) + / sinh(Ax + ut) f(t, y(t)) dt = h(x). 


Using the formula sinh(Ax + pt) = cosh(Az) sinh(ut) + cosh(ut) sinh(Ax), we arrive at an 
equation of the form 8.8.19: 


b 
y(a) +f [cosh(Az) fi (t, y(t)) + sinh(A2) fo (t, y(t)) | dt = h(x), 
fi(t-y@®) =sinh(ut)f(t.y®), — fo(t, y@)) = cosh(ut)f (t, yD). 


b 
y(x) + ‘| cos(Ax + pt) f (t, y(t)) dt = h(a). 


Using the formula cos(Ax + pt) = cos(Ax) cos(ut) — sin(wt) sin(Ax), we arrive at an equation 
of the form 8.8.19: 


b 
y(x) + / [cos(Ax) fi (t, y()) + sin(Az) fo (t, y) | dt = h(a), 
filt. y@®) =cos(ut)f (ty), fr(t, y) = -sin(ut) f(t, y@). 


b 
y(a) + | sin(Ax + pit) f (t, y(t) dt = h(a). 


Using the formula sin(Ax + pt) = cos(Ax) sin(ut) + cos(uut) sin(Ax), we arrive at an equation 
of the form 8.8.19: 


b 
y(x) + ) [cos(Ax) fi (t, y()) + sin) fo (t, y) | dt = h(a), 
filt.y@®) = sin(ut)f(t.y@),  fr(t, y@) = cos(ut)f (t, yO). 
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15. y(x) + / : |x — tf (t, y(t) dt = g(x), a<a<b. 
1°. Let _ remove the modulus in the integrand: 
y(a) + | ‘(@e- t)f (t, y(t) dt + i ‘t — x) f(t, y(t)) dt = g(a). (1) 
Differentiating (1) with respect to x yields 
yh (a) + i * f(t) at / " F(t.yWd) at = 9h (0). 2) 


x 


Differentiating (2), we arrive at a second-order ordinary differential equation for y = y(x): 


Yeo + 2f(@,Y) = Gro(2). (3) 
2°. Let us derive the boundary conditions for equation (3). We assume that -oo <a <b< oo. 


By setting x = a and x = b in (1), we obtain the relations 


b 
ya) + } (t—a)f (t,y(t)) dt = g(a), 
a (4) 
y(b) + / (b—1)f (t,y(t)) dt = gb. 


Let us solve equation (3) for f(x, y) and substitute the result into (4). Integrating by parts 
yields the desired boundary conditions for y(x): 


y(a) + y(b) + (b—a)[g/,(b) — y/,(b)] = g(a) +g), 


r ' (5) 
y(a) + yb) + (ad) (g(a) — y/,(a)] = g(a) + 900). 
Let us point out a useful consequence of (5): 
yi,(a) + y,(b) = g(a) + 9, (0), (6) 


which can be used together with one of conditions (5). 

Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


b 
16. y(x) +f ene F(t, y(t)) dt = g(x), as«x<b. 


1°. Let us remove the modulus in the integrand: 


x b 
y(x) + / eX) F(t, y(t)) dt + / eX) F(t, y(t)) dt = g(x). (1) 


Differentiating (1) with respect to x twice yields 


x b 
yl (X)+2Af (x, y(x)) + / eX" F(t, y(t) dt + ‘| eA@) F(t, y(t)) dt = 9%,,(z). (2) 
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Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x): 


Yao + 2AF(@,y)— NY = Gog(@)— N° G(@). (3) 
2°. Let us derive the boundary conditions for equation (3). We assume that -oo <a<b< oo. 
By setting x = a and x = b in (1), we obtain the relations 


b 
y(a)+™ / f(t, y(t)) dt = g(a), 
(4) 
b 
y(b) +e” / e™ f(t, yt)) dt = g(b). 


Let us solve equation (3) for f(x,y) and substitute the result into (4). Integrating by parts 
yields 
epi (b) — pi (a) = Ae* (a) + Ae), G(x) = y(x) - g(a); 

el, (b) — 4, (a) = AE** (a) + Ae (0). 
Hence, we tain the boundary conditions for y(x): 

yi(a) + Ap(a) =0,  9,(b)-Av(b)=0; V(x) = y(x) - g(2). (5) 

Equation (3) under the boundary conditions (5) determines the solution of the original 

integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


b 
y(a) + | sinh (Alx - tl) f(t, y(t)) dt = g(x), asa«<b. 


1°. Let us remove the modulus in the integrand: 


x b 
y(x) + / sinh[A(a — t)] f(t, y() dt + / sinh[A(t— z)] f(t, y(@) dt = g(x). (A) 


Differentiating (1) with respect to x twice yields 


yn y(a) + 2Af (x, y(a)) +7 / : sinh[ A(x — t)] f (t, y(t) dt 


a 


b 
+X if sinh[A(t—2)] f(t, y(t)) dt = 9!,(0). (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x): 
Urn + Af (ay) — MY = Gig(w) — GC). (3) 
2°. Let us derive the boundary conditions for equation (3). We assume that -co <a <b< oo. 
By setting x = a and x = b in (1), we obtain the relations 


b 
y(a) + / sinh[ A(t — a)] f (t, y(t)) dt = g(a), 
A (4) 
y(b) + / sinh[A(b- t)] f (t, y(t) dt = g(d). 


Let us solve equation (3) for f(x, y) and substitute the result into (4). Integrating by parts 
yields 
sinh[\(b — a)|p',(b) — A cosh[A(b — a)]-p(b) = Apa), pa) = y(a) - g(a); 
sinh[A(6 — a)ly',(a) + A cosh[A(b — a)] y(a) = —Ay(b). 
Equation (3) under the boundary conditions (5) determines the solution of the original 


integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


(5) 


18. 
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b 
y(a) +f sin(A|z — t]) f(t, y(t)) dt = g(x), asa«<b. 


1°. Let us remove the modulus in the integrand: 


b 


y(a) + i sin[\(a — t)] f (t, yt) dt + / sin[\(t — x)] f(t, y(t) dt = g(a). (1) 


Differentiating (1) with respect to x twice yields 


y!, (a) + 20f (@, yla)) — i) sin[\(x—#)]f (t. y(t) at 


b 
_~) ip sin[A(t — x)] f (t, y(t) dt = g/t (x). (2) 


Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary 
differential equation for y = y(x): 


Yee + 2Af (x,y) + Vy = g(x) + A7G(2). (3) 


2°. Let us derive the boundary conditions for equation (3). We assume that -oo <a<b< oo. 
By setting x = a and x = b in (1), we obtain the relations 


b 
ya) + / sin[A(t—a)] f(t, y(t)) dt = g(a), 
a (4) 
y() + i, sin[A(b—1)] f(t, y(b) dt = g(b). 


Let us solve equation (3) for f(x, y) and substitute the result into (4). Integrating by parts 
yields 


sin[A(b — a)] v7, (b) — A cos[A(b — a)] Y(b) = Ala), P(x) = y(x) - g(a); 


sin[A(b — a)] v,(a) + A cos[A(b — a)] y(a) = —Ay(). ©) 


Equation (3) under the boundary conditions (5) determines the solution of the original 
integral equation (there may be several solutions). Conditions (5) make it possible to calculate 
the constants of integration that occur in solving the differential equation (3). 


8.8-3. Equations of the Form y(a) + if G(a, t, y(t)) dt = F(z). 


19, 


b 
ua) 4 / (ora) fi (t y(t) + g2(@) fa (t,y@))] dt = h(a). 


A solution: 
y(z) = h(x) + Argi(x) + A292(2), 


where the constants \; and Az are determined from the algebraic (or transcendental) system 
b 
Ait / fi(t, h(t) + Argi(t) + Aaga(t)) dt = 0, 


b 
do + / fo(t, RG) + Argi(t) + A2rg2()) dt = 0. 
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brn 
20. y(a) + | [do ante fe(tute)| dt = h(a). 


k=1 
A solution: . 
yl) = h(x) +S > Ange(x), 
k=l 


where the coefficients \;, are determined from the algebraic (or transcendental) system 


b n 
+/ fin (ts R(t) + > Angu(t) ) dt = 05 m=1,...,n. 
a k=1 


Different roots of this system generate different solutions of the integral equation. 


© Reference: A. F. Verlan’ and V. S. Sizikov (1986). 


21. y(a)+ | [Aetly(t) + p(w) H(t, y(t) dt = fl). 


The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken 
into account that the truncated equation, with v(x) = 0, coincides with equation 4.2.14. 
Solutions for \ > 5: 
Ym(x) = Yp(x) + AmY,(2), 


where 
Ye(x) = f(x) - Te i exp( -V1+2A|xr—- tl) f (t) dt, 
Yp(@) = p(x) - 5 i exp( -V1+2A|x—- t|) y(t) dt, 


and A,,, are roots of the algebraic (transcendental) equation 
b 
At / Wt, Y(t) + AY, (d) dt = 0 
@) Reference: A. D. Polyanin and A. I. Zhurov (2007). 


22, y(a)- i [A sin(wt)y(t) + o(a) W(t, y(t))] dt = (2). 
0 


The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken 
into account that the truncated equation, with y(z) = 0, coincides with equation 4.5.20. 


Solutions for \ #+,/2: 


TT 


Ym(x) = Yp(a) + AmY (a), 


where ‘ 
Y;(a) = —_— ty +a ye sin(at) f(t) dt, 

x 
Y,,(2) = aay ag i sin(at)o(t) dt, 


and A,, are roots of the algebraic (transcendental) equation 


b 
Aes i Wt, Y;(t) + AY,(t)) dt = 0 
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23. 


24. 


Oe 7 [A cos(at)y(t) + o(a) W(t, y(t))] dt = f(a). 


The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken 
into account that the truncated equation, with y(x) = 0, coincides with equation 4.5.6. 


Solutions for A # + 2: 


Ym(x) = Yp(a) + AmY (2), 


where fo) ‘ os 
x 
Y;(@) = TEx T-2" [ cos(xt) f(t) dt, 
_ (2) A i 
Y,(2) = T-=X Wa zy J, cos(xt)y(t) dt, 


and A,, are roots of the algebraic (transcendental) equation 


b 
Are / Wit, Yp(t) + AY,(t)) dt = 0. 


ays | [AtJ (ect)y(t) + p(x) W(t, y(t) dt = fw), v >=. 


Here J,,(z) is the Bessel function of the first kind. The solutions can be obtained by the 
methods described in Subsection 16.4-5; it must be taken into account that the truncated 
equation, with y(a) = 0, coincides with equation 4.8.4. 

Solutions for A # +1: 


Ym(2) = Y;(2) ot AmYo(2), 


where % = 
Y;(a) = ee —=> [ tJ,(at) f(t) dt, 

r CO 
Y,(z) = sae acer | tJ,(at)p(t) dt, 


and A,,, are roots of the algebraic (transcendental) equation 


b 
A+ / Wit, Yp(t) + AY, (t)) dt = 0. 


8.8-4. Equations of the Form y(x) + { y(at)G (t, y(t)) dt = F(a). 


25. 


b 
vie)+ [abs (tye) dt =o. 
1°. A solution: 
y(x) = kx”, (1) 


where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic 
(or transcendental) equation 


b 
i+ / bo Ce Re aes. (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


2°. The integral equation can have some other solutions similar to those indicated in items 
1°-3° of equation 8.2.16. 
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b 
y(x) + i y(at)f (t, y(t)) dt= Ax+B. 


A solution: 
y(x) = pr +q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | tf(t, pt + q) dt- A =0, 


: (2) 
ava | fd, pt+qdt-B=0. 
Different solutions of system (2) generate different solutions (1) of the integral equation. 
b 
vie)+ [ ylabf(t yt) dt= Av®. 
A solution: 
ya) = kx®, (1) 
where k is a root of the algebraic (or transcendental) equation 
b 
k+kF(k)-A=0, F(k)= / i? f(t, kt?) de. (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


b 
ya) + / y(at)f (t, y(t) dt = Alna + B. 


A solution: 
y(z) = piInz+4q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | fd, pint+qdt-—A=0, 


é (2) 
a+ | (pInt+q@f(t, pInt+q dt-B=0. 
Different solutions of system (2) generate different solutions (1) of the integral equation. 
b 
y(x) +f y(at)f (t, y(t)) dt = Av? Inc. 
A solution: 
y(a) = px" Ina + ga", (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | t? f(t, pt? Int + qt®) dt = A, 
- (2) 
a+ | (pt? Int + qt?) f(t, pt? Int + qt®) dt = 0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


30. 


31. 


32. 


33. 
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b 
y(a) + : y(at)f (t, y(t)) dt = A cos(In a). 


A solution: 
y(x) = pcosdin x) + qsin(n x), 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
pt / [p cos(In t) + gsin(In t)| TG pcos(In t) + q sin(In t)) dt =A, 


b 
qt / [qcos(In t) — psin(Int)] f (t, pcos(Int) + qsin(Int)) dt = 0. 


b 
y(a) + | y(at)f (t, y(t) dt = Asin(In 2). 


A solution: 
y(x) = pcosdin x) + qsin(In x), 


where p and q are roots of the following system of algebraic (or transcendental) equations: 


b 
pt ‘ [pcos(In t) + qsin(Int)] f(t, pcos(Int) + qsin(Int)) dt = 0, 


b 
qt / lg cos(In t) — p sin(In t)] Fe, pcos(n t) + q sin(n t)) dt= A. 


b 
y(x) + / y(xt)f (t, y(t)) dt = Ax® cos(in x) + Ba sin(In x). 


A solution: 
y(x) = px? cos(Inx) + qx" sin(In x), (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
pt / t? [p cos(In t) + g sin(in t)| f(t, pt? cos(Int) + gt? sin(In t)) dt = A, 


A (2) 
qt / t? [qcos(In t) — psin(In t)] f(t, pt? cos(Int) + qt? sin(Int)) dt = B. 
Different solutions of system (2) generate different solutions (1) of the integral equation. 
8.8-5. Equations of the Form y(x) + i ya + BG (t, y(t)) dt = F(a). 
b 
y(a) + | y(a — t) f (t, yd) dt = 0. 
1°. A solution: 
yl) = ke, (1) 


where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic 
(or transcendental) equation 


b 
i+ / fGoke Ne" d= 0. (2) 
Each root of equation (2) generates a solution of the integral equation which has the form (1). 


nm 
2°. The equation has solutions of the form y(7) = >> E,,x2™, where the constants E,, can 
m= 


be found by the method of undetermined coefficients. 
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b 
ya) + i y(x -t) f(t, y() dt = Ax + B. 


A solution: 
y(x) = pr +q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | f(t,pt+@Qdt-A=0, 


b (2) 
q+ / (q-pt)f(t,pt+qdt-B=0. 
Different solutions of system (2) generate different solutions (1) of the integral equation. 
b 
y(x) + / y(a — f(t, y(t)) dt = Ae**. 
Solutions: 
y(x) = kne, 
where k,, are roots of the algebraic (or transcendental) equation 
b 
k+kF(k)-A=0, F(k) = ‘ i (i, ke™ ye dt, 
b 
y(x) + i y(x - f(t, y(t)) dt = Asinh Ax. 
A solution: 
y(x) = psinh Ax + qcosh Az, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
pt / (p cosh At — q sinh At) f G psinh At + qcosh At) dt = A, 
e (2) 
qt / (qcosh At — p sinh At) f(t, psinh At + qcosh At) dt =0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) + | y(x - t) f (t, y(t) dt = A cosh Az. 


A solution: 
y(x) = psinh Ax + qcosh Az, 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 
b 
pt i; (p cosh At — q sinh At) f (2 psinh At + qcosh Mt) dt = 0, 


b 
q+ / (qcosh At — p sinh At) f (t, psinh At + qcosh At) dt = A. 


38. 


39. 


40. 


41. 
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b 
y(x) + i y(a — t) f (t, y() dt = AsinAx. 


A solution: 
y(x) = psin Ax + gcos Ax, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+ | (pcos At + qsin At) f (t, psin At + qcos At) dt = A, 
m (2) 
qt / (qcos At — psin At) f (t, psin At + qcos At) dt = 0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) + | y(a — t) f (t, y() dt = Acos Ax. 


A solution: 
y(x) = psin Ax + qcos Ax, 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+ | (pcos At + qsin At) f(t, psin At + qos At) dt = 0, 


b 
a+ | (qcos At — psin At) f (t, psin At + qcos At) dt = A. 


b 
y(a) + | y(a — t) f (t, y(t) dt = e"*(Asin Ax + Bos Az). 
A solution: 
y(x) = e**(psin Ax + qcos Ax), (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
pt i: (pcos At + qsin Ae f(t, pet sin \t + ge!’ cos At) dt = A, 
a (2) 
qt / (qcos At — psin Ate f(t, pe sin At + ge’ cos dt) dt=B. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(a) + | yla —t)f (t,y(t)) dt = g(2). 


1°. For g(a) = 5> A, exp(A,2), the equation has a solution of the form 
k=l 


y(x) = 5” By exp(\g2), 


k=l 
where the constants 6; are determined from the nonlinear algebraic (or transcendental) system 


By + By Fy(B)— Ax = 0, k=l1,...,n, 


b n 
B={B,,...,Bn}, F,(B)= / 7G eee expt) exp(—Agt) dt. 


m=l1 


Different solutions of this system generate different solutions of the integral equation. 
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2°. For a polynomial right-hand side, g(x) = >> Axx", the equation has a solution of the 
k=0 
form 


Waj=>_ Bee, 
k=0 


where the constants 5; can be found by the method of undetermined coefficients. 


3°. For g(a) = er > Aya", the equation has a solution of the form 


yore >. Beat, 
k=0 


where the constants 5B; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> A; cos(A, 2), the equation has a solution of the form 
k=l 


y(x) = S~ By cos(Agar) + > Cy sinx2), 


k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


5°. For g(x) = 3+ Ag sin(A, 2), the equation has a solution of the form 
k=l 


y(x) = 5° By cos(Anr) +S) Cy siny2), 
k=1 k=1 


where the constants B;, and Ci can be found by the method of undetermined coefficients. 


6°. For g(z) = cos(Ax) >> A,x", the equation has a solution of the form 
k=0 


yx) = cos(Ar) §~ Bea* + sin(Ar) > Cyar*, 
k=0 k=0 


where the constants B;, and Ci can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) S> A,a*, the equation has a solution of the form 
k=0 


y(x) = cos(Ax) Se Byx* + sin(Ax) S- Cra", 


k=0 k=0 


where the constants B;, and C; can be found by the method of undetermined coefficients. 


8°. For g(a) = e"* > Ax, cos(\;,), the equation has a solution of the form 


y(x) = et S- By cos(Agx) + e4” Se Cr sin(An 2), 


k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


42. 


43. 
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9°. For g(x) = e#” S> A; sin(A,2), the equation has a solution of the form 
k=l 


ya) =e!” S* By cos(Anx) +e" S © Cy sin(Ag a), 
k=l k=l 
where the constants B;, and C; can be found by the method of undetermined coefficients. 


10°. For g(x) = cos(Ax) > Ax exp(4,2), the equation has a solution of the form 
k=l 


yl) = cos(r) §~ By exp(iinx) + sin(dx) S > Be exp(un2), 
k=1 k=1 


where the constants B;, and C; can be found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) 5> Ax exp(uz2), the equation has a solution of the form 
k=l 


ya) = cos(r) §~ By exp(iuxx) + sin(dx) 5 > Be exp(un2), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


b 
y(a) + j y(x + Bt) f(t, y(t) dt = Aa + B. 


A solution: 
y(x) = pr +q, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
p+p | f(t, pt+@dt-A=0, 
> (2) 
a+ | (Bpt + @ f(t, pt + q dt-B=0. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) +f y(a + Bt) f(t, y(t)) dt = Ae. 


Solutions: 
y(2) = ke, 


where k,, are roots of the algebraic (or transcendental) equation 


b 
k+kF(k)-A=0, F(k) = i flEke ee di. 
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b 
y(a) + | y(x + Bt) f(t, y()) dt = AsinAx + B cos Ax. 


A solution: 
y(x) = psin Ax + gcos Ax, (1) 


where p and gq are roots of the following system of algebraic (or transcendental) equations: 


b 
pt [p cos(AGt) — q sin(A3t)| race psin At + qcos At) dt =A, 
a (2) 
qt i lq cos(AGBt) + p sin(\St)| HG psin At + qcos At) dt=B. 


Different solutions of system (2) generate different solutions (1) of the integral equation. 


b 
y(x) + y y(x + Bt) f (t, y(t) dt = g(a). 


1°. For g(x) = 5> A, exp(A,2), the equation has a solution of the form 


y(r) = 5° By exp(\ca), 
k=1 


where the constants B;, are determined from the nonlinear algebraic (or transcendental) system 
By + BrFy(B)-An=0, k=1,...,.n, 
b n 
Ba{Bisns Bah F(B)= / f (« S) Ba expr) exp(Ax/it) dt. 
@ m=1 


Different solutions of this system generate different solutions of the integral equation. 


2°. For a polynomial right-hand side, g(x) = >> Axx", the equation has a solution of the 
k=0 
form 


was \ Bit” 
k=0 


where the constants 5; can be found by the method of undetermined coefficients. 


3°. For g(x) = ere > Ay", the equation has a solution of the form 


yase" >; Bea’, 
k=0 


where the constants 5B; can be found by the method of undetermined coefficients. 


4°. For g(x) = 9 Aj, cos(A,,2), the equation has a solution of the form 
k=l 


y(«) = S- By cos(A,x) + S- Cy, sin(An@), 


k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 
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5°. For g(a) = 5+ Ax sin(A,2), the equation has a solution of the form 
k=l 


y(2) = XS By, cos(Apax) + S- Cy sin(Ap 2), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


6°. For g(x) = cos(Ax) >> A,ax", the equation has a solution of the form 
k=0 


yx) = cos(Ar) §~ Bea* + sin(Ax) > Cyar*, 
k=0 k=0 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


7°. For g(x) = sin(Ax) >> A,«*, the equation has a solution of the form 
k=0 


y(x) = cos(Azx) Ds Byx* + sin(Ax) S- Cr", 
k=0 k=0 


where the constants B;, and C; can be found by the method of undetermined coefficients. 


8°. For g(a) = e"” > Ax, cos(\;,2), the equation has a solution of the form 
k=l 


y(a) =e" S* By cos(nx) +e" N° Cy sin(Ag a), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


9°. For g(a) = e#* S> A, sin(A,2), the equation has a solution of the form 
k=l 


y(«) = et a By cos(A,x) + e4” as, Cr sin(Ap 2), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


10°. For g(x) = cos(Ax) >> Ax exp(4z2), the equation has a solution of the form 
k=l 


yx) = cos(Ar) §~ By exp(jinx) + sin(x) 5 > Cy exp(sn2), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


11°. For g(x) = sin(Ax) >> Ax exp(u,2), the equation has a solution of the form 
k=l 


y(x) = cos(Ax) Y) Be exp(uit) + sin) ) | Op exp(iunr), 
k=1 k=1 


where the constants B;, and Cy can be found by the method of undetermined coefficients. 


494 NONLINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION 


8.8-6. Other Equations. 


b 
46. y(a) + | yla)f (ts y(t)) dt = gle). 


A solution: y(x)=Ag(x), where \ is determined by the algebraic (or transcendental) equation 


b 
AFAF()-1=0, FO= / f(t, Ag(t)) at 


b 
47. y(a) + | ola)y(x) F(t, y(t)) dt = h(a). 


h(x) 
1+Ag(x)’ 


h 
A- F(A) = 90, F(A) = is s(t se! dt. 


b 
48. (x) +f g(a, y(a)) f(t, y(t)) dt = h(x). 


A solution: y(x) = where 4 is determined from the algebraic (or transcendental) 


equation 


Solution in an implicit form: 
yla) + Ag(x, y@)) — h(x) = 0, (1) 


where J is determined from the algebraic (or transcendental) equation 


b 
\-FO)=0, FO)= / f(t.y@) dt. (2) 


Here the function y(x) = y(a, A) obtained by solving (1) must be substituted into (2). 
The number of solutions of the integral equation is determined by the number of the 
solutions obtained from (1) and (2). 


brn 
49, f (a, y(x)) + i, b Ik (x, y(x)) hr (t, 7) dt = 0. 


k=1 


Solution in an implicit form: 


F(x, ya)) + So Ak ge(x, yw) = 0, (1) 


k=1 


where the A; are determined from the algebraic (or transcendental) system 


Ay — Hy (A) = 0, k=1,...,n; 


es b = (2) 
Hu) = | bgt) dt, “A= Xi yj is Anh: 


Here the function y(x) = y(x, ») obtained by solving (1) must be substituted into (2). 
The number of solutions of the integral equation is determined by the number of the 
solutions obtained from (1) and (2). 
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b 
50. -y(a) +/ y(axt®) f(t, y(t)) dt = g(x), B>0. 


1°. For g(x) = >> Axax*, the equation has a solution of the form 
k=l 


ya) = S> Baa, 
k=l 
where By, are roots of the algebraic (or transcendental) equations 
=> = b a 
By +ByF,(B)—-Ap=0,  Fy(B) Sy y(t S- Bnt” dt. 
a m=1 


Different roots of this system generate different solutions of the integral equation. 


2°. For g(x) = Inz )~ A,a*, the equation has a solution of the form 
k=0 


y(x) = Inz ye: Bx + S- Cra", 
k=0 k=0 


where the constants B;, and C; can be found by the method of undetermined coefficients. 


3°. For g(a) = S> Ax (In x)", the equation has a solution of the form 
k=0 


y(r) = 5° By (Ina), 


k=0 
where the constants 5; can be found by the method of undetermined coefficients. 


4°. For g(x) = >> Aj, cos(Ax In x), the equation has a solution of the form 
k=l 


y(x) = S~ By cos(Ax Inx) + 5° Cy sin(\g In), 


k=l k=l 
where the constants B;, and Cy can be found by the method of undetermined coefficients. 


5°. For g(a) = 5+ Ax sin(Ax In x), the equation has a solution of the form 
k=l 


y(a) = Se By cos(Ay Inx) + S- C;, sin(Ax In x), 


k=1 k=1 


where the constants B;, and C; can be found by the method of undetermined coefficients. 
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NONLINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION 


b 
y(a) + i yf (t,.y@) dt=0, €= x(t). 


1°. A solution: 
yay ha", (1) 


where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic 
(or transcendental) equation 


b 
ee ‘i: [wo] ° F(t, kt©) dt = 0. (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


2°. The equation has solutions of the form y(z) = 5> Ey,2™, where the constants E,, can 
m=0 
be found by the method of undetermined coefficients. 


b 
ee | yOF(by®) dt=9(@), €= 2900). 


1°. For g(a) = >> Aza", the equation has a solution of the form 
k=l 


yr) = S> Baa’, 
kel 


where By, are roots of the algebraic (or transcendental) equations 
By + By Fy(B)— Ax = 0, k=l,...,n, 


b n 
Bet Bin 3g BEY rB)= | (ocol*#( D> Bn” ) dt. 
a m=l1 


Different roots generate different solutions of the integral equation. 


2°. A form of solutions for some other functions g(a) can be found in items 2°—5° of 
equation 8.8.50. 

b 
vie)+ [ ve@F(ey®)adt=0, =a ott 


1°. A solution: 
y(a) = ke, (1) 


where Cis an arbitrary constant and the dependence k = k(C) is determined by the algebraic 
(or transcendental) equation 


b 
1+ / el P® F(t, ke") dt = 0. (2) 


Each root of equation (2) generates a solution of the integral equation which has the form (1). 


n 
2°. The equation has a solution of the form y(x) = 5> Ey", where the constants E,, can 
m=0 


be found by the method of undetermined coefficients. 
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b 
y(a) + i, yf (t,.y@) dt=g(a), E=x+ H(t). 


1°. For g(x) = $> A, exp(\,x) the equation has a solution of the form 
k=l 


y(x) = 5” By expe), 


k=l 
where the constants B;, are determined from the nonlinear algebraic (or transcendental) system 
By + BrFy(B)-Axn=0, k=1,...,.n, 


b n 
B={B,,...,Bn}, F,(B)= ; f (« Se Ba expOnt)) exp[Axp(t)] dt. 


m=l 


2°. A form of solutions for some other functions g(a) can be found in items 2°-11° of 
equation 8.8.45. 


Part Il 


Methods for Solving 
Integral Equations 


Chapter 9 


Main Definitions and Formulas. 
Integral Transforms 


9.1. Some Definitions, Remarks, and Formulas 


9.1-1. Some Definitions. 


A function f(x) is said to be square integrable on an interval [a, b] if f?(a) is integrable on [a, b]. 
The set of all square integrable functions is denoted by L(a, b) or, briefly, L2.* Likewise, the set of 
all integrable functions on [a, b] is denoted by L;(a, b) or, briefly, Ly. 

Let us list the main properties of functions from Lp. 


1°. The sum of two square integrable functions is a square integrable function. 
2°. The product of a square integrable function by a constant is a square integrable function. 
3°. The product of two square integrable functions is an integrable function. 


4°. If f(a) € Lo and g(x) € In, then the following Cauchy—Schwarz—Bunyakovsky inequality 


holds: . P . 
(fF. 9 < IFIPllgll?, 
b b 
(f,.9) = i, Hanged, |If\|=C.f= i Pa) de. 


The number (f, g) is called the inner product of the functions f(x) and g(x) and the number || f'|| is 
called the L2-norm of f(x). 


5°. For f(a) € Lz and g(x) € Ln, the following triangle inequality holds: 


If +gll < IF ll+Ilgll- 


6°. Let functions f(x) and f\(x), fo(x), ..., fn(x), ... be square integrable on an interval [a, b]. If 


b 
sim, f [fa(e)- fo] de = 0, 


then the sequence f(x), f2(x), ... is said to be mean-square convergent to f(z). 
Note that if a sequence of functions { f,,(~)} from Lz converges uniformly to f(x), then f(a) € Lo 
and { f,,(z)} is mean-square convergent to f(z). 


In the most general case the integral is understood as the Lebesgue integral of measurable functions (see Supplement 12.3). 
As usual, two equivalent functions (i.e., equal everywhere, or distinct on a negligible set (of zero measure)) are regarded as 
one and the same element of Lo. 
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The notion of an integrable function of several variables is similar. For instance, a function f(z, t) 
is said to be square integrable ina domain S ={asx«<b,a<st<b}if f(z, t) is measurable and 


b b 
Ws ff Pendrat <ov. 


Here || f|| denotes the norm of the function f(z, t), as above. 


9.1-2. Structure of Solutions to Linear Integral Equations. 


A linear integral equation with variable integration limit has the form 


sya) [ K(a, thy(t) dt = f(x), (1) 


where y(x) is the unknown function. 
A linear integral equation with constant integration limits has the form 


b 
By(a) + / K(e,t)y(t) dt = f(a). (2) 


For @ = 0, Eqs. (1) and (2) are called linear integral equations of the first kind, and for 3 # 0, 
linear integral equations of the second kind.* 

Equations of the form (1) and (2) with specific conditions imposed on the kernels and the 
right-hand sides form various classes of integral equations (Volterra equations, Fredholm equations, 
convolution equations, etc.), which are considered in detail in Chapters 10-14. 

For brevity, we shall sometimes represent the linear equations (1) and (2) in the operator form 


= f(x). (3) 
A linear operator L possesses the properties 


Li(yit+ yl =Li[yil+L[yl, 
L{[oy] =oL[y], o=const. 


A linear equation is called homogeneous if f(x) = 0 and nonhomogeneous otherwise. 

An arbitrary homogeneous linear integral equation has the trivial solution y = 0. 

If y: = yi(x) and yo = yo(x) are particular solutions of a linear homogeneous integral equation, 
then the linear combination Cy; + Cyy2 with arbitrary constants C and C is also a solution (in 
physical problems, this property is called the linear superposition principle). 

The general solution of a linear nonhomogeneous integral equation (3) is the sum of the general 
solution Y = Y (x) of the corresponding homogeneous equation L [Y ] = 0 and an arbitrary particular 
solution ¥ = 9(x) of the nonhomogeneous equation L [y] = f(x), that is, 


y=Y+y. (4) 


If the homogeneous integral equation has only the trivial solution Y = 0, then the solution of the 
corresponding nonhomogeneous equation is unique (if it exists). 

Let y; and % be solutions of nonhomogeneous linear integral equations with the same left-hand 
sides and different right-hand sides, L [y,] = f\(z) and L [y2] = f2(x). Then the function y = 7 + Ya 
is a solution of the equation L [y] = fi (x) + fo(z). 

The transformation 


x= g(z), t=g(7), y(z) = v(z)w(z) + pz), (5) 
where g(z), y(z), and ¢)(z) are arbitrary continuous functions (g/, # 0), reduces Eqs. (1) and (2) to 


linear equations of the same form for the unknown function w = w(z). Such transformations are 
frequently used for constructing exact solutions of linear integral equations. 


* In Chapters 1-4, which deal with equations with variable and constant limits of integration, we sometimes consider 
more general equations in which the integrand contains the unknown function y(z), where z = z(x, t), instead of y(t). 
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9.1-3. Integral Transforms. 


Integral transforms have the form 


b 
{Qs i ya, A) f(x) de. 


The function f(A) is called the transform of the function f(x) and y(x, ) is called the kernel of 
the integral transform. The function f(z) is called the inverse transform of f(A). The limits of 
integration a and b are real numbers (usually, a = 0, b = 00 or a= —00, b = 00). 

In Subsections 9.2—9.6, the most popular (Laplace, Mellin, Fourier, etc.) integral transforms, 
applied in this book to the solution of specific integral equations, are described. These subsections 
also describe the corresponding inversion formulas, which have the form 


Oe i wa, fd) dr 


and make it possible to recover f(x) if f(A) is given. The integration path £ can lie either on the 
real axis or in the complex plane. 

Integral transforms are used in the solution of various differential and integral equations (see, 
for example, Sections 10.4, 11.3, 11.6, 12.5, and 13.9). Figure | outlines the overall scheme 
of solving some special classes of linear integral equations by means of integral transforms (by 
applying appropriate integral transforms to this sort of integral equations, one obtains first-order 
linear algebraic equations for fi ())). 


Original integral equation for a function y = y(x) 


Application of an integral transform 


Algebraic equation for the transform 7 = (A) 


Solution of the equation for the transform 


Derivation of an explicit form of the function Y= H(A) 


Application of the inverse integral transform 


Derivation of a solution to the original integral equation 


Figure 1. Principal scheme of applying integral transforms for solving integral equations. 


In many cases, to calculate definite integrals, in particular, to find the inverse Laplace, Mellin, 
and Fourier transforms, methods of the theory of functions of a complex variable can be applied, 
including the residue theorem and the Jordan lemma, which are presented below in Subsections 9.1-4 
and 9.1-5. 
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9.1-4. Residues. Calculation Formulas. Cauchy’s Residue Theorem. 


1°. The residue of a function f(z) holomorphic in a deleted neighborhood of a point z = a (thus, 
a is an isolated singularity of f) of the complex plane z is the number 


res fe) = 5 | f(® dz, 2 =-1, 


where c, is a circle of sufficiently small radius ¢ described by the equation |z — al = €. 
If the point z = a is a pole of order n* of the function f(z), then we have 


n—1 


res f(z) = ( [(z-a)" f(z)]. 


—— lim 
n—1)! 25a dr™! 


For a simple pole, which corresponds to n = 1, this implies 


res f(® = lim [(z - a) f(z}. 


If f(z) = a. where y(a) # 0 and ~(z) has a simple zero at the point z = a, i.e., W(a) = 0 and 
z 
w.(a) # 0, then 
pla) 
vila) 
2°. A function f(z) is said to be continuous on the boundary C of the domain D if for each boundary 
point zo there exists a limit lim f(z) = f(z) as z > 20, z € D. 
ZZ 


res f[®O= 


CAUCHY’S RESIDUE THEOREM. Let f(z) be a function continuous on the boundary C' of 
a domain D and analytic in the interior of D everywhere except for finitely many points 
G1,---,@y. Then 


| f(2)dz=2ni S res f(ax), 
C k=l 


where the integral is taken in the positive sense of C. 
The residue of a function f(z) at infinity is defined as 


1 
res f(0o) = a $ f(2) dz, 


where I is a circle of sufficiently large radius |z| = p and the integral is taken in the clockwise sense 
(so that the neighborhood of the point z = oo remains to the left of the contour, just as in the case of 
a finite point). 
Note that 
res f(co) = lim [-zf(2)] 


provided that this limit exists. 


THEOREM. Ifa function f(z) has finitely many singular points a),. . . a, in the extended complex 
plane, then the sum of all its residues, including the residue at infinity, is zero: 


res f(co) + 3 res f(ax) = 0. 


k=1 


* In a neighborhood of this point we have f(z) = const (z-a)”. 
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9.1-5. Jordan Lemma. 


JORDAN LEMMA. If a function f(z) is continuous in the domain |z| 2 Ro, Imz =a, where a is 
a chosen real number, and if lim f(z) =0, then 
z— CoO 


lim e'? f(z) dz =0 
R-o0o Cr 
for any X > 0, where Cp is the arc of the circle |z| = R that lies in this domain. 
If a function f(z) is analytic for |z| > Ro and z f(z) — 0 as |z| — co for y = 0 (or x = 0), then 


lim fi) dz =0, 


where C'p is the arc of the circle |z| = R in the upper half-plane (or right half-plane). 


@ References for Section 9.1: A. G. Sveshnikov and A. N. Tikhonov (1970), M. L. Krasnov, A. I. Kiselev, and 
G. I. Makarenko (1971), W. R. LePage (1980), A. D. Polyanin and A. V. Manzhirov (1998), A. N. Kolmogorov and 
S. V. Fomin (1999), S. G. Krantz (1999). 


9.2. Laplace Transform 


9.2-1. Definition. Inversion Formula. 


The Laplace transform of an arbitrary (complex-valued) function f(x) of a real variable x (a = 0) is 
defined by 


f= i eP* f(x) da, (1) 


where p = s + to is a complex variable. 

The Laplace transform exists for any continuous or piecewise-continuous function satisfying the 
condition | f(x)| < Me” with some MM > 0 and op 2 0. In the following, oo often means the greatest 
lower bound of the possible values of oo in this estimate; this value is called the growth exponent of 
the function f(x). 

For any f(x), the transform f(p) is defined in the half-plane Re p > ao and is analytic there. 

For brevity, we shall write formula (1) as follows: 


fo=L{f@}, or fp) =L{f), p}. 


Given the transform f(p), the function can be found by means of the inverse Laplace transform 


1 C+i00 2 
flay=— [five dp, P =H, Q) 
Mt J c-ioo 
where the integration path is parallel to the imaginary axis and lies to the right of all singularities 
of f(p), which corresponds to c > oo. 
The integral in (2) is understood in the sense of the Cauchy principal value: 


ct+ioco ctiw 
/ Fp)eP* dp = lim, / F(p)e?* dp. 
In the domain x < 0, formula (2) gives f(x) = 0. 

Formula (2) holds for continuous functions. If f(x) has a (finite) jump discontinuity at a point 
X = Xo > 0, then the left-hand side of (2) is equal to 4 f (ao —0) + f(zo + 0)] at this point (for xp = 0, 
the first term in the square brackets must be omitted). 

For brevity, we write the Laplace inversion formula (2) as follows: 


{@=2° {fo}. oe  F@M=LO4fO; sz}: 
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9.2-2. Inverse Transforms of Rational Functions. 


Consider the important case in which the transform is a rational function of the form 


_ Fw) 
Q(p)’ 


where @(p) and R(p) are polynomials in the variable p and the degree of Q(p) exceeds that of R(p). 
Assume that the zeros of the denominator are simple, i.e., 


f) (3) 


Q(p) = const (p— A1)(p— Az)... (p— An). 


Then the inverse transform can be determined by the formula 


“ RO) 
f(x) = $0 —— exp\r.2), (4) 
me Q'(Ak) 


where the primes denote the derivatives. 
If Q(p) has multiple zeros, i.e., 


Q(p) = const (p— A1)"\(p— A2)” ... (p- Am); 


then 


Spl 


~ te a Baer 
f(x) = Soeire Gp (Px) F(pye? i (5) 


Example 1. The transform 


= b 
f@p= ao (a, b real numbers) 
p?-a 


can be represented as the fraction (3) with R(p) = b and Q(p) = (p—a)(p + a). The denominator @(p) has two simple roots, 
A, = aand \2 =-a. Using formula (4) with n = 2 and Q’(p) = 2p, we obtain the inverse transform in the form 


b b 
f(a) = —e°*” e°* = — sinh(az). 
2a a 


Example 2. The transform 
Z b 
F(p) 


ae ey (a, b real numbers) 

pe +a 
can be written as the fraction (3) with R(p) = b and Q(p) = (p—ia)(p + ia), i* =—1. The denominator Q(p) has two simple 
pure imaginary roots, A, = ia and A = —ia. Using formula (4) with n = 2, we find the inverse transform: 


b tax b 
FO= a ba 


ee bi ae bi ey b. 
=-— [cos(aa) +1 sin(ax)| +— [cos(az) -4 sin(ax)] = — sin(ax). 
2a 2a a 


Example 3. The transform 
F(p) = ap, 


where 7 is a positive integer, can be written as the fraction (3) with R(p) = a and Q(p) = p”. The denominator Q(p) has one 
root of multiplicity n, A; = 0. By formula (5) with m = 1 and s; = n, we find the inverse transform: 


f(a) = gr 


p> Fairly detailed tables of inverse Laplace transforms can be found in Supplement 6. 
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9.2-3. Inversion of Functions with Finitely Many Singular Points. 


If the function f (p) has finitely many singular points, p1, po, ..., Pn, and tends to zero as p > ov, 
then the integral in the Laplace inversion formula (2) may be evaluated using the residue theory by 
applying the Jordan lemma (see Subsection 9.1-5). In this case 


f(a) =) 7 res (Fe? 1. (6) 
k=1 


Formula (6) can be extended to the case where f(p) has infinitely many singular points. In this case, 
f(a) is represented as an infinite series. 


9.2-4. Convolution Theorem. Main Properties of the Laplace Transform. 


1°. The convolution of two functions f(x) and g(x) is defined as an integral i; f@)g(a-t) dt, and 
0 
is usually denoted by f(x) * g(x), 


f(%) * g(a) = | f(t) gw —t) dt. 


By performing substitution x — ¢ = u, we see that the convolution is symmetric with respect to the 
convolved functions: f(x) * g(x) = g(x) * f(x). 
The convolution theorem states that 


L{ f(x) * g(a)} = L{f(a)} £ {gw} 


and is frequently applied to solve Volterra equations with kernels depending on the difference of the 
arguments. 


2°. The main properties of the correspondence between functions and their Laplace transforms are 
gathered in Table 1. 


3°. The Laplace transforms of some functions are listed in Table 2; for more detailed tables of direct 
and inverse Laplace transforms, see Supplements 5-6 and the list of references at the end of this 
section. 


9.2-5. Limit Theorems. 


THEOREM 1. Let 0 < x < oo and f(p) = £ { f(x)} be the Laplace transform of f(x). If a limit 
of f(x) as x — 0 exists, then 
lim f(a) = lim [pf@)]. 


THEOREM 2. If a limit of f(a) as x — oo exists, then 


jim, f(a) = lim [pf@)|- 
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TABLE 1 
Main properties of the Laplace transform 


oe 
Eq sake a>0 fs ie | Scaling | 


Sp 
f (= 0 for é <0 the argument 
et 


AO =TeD 


f(a) p" f(p)- Ly poe 0) Differentiation 
k=l 


BE a” f(x), m=1,2,. |p" f(p)- oe Be ee 40) Differentiation 


mi n FF 
lane (a)), m2n (-l)p aoe! (p) Differentiation 


ei = 


TABLE 2 
The Laplace transforms of some functions 


Function, f(x) Laplace transform, f (p) 


ras eS = 
n! 

her Dp 

———————————————————e 

Far Dos a 


a 
a 


a2 
a 
sO 
a 
| or 


Jo(x) is the Bessel 
LE wa. 2k 
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9.2-6. Representation of Inverse Transforms as Convergent Series. 


THEOREM |. Suppose the transform f(p) can be expanded into series in negative powers of p, 


Ons — 


convergent for |p| > R, where R is an arbitrary positive number; note that the transform tends to zero 
as |p| — oo. Then the inverse transform can be obtained by the formula 


Co 


f@= aye 


n=l 5 
where the series on the right-hand side is convergent for all x. 


THEOREM 2. Suppose the transform f(p), |p| > R, is represented by an absolutely convergent 
series, 


fm=o>. (7) 


where {A,,} is any positive increasing sequence, 0 < Ao < Ay < ++: — co. Then it is possible to 
proceed termwise from series (7) to the following inverse transform series: 


Co 


fa= > eae (8) 


n=0 


where I(\) is the Gamma function. Series (8) is convergent for all real and complex values of x 
other than zero (if Ao = 1, the series is convergent for all x). 


9.2-7. Representation of Inverse Transforms as Asymptotic Expansions as x — oo. 


1°. Let p = po be a singular point of the Laplace transform f(p) with the greatest real part (it is 
assumed there is only one such point). If f(p) can be expanded near p = po into an absolutely 
convergent series, 


Fo= So en(p-poy" Qo < Ar < +++ 4 &) (9) 


n=0 


with arbitrary \,,, then the inverse transform f(x) can be expressed in the form of the asymptotic 
expansion 


Co 


f(x) ~ eP® S- vat a as © — 00. 


n=0 


The terms corresponding to nonnegative integer A,, must be omitted from the summation, since 
TO) = T(-1) = T'(-2) =-+- = 00. 


2°. If the transform f(p) has several singular points, p;, ..., Pm, With the same greatest real part, 
Rep; =--: = Re pm, then expansions of the form (9) should be obtained for each of these points 
and the resulting expressions must be added together. 
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9.2-8. Post-Widder Formula. 


In applications, one can find f(x) if the Laplace transform f(t) on the real semiaxis is known for 
t = p= 0. To this end, one uses the Post—Widder formula 


f(x) = Jim [<P (2)"2°) (10) 


x 


Approximate inversion formulas are obtained by taking sufficiently large positive integer n in (10) 
instead of passing to the limit. 

0) References for Section 9.2: G. Doetsch (1950, 1956, 1958, 1974), H. Bateman and A. Erdélyi (1954), I. I. Hirschman 
and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), F. Oberhettinger (1973), B. Davis 
(1978), W. R. LePage (1980), R. Bellman and R. Roth (1984), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer 


(1991), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, Vols 4 and 5), R. J. Beerends, H. G. ter Morschem, and 
J.C. van den Berg (2003). 


9.3. Mellin Transform 


9.3-1. Definition. Inversion Formula. 


Suppose that a function f() is defined for positive x and satisfies the conditions 


1 fore) 
‘l [f(a)la""! da < 00, | f(x"! dr < 00 
0 1 


for some real numbers o; and 02, 0; < 02. 
The Mellin transform of f(x) is defined by 


fls)= | f(x)a* da, (1) 


where s = o + 77 is a complex variable (a; < 0 < 02). 
For brevity, we rewrite formula (1) as follows: 


f(s)=DUf@}, or — f(s) =M{f(z),s}. 


Given fi (s), the function can be found by means of the inverse Mellin transform 


1 o+t00 mn 
fle) = 55 i Hiderds  Cieoeey (2) 
i 


—100 


where the integration path is parallel to the imaginary axis of the complex plane s and the integral 
is understood in the sense of the Cauchy principal value. 

Formula (2) holds for continuous functions. If f(x) has a (finite) jump discontinuity at a point 
X= Xo > O, then the left-hand side of (2) is equal to 4 [ f(ao -0) + f(aot+ 0) at this point (for 7 = 0, 
the first term in the square brackets must be omitted). 

For brevity, we rewrite formula (2) in the form 


f@=Ot'{ f(s}, or f(a) = MTL Fs), x}. 
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9.3-2. Main Properties of the Mellin Transform. 


1°. The integral relations 
| f(at)g(t) dt = DT"{ f(s)gC - 5)}, (3) 
oo OLE nn oe eee 
[ tG)awS -2F roan (4) 


hold for fairly general assumptions about the integrability of the functions involved (see Ditkin and 
Prudnikov, 1965). 


2°. The main properties of the correspondence between the functions and their Mellin transforms 
are gathered in Table 3. 


TABLE 3 
Main properties of the Mellin transform 


Pr [ane eAte SIMU 
Po [fa 00 Sang 


a a of the naa 
pr [ew 
’ Inversion 
5) f/x) TCs) of the argument 
of the transform 
r B 1 — A a (str Power law 
6 | i a ) os % Z : i transform 


A6= DI=0 
ps8] eh | sy Ciffeventiation 


n Is) 3 Multiple 

(7) (94 _| = Pp 
Ee 

d\" Par. Multiple 
(+z) #0 ney 
ao | t° fi(at) fo(t) dt fista)fpd-—s—a+) Complicated integration 

0 
xr | t” fi (=) fat) dt fils+afr(stat B+) Complicated integration 
0 


9.3-3. Relation Among the Mellin, Laplace, and Fourier Transforms. 


There are tables of direct and inverse Mellin transforms (see Supplements 9 and 10), which are 
useful in solving specific integral and differential equations. The Mellin transform is related to the 
Laplace and Fourier transforms as follows: 


MU f(x), st = L{ fle*),-s} + L{ f(e*), s} = KL Fle"), is}, 


which makes it possible to apply much more common tables of direct and inverse Laplace and 
Fourier transforms. 


© References for Section 9.3: V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhettinger (1974), Yu. A. Brychkov and 
A. P. Prudnikov (1989). 
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9.4. Fourier Transform 


9.4-1. Definition. Inversion Formula. 


The Fourier transform is defined as follows: 


fu) = = ‘ faye ae. (1) 


For brevity, we rewrite formula (1) as follows: 


fW=Bf@}, or = fw = FH f(a), uh. 


Given fi (u), the function f(x) can be found by means of the inverse Fourier transform 


f(a) = oH i. Fwe™* du. (2) 


Formula (2) holds for continuous functions. If f(x) has a (finite) jump discontinuity at a point 
x = 2o, then the left-hand side of (2) is equal to $[ (xo — 0) + f(xo + 0)] at this point. 
For brevity, we rewrite formula (2) as follows: 


f@M=FLfWM} or f(a) = FL Fw, cz}. 


9.4-2. Asymmetric Form of the Transform. 


Sometimes it is more convenient to define the Fourier transform by 
v 29 * 
f(u) = / faye dz. (3) 
—OO 


For brevity, we rewrite formula (3) as follows: fi (u) = F{ f(x)} or fi (u) = F{ f(x), u}. 
In this case, the Fourier inversion formula reads 


Def rg oe, 
f@)==— if Fei du, (4) 
T Joo 


and we use the following symbolic notation for relation (4): f(a) = F lf fw}, or f(x) = 
Filfoi ak 


9.4-3. Alternative Fourier Transform. 


Sometimes, for instance, in the theory of boundary value problems, the alternative Fourier transform 
is used (and called merely the Fourier transform) in the form 


1 ra 
Fuw)=— | rye” dx. 5 
(u) roe am f(z) (5) 
For brevity, we rewrite formula (5) as follows: 


Fuy=Fif@}, or Fu) =F{f (2), u}. 


For given F(u), the function f(x) can be found by means of the inverse transform 


1 es : 
f@= =| F(uje™” du. (6) 
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TABLE 4 
Main properties of the Fourier transform 


Ta) Fiori 
jalan a>0 


n npn Differentiation 
2 Flo} n= Ls 


Gu Few 


[| Texeno [ti 


For brevity, we rewrite formula (6) as follows: 
fv) =F {Fa}, or f(a) = F'{F(u), x}. 


The function F(w) is also called the Fourier integral of f(x). 
We can introduce an asymmetric form for the alternative Fourier transform similarly to that of 
the Fourier transform: 


ay od ; 1 Ooh ks F 
Fu) = / frye" de, fla)= i Fluye™ du, (7) 


where the direct and the inverse transforms (7) are briefly denoted by Fi (u) = F{f (x)} and f(x) = 
F'{F(w)}, or by F(u) = F{ f(x), u} and f(x) =F'{F(u) a}. 


9.4-4. Convolution Theorem. Main Properties of the Fourier Transforms. 


1°. The convolution of two functions f(a) and g(x) is defined as 


f(a) * g(a) = = / : fa —Ag(t) dt. 


By performing substitution x — t = u, we see that the convolution is symmetric with respect to the 
convolved functions: f(x) * g(x) = g(x) * f(a). 
The convolution theorem states that 


Bf (w) * g(a)} = FL F@} F{g@}. (8) 
For the alternative Fourier transform, the convolution theorem reads 
F{ f(x) « g(a)} = F{ f@)} F{g@}. (9) 


Formulas (8) and (9) will be used in Chapters 12 and 13 for solving linear integral equations 
with difference kernel. 


2°. The main properties of the correspondence between functions and their Fourier transforms are 
gathered in Table 4. 


© References for Section 9.4: V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), B. Davis (1978), F. Oberhettinger 
(1980), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer (1991), I. Sneddon (1995), A. Pinkus and S. Zafrany 
(1997), R. Bracewell (1999), A. D. Poularikas (2000), R. J. Beerends, H. G. ter Morschem, J. C. van den Berg (2003), 
L. Debnath and D. Bhatta (2007). 
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9.5. Fourier Cosine and Sine Transforms 


9.5-1. Fourier Cosine Transform. 


1°. Let a function f(x) be integrable on the semiaxis 0 < x < oo. The Fourier cosine transform is 


defined by 

2 a 

fe(u) =4/— | f(x) cos(xu) dz, O<u<m. (1) 
T JO 

For given f.(u), the function can be found by means of the Fourier cosine inversion formula 

Def PO 

f@m=s/- fc(u) cos(ru) du, O0<4%<@. (2) 
T JO 


The Fourier cosine transform (1) is denoted for brevity by fe(u) = Bf f (x)}. 


2°. It follows from formula (2) that the Fourier cosine transform has the property R =; 
Some other properties of the Fourier cosine transform: 


an 
Bf" f@)} =D)" Tlf}, n=1,2,..-3 


Bel f'(z)} =-wWF{f@}. 


Here f(x) is assumed to vanish sufficiently rapidly (exponentially) as 2 — oo. For the second 
formula, the condition f’(0) = 0 is assumed to hold. 
Parseval’s relation for the Fourier cosine transform: 


| F{{@}Fefola)} du = | fa)gla) de. 


There are tables of the Fourier cosine transform (see Supplement 7 and the references listed at 
the end of the current section) which prove useful in the solution of specific integral equations. 


3°. Sometimes the asymmetric form of the Fourier cosine transform is applied, which is given by 
the pair of formulas 


fe(u) = i i f(x) cos(xu) da, f(x) = = | 7 fe(u) cos(xu) du. (3) 
0 0 


The direct and inverse Fourier cosine transforms (3) are denoted by f.(u) = Fa f(x)} and f(x) = 
FO {fe e(u)}, respectively. 


9.5-2. Fourier Sine Transform. 


1°. Let a function f(x) be integrable on the semiaxis 0 < x < oo. The Fourier sine transform is 


defined by 
f,(u) = /2 | a f(x) sin(xu) dx, 0<u<oo. (4) 
For given f,(u), the function f(a) can be found by means of the inverse Fourier sine transform 
f(x)= /2 | * fi(u) sin(xu) du, 0<4<o. (5) 


The Fourier sine transform (4) is briefly denoted by flu) = 5e{ f (x)}. 
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2°. It follows from formula (5) that the Fourier sine transform has the property eR =1. 
Some other properties of the Fourier sine transform: 


an 
Bo" (O}= CY" self}, n=a1 2.03 
Bf" @} = WL LO}. 


Here f(x) is assumed to vanish sufficiently rapidly (exponentially) as x — oo. For the second 
formula, the condition f(0) = 0 is assumed to hold. 
Parseval’s relation for the Fourier sine transform: 


Bs {f@}F{G(a)} du = ip f(a)g(a) de. 
C 


There are tables of the Fourier sine transform (see Supplement 8 and the references listed at the 
end of the current section), which are useful in solving specific integral equations. 


3°. Sometimes it is more convenient to apply the asymmetric form of the Fourier sine transform 
defined by the following two formulas: 


fu) = | * f(x) sin(xu) dx, f(x) = = | * fi(u) sin(zu) du. (6) 
0 0 


The direct and inverse Fourier sine transforms (6) are denoted by flu) = Ft f (x)} and f(x) = 
F,! { Fw}, respectively. 

© References for Section 9.5: E. A. C. Paley and N. Wiener (1934), S. Bochner and K. C. Chandrasekharan (1949), 
G. N. Watson (1952), H. Bateman and A. Erdélyi (Vol. 1, 1954), S. Bochner (1959), V. A. Ditkin and A. P. Prudnikov (1965), 
J. W. Miles (1971), B. Davis (1978), F. Oberhettinger (1980), E. C. Titchmarsh (1986), Ya. A. Brychkov and A. P. Prudnikov 


(1989), W. H. Beyer (1991), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 440), I. Sneddon (1995), 
A. D. Poularikas (2000). 


9.6. Other Integral Transforms 


9.6-1. Hankel Transform. 


The Hankel transform is defined as follows: 


fi(u) = i. rJ (ux) f(x) dx, 0<u<a, (1) 
0 


where v > -1 and J,,(2) is the Bessel function of the first kind of order v (see Supplement 11.6). 
For given f,,(u), the function f(x) can be found by means of the Hankel inversion formula 


f(a) = i ~ uJ (ux) f(u) du, 0<2 <0. (2) 
0 


Note that if f(x) = O(x%) as x — 0, where a+ +2>0, and f(x) = O(x?) as 2 — 00, where 
B+ 3 < 0, then the integral (1) is convergent. 

The inversion formula (2) holds for continuous functions. If f(x) has a (finite) jump discontinuity 
at a point x = po, then the left-hand side of (2) is equal to 4[ f(@o — 0) + f(xo + 0)] at this point. 

For brevity, we denote the Hankel transform (1) by fiw) 7 Hyd f (x)}. It follows from 
formula (2) that the Hankel transform has the property H2 = 1. 

Parseval’s relation for the Hankel transform: 


[oe co 1 
if uH_{ f(x)}H,{9(a)$ du = i xf(x)g(x) dx, v> 5" 
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9.6-2. Meijer Transform. 


The Meijer transform is defined as follows: 


f(s) = er sa K,,(sa) f(a) da, 0<s<o, 
0 


where K,,,(x) is the modified Bessel function of the second kind (the Macdonald function) of order 
(see Supplement 11.7). 
For given f,,(s), the function f(x) can be found by means of the Meijer inversion formula 


1 ctioo 
av QTd eid 


where J,,(x) is the modified Bessel function of the first kind of order js (see Supplement 11.7). For 
the Meijer transform, a convolution is defined and an operational calculus is developed. 


9.6-3. Kontorovich—Lebedev Transform. 


The Kontorovich—Lebedev transform is introduced as follows: 


f(a) = Vse 1,(sv)fu(s)ds,  O0<2<0o0, 


Fay= [ K;7(«)f (a) dx, 0<T<aM, 
0 


where K,,,(a) is the modified Bessel function of the second kind (the Macdonald function) of order 
(see Supplement 11.7) and i = V—1. 

For given F(7), the function can be found by means of the Kontorovich—Lebedev inversion 
formula 


f@me= ae i 7 sinh(17).K;,-(a)F (7) dr, 0<4<@M. 
TL Jo 


Parseval’s relation for the Kontorovich—Lebedev transform: 


| Fy(r) y(n) dr = i fila) fla) de. 
0 0 


9.6-4. Y-transform. 


The Y -transform is defined by 


F,(u) = ‘i ” fae Yue) f(2) de, 
0 


where Y,,(x) is the Bessel function of the second kind of order v. 
Given a transform F,,(u), the inverse Y-transform f(x) is found by the inversion formula 


f(a) = i * eH GD Ea ai 
0 


where H,,(x) is the Struve function, which is defined as 


Co 


(-1)9 (a /2)"*75+1 
H(z) = ) >: 
x BF + a)T(v +i + 3) 
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9.6-5. Summary Table of Integral Transforms. 


Table 5 summarizes the integral transforms considered above and also lists some other integral 
transforms; for the constraints imposed on the functions and parameters occurring in the integrand, 
see the references given at the end of this section. 


TABLE 5 
Main integral transforms 


Integral 
8 Definition Inversion formula 
transform 


iaaeees | 1 ae nad 
ieatafotin fo= Fo=["ertod MS (@) de f@=7— w= [Fond e”* f(p) dp 


Laplace- -_ a F —- 
= —px ' d _ 1 c+100 2 f(p) 
Carlson f@) | e?* f(a) dx f(a)= x i eP ; dp 


transform ico 


Two-sided ~ aS 1 ctico & 
Laplace Folwy= fe? f(a) de feo=ss |e Fanyap 


transform 


Fourier fr | Pos ss 1 oN 
transform fw= Vin ibe ef (x) dx I@)= Te he ee f(u) du 


Fourier si = OHARY (cater DF PEt =~ 
f(u=4/ al sin(xu) f(x) dx f(a)=4/ eh sin(xu) f,(u) du 
transform | ACO=¥ =a cos(u) fw) de f@)=\ = [ cos(wu) fe(u) du 


Hartley oe eee 
transform fa(u)= 


(cos xu + sin vu) fr(u) du 


ae 


ao zutsinzu)f(x)dx | f(x)= 


/2 [ 
7 foe) 
Mellin 


—~ co a : 
transform f= | x” f(x) dx 


~ Oni c-100 . 
nee iene { cet) aac faz | ih Gea a ae 
Faye if © fue Vou) FG ae Oe ih eg Ata oda 
0 0 


Meijer “n~ 2 love) 1 ctioco ae 
transform fis)=1/— | Jsx K (sx) f(x) dx =- J/sx LA(sx) f(s) ds 
(K-transform) T JO iV 2 Jc-ico 

Bochner T(r) =[* In/ri27xr)G(x,r) f(x) dx, 


Foe eee j-i2nrx)G(r,a) f(r) dr 
oo Ga, r)=2nr(e/ry"2, n=1,2,. i rs 


Weber Fau)= | WA(xu, au)ax f(x) da, f(e)= WAwu, au) uF,(u) du 
transform WA, iN JABYY Ap) — FA) YB) T2(au) + Y2(au) 


foy= fo D(cu)uF(u) du, 
(- 1)(2/2rrPPn 
4 Petnt Drw+p+ntl) 


Hardy F(w)= - CU(au)x f(x) dx, 
transform Cz) =cos(rp) J.(z) + sin(rp)Y.(z) O(z)= = 


Kontorovich— a 2 as 
Lebedev Fae | Kir(x) f(x) dx | 7 sinh(17)Ki7(x2)F (7) dr 
transform 0 Wk 10 
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TABLE 5 (continued) 
Main integral transforms 


transform 
 Mehler-Fock || 
< 
Fa)= veer gaas Prud@fdr, 1sa<co | f= [foyerinnier) [Py dF | een ee 


Euler © f(t) dt pad 
transform of | “C= Tw a (x-t)rH’ f@=Tq- Tipe / eae 


the Ist kind O<p<l, x>a 


ee open ge OL df? F(t)dt 
transform of | “= TGy J, Gaye ~ Td=p) de Je = 


the 2nd kind O<p<l, w<a 


Gauss 2 
transform ) F(x) 


ee eee os (x -ty 7 a d 
con 5 fa)=exp (2-5 


Hilbert © f@) 4 faz [~ F(s) _ 
Tv 


transform pied Ges sf 


-co S—£ 


Notations for Table 5: 1 = V-1, J, w(x) and Y,,(x) are the Bessel functions of the first and the second 
kind, respectively; I,,(a7) and K,,(@) are the modified Bessel functions of the first and the second 
kind, respectively; P,,(x) is the Legendre spherical function of the first kind; and H,,(~) is the Struve 
function (see Subsection 9.6-4). 


Remark 1. The Euler transform of the first kind is also known as Riemann—Liouville integral 
(the left fractional integral of order j: or, for short, the fractional integral), see Section 10.5. The 
Euler transform of the second kind is also called the right fractional integral of order ju. 


Remark 2. If a = 4, the Gauss transform is called the Weierstrass transform. In the inversion 

a ; @ oo fn a 

formula, the exponential is represented by an operator series: exp(k— } =1+ >> ———. 
dx? fa n! dx 


Remark 3. In the direct and inverse Hilbert transforms, the integrals are understood in the sense 
of the Cauchy principal value. 


Remark 4. Some other integral transforms are described in Chapter 3. 


© References for Section 9.6: H. Bateman and A. Erdélyi (1954, Vols 1 and 2), J. L. Griffith (1958), V. A. Ditkin and 
A. P. Prudnikov (1965), J. W. Miles (1971), F. Oberhettinger (1972), I. Sneddon (1972), H. M. Srivastava and R. G. Buschman 
(1977), B. Davis (1978), D. Zwillinger (1989), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer (1991), M. Ya. An- 
timirov (1993), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993), A. D. Polyanin and A. V. Manzhirov (1998, 2007), 
A. D. Poularikas (2000), L. Debnath and D. Bhatta (2007). 


Chapter 10 


Methods for Solving Linear Equations 
of the Form /( * K(a, t)y(t) dt = f(x) 


10.1. Volterra Equations of the First Kind 


In this chapter we present methods for solving Volterra linear equations of the first kind. These 
equations have the form 


/ K(a, thy) dt = f(a), (1) 


where y(x) is the unknown function (a < x < b), K (a, t) is the kernel of the integral equation, and 
f(a) is a given function, the right-hand side of Eq. (1). The functions y() and f(x) are usually 
assumed to be continuous or square integrable on [a,b]. The kernel K(a,t) is usually assumed 
either to be continuous on the square S = {a < 7 <b, ast <b} orto satisfy the condition 


b b 
/ , K?(z,t) dx dt = B? <x, (2) 


where B is a constant, that is, to be square integrable on this square. It is assumed in (2) that 
K(a,t)=0 fort > x. 
The kernel /(z, t) is said to be degenerate if it can be represented in the form 


K(a,t) = gi(a)hi@) ++ ++ + gn(@)hn(t). 


The kernel K(x, t) of an integral equation is called difference kernel if it depends only on the 
difference of the arguments, K(x, t) = K(a-t). 


Polar kernels 
L(a, t) 


(a —t)? 


and logarithmic kernels (kernels with logarithmic singularity) 


K(a,t) = 


+ M(a, t), 0<6<1, (3) 


K(a, t) = L(a, t) n(x - t) + M(a, 1), (4) 


where L(x, t) and M(z, t) are continuous on S and L(x, x) # 0, are often considered as well. 

Polar and logarithmic kernels form a class of kernels with weak singularity. Equations containing 
such kernels are called equations with weak singularity. 

The following generalized Abel equation is a special case of Eq. (1) with the kernel of the 
form (3): 


* y(t) 7 
| (oe dt = f(x), 0<6<\1. 
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In case the functions K (a, t) and f(x) are continuous, the right-hand side of Eq. (1) must satisfy 
the following conditions: 


1°. If K(a,a) #0, then f(x) must be constrained by f(a) = 0. 


2°. If K(a,a) = Ki(a,a) =--- = KY" (a,a) =0, 0< |KY(a,a)| < oo, then the right-hand side 
of the equation must satisfy the conditions 

f@)= f,@)=:--=fP@ =0. 
3°. If K(a,a) = Ki(a,a)=---=K@Y(a,a) =0, K (a, a) = 00, then the right-hand side of the 


equation must satisfy the conditions 


fay= fee 22e fe @ a0. 


For polar kernels of the form (3) or (4) and continuous f(a), no additional conditions are imposed 
on the right-hand side of the integral equation. 


Remark 1. Generally, the case in which the integration limit a is infinite is not excluded. 


10.1-2. Existence and Uniqueness of a Solution. 


Assume that in Eq. (1) the functions f(a) and K(z, t) are continuous together with their first 
derivatives on [a, b] and on S, respectively. If K(a, x) #0 (x € [a, b]) and f(a) =0, then there exists 
a unique continuous solution y(x) of Eq. (1). 


Remark 2. The problem of existence and uniqueness of a solution to a Volterra equation of 
the first kind is closely related to conditions under which this equation can be reduced to Volterra 
equations of the second kind (see Section 10.3). 


Remark 3. A Volterra equation of the first kind can be treated as a Fredholm equation of the 
first kind whose kernel (x (x, t) vanishes for t > x (see Chapter 12). 


10.1-3. Some Problems Leading to Volterra Integral Equations of the First Kind. 


1°. Abel problem (generalization of the tautochrone problem*). 

Statement of the problem. Suppose a point mass (a bead) can move along a curve in the vertical 
plane (€,7)) under the gravitational force. Determine the curve if the bead, initially having an 
ordinate x and zero velocity, must reach the O€ axis in a time t = f(x), where f(a) is a given 
function. 

Derivation of the integral equation. The absolute value of the bead velocity is expressed as 


v= V/2g9(4- 7). 


Let @ = 3(7) denote the angle between the tangent to the curve and the O€ axis, as shown in Fig. 2. 
Then the 7-component of the velocity is found as 


a =-1/29(a—-7) sin B. 


It follows that 
dn 
J/29(@ —7) sin 3 


Find the curve down which a heavy bead having zero initial velocity and placed anywhere will fall to the bottom in the same 
amount of time. 


dt =- 
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Integrating over 7 from 0 to x and setting = y(7), one arrives at the Abel equation 


1 
sin 3 


ea dn =—/2g file). 


Denoting —\/2g fi(x) = f(x) yields 


Ss dn = f(a). 


Here y() is the unknown function and f(x) is a given function. 


n 


O 6 
Figure 2. Curve along which the bead moves in the Abel problem. 


Having found y(7), one readily obtains the equation of the desired curve. Indeed, since y(7) = 
1/sin G, we have 7 = ®((). Further, 


dn _ &(3)d8 
tanB— tan 3 


_f¥Oag- 
g= [| aa = We) 


Hence, the desired curve is determined parametrically by the equations 


dé = 


and therefore 


€=W(B), n= Pf). 
In particular, if f(a) = C = const, the desired curve is a cycloid. 


2°. A model problem on buying and selling goods. 

Statement of the problem. There is a shop that buys and sells various types of goods. It is 
assumed that: 

1) buying and selling are continuous processes and the goods bought are put on sale immediately; 

2) any type of goods is purchased by the shop in consignments, the quantity of goods in each 
consignment equal to the quantity sold by the shop for a time 7’, the same for all types of goods; 

3) each new consignment is sold uniformly over the time 7’. 

The shop starts selling a new consignment the cost of which is equal to unity. Find the law y(t) 
according to which the goods should be bought, in order that the cost of the goods present in the 
shop remains constant. 
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Derivation of the integral equation. The cost of the initially bought goods remaining in the shop 
by an instant ¢ is equal to 


t 
Kom {tor if t¢<T, 
0 if t>T. 


Suppose that on the time interval from 7 to 7 + dr the cost of the goods bought is equal to y(7) dr. 
This stock of the goods is decreased through selling, so that by the instant t > 7 the cost of the 
remainder is K(t—7)y(7) dr. Therefore, by the time t, the cost of the unsold portion of the goods 
purchased by the shop will be equal to 


t 
i K(t-—r)y(t) dr. 
0 


On the other hand, the cost of the unsold portion of the goods bought by the shop is equal to 1— K(f). 
Equating these two expressions gives 


t 
1-Kw= [ K(t-T)y(t) dr. 
0 


This is a convolution integral equation of the first kind for the unknown function y(¢). 
© References for Section 10.1: E. Goursat (1923), H. M. Miintz (1934), F. G. Tricomi (1957), V. Volterra (1959), 
S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), C. Corduneanu (1973), 


V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986), 
P. Linz (1987). 


10.2. Equations with Degenerate Kernel: 
K(x, t) = gi(x)hi(t) + +++ + gn(x)hn(t) 


10.2-1. Equations with Kernel of the Form K(z, t) = gi(x)hi (4) + go(x)ho(t). 


Any equation of this type can be rewritten in the form 
(x) / hy(tyy(t) dt + go(x) if ha(tyy(t) dt = f(x). (1) 


It is assumed that g)(x) # const g2(x), hi (t) # const ho(t), 0 < g(a) + g5(a) < co, and f(a) = 0. 
The change of variables 


Oe / hi(t)y(t) dt (2) 


followed by the integration by parts in the second integral in (1) with regard to the relation u(a) = 0 
yields the following Volterra equation of the second kind: 


*T ha(t) |’ 
tncoma(e)+ atone) acon [| PO] unar=mase. ——) 
a t 
The substitution 
_ ff eo) 
w(x) - | Foe dt (4) 


reduces Eq. (3) to the first-order linear ordinary differential equation 


h(x) 
hy(x) 


a (5) 


| we fermen) PO 


[gi(x)hi (x) + g2(a)ho(x) Iw, — go(x)hi (x) | 
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1°. In the case gi(x)hi(x) + go(x)ho(x) # 0, the solution of equation (5) satisfying the condition 
w(a) = 0 (this condition is a consequence of the substitution (4)) has the form 


*T ho(t)]’ f@hit) dt 
=@® eee 
a) « | Se sane ie} 
*Tho(t)]’ —_go(t)hi(t) dt 
a) = OS 7 
@) exp | | tea} sy 


Let us differentiate relation (4) and substitute the function (6) into the resulting expression. After 
integrating by parts with regard to the relations f(a) = 0 and w(a) = 0, for f # const g2 we obtain 


u(g) = —_2@n@P@) - | f© ‘dt 
gi(a)hyi(x) + go(x)h2(@) Ja | g2(t) ], PO 
Using formula (2), we find a solution of the original equation in the form 


ad { gr(ayh (a) ®(a) : | f® "dt } 
h(a) dx | gi(x)hi(x) + g2(z)ho(x) Ja Lot) |, OD J? 
where the function ®(z) is given by (7). 

If f(x) = const g2(x), the solution is given by formulas (8) and (7) in which the subscript | must 
be changed by 2 and vice versa. 


ya) = (8) 


2°. In the case g)(x)h1(x) + go(x)h2(x) = 0, the solution has the form 
yooy= pe | Clee | --- 4 | (f/ 92) | 
hy dx | (gi/92)', hy dx | (ha/hi)!, | 


10.2-2. Equations with General Degenerate Kernel. 


A Volterra equation of the first kind with general degenerate kernel has the form 


Sorc i, “Tim (yl) dt = f(a. (9) 
Using the notation oe : 
Wm(2) = [ hm(t)y(t) dt, m=1,...,n, (10) 
Conn ee vations: - 
OOo! ay 
ca 


On differentiating formulas (10) and eliminating y(x) from the resulting equations, we arrive at the 
following linear differential equations for the functions wy, = Wm(x): 
hi(xywy, = hm(x)w, 9S Qe aes, (12) 
(the prime stands for the derivative with respect to x) with the initial conditions 
Wm(a) = 0, me=l,...,n. 
Any solution of system (11), (12) determines a solution of the original integral equation (9) by each 
of the expressions 
Wm (Z) 
= = 14.5573 
eae OC) aa ' 
which can be obtained by differentiating formula (10). 
System (11), (12) can be reduced to a linear differential equation of order n — 1 for any 
function w(x) (m= 1,...,n) by multiple differentiation of Eq. (11) with regard to (12). 


@) References for Section 10.2: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1986). 
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10.3. Reduction of Volterra Equations of the First Kind 
to Volterra Equations of the Second Kind 


10.3-1. First Method. 


Suppose that the kernel and the right-hand side of the equation 


/ K(e, t)y(t) dt = f(a), (1) 


have continuous derivatives with respect to x and that the condition K (a, x) # 0 holds. In this case, 
after differentiating relation (1) and dividing the resulting expression by K (a, x) we arrive at the 
following Volterra equation of the second kind: 


ACE) Se FACS) 
uot | ey uOdt= pe. 


(2) 


Equations of this type are considered in Chapter 11. If K(x, x) = 0, then, on differentiating Eq. (1) 
with respect to x twice and assuming that K/ (2, t)|:-2 # 0, we obtain the Volterra equation of the 
second kind 


Kit) fa) 
wos Rada" WG 


If K/ (a, x) = 0, we can again apply differentiation, and so on. If the first m — 2 partial derivatives 
of the kernel with respect to x are identically zero and the (m — 1)st derivative is nonzero, then the 
m-fold differentiation of the original equation gives the following Volterra equation of the second 
kind: 

= KEG?) 2 fO@ 


y(x) + ———_—_—<—_ y(t) dt = ————_.. 
a KEG, Des” KO, Dice 


10.3-2. Second Method. 


Let us introduce the new variable 


Y(@) = if: y(t) dt 


and integrate the right-hand side of Eq. (1) by parts taking into account the relation f(a) = 0. After 
dividing the resulting expression by K(x, x), we arrive at the Volterra equation of the second kind 


KOO 4 10 


Oe) Fear ay ~ KG, ® 


’ 


for which the condition K (a, x) = 0 must hold. 


@) References for Section 10.3: E. Goursat (1923), V. Volterra (1959). 


10.4. Equations with Difference Kernel: K(z, t) = K(a-t) 


Volterra equations of the first kind with kernel depending on the difference of the arguments have 
the form 


| K(a—Dy(t) dt = f(a). (1) 
C 
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To solve these equations, the Laplace transform can be used (see Section 9.2). In what follows 
we need the transforms of the kernel and the right-hand side; they are given by the formulas 


K(p) = if ” K@e?* dz, f@)= | ” p@e?* de. (2) 
0 0 


Applying the Laplace transform £ to Eq. (1) and taking into account the fact that an integral 
with kernel depending on the difference of the arguments is transformed to the product by the rule 
(see Subsection 9.2-4) 


£ { [ Ke@-oun ar} = K (pi, 
we obtain the following equation for the transform §(p): 
K(p)Gp) = F(P). (3) 
The solution of Eq. (3) is given by the formula 


ee LC) 
IM) ==. (4) 
K(p) 
On applying the Laplace inversion formula (if it is applicable) to (4), we obtain a solution of Eq. (1) 


in the form 
7 1 CHOCO f(y) 
y(@) = Oni i = ©) e?* dp. (5) 


When applying formula (5) in practice, the following two technical problems occur: 


1°. Finding the transform K(p) = ‘ K(a)e” dx for a given kernel K(x). 
0 


2°. Finding the resolvent (5) whose transform Rp) is given by formula (4). 

To calculate the corresponding integrals, tables of direct and inverse Laplace transforms can be 
applied (see Supplements 5 and 6), and, in many cases, to find the inverse transform, methods of the 
theory of functions of a complex variable are applied, including the Cauchy residue theorem (see 
Subsection 9.1-4). 


Remark. If the lower limit in the integral of a Volterra equation with difference kernel is a, then 
this equation can be reduced to Eq. (1) by means of the change of variables x = Z—a, t =t—a. 


10.4-2. Case in Which the Transform of the Solution is a Rational Function. 


Consider the important special case in which the transform (4) of the solution is a rational function 
of the form 


___ Fp) _ RO) 
1D Foy Wy" 


where @(p) and R(p) are polynomials in the variable p and the degree of Q(p) exceeds that of R(p). 
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If the zeros of the denominator Q(p) are simple, i.e., 


Q(p) = const (p— Ai )(p— Az)... (D— An); 


and A; # A; for 2 #7, then the solution has the form 


“ ROk) 
y(x) = =~ exp(\k2), 
d Q'(Ak) 


where the prime stands for the derivatives. 
Example 1. Consider the Volterra integral equation of the first kind 


| e 2H (t) dt = Asinh(bz). 
0 


We apply the Laplace transform to this equation and obtain (see Supplement 5) 


ite x Ab 
yp) 


pta 7 pb” 


This implies 
_ Ab(pt+a) _  Ab(p+a) 
pe (p—b)(p +b)” 
We have Q(p) = (p — b)(p + b), R(p) = Ab(p + a), A1 = b, and Az = —-b. Therefore, the solution of the integral equation has 
the form 


YP) 


y(x) = +A(b +ajeo + +A(b —a)e® = Aasinh(bx) + Ab cosh(ba). 


10.4-3. Convolution Representation of a Solution. 


In solving Volterra integral equations of the first kind with difference kernel K(x — t) by means of 
the Laplace transform, it is sometimes useful to apply the following approach. 
Let us represent the transform (4) of a solution in the form 


1 


I~) =NMMO)fe),  No==——. (6) 
K(p)M(p) 
If we can find a function 1/(p) for which the inverse transforms 
£"'{Mp)}=M@), L£°{N@}=N@) (7) 
exist and can be found in a closed form, then the solution can be written as the convolution 
z t 
y(x) = | N(a2 —-t)F(t) dt, F(t)= | M(t—-s)f(s) ds. (8) 
0 0 
Example 2. Consider the equation 
i sin(AV a —t) y(t) dt = f(x), f) =0. (9) 
0 
Applying the Laplace transform, we obtain (see Supplement 5) 
wip) . 2 3/2 t _ 1,2 
HO) = Tay P Pr expla/p)F(p), a= gr”. (10) 
Let us rewrite the right-hand side of (10) in the equivalent form 
2 os 
Wp) = Pp? [p\ exp(a/p)| fp), a = 4’, (11) 


Vir 


where the factor in the square brackets corresponds to I/(p) in formula (6) and N(p) = const p?. 
By applying the Laplace inversion formula according to the above scheme to formula (11) with regard to the relation 
(see Supplement 6) 


2 


-lpa-,.)_ a -ly 1/2 el 
A) er a BR Ge) eae 
we find the solution ; ( eae 
d = cosh(AVa-t 
yoy= Fe | "eae 
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10.4-4. Application of an Auxiliary Equation. 


Consider the equation 


4 K(a—-t)y(t) dt = f(x), (12) 


where the kernel /’(x) has an integrable singularity at x = 0. 
Let w = w(x) be the solution of the simpler auxiliary equation with f(x) = 1 anda =0, 


ir K(a—t)w(t) dt = 1. (13) 
0 


Then the solution of the original equation (12) with arbitrary right-hand side can be expressed as 
follows via the solution of the auxiliary equation (13): 


d x 
y(x) = al w(x —t) f(t) dt = flaywte—a)+ f w(a -t) fi) dt. (14) 


Example 3. Consider the generalized Abel equation 


© y(t)dt _ 
a aos = f(x), O<p<il. (15) 


We seek a solution of the corresponding auxiliary equation 


“ w(t)dt _ 
iE Gan =1, O<p<1, (16) 


by the method of indeterminate coefficients in the form 
wa) = Ar. (17) 


Let us substitute (17) into (16) and then perform the change of variable t = x€ in the integral. Taking into account the 
relationship 


: Tel@ 
Bo. =f erta-e'tag = 
0 T(p+q 
between the beta and gamma functions, we obtain 
Ab@+DPG=1) sew _ 1 
12+ B-p) 
From this relation we find the coefficients A and (3: 
1 sin(7 1) 
Bap = a (18) 
Tw PC - 1) 7 


Formulas (17) and (18) define the solution of the auxiliary equation (16) and make it possible to find the solution of the 
generalized Abel equation (15) by means of formula (14) as follows: 


ya) = SH) < [ fdt sca fa), i fl) at } (19) 


dx (v—-t)e or (2 —a)# (@—hrn 


10.4-5. Reduction to Ordinary Differential Equations. 


Consider the special case in which the transform of the kernel of the integral equation (1) can be 
represented in the form 
M(p) 


K®)= oy (20) 
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where M(p) and N(p) are some polynomials of degrees m and n, respectively: 
M(p)=S— Agp®, Np) = $5 Byp*. (21) 
k=0 k=0 


In this case, the solution of the integral equation (1) (if it exists) satisfies the following linear 
nonhomogeneous ordinary differential equation of order m with constant coefficients: 


> Any (a) = > Be f@). (22) 
k=0 


k=0 


We can rewrite Eq. (22) in the operator form 
d 
M(D)y(2) = N(D)f (2), D= mre 


The initial data for the differential equation (22), as well as the conditions that must be imposed on 
the right-hand side of the integral equation (1), can be obtained from the relation 


m k-1 n k-1 
> Ak DP O)— 7) Be Dp fPO) = 0 (23) 
k=0 s=0 k=0 =0 


by matching the coefficients of like powers of the parameter p. 
The proof of this assertion can be given by applying the Laplace transform to the differential 
equation (22) followed by comparing the resulting expression with Eq. (3) with regard to (20). 


10.4-6. Reduction of a Volterra Equation to a Wiener—Hopf Equation. 


A Volterra equation of the first kind with difference kernel of the form 


ke K(a—-t)y(t) dt = f(x), 0<4<@M, (24) 
0 


can be reduced to the following Wiener—Hopf equation of the first kind: 


[ K,(a —t)y(t) dt = f(x), 0<4<@M, (25) 
0 


where the kernel (x — t) is given by 


K(s) for s>0, 
K. = 
(5) { 0) for s<0. 


Methods for solving Eq. (25) are presented in Section 12.8. 
@© References for Section 10.4: G. Doetsch (1956), V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnoy, A. I. Kiselev, 


and G. I. Makarenko (1971), V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov and 
Yu. I. Cherskii (1978). 
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10.5. Method of Fractional Differentiation 


10.5-1. Definition of Fractional Integrals. 


A function f(x) is said to be absolutely continuous on a closed interval [a, b] if for each ¢ > 0 there 


pase: a 6 > 0 such that for any finite syste of disjoint intervals [ax, bx] C [a,b], k=1,...,n, such 
that 0 — dx) < 6 the inequality s | f(bx) — f(ax)| < € holds. The class of all these functions is 
denoted by AC. 


Let AC”, n=1,2,..., be the class of functions f(x) that are continuously differentiable on [a, b] 
up to the order n — 1 and for which f(x) € AC. 
Let v(x) € Li (a, b). The integrals 


1 f* 
a+ (2) = Tw J, @-o- dt, xL>a, (1) 
b 
I! g(a) = OO He. iy, (2) 


TQ) x (t ~ x)! 


where jz > 0, are called the integrals of fractional order js. Sometimes the integral (1) is called 
left-sided and the integral (2) is called right-sided. The operators If’, and Ii!" are called the operators 
of fractional integration. 

The integrals (1) and (2) are usually called the Riemann—Liouwville fractional integrals. 

The following formula holds: 


b 
P(a)NG (x) dx = [ Wal, (a) da, (3) 


which is sometimes called the formula of fractional integration by parts. 
Fractional integration has the property 


EB, p@) =i e@), HR p@)=U%p@), w>0, 6>0. (4) 


Property (4) is called the semigroup property of fractional integration. 


10.5-2. Definition of Fractional Derivatives. 


It is natural to introduce fractional differentiation as the operation inverse to fractional integration. 
For a function f(a) defined on a closed interval [a, b], the expressions 


1 od f* f@ 
Td =p) de J, (e-1# 

1S Sd of FO) 
Td =p) dz J, (t=)! 


Dé, f(a) = dt, (5) 


Di f(x) =- (6) 


are called the Jeft and the right fractional derivative of order 1, respectively. It is assumed here that 
O<p<l. 
The fractional derivatives (5) and (6) are usually called the Riemann—Liouville derivatives. 
Note that the fractional integrals are defined for any order js > 0, but the fractional derivatives 
are so far defined only for 0 < w< 1. 
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If f(x) € AC, then the derivatives Df, f(x) and Dy f(x), 0 < p< 1, exist almost everywhere, 
and we have D!), f(x) € L,(a,b) and Df’ f(x) € L,(a,b), 1 <r < 1/p. These derivatives have the 
representations 


__1 J f@ KO 
Di.fO=Tq=p | cts Caran Me a), (7) 


° 
J) fut) a] | ‘ 


tatty lal 
We he » tx 


Finally, let us pass to the fractional derivatives of order 4 = 1. We shall use the following 
notation: [j] stands for the integral part of a real number yw and {1} is the fractional part of pu, 
0< {yu} < 1, so that 


= [Hw] + tu}. (9) 
If jz is an integer, then by the fractional derivative of order jz we mean the ordinary derivative 
a ay 
D’,=(—], Di=(-—], S132, e0 10 
at ( dx ) b ( dx ) . a0) 


However, if ju is not integral, then Df’, f and Dj} f are introduced by the formulas 


d [pH] d [u}+1 
D4, f(x) = (=) Dit f(x) = (=) 1 fe), (11) 
d [yu] d [u]+1 ; 
Di f(x) = (-<)" Di f(a) = (-<) 1 ie): (12) 
Thus, 
Boul! ad\" f?  f@ _ 
Di. f(a) = mols) ’ Gop & n=([p) +1, (13) 
Cyr (d\" f? __ f@ _ 
Di_ f(x) = T(n—p) i) (+ -) : G-aert dt, n= [u] +1. (14) 


A sufficient condition for the existence of the derivatives (13) and (14) is as follows: 


“ f@dt 


are eee 7) 
pw eAG™ 


a 


This sufficient condition holds whenever f(x) € AC™!, 


Remark. The definitions of the fractional integrals and fractional derivatives can be extended to 
the case of complex yu (e.g., see S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993)). 


10.5-3. Main Properties. 


Let I4,(L1), > 0, be the class of functions f(x) that can be represented by the left fractional integral 
of order yz of an integrable function: f(x) = I4,(x), v(x) € Li(a,b), 1S p<. 
For the relation f(x) € I4,(L1), ps > 0, to hold, it is necessary and sufficient that 


fn—p(@) =" f € AC”, (15) 
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where n = [4] + 1, and* 
foo = 0, k=0,1,...,n-1. (16) 
Let 2 > 0. We say that a function f(a) € L, has an integrable fractional derivative Di, f if 
Wn" f(w) € AC”, where n = [p] + 1. 
In other words, this definition introduces a notion involving only the first of the two condi- 
tions (15) and (16) describing the class I/,(L). 
Let ys > 0. In this case the relation 


DEM. P(@) = 9() (17) 
holds for any integrable function v(x), and the relation 
1.Dt. f(a) = f(a) (18) 
holds for any function f(x) such that 
f@) € ML). (19) 


If we replace (19) by the condition that the function f(x) € L (a,b) has an integrable deriva- 
tive D‘., f(a), then relation (18) fails in general and must be replaced by the formula 


1,Dé, f(a) = f(e)- 2 awh D(a), (20) 
where n = [u] + 1 and fp_,(v) = Wi," f(x). In so eatie for 0 < p< 1 we have 
If, Dt. f(a) = f(a) - ee -ay, (21) 
Tp) 


10.5-4. Solution of the Generalized Abel Equation. 


Consider the Abel integral equation 
y(t) 

a (x-te 
where 0 < ys < 1. Suppose that x € [a,b], f(x) € AC, and y(t) € L1, and apply the technique of 
fractional differentiation. We divide Eq. (22) by (1 — yz), and, by virtue of (1), rewrite this equation 
as follows: 

A, 


T-p)’ 
Let us apply the operator of fractional differentiation D,,"' to (23). Using the properties of the 
operators of fractional integration and differentiation, we obtain 


dt = f(a), (22) 


TH y(2) = L> a. (23) 


Doi f() 
WO ay (24) 
or, in the detailed notation, 
1 f(a) *  f® 
Y= Tyra = E Spe ea a] | a, 
Taking into account the relation 
1 _ sin(7p) 
TQ@ord-~) ot” 


we now arrive at the solution of the generalized Abel equation in the form 
sin(7 4) (a) " fi(t) dt 
y(x) = : a + LOE , 
(cae J, @—Hr 


which coincides with that obtained above in Subsection 10.4-4. 


(26) 


* From now on in Section 10.5, by f(x) we mean the nth derivative of f(x) with respect to x and f(™(a)= f™ (x)| vm 
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10.5-5. Erdélyi-Kober Operators. 


Generalized Erdélyi—Kober operators are defined by the relations 
2 x 
Ipalfl= Tea* / PPC? _47)0 1 Ft) dt if O<a<co (27) 
a a 
and 
2 b 
Kgolfl= —~2"? / th 282042 _ 91 Fy dt if O<a<oco. 
a x 


The following identities hold: 
Ip,a0la+3.4 = Ip,0+7 
Ipalt? FO] = 27" Ipey.olf Ol, 
KB ,olo+8,7 = KB,a+7> 
Kell f®) = 277 Keyl fl 
Defining the inverse operators, one can show that 
Tha = Tos p—ce 
K oi = Kanone: 
Generalized Erdélyi-Kober operators (27) and inversion formulas (28) are used for solving some 
dual integral equations. 


(28) 


@) References for Section 10.5: K. B. Oldham and J. Spanier (1974), C. Nasim and B. D. Aggarwala (1984), Yu. L. Babenko 
(1986), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993). 


10.6. Equations with Weakly Singular Kernel 


Consider the Volterra integral equation of the first kind with polar kernel 


La, t 
Rope .. “Sener (1) 
(x-t)° 
The integral equation in question can be represented in the form 
* La, t) 
“y(t) dt = f(a), (2) 
o (x-t) 


where we assume that the functions L(«, t) and OL(«, t)/Ozx are continuous and bounded. To solve 
Eq. (2), we multiply it by dx /(€ — )'"* and integrate from 0 to : , thus obtaining 


L(a, t) dx 2 Fda: 
t) dt = . 
[xs rua] ee ) -a)r@ 


By setting 
L(a, t) dx 


g 
Mena) 2. 
oe / (€-2)-(a - 1)’ 


é d. 
a= [ LOR, 0 =0. 


we obtain another integral equation of the first kind with the unknown function y(t): 


g 
| K*, Dy) dt = oO, (3) 


in which the kernel K*(€, t) has no singularities. 

It can be shown that any solution of Eq. (3) is a solution of Eq. (2). Thus, after transforming 
Eq. (2) to the form (3), we can apply any methods available for continuous kernels to the latter 
equation. 
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10.6-2. Kernel with Logarithmic Singularity. 


Consider the equation 


[ ie-nyn d= fo, — fO)=0. (4) 
0 
Let us apply the Laplace transform to solve this equation. Note that 
ca T 1 
Lie" = oP? de = UN) y>-l. (5) 
0 pY 


Let us differentiate relation (5) with respect to v. We obtain 


(6) 


efe'ng} = PEED we 4 


pt! | Tw 1) Dp 
From Supplement 11.4-2, it follows that 


ys ae 
Td) 7” 


where C = 0.5772... is the Euler constant. With regard to the last relation, formula (6) with v = 0 


becomes i C 
&{inz} =P" (7) 
Pp 


Applying the Laplace transform to Eq. (4) and taking into account (7), we obtain 


Inp+C 


Hp) = f(P), 
and hence 7 
Hp) =-— : 2. (8) 
Now let us express (p) in the form 
O- ee . TES co 
Since f(0) = 0, it follows that 
Lf frn(a)} =p’ fp) — FO). (10) 
Let us rewrite formula (5) as ; 
elresn} eT a 


and integrate (11) with respect to v from 0 to co. We obtain 


OD 9 ple ~ dv 1 
———_d = —_ = ——_. 
e{/ Twv+1) “| [ pt! p inp 


Applying the scaling formula for the Laplace transform (see Table | in Subsection 9.2-5) we see 


that Se ) 
ef [ i dy} = =. 
o Trwt+h pinap p(np+Ina) 
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We set a = e© and obtain 


co gv ecu 1 
2 / Tor) tor} ~ pdnp+C) oa 
Let us proceed with relation (9). By (12), we have 
fx0)__ a f of 4 ave cr ay (13) 
p(Inp+C) 2 Tw +1) ; 


Taking into account (10) and (12), we can regard the first summand on the right-hand side in (9) as 
a product of transforms. To find this summand itself we apply the convolution theorem: 


PFD) ~ f.0) _ @-Hre” 
p(Inp + C) e{[ wo fr Ter at} a 
On the basis of relations (9), (13), and (14) we obtain the solution of the integral equation (4) in 
the form hes 
2 (x —t)’e 
yl) =- ie wo a dat fo [= a (15) 


© References for Section 10.6: V. Volterra (1959), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971). 


10.7. Method of Quadratures 


The method of quadratures is a method for constructing an approximate solution of an integral 
equation based on the replacement of integrals by finite sums according to some formula. Such 
formulas are called quadrature formulas and, in ene have the form 


ip (a) de = > Ath(wi) + enlv), (1) 

i=l 
where x; (t = 1,...,7) are the abscissas of the partition points of the integration interval [a, b], or 
quadrature (interpolation) nodes, A; (i = 1,...,) are numerical coefficients independent of the 


choice of the function 7(x), and €,,[7] is the remainder (the truncation error) of formula (1). As a 
rule, A; =O and >> A; = b-a. 
i=l 
There are quite a few quadrature formulas of the form (1). The following formulas are the 


simplest and most frequently used in practice. 
Rectangle rule: 


A, = Az =-+-=Ani=h, Ay = 0, 
b- (2) 
ee | Hea sky GS kat: 
n—-1 
Trapezoidal rule: 
Aj = An = 4h, Ay= A300 Ana =h, 
be (3) 
pe epee RGD) GSIs AW: 
n—-1 
Simpson’s rule (or prismoidal formula): 
A\ = Arm+1 a +h, Ag = Si Am = +h, A3 fer Silesia Agm-1 = 2h, 
_ b-a (4) 


mat! ry=athi-1) (n=2m+l, i=1,...,n), 


where m is a sound integer. 

In formulas (2)-(4), A is a constant integration step. 

The quadrature formulas due to Chebyshev and Gauss with various numbers of interpolation 
nodes are also widely applied. Let us illustrate these formulas by an example. 
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Example. For the interval [—1, 1], the parameters in formula (1) acquire the following values: 
Chebyshev’s formula (n = 6): 
A, =A ee 0.8662468181 
= Se. S =H, 2, =r. =O. Is 
1 2 eS 1 6 (5) 
@ =-X5 = —0.4225186538, x3 =-a4 = —-0.2666354015. 


Gauss’s formula (n = 7): 
A, = A7 = 0.1294849662, A) = Ag = 0.2797053915, 
A3 = As = 0.3818300505, Ag = 0.4179591837, 


x = x7 = -0.9491079123, xy = —x6 = -0.7415311856, 
23 =—25 = -0.4058451514, x4 =0. 


(6) 


Note that a vast literature is devoted to quadrature formulas, and the reader can find books of 
interest (e.g., see G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), S. M. Nikol’skii 
(1979)). 


10.7-2. General Scheme of the Method. 


Let us solve the Volterra integral equation of the first kind 


) K(a, thy) dt = f(a), f(a) = 0, (7) 
on an interval a < x < b by the method of quadratures. The procedure of constructing the solution 
involves two stages: 


1°. First, we determine the initial value y(a). To this end, we differentiate Eq. (7) with respect to x, 
thus obtaining 


K(x, )y(x) + i. K' (a, thy) dt = fi.(2). 
By setting x = a, we find that 


fila) _ fi(a) 
K(a,a) Ky | 


yi = y(a) = 


2°. Let us choose a constant integration step h and consider the discrete set of points x; =a+h(i—1), 
a=1,...,n. For x = x;, Eq. (7) acquires the form 


i) K(a;, t)y(t) dt = f(x,), Ge De sh gh Ns (8) 


Applying the quadrature formula (1) to the integral in (8) and choosing x; (7 = 1,...,7) to be the 
nodes in ¢, we arrive at the system of equations 


>> Ag KG, 2) y@s) = f@)telyl  1=2,....7, (9) 


jal 


where the A;,; are the coefficients of the quadrature formula on the interval [a, x;] and e,[y] is the 
truncation error. Assume that the ¢;[y] are small and neglect them; then we obtain a system of linear 
algebraic equations in the form 


S > Au Kisys = fis 4=2,...,n, (10) 


jal 
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where K,; = K(a;,2;) 7 =1,...,%), fi = f(vi), and y; are approximate values of the unknown 
function at the nodes z;. 

Now system (10) permits one, provided that A;; Kj; #0 (4 = 2,...,7), to successively find the 
desired approximate values by the formulas 


n-l 
fn - do Ang Kngy; 
j=l 


_ f(a) _ fo-AaKay 
Aina : 


a > 2 —— ar sey = 
a Ku # An Kr ue 


whose specific form depends on the choice of the quadrature formula. 


10.7-3. Algorithm Based on the Trapezoidal Rule. 


According to the trapezoidal rule (3), we have 
Ay =Au= gh, Ag=---=Aiui=h, 1=2,...,7. 


The application of the trapezoidal rule in the general scheme leads to the following step algorithm: 


_ fi@) at Ie 
Y1 = Ky > f,(@ = rh ’ 
i-l . 
2 fA: + for j=1 . 
i= —_ ‘Kisy; ), -=e 2 ; 4=2,...,7, 
y Kii ( h ey Bi vu) Bi { 1 for j>1, 


where the notation coincides with that introduced in Subsection 10.7-2. The trapezoidal rule is quite 
simple and effective and frequently used in practice for solving integral equations with variable limit 
of integration. 

On the basis of Subsections 10.7-1 and 10.7-2, one can write out similar expressions for other 
quadrature formulas. However, they must be used with care. For example, the application of 
Simpson’s rule must be alternated, for odd nodes, with some other rule, e.g., the rectangle rule or 
the trapezoidal rule. For equations with variable integration limit, the use of Chebyshev’s formula 
or Gauss’s formula also has some difficulties as well. 


10.7-4. Algorithm for an Equation with Degenerate Kernel. 


A general property of the algorithms of the method of quadratures in the solution of the Volterra 
equations of the first kind with arbitrary kernel is that the amount of computational work at each 
step is proportional to the number of the step: all operations of the previous step are repeated with 
new data and another term in the sum is added. 

However, if the kernel in Eq. (7) is degenerate, i.e., 


K(a,t) = S > pe(a)an(t), (11) 


k=1 


or if the kernel under consideration can be approximated by a degenerate kernel, then an algorithm can 
be constructed for which the number of operations does not depend on the index of the digitalization 
node. With regard to (11), Eq. (7) becomes 


SY rala) | autoyttat= fee) (12) 


k=1 
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By applying the trapezoidal rule to (12), we obtain recurrent expressions for the solution of the 
equation (see formulas in Subsection 10.7-3): 


/ m awl 
y(a) = = f > *%=p fe s Pri Byasus|. 
SY pr(a)qn(a) DS Pride kel jel 
k=l kal 


where y; are approximate values of y(x) at x;, f; = f(@1), Pei = pe(@i), and qui = Gu(Xi). 


0) References for Section 10.7: G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), V. I. Krylov, V. V. Bobkov, 
and P. I. Monastyrnyi (1984), A. F. Verlan’ and V. S. Sizikov (1986). 


10.8. Equations with Infinite Integration Limit 


Integral equations of the first kind with difference kernel in which one of the limits of integration is 
variable and the other is infinite are of interest. Sometimes the kernels and the functions of these 
equations do not belong to the classes described in the beginning of the chapter. The investigation 
of these equations can be performed by the method of model solutions (see Section 11.6) or by 
the method of reducing to equations of the convolution type. Let us consider these methods for an 
example of an equation of the first kind with variable lower limit of integration. 


10.8-1. Equation of the First Kind with Variable Lower Limit of Integration. 


Consider the equation of the first kind with difference kernel 


: K(a—t)y(t) dt = f(a). (1) 


Equation (1) cannot be solved by direct application of the Laplace transform, because the convolution 
theorem cannot be used here. According to the method of model solutions whose detailed exposition 
can be found in Section 11.6, we consider the auxiliary equation with exponential right-hand side 


/ K(a—t)y(t) dt = e?*. (2) 
The solution of (2) has the form 


Y (a, p) = 


px K(_n) = ms _»)eP2 
Kip : K(-p) | K(-z)e”* dz. (3) 


On the basis of these formulas and formula (11) from Section 11.6, we obtain the solution of Eq. (1) 
for an arbitrary right-hand side f(x) in the form 


1 c+t0o F(p) o 
y= sof SP em ay, (4) 
c-t00 Kk (—p) 

where fi (p) is the Laplace transform of the function f(x). 


Example. Consider the following integral equation of the first kind with variable lower limit of integration: 


co 
/ e%(@?Dy(t) dt = A sin(bx), a>0. (5) 
x 
According to (3) and (4), we can write out the expressions for f(p) (see Supplement 5) and K(-p), 
co 
s 2 1 
FO=soa. Kew = fe de = —. (6) 
pe +b 0 a-p 
and the solution of Eq. (5) in the form 
Cct+t00 Ab( a- p) 
y(x) = = saa ap. (7) 
271 Jeon =p +b 
Now using the tables of inverse Laplace transforms (see Supplement 6), we obtain the exact solution 
y(x) = Aa sin(bx) — Abcos(bz), a>0, (8) 


which can readily be verified by substituting (8) into (5) and using the tables of integrals in Supplement 3. 
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10.8-2. Reduction to a Wiener—Hopf Equation of the First Kind. 


Equation (1) can be reduced to a first-kind one-sided equation 


[ K_(a-t)y@ dt = -f(x), 0<xr%<aM, 
0 


where the kernel /¢_(a — t) has the following form: 


0 for s>0, 
HAS) es for s<0. 


Methods for studying Eq. (9) are described in Chapter 12. 


@) References for Section 10.8: FE. D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov (1997). 


(9) 


Chapter 11 


Methods for Solving Linear Equations 
of the Form y(a) - / ” K(x, t)y(t) dt = f(z) 


11.1. Volterra Integral Equations of the Second Kind 


11.1-1. Preliminary Remarks. Equations for the Resolvent. 


In this chapter we present methods for solving Volterra integral equations of the second kind, which 
have the form 


roe / K(e,t)y(t) dt = f(a), (1) 


where y(x) is the unknown function (a < x < b), K (a, t) is the kernel of the integral equation, and 
f(a) is the right-hand side of the integral equation. The function classes to which y(x), f(x), and 
EX («, t) can belong are defined in Subsection 10.1-1. In these function classes, there exists a unique 
solution of the Volterra integral equation of the second kind. 

Equation (1) is said to be homogeneous if f(x) = 0 and nonhomogeneous otherwise. 

The kernel /(z, t) is said to be degenerate if it can be represented in the form 


K(a,t) = gi(a)hi@) +++ + Gn(@)hn(t). 


The kernel K(x, t) of an integral equation is called difference kernel if it depends only on the 
difference of the arguments, 
K(a,t) = K(a-t?). 


Remark 1. A homogeneous Volterra integral equation of the second kind has only the trivial 
solution. 


Remark 2. The existence and uniqueness of the solution of a Volterra integral equation of the 
second kind hold for a much wider class of kernels and functions. 


Remark 3. A Volterra equation of the second kind can be regarded as a Fredholm equation of 
the second kind whose kernel K(x, t) vanishes for t > x (see Chapter 13). 


Remark 4. The case in which a = —oo and/or b = oo is not excluded, but in this case the square 
integrability of the kernel (az, t) on the square S = {a <x <b, a<t < D} is especially significant. 
The solution of Eq. (1) can be presented in the form 


O42 / R(w, t) f(t) dt, (2) 


where the resolvent R(x,t) is independent of f(x) and the lower limit of integration a and is 
determined by the kernel of the integral equation alone. 
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The resolvent of the Volterra equation (1) satisfies the following two integral equations: 


R(a,t) = K(a,t)+ a K(a, s)R(s, t) ds, (3) 
t 


R(a,t) = K(a,t)+ 1. K(s, t)R(a, s) ds, (4) 
t 


in which the integration is performed with respect to different pairs of variables of the kernel and 
the resolvent. 


11.1-2. Relationship Between Solutions of Some Integral Equations. 


Let us present two useful formulas that express the solution of one integral equation via the solutions 
of other integral equations. 


1°. Assume that the Volterra equation of the second kind with kernel K (2, t) has a resolvent R(x, t). 
Then the Volterra equation of the second kind with kernel K*(x,t) = —K(t, x) has the resolvent 
R* (x,t) =—-R(t, x). 


2°. Assume that two Volterra equations of the second kind with kernels K(x, ¢) and K2(z, t) are 
given and that resolvents (a, t) and R2(2, t) correspond to these equations. In this case the Volterra 
equation with kernel 


K(a,t) = Ky(a,t) + Ko(a, t)- [ Ky (a, s)K2(s, t) ds (5) 
t 


has the resolvent . 
R(w,t) = Ri(a,t)+ Rola, t)+ i Ry(s,t)Ro(w, ) ds. 6) 
t 


Note that in formulas (5) and (6), the integration is performed with respect to different pairs of 
variables. 


@ References for Section 11.1: E. Goursat (1923), H. M. Mintz (1934), V. Volterra (1959), S. G. Mikhlin (1960), 
M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), V. I. Smirnov (1974), P. P. Zabreyko, 
A. I. Koshelev, et al. (1975), A. J. Jerry (1985), F. G. Tricomi (1985), A. F. Verlan’ and V. S. Sizikov (1986), P. Linz (1987), 
G. Gripenberg, S.-O. Londen, and O. Staffans (1990), C. Corduneanu (1991), R. Gorenflo and S. Vessella (1991), A. C. Pipkin 
(1991). 


11.2. Equations with Degenerate Kernel: 
K(x, t) = gi(x)hi(t) + +++ + gn(x)hn(t) 


11.2-1. Equations with Kernel of the Form K(z, t) = y(x) + w(a)(a - t). 


The solution of a Volterra equation (see Subsection 11.1-1) with kernel of this type can be expressed 
by the formula 


Y = Wee (1) 
where w = w() is the solution of the second-order linear nonhomogeneous ordinary differential 
equation 

Wra — (x)w, — Y(a)w = f(x), (2) 
with the initial conditions 
w(a) = w,,(a) = 0. (3) 
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Let w; = w,(z) be a nontrivial particular solution of the corresponding homogeneous linear differ- 
ential equation (2) for f(x) = 0. Assume that w (a) # 0. In this case, the other nontrivial particular 
solution w2 = w2(x) of this homogeneous linear differential equation has the form 


w(x) = w;(a) (- zi) dt,  ®(x) =exp i v(s) ds]. 
[wit a 
The solution of the nonhomogeneous equation (2) with the initial conditions (3) is given by the 
formula 
Bef dt—wn(e) [BO pena (4) 
P(t) Ot) 


On substituting expression (4) into formula (1) we obtain the solution of the original integral equation 
in the form 


walt) 


w(L) = w(x) [3 


y(a) = f(a) + / Rw, Of (O dt, 


where 


R(a, t) = [wy (a)wi(t) — wf (ww) > aa 


P(x) wilt) wilt) f &(s) 
[ 


=O ap Two +oOuOlse | Tree? 


Here (x) = exp / p(s) ds| and the primes stand for x-derivatives. 


For a degenerate kernel of the above form, the resolvent can be defined by the formula 
R(z,t) =u" ex 


where the auxiliary function wu is the solution of the homogeneous linear second-order ordinary 
differential equation 
— plx)ul, — (au = 0 (5) 


with the following initial conditions at x = t: 


top = 0 Ualgy = 1 (6) 


The parameter ¢ occurs only in the initial conditions (6), and Eq. (5) itself is independent of t. 


Remark 1. The kernel of the integral equation in question can be rewritten in the form 1 (a, t) = 
G(x) + tGo(x), where G1 (x) = v(x) + x¥(a) and G2(x) = -y(2). 


11.2-2. Equations with Kernel of the Form K(z,t) = y(t) + v@)(t- 2). 


For a degenerate kernel of the above form, the resolvent is determined by the expression 
R(x, t) = vip, (7) 


where the auxiliary function v is the solution of the homogeneous linear second-order ordinary 
differential equation 

vig + P(E)Y, + P(t)u = (8) 
with the following initial conditions at t = x: 


ie (9) 


The point x occurs only in the initial data (9) as a parameter, and Eq. (8) itself is independent of x. 
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Assume that vj = v;(t) is a nontrivial particular solution of Eq. (8). In this case, the general 
solution of this differential equation is given by the formula 


t 
u(t) = Civ, (t) + Cour (t) if &(t) = exp / o(s) ds| 


&(s)[ AOE 
Taking into account the initial data (9), we find the dependence of the integration constants C; 
and C on the parameter x. As a result, we obtain the solution of problem (8), (9): 


v= v1(2)P(a) i, eInoTa (10) 
On substituting the expression (10) into formula (7) and eliminating the second derivative by means 
of Eq. (8) we find the resolvent: 
t 4 
Ret) = OL + n@rommleonie +von | soe 
Remark 2. The kernel of the integral equation under consideration can be rewritten in the form 
K(a,t) = Gi(t) + xGo(t), where G1 (t) = y(t) + tt) and G2(t) = -y(t). 


11.2-3. Equations with Kernel of the Form K(z,t) = 7" _, m(x)\(a-ty™". 


To find the resolvent, we introduce an auxiliary function as follows: 
( rT tyr! 
(n-1)! ’ 


at x = t, this function vanishes together with the first n — 2 derivatives with respect to x, and the 
(n — 1)st derivative at x = t is equal to 1. Moreover, 


ula, t) = —a i R(s, t)(a—s)""! ds + 


dad” u(x,t 
oa THD 


Ra, d) =u @, 0), (11) 
dx” 
On substituting relation (11) into the resolvent equation (3) of Subsection 11.1-1, we see that 
u(a, t) = K(a, t)+ / K (a, s)u"(s, t) ds. (12) 
t 
Integrating by parts the right-hand side in (12), we obtain 
n-l 
ul (a, t) = K(a,t)+ SD" KO (a, sur (, | _ (13) 
m=0 


On substituting the expressions for K (a, t) and u(z, ¢) into (13), we arrive at a linear homogeneous 
ordinary differential equation of order n for the function u(z, t). 

Thus, the resolvent R(x, t) of the Volterra integral equation with degenerate kernel of the above 
form can be obtained by means of (11), where u(x, ¢) satisfies the following differential equation 
and initial conditions: 


(n-l) (n-2) 


— po(x)u™ —2p3(z) ul — ----(n- 1)! Ga(w)u = 0, 
= Urea So Su 2 hae =, ies en = 


—pi(@)uy 


The parameter ¢ occurs only in the initial conditions, and the equation itself is independent of t¢ 
explicitly. 


Remark 3. A kernel of the form K(a,t) = >> om(x)t™" can be reduced to a kernel of the 
m=1 
above type by elementary transformations. 
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11.2-4. Equations with Kernel of the Form K(z,t) = 7", Ym(O)(t- xy. 


Let us represent the resolvent of this degenerate kernel in the form 
(n) ad’ v(x, t) 
C5 = —— 
dt” 
where the auxiliary function v(a, t) vanishes at t = x together with n—2 derivatives with respect to t, 
and the (n — 1)st derivative with respect to t at t = x is equal to 1. On substituting the expression for 
the resolvent into Eq. (3) of Subsection 11.1-1, we obtain 


R(a, t) = -vf (a, 2), 


vs” (x, t) = / K(s, thu (a, s) ds — K (a, t). 
t 


Let us apply integration by parts to the integral on the right-hand side. Taking into account the 
properties of the auxiliary function v(z,t), we arrive at the following Cauchy problem for an 
nth-order ordinary differential equation: 
v4” + prey”? + ga duy" + 2ps(He}”™ +--+ (n- Dl palbv = 0, 
| - | OR ae ‘ae | ss kel =| 
Vlice = Vt lien = ae: tea Ue tsa 


The parameter zx occurs only in the initial conditions, and the equation itself is independent of x 
explicitly. 


Remark 4. A kernel of the form K(a,t) = >> om(t)x”™" can be reduced to a kernel of the 
m=l1 
above type by elementary transformations. 


11.2-5. Equations with Degenerate Kernel of the General Form. 


In this case, the Volterra equation of the second kind can be represented in the form 


ya) - >> anv) f Am(t)y(t) dt = f(x). (14) 


m=l1 


Let us introduce the notation 
w(x) = / hj (t)y(t) dt, py Sikes, (15) 


and rewrite Eq. (14) as follows: 


(x) = S~ Gm(x)Wm(x) + f(x). (16) 


m=1 
On differentiating the expressions (15) with regard to formula (16), we arrive at the following system 
of linear differential equations for the functions w; = wj(x): 


wh =hj@)|Y > Im(awm + fa], F= Iyer, 
m=l 


with the initial conditions 

w;(a) = 0, pee mena (i 
Once the solution of this system is found, the solution of the original integral equation (14) is defined 
by formula (16) or any of the expressions 


which can be obtained from formula (15) by differentiation. 


@) References for Section 11.2: E. Goursat (1923), H. M. Miintz (1934), A. F. Verlan’ and V. S. Sizikov (1986), 
A. D. Polyanin and A. V. Manzhirov (1998). 
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11.3. Equations with Difference Kernel: K(z, t) = K(a2-t) 


Volterra equations of the second kind with kernel depending on the difference of the arguments have 
the form 


yia)- | Keb at = fo (l) 

0 
Applying the Laplace transform £ to Eq. (1) and taking into account the fact that by the 
convolution theorem (see Subsection 9.2-4) the integral with kernel depending on the difference of 


the arguments is transformed into the product K(p)i(p), we arrive at the following equation for the 
transform of the unknown function: 


(pv) — K (pyg(p) = fp). (2) 


The solution of Eq. (2) is given by the formula 


, fo) 
eee oe 3 
GP) = Fe O (3) 
which can be written equivalently in the form 
ee eae .._ ko) 
= +R : R(p) = — =. 4 
Wp) = f(p) + RD) FP) (p) 1_-k@ (4) 
On applying the Laplace inversion formula to (4), we obtain the solution of Eq. (1) in the form 
y)= fo)+ | Re-p fae 
scenes 6) 
Reay= [Rep ap. 
271 c-100 


When applying formula (5) in practice, the following two technical problems occur: 
1°. Finding the transform K(p) = | K(a)e” dx for a given kernel K(x). 
0 


2°. Finding the resolvent (5) whose transform Rp) is given by formula (4). 

To calculate the corresponding integrals, tables of direct and inverse Laplace transforms can be 
applied (see Supplements 5 and 6), and, in many cases, to find the inverse transform, methods of the 
theory of functions of a complex variable are applied, including the Cauchy residue theorem (see 
Subsection 9.1-4). 


Remark. If the lower limit of the integral in the Volterra equation with kernel depending on the 
difference of the arguments is equal to a, then this equation can be reduced to Eq. (1) by the change 
of variables x = Z-a,t =t-a. 


Figure 3 depicts the principal scheme of solving Volterra integral equations of the second kind 
with difference kernel by means of the Laplace integral transform. 
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Original integral equation: y(x)— | K(a—-t) y(t) dt = f(z) 
0 


Application of the Laplace transform 
oo 


f= [ eP* f(x) de 


Algebraic equation for the transform: (p)— K(p) 9(p) = f(r) 


Solution of the equation for the transform 


K(p) 


Tk” 


Application of the inverse Laplace transform 


it ct+ioco x 
fo)= > [ & Feoyap 
TT Cc 


100 


Solution: y(x) = f(x) + ie Ria —t) f(t) dt 
0 


Figure 3. Scheme of solving Volterra integral equations of the second kind with difference kernel by means of the Laplace 


za K 
integral transform, R(x) is the inverse transform of the function R(p) = Ee 
— Ap 
Example 1. Consider the equation 
x 
ya) + A / sin[A(w - t)] y(t) dt = f(a), (6) 
0 


which is a special case of Eq. (1) for K (a) = —A sin(Az). 
We first apply the table of Laplace transforms (see Supplement 5) and obtain the transform of the kernel of the integral 
equation in the form 
Ar 


keysse 
O=-s oa 


Next, by formula (4) we find the transform of the resolvent: 


AX 


IMD) AED, 


Furthermore, applying the table of inverse Laplace transforms (see Supplement 6) we obtain the resolvent: 


AX 
——sin(kx) for X(A+A)>0, 
R(x) = me where k=|\(A+d)[/2. 
Sa sinh(kx) for (A +A) <0, 


Moreover, in the special case \ =—A, we have R(x) = A’x. On substituting the expressions for the resolvent into formula (5), 
we find the solution of the integral equation (6). In particular, for \(A + A) > 0, this solution has the form 


Ad f2 —— 
y(a) = f(x) - a i sin[k(a — t)] f(t) dt, k= /NA+D). (7) 
0 


The Laplace transformation can also be used for finding solutions of integro-differential equa- 
tions with difference kernel. 
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Example 2. Consider the Cauchy problem for the integro-differential equation 


d x 
— +f K(a-y(t)dt = f(z)  O<a<oo) (8) 
x 0 
with the initial condition 
y=a at x=0. (9) 


Let us multiply equation (8) by e-?” and integrate the result with respect to x from zero to infinity. Using properties 
7 and 12 of the Laplace transform (Table 1, Subsection 9.2-4) and taking into account the initial condition (9), we obtain a 
linear algebraic equation for the transform %(p): 


pi(p) — a+ K(pyy(p) = Fp). 
It follows that 


jo) = {te 

p+K(p) 
By the inversion formula (see formula (2) of Subsection 9.2-1), the solution to the original problem (8)—(9) is found in the 

form 
1 ctico fF re 
yay= see fo PS cre dp, Pa. (10) 
27 cico Pt K(p) 
Consider the special case of a = 0 and K(x) = cos(bx). From row 10 of Table 2 it follows that K(p) = =. 
pt 


Rearranging the integrand in (10), we get 
f(p) p+e ; 1 1 : 
SO pees ye. 
p+K(p) pip? +b +1) p pp +b +1) 


In order to invert this expression, let us use the convolution theorem (see row 12 of Table 1) as well as formulas | and 28 for 
the inversion of rational functions, Supplement 6.2. As a result, we arrive at the solution in the form 


= & +cos(tVb? +1) 
y(@) - | 


b+] 


f(a-t) dt. 


11.3-2. Method Based on the Solution of an Auxiliary Equation. 


Consider the integral equation 
Ay B | K(a—-t)y(t) dt = f(x). (11) 
Let w = w(x) be a solution of the simpler acl liaty equation with f(x) = 1 anda =0, 
Awa) + Bf K(a-t)w(t) dt = 1. (12) 


In this case, the solution of the original equation (11) with an arbitrary right-hand side can be 


expressed via the solution of the auxiliary equation (12) by the formula 


d zx 
y(x) = al w(x —t) f(t) dt = flayute—a)+ f w(a -t) fi) dt. (13) 


Let us prove this assertion. We rewrite expression (13) (in which we first redenote the integration parameter t by s) in 
the form 


d xz 
ya)= Ia), Ia) = / wes) f(s) ds (14) 


and substitute it into the left-hand side of Eq. (11). After some algebraic manipulations and after changing the order of 
integration in the double integral with regard to (12), we obtain 


d x d d d x 
< Ala) +B | K(7-H 7 MO dt = Al@)+ 8 f K(a-t I(t) dt 


a 


we x t 
[af w(e-s)fis)ds-+B | i K(x-tw(t- 8) f(s) dsdt| 


d 
dx 
A{ [fo [Awe-9+8 [” K@-pwt-sat) ds} 
d 


—{ a * )[ Aw(e-5) + B i © K(@—s—dywa) dr] ds} = i " f(s) ds = fo), 


which proves the desired assertion. 
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11.3-3. Reduction to Ordinary Differential Equations. 


Consider the special case in which the transform of the kernel of the integral equation (1) can be 
expressed in the form 


Z(p) - LO 
1-K(p)= Ro)’ (15) 
where Q(p) and R(p) are polynomials of degree n: 
Q(p) = 55 Axp*, Rp) = Bup*. (16) 
k=0 k=0 


In this case, the solution of the integral equation (1) satisfies the following linear nonhomogeneous 
ordinary differential equation of order n with constant coefficients: 


So Aye) = S> Be fo). (17) 
k=0 


k=0 


Equation (17) can be rewritten in the operator form 


d 
QD)y(«) = RD) f(a), D=—. 


dx 
The initial conditions for Eq. (17) can be found from the relation 
n k-1 n k-1 
SS Ag > p* ty O)- >— Be SD p*** FO) =0 (18) 
k=0 s=0 k=0 s=0 


by matching the coefficients of like powers of the parameter p. 

The proof of this assertion can be performed by applying the Laplace transform to the differential 
equation (17) and by the subsequent comparison of the resulting expression with Eq. (2) with regard 
to (15). 

Another method of reducing an integral equation to an ordinary differential equation is described 
in Section 11.7. 


11.3-4. Reduction to a Wiener—Hopf Equation of the Second Kind. 


A Volterra equation of the second kind with the difference kernel of the form 


yor+ | K(a—t)y(t) dt = f(x), 0<xr<am, (19) 
0 


can be reduced to the Wiener—Hopf equation 


y(a) + fe K,(a—-t)y(t) dt = f(x), 0<r%<aM, (20) 
0 


where the kernel /’,(x —t) is given by 


K(s) for s>0, 
0 for s<0. 


Methods for studying Eq. (20) are described in Chapter 13, where an example of constructing 
a solution of a Volterra equation of the second kind with difference kernel by means of con- 
structing a solution of the corresponding Wiener—Hopf equation of the second kind is presented 
(see Subsection 13.10-3). 


K,(s)= { 
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11.3-5. Method of Fractional Integration for the Generalized Abel Equation. 


Consider the generalized Abel equation of the second kind 


= y(t 
y(x) —r | = * dt=f(x), «>a, (21) 


where 0 < p< 1. Let us assume that x € [a, b], f(a) € AC, and y(t) € Ly, and apply the technique 
of the fractional integration (see Section 10.5). We set 


V 


=1-, 0<6<1, \=—, (22) 
T@) 
and use formula (8) from Subsection 10.5-1 to rewrite Eq. (21) in the form 
(1 - v12,)y(a) = f(x), n>a. (23) 


Now the solution of the generalized Abel equation of the second kind can be symbolically written 
as follows: 


y(a) = (1-v93,)'f@), >a. (24) 


On expanding the operator expression in the parentheses in a series in powers of the operator by 
means of the formula for a geometric progression, we obtain 


Co 


y(x) = [ 4 yey” f(a), r>a. (25) 


n=1 


Taking into account the relation (12,)” — wer , we can rewrite formula (25) in the expanded form 


foe) yr x 
y(x) = f(z) + 4 ——— ‘| (x —t)°"" f(t) dt, r>a. (26) 
d, T(Gn) Ja 


Let us transpose the integration and summation in the expression (26). Note that 
s va — ter! _d > v(x — £8" 
“=~ T(Gn) ~ dx a Pa pny 
In this case, taking into account the change of variables (22), we see that a solution of the generalized 


Abel equation of the second kind becomes 


y(x) = f(x) + / R(x -t) f(b dt, xr>a, (27) 
where the resolvent R(x — tf) is given by the formula 


d ss PLC - pa -t)-]" 


BED Tii+d-pnl 


n=l 


(28) 


In some cases, the sum of the series in the representation (28) of the resolvent can be found, and a 
closed-form expression for this sum can be obtained. 
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Example 3. Consider the Abel equation of the second kind (we set 4 = 5 in Eq. (21)) 


y(x)—- a yu) dt = f(x), w>a. (29) 
a Vua-t 
By virtue of formula (28), the resolvent for Eq. (29) is given by the expression 
d & [AV7@-D]” 
Heys ty veel (30) 
dx — r(1 + 5n) 
n=l 2 
We have 
icone n/2 2 x 
ye ees =e” erf 2, erf = — et dt, (31) 
= T+ 5n) Vr Jo 


where erf x is the error function. By (30) and (31), in this case the expression for the resolvent can be rewritten in the form 


Rv -t)= < {expla -0)] erf[AV/m(a—| \. (32) 


Applying relations (27) and (32), we obtain the solution of the Abel integral equation of the second kind (29) in the form 


y(a) = f(x) + ae J {eppeme -t)] erf [Ay/ a(x -t)| iO dt, “>a. (33) 


Note that in the case under consideration, the solution is constructed in the closed form. 


11.3-6. Systems of Volterra Integral Equations. 


The Laplace transform can be applied to solve systems of Volterra integral equations of the form 


n=) f Kmale—Dye(t)dt= fine), m= Meese (34) 
k= 79 
Let us apply the Laplace transform to system (34). We obtain the relations 
m(P)- S> Kmk@Ge@) = fm(p), m= 1,....n. (35) 
k=l 


On solving this system of linear algebraic equations, we find %,,(p), and the solution of the system 
under consideration becomes 


1 Cc+ioo 
Ym(£) = == | Im(p)e”* dp. (36) 


271 Joico 


The Laplace transform can be applied to construct a solution of systems of Volterra equations 
of the first kind and of integro-differential equations as well. 


© References for Section 11.3: V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko 
(1971), V. I. Smirnov (1974), K. B. Oldham and J. Spanier (1974), P. P. Zabreyko, A. I. Kosheley, et al. (1975), F. D. Gakhov 
and Yu. I. Cherskii (1978), Yu. I. Babenko (1986), R. Gorenflo and S. Vessella (1991), S. G. Samko, A. A. Kilbas, and 
O. I. Marichev (1993). 


11.4. Operator Methods for Solving Linear Integral 
Equations 


11.4-1. Application of a Solution of a “Truncated” Equation of the First Kind. 


Consider the linear equation of the second kind 


y(x)+L[y] = f(@), (1) 


where L is a linear (integral) operator. 
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Assume that the solution of the auxiliary “truncated” equation of the first kind, 


L[u] = g(a), (2) 
can be represented in the form 

u(x) = M[LIg]], (3) 

where M is a known linear operator. Formula (3) means that 

L" =ML. 
Let us apply the operator L“! to Eq. (1). The resulting relation has the form 

M[Lly]] + yz) = M[LLfI]. (4) 

On eliminating y(x) from (1) and (4) we obtain the equation 
M[w]- w(x) = F(x), (5) 


in which the following notation is used: 


w=Ll{y], F(x) =M{[LIf]] - f(@). 


In some cases, Eq. (5) is simpler than the original equation (1). For example, this is the case if 
the operator M is a constant (see Section 13.8) or a differential operator: 
= dh 
=a 
In the latter case, Eq. (5) is an ordinary linear differential equation for the function w. 

If a solution w = w(x) of Eq. (5) is obtained, then a solution of Eq. (1) is given by the formula 
y(x) = M[Llw]]. 

Example 1. Consider the Abel equation of the second kind 


® y(t) dt 
yea) +d f° POL = poo, (6) 


d 
To solve this equation, we apply a slight modification of the above scheme, which corresponds to the case M = const ae 
x 


M=a,,D"- 44,9)" ++-2+a1D +i, 


Let us rewrite Eq. (6) as follows: 
* y@)dt _ f(@)-y@) (7) 
a Va-t A 
Let us assume that the right-hand side of Eq. (7) is known and treat Eq. (7) as an Abel equation of the first kind. Its solution 
can be written in the following form (see Example 3 in Subsection 10.4-4): 


_ld f* f®-y® 
ues fe AVx-t e 

d [* y(t)dt os 1 d f* f(tjdt (8) 
wrA dx Ja Va—t wr dx Ja Va—t 


Let us differentiate both sides of Eq. (6) with respect to x, multiply Eq. (8) by -7?, and add the resulting expressions term 
by term. We eventually arrive at the following first-order linear ordinary differential equation for the function y = y(x): 


or 


ya) + 


Yo — Ty = Fy (2), (9) 
where © f(t) dt 
F(x)= f(x)-% eae (10) 
We must supplement Eq. (9) with initial condition 
y(a) = f(a), (11) 


which is a consequence of (6). 
The solution of problem (9)—(11) has the form 


y(a) = F(a) +7 , : exp[7A?(a — t)] F(t) dt, (12) 


a 


and defines the solution of the Abel equation of the second kind (6). 


11.4. OPERATOR METHODS FOR SOLVING LINEAR INTEGRAL EQUATIONS 551 


11.4-2. Application of the Auxiliary Equation of the Second Kind. 


The solution of the Abel equation of the second kind (6) can also be obtained by another method, 
presented below. 
Consider the linear equation 
y(x) -Lly] = f@), (13) 
where L is a linear operator. Assume that the solution of the auxiliary equation 
w(r)-L"[w] =O),  L"[w] =L [Lf], (14) 
which involves the nth power of the operator L, is known and is defined by the formula 
w(x) = M[®(a)]. (15) 


In this case, the solution of the original equation (13) has the form 


y(x) = M[®(a)], O(x) =L™"[f] +L" [fl +--+ LE fl+ f@. (16) 


This assertion can be proved by applying the operator L”"! +L”? + --- +L + 1 to Eq. (13), with 
regard to the operator relation 


(1-L)(L"'+L"7 +---+L4+1) =1-L" 


together with formula (16) for ®(a). In Eq. (14) we may write y(~) instead of w(x). 


Example 2. Let us apply the operator method (for n = 2) to solve the generalized Abel equation with exponent 3/4: 


a t) dt 
ya) b fo Oe = fe. (17) 


We first consider the integral operator with difference kernel 


L[y(2)] = [ K (a — thy(t) dt. 


Let us find L?: 
L’ [y] =L [L[y]] -f i K(x—t)K(t—s)y(s) ds dt 


= [usras [ Ke-oKt-s)at= | K(x —s)y(s) ds, (18) 
0 s 0 


Kyl) = | KOK(z-6 dé. 
0 


In the proof of this formula, we have reversed the order of integration and performed the change of variables € = t— s. 
For the power-law kernel 


K(€) = b&", 
we have 5 
ae! 
Ky(2) = PLE prey, (19) 
T(2 + 2) 
For Eq. (17) we obtain 
: Ky(z) a A ? dy 
=--, z)=A—, =— =). 
We 2 Jz Jr 4 
Therefore, the auxiliary equation (14) corresponding to n = 2 has the form 
t dt _ 
y(a)-A ee ge ), (20) 
where = (4) dt 
®(x) = on pst 


After the substitution A — —\ and ® — f, relation (20) coincides with Eq. (6), and the solution of Eq. (20) can be obtained 
by formula (12). 
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Remark. It follows from (19) that the solution of the generalized Abel equation with exponent 3 


2 t) dt 
yoo)+d f POR, = fe) 


can be reduced to the solution of a similar equation with the different exponent G; = 26-1. In 
particular, the Abel equation (6), which corresponds to 6 = 5, is reduced to the solution of an 
equation with degenerate kernel for 3, = 0. 


11.4-3. Method for Solving “Quadratic” Operator Equations. 


Suppose that the solution of the linear (integral, differential, etc.) equation 


y(x) - AL Ly] = f@) (21) 


is known for an arbitrary right-hand side f(x) and for any \ from the interval (Amin, Amax). We 
denote this solution by 


y=Y(f,A). (22) 
Let us construct the solution of the more complicated equation 
y(a)— aL [y] - bL? [y] = f(a), (23) 


where a and b are some numbers and f(x) is an arbitrary function. To this end, we represent the 
left-hand side of Eq. (23) by the product of operators 


(1 -aL -bL? )[y] = (1-AiL) (1-A2L ) [yl], (24) 
where A, and Az are the roots of the quadratic equation 
-ar\-b=0. (25) 


We assume that Amin < Ay, A2 < Amax- 
Let us solve the auxiliary equation 


w(x) - A2rL[w] = f(x), (26) 
which is the special case of Eq. (21) for \ = Az. The solution of this equation is given by the formula 
w(x) = Y(f, A2). (27) 
Taking into account (24) and (26), we can rewrite Eq. (23) in the form 
(1-AIL) (1- AL )[y] = (1- AL) fw), 
or, in view of the identity (1 — A,;L)(1. — A2L) = (1 — A2xL)C — A, L), in the form 


(I-A) {(1- AL )ly]-w(@)} =0. 
This relation holds if the unknown function y(x) satisfies the equation 
y(x) — Ly] = w(2). (28) 
The solution of this equation is given by the formula 


y(z) = Y(w, 1), where w=Y(f,.2). (29) 
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If the homogeneous equation y(a#) — A2L[y] = 0 has only the trivial* solution y = 0, then 
formula (29) defines the unique solution of the original equation (23). 


Example 3. Consider the integral equation 


y(x) — [L& 


It follows from the results of Example 2 that this equation can be written in the form of Eq. (23): 


-+ B) y(t) dt = f(x). 


® y(t) dt 
ee 


Therefore, the solution (in the form of antiderivatives) of the integral equation can be given by the formulas 


y(x)- AL[y]- + BL’ [yl = f@), = Liyl= 


ya) = Y¥(w,A1), w=Y(f,A2), 
" f®dt 


Yf,N\)=F ye M(x-b| F(t)dt, F(x) = d 
(f, A) (x) +7 : exp[7A7(a - t)] F(t) (x) = f(x) + eet rors 


where , and 29 are the roots of the quadratic equation \? — Ad — iB =0. 
This method can also be applied to solve (in the form of antiderivatives) more general equations of the form 


a A B 
uee)~ [Ae + oer] wat = Fe, 


where (3 is a rational number satisfying the condition 0 < G < 1 (see Example 2 and Eq. 2.1.60 from the first part of the book). 


11.4-4. Solution of Operator Equations of Polynomial Form. 


The method described in Subsection 11.4-3 can be generalized to the case of operator equations of 
polynomial form. Suppose that the solution of the linear nonhomogeneous equation (21) is given 
by formula (22) and that the corresponding homogeneous equation has only the trivial solution. 

Let us construct the solution of the more complicated equation with polynomial left-hand side 
with respect to the operator L: 


ya)- > AML‘ Lyl=f@,  L* =L(L*"), (30) 


k=1 


where A; are some numbers and f(x) is an arbitrary function. 
We denote by A), ..., A», the roots of the characteristic equation 


-S0 Apr” =0. (31) 


The left-hand side of Eq. (30) can be expressed in the form of a product of operators: 


ya) — 5° AL [yl = [][ (1 - Ag) Eyl. (32) 
k=1 k=1 


The solution of the auxiliary equation (26), in which we use the substitution w — yp_; and Az > An, 
is given by the formula y,,_1(a) = Y(f, A»). Reasoning similar to that in Subsection 11.4-3 shows 
that the solution of Eq. (30) is reduced to the solution of the simpler equation 


n-l 


(1-AcL )[y] = yn), (33) 


* Tf the homogeneous equation y(x) — A2L[y] = 0 has nontrivial solutions, then the right-hand side of Eq. (28) must 
contain the function w(x) + yo(x) instead of w(x), where yo is the general solution of the homogeneous equation. 
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whose degree is less by one than that of the original equation with respect to the operator L. We can 
show in a similar way that Eq. (33) can be reduced to the solution of the simpler equation 


—2 


(1-AKL) Ly] = yale), Yn-2(@) = Y(Yn-1, An-t). 
1 


3 


> 
ll 


Successively reducing the order of the equation, we eventually arrive at an equation of the form (28) 
whose right-hand side contains the function y;(x) = Y (yz, A2). The solution of this equation is given 
by the formula y(a) = Y(y1, A1). 

The solution of the original equation (30) is defined recursively by the following formulas: 


Yri@)=VYyr Ar); k=n,...,1, where yn(w)= f(x), yo(@) = y(@). 


Note that here the decreasing sequence k = n,..., 1 is used. 


11.4-5. Some Generalizations. 


Suppose that the left-hand side of a linear (integral) equation 


yx) -Qly] = f(*) (34) 


can be represented in the form of a product 


n 


y(x)- Qty] = ][ (1-Le ) iy. (35) 


k=1 


where the L,, are linear operators. Suppose that the solutions of the auxiliary equations 


y(x) — Ly [y] = f(a), ad Sean (36) 


are known and are given by the formulas 


y(x) = Ye [ f(a)], k=1,...,n. (37) 


The solution of the auxiliary equation (36) for k =n, in which we apply the substitution y — yn_1, 
is given by the formula y,,_1(x) = Yn, [ a @).. Reasoning similar to that used in Subsection 11.4-3 
shows that the solution of Eq. (34) can be reduced to the solution of the simpler equation 


n-l 


(1-Lg )[y] = yn-i(2). 


Successively reducing the order of the equation, we eventually arrive at an equation of the form (36) 
for k = 1, whose right-hand side contains the function y\(x) = Y [y2(x)] . The solution of this 
equation is given by the formula y(x) = Y; [yi(x)] 2 

The solution of the original equation (35) can be defined recursively by the following formulas: 


yra() = Ye[ye(a)|s k=n,...,1, where yn(x)= f(x), yor) = y(a). 


Note that here the decreasing sequence k = n,..., 1 is used. 


© Reference for Section 11.4: A. D. Polyanin and A. V. Manzhirov (1998). 
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11.5. Construction of Solutions of Integral Equations 
with Special Right-Hand Side 
In this section we describe some approaches to the construction of solutions of integral equations 


with special right-hand side. These approaches are based on the application of auxiliary solutions 
that depend on a free parameter. 


11.5-1. General Scheme. 


Consider a linear equation, which we shall write in the following brief form: 


where L is a linear operator (integral, differential, etc.) that acts with respect to the variable x and is 
independent of the parameter A, and f(x, A) is a given function that depends on the variable x and 
the parameter . 

Suppose that the solution of Eq. (1) is known: 


y = ya, r). (2) 


Let M be a linear operator (integral, differential, etc.) that acts with respect to the parameter 
and is independent of the variable x. Consider the (usual) case in which M commutes with L. We 
apply the operator M to Eq. (1) and find that the equation 


L[w] = fu(@), fu(a)=M [fe(x, »], (3) 


has the solution 
w=M [y(@,d)]. (4) 


By choosing the operator M in a different way, we can obtain solutions for other right-hand 
sides of Eq. (1). The original function f(x, A) is called the generating function for the operator L. 


11.5-2. Generating Function of Exponential Form. 


Consider a linear equation with exponential right-hand side 
L[y] = e?*. (5) 


Suppose that the solution is known and is given by formula (2). In Table 6 we present solutions 
of the equation L[y] = f(x) with various right-hand sides; these solutions are expressed via the 
solution of Eq. (5). 


Remark 1. When applying the formulas indicated in the table, we need not know the left-hand 
side of the linear equation (5) (the equation can be integral, differential, etc.) provided that a particular 
solution of this equation for exponential right-hand side is known. It is only of importance that the 
left-hand side of the equation is independent of the parameter . 


Remark 2. When applying formulas indicated in the table, the convergence of the integrals 
occurring in the resulting solution must be verified. 
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TABLE 6 
Solutions of the equation L[y] = f(a) with generating function of the exponential form 


Right-Hand Side f(a) Solution Method 
ula) Original Equation 
Aiy(a, A1) +++: + Any(a, An) Follows from linearity 


fed | {Shel} 


y(a, Ina) Follows from row No | 
1 ; : Linearity and relations 
: 1 Linearity and relations 
A sinh(A2) 2Aly@, A)—y(@, -»)] to the exponential 
oe 


S ; Differentiation with respect 
Ag’ oo LA —[y(a, d) — y(x, -r) to \ and relation 
M= 1,9, 9, -+- Or to the exponential 


j=) 


am ; Differentiation with respect 
3A=—[y(a, r) + y(@, -A) to A and relation 
On 7 to the exponential 


Az™ cosh(\2x), 
m=2,4,6,... 


Ag snh(Ae), am Differentiation with respect 


4 5A=—[y(a, ») + y(@, -))| to A and relation 
m=1,3,5,.., 7 Ox ° to the exponential 


a 


tes pas : Differentiation with respect 
AS Fares 1A a —[y(a, d)—y(a, -r) to \ and relation 
PIB £5 Oxo Or : to the exponential 


sys] Selection of the real 
Acos(3x) ARe [wa, 7) nate for eae 
: ean Selection of the imaginary 
Asin(Gx) Alm [w(a, 7p) partfor 46 
Qo” 


i 4 Differentiation with respect 
Ax” cos(Bx), ARe y(x, r) P 
a eos ane aan ssl 


a 


14 
15 


to » and selection of the real 


3 iB part for \ =i 


— 
lo 


4 Differentiation with respect 
ewes a” Pp 
a oe A im aie Ee d) to A and selection of the 
a let 77 A=ip imaginary part for \ = 13 


es : Selection of the real 
Ae cos(Bx) ARe [ya bt ip)| pation ket a8 
ee . Selection of the imaginai 
Ae sin(3x) Alm [ya bt ip)| part for \ = ju + 1B ‘i 
Ax oa” 


n we Differentiation with respect 
e™ cos(3ax), A Re{ Ee ) \ to A and selection of the real 
n=1,2,3,... depriB 


part for A = w+iG 


F Differentiation with respect 
ppl x 
Axe" sin( Gx), Ee »] } 
A=p+i 8 


— 
~ 


18 
19 
Or” 


-1.2.3 to \ and selection of the 
eet aa imaginary part for \ = 4+ iG 


11.5. CONSTRUCTION OF SOLUTIONS OF INTEGRAL EQUATIONS WITH SPECIAL RIGHT-HAND SIDE 


Example 1. We seek a solution of the equation with exponential right-hand side 
co 
y(a) + i: K(x —t)y(t) dt = e*” 
x 


in the form y(x, A) = ke>* by the method of indeterminate coefficients. Then we obtain 


y(a, A) = Boo 


It follows from row 3 of Table 6 that the solution of the equation 


y(@) + a K(x —t)y(t) dt = Ax 


has the form 
ts A AC 
2) = —xr-—, 
aS ye pe 


where 


D= +f K(-z) dz, c= f 2K (-z) dz. 
0 0 


co 
err, Bo) =1+ | K(-z)e** dz. 
0 
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(6) 


(7) 


(8) 


For such a solution to exist, it is necessary that the improper integrals of the functions kK (—z) and zK(—z) exist. This 
holds if the function K(—z) decreases more rapidly than 2 as z — oo. Otherwise a solution can be nonexistent. It is of 
interest that for functions K(—z) with power-law growth as z — oo in the case A < 0, the solution of Eq. (6) exists and is 
given by formula (7), whereas Eq. (8) does not have a solution. Therefore, we must be careful when using formulas from 


Table 6 and verify the convergence of the integrals occurring in the solution. 
It follows from row 15 of Table 6 that the solution of the equation 


y(x) + if K(a—t)y@) dt = Asin(Az) 


is given by the formula 


y(x) = [Be sin(Ax) — Bs cos(Ax)] Z 


B2+ B2 


where 


Bo=l+ ie K(-z)cos(Az) dz, Bs = is K(-z) sin(Az) dz. 
0 0 


11.5-3. Power-Law Generating Function. 


Consider the linear equation with power-law right-hand side 


L[y] = 2°. 


(9) 


(10) 


Suppose that the solution is known and is given by formula (2). In Table 7, solutions of the equation 
L[y] = f(x) with various right-hand sides are presented which can be expressed via the solution of 


Eq. (10). 


Example 2. We seek a solution of the equation with power-law right-hand side 
aaa t d 
y(a) + —K(=)y(tdt=« 
0 «& x 


in the form y(x, A) = ka by the method of indeterminate coefficients. We finally obtain 


1 


Ya, A) = T+BO)~ 


1 
a BIA) = | K(tyt? dt. 
0 
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It follows from row 3 of Table 7 that the solution of the equation with logarithmic right-hand side 


yon) fo +i ()ynat = Alix 
0 x x 


has the form 


Geilo Al, 
xv) = —— lze-—_——., 
: 1+I1p (1 + Ip)? 


where 


1 1 
fo= [ K(t)dt, n= | K(t)Intdt. 
0 0 


TABLE 7 
Solutions of the equation L [y] = f(x) with generating function of power-law form 


Right Hand Side f(e) Solution Method 
. y(a, A) Original Equation 


2 s Ak at > Axy(a, k) Follows from linearity 
k=0 k=0 
Follows from linearity and 
Xr + By(ax,0 y 
) =O ule, 0) from the results of row No 4 


Follows from the results 
of row No 5 for \ = 0 


Differentiation 


a Or” [ue | with respect to the parameter 


jim seve 


Acoa(fn2) ARe[x 19) Pers 


Asin(ina) Atm[ yx, 18) Sonne aay 
; Selection of the real 
Az" cos(3 In x) ARe [ya bt ip)| patior k= 448 
: : Selection of the imaginai 
Ac" sin(3 In x) Alm [wa, t+ i6)| Rae ee ry 


11.5-4. Generating Function Containing Sines and Cosines. 


Consider the linear equation 


L[y] = sin(z). (11) 


We assume that the solution of this equation is known and is given by formula (2). In Table 8, 
solutions of the equation L [y] = f(a) with various right-hand sides are given, which are expressed 
via the solution of Eq. (11). 

Consider the linear equation 


L[y] = cos(Az). (12) 


We assume that the solution of this equation is known and is given by formula (2). In Table 9, 
solutions of the equation L [y] = f(a) with various right-hand sides are given, which are expressed 
via the solution of Eq. (12). 
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TABLE 8 
Solutions of the equation L[y] = f(x) with sine-shaped generating function 


Right-Hand Side f(z) Solution Method 


fs 3 Ag sin(Apx) > Ary(&, Ar) Follows from linearity 
k=l k=l 

Ax™ > Follows from the results 

ne Ay Lave], | Sit Stark s0 


eae 


o”™ Differentiation 
m= =, 4, 6, AGI) > ayn Bam Y@ A) with respect to the parameter 
Az™ On, mal - Differentiation with respect 
acy evte» oe pune 
; ; Relation to the hyperbolic 
Ee sinh(Gx) —iy(x, 13) ane Nes 
on 


™ inh Differentiation with respect 
im a as to » and relation to the 
M= 4, % O, .-- hyperbolic sine, A = 7G 


TABLE 9 
Solutions of the equation L[y] = f(a) with cosine-shaped generating function 


Right-Hand Side f(a) Solution Method 


a 3 Ax cos(Ap@) Ary(&, Ax) Follows from linearity 
k=l =1 
ae Follows from the results 
A(-l) 2) 


4 Az™ SO, ACI Differentiation 
m = 2, 4, 6, Ss y? with respect to the parameter 
sin) m+ oar Differentiation 
= i) 35.5, ACI?" Ban 4 y(@, A) with respect to the parameter 
Relation to the hyperbolic 
Pat. cosy) y(@, 08) cosine, A = i 


h Differentiation with respect 
7 x" cos oe @), to \ and relation to the 


m=2, 4, 6, hyperbolic cosine, A = iG 


11.6. Method of Model Solutions 


Consider a linear equation, which we briefly write out in the form 


L[y(x)] = f(), (1) 


where L is a linear (integral) operator, y() is an unknown function, and f(a) is a known function. 
We first define arbitrarily a test solution 


Yo = yo(2, A), (2) 


* Before reading this section, it is useful to look over Section 11.5. 
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which depends on an auxiliary parameter A (it is assumed that the operator L is independent of 
and yo # const). By means of Eq. (1) we define the right-hand side that corresponds to the test 
solution (2): 


Jo(@, A) = L[yo(@, A)]. 


Let us multiply Eq. (1), for y = yo and f = fo, by some function y(\) and integrate the resulting 
relation with respect to \ over an interval [a, b]. We finally obtain 


L[y,(@)] = fo), (3) 
where ; ‘ 
Yo(Z) = / yor, A)p(A) dA, fo(@) = : fo(x, Ap) da. (4) 


It follows from formulas (3) and (4) that, for the right-hand side f = f,,(x), the function y = y,(z) 
is a solution of the original equation (1). Since the choice of the function y(\) (as well as of the 
integration interval) is arbitrary, the function f,,(x) can be arbitrary in principle. Here the main 
problem is how to choose a function y(A) to obtain a given function f,,(2). This problem can be 
solved if we can find a test solution such that the right-hand side of Eq. (1) is the kernel of a known 
inverse integral transform (we denote such a test solution by Y (2, A) and call it a model solution). 


11.6-2. Description of the Method. 


Indeed, let 98 be an invertible integral transform that takes each function f(x) to the corresponding 
transform F'(\) by the rule 
F(X) = Bt f@}. (5) 


Assume that the inverse transform D has the kernel a(x, ) and acts as follows: 


b 
PUFA} =f@), PB YFO}= / PA), A) dd. (6) 


The limits of integration a and b and the integration path in (6) may well lie in the complex plane. 
Suppose that we succeeded in finding a model solution Y (a, A) of the auxiliary problem for 
Eq. (1) whose right-hand side is the kernel of the inverse transform $8"!: 


LIY (a, \)] = Y@, »). (7) 


Let us multiply Eq. (7) by F(A) and integrate with respect to \ within the same limits that stand in 
the inverse transform (6). Taking into account the fact that the operator L is independent of \ and 
applying the relation $"! { F(A)} = f(a), we obtain 


b 
L / Y (x, FO) an] = f(x). 


Therefore, the solution of Eq. (1) for an arbitrary function f(x) on the right-hand side is expressed 
via a solution of the simpler auxiliary equation (7) by the formula 


b 
y(a) = i Y (a, A)F(A) da, (8) 


where F'(\) is the transform (5) of the function f(z). 

For the right-hand side of the auxiliary equation (7) we can take, for instance, exponential, power- 
law, and trigonometric function, which are the kernels of the Laplace, Mellin, and sine and cosine 
Fourier transforms (up to a constant factor). Sometimes it is rather easy to find a model solution 
by means of the method of indeterminate coefficients (by prescribing its structure). Afterwards, to 
construct a solution of the equation with arbitrary right-hand side, we can apply formulas written 
out below in Subsections 11.6-3-11.6-6. 


11.6. METHOD OF MODEL SOLUTIONS 561 


11.6-3. Model Solution in the Case of an Exponential Right-Hand Side. 


Assume that we have found a model solution Y = Y(a, A) that corresponds to the exponential 
right-hand side: 
L[Y (2, \)] = e?*. (9) 
Consider two cases: 


1°. Equations on the semiaxis, 0 < x < oo. Let f(p) be the Laplace transform of the function f(z): 


fo=Hf@}, Af@y= | f(aje?* dz. (10) 


The solution of Eq. (1) for an arbitrary right-hand side f(a) can be expressed via the solution of the 
simpler auxiliary equation with exponential right-hand side (9) for A = p by the formula 


1 C+100 . 

yod=s [Yen forar. ) 
Mt Sc-ioo 

2°. Equations on the entire axis, -oo < x < oo. Let f(u) denote the Fourier transform of the 

function f(x): 


1 on Z 
f= BO) — HI@}= / fae ar, (12) 


The solution of Eq. (1) for an arbitrary right-hand side f(x) can be expressed via the solution of the 
simpler auxiliary equation with exponential right-hand side (9) for A = 7u by the formula 


y(2) = = / ; Y (a, iu)f(u) du. (13) 


In the calculation of the integrals on the right-hand sides in (11) and (13), methods of the theory of 
functions of a complex variable are applied, including the Cauchy residue theorem and the Jordan 
lemma (see Subsections 9.1-4 and 9.1-5). 


Remark 1. The structure of a model solution Y(z, A) can differ from that of the kernel of the 
Laplace or Fourier inversion formula. 


Remark 2. When applying the method under consideration, the left-hand side of Eq. (1) need 
not be known (the equation can be integral, differential, functional, etc.) if a particular solution of 
this equation is known for the exponential right-hand side. Here only the most general information is 
important, namely, that the equation is linear, and its left-hand side is independent of the parameter X. 


Remark 3. The above method can be used in the solution of linear integral (differential, integro- 
differential, and functional) equations with composed argument of the unknown function. 


Example 1. Consider the following Volterra equation of the second kind with difference kernel: 


(a) + | K(w—ty(t) dt = f(a). (14) 


This equation cannot be solved by direct application of the Laplace transform because the convolution theorem cannot be 
used here. 
In accordance with the method of model solutions, we consider the auxiliary equation with exponential right-hand side 


co 
y(z) + i K(a-— t)y(t) dt = e?*. (15) 
x 
Its solution has the form (see Example | of Section 11.5) 
co 

Y(ax,p) = ——=——e?”,, K(-p) =| K(-z)e?* dz. (16) 

1+ K(-p) 0 

This, by means of formula (11), yields a solution of Eq. (14) for an arbitrary right-hand side, 
1 ctioco t 
yon) = > [AP 00" dp, (17) 
27 c-100 1+ K(-p) 


where f(p) is the Laplace transform (10) of the function f(z) (see also Section 11.11). 
Note that a solution to Eq. (12) was obtained in the book of M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971) 
in a more complicated way. 
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11.6-4. Model Solution in the Case of a Power-Law Right-Hand Side. 


Suppose that we have succeeded in finding a model solution Y = Y(z,s) that corresponds to a 
power-law right-hand side of the equation: 


L[Y(@@,s)]=2°%, A= -s. (18) 


Let fi (s) be the Mellin transform of the function f(x): 


fis) = fa)}. —- MEF(@)} = i faa"! de. (19) 


The solution of Eq. (1) for an arbitrary right-hand side f(a) can be expressed via the solution of the 
simpler auxiliary equation with power-law right-hand side (18) by the formula 


C+200 
yo)=s> f ¥(es)fisyas. (20) 
TM J c-ico 
In the calculation of the corresponding integrals on the right-hand side of formula (20), one can 
use tables of inverse Mellin transforms (e.g., see Supplement 10), as well as methods of the theory 
of functions of a complex variable, including the Cauchy residue theorem and the Jordan lemma 
(see Subsections 9.1-4 and 9.1-5). 


Example 2. Consider the equation 


od 
yay [XK (=) ywae= feo. (21) 
a £ iG 


In accordance with the method of model solutions, we consider the following auxiliary equation with power-law right-hand 
side: 


i t Z 
ua) | —K(=)yt)dt=2 a (22) 
0 «& x 
Its solution has the form (see Example 2 for A = —s in Section 11.5) 
23 
Y(a,s)= re, Bis) = K(t)t? dt. 
(x, s) iPBe (s) if (t) (23) 


This, by means of formula (20), yields the solution of Eq. (21) for an arbitrary right-hand side: 


a 1 c+t0o fis) 
ay ee eel 


ads, (24) 


where f(s) is the Mellin transform (19) of the function f(x). 


11.6-5. Model Solution in the Case of a Sine-Shaped Right-Hand Side. 


Suppose that we have succeeded in finding a model solution Y = Y(z, u) that corresponds to the 
sine on the right-hand side: 
L[Y (a, u)] = sin(uz), A= U. (25) 


Let fx(u) be the asymmetric sine Fourier transform of the function f(z): 


hWM=FAf@}, FAf@}= i f(®) sin(ux) dx. (26) 


The solution of Eq. (1) for an arbitrary right-hand side f(x) can be expressed via the solution of the 
simpler auxiliary equation with sine-shape right-hand side (25) by the formula 


2 fo? 2 
y(“) = — | Y (a, u) fs(u) du. (27) 
WT JO 
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11.6-6. Model Solution in the Case of a Cosine-Shaped Right-Hand Side. 


Suppose that we have succeeded in finding a model solution Y = Y (a, u) that corresponds to the 
cosine on the right-hand side: 


L[Y (a, u)] = cos(ux), A= U. (28) 


Let fe(u) be the asymmetric Fourier cosine transform of the function f(z): 


hw=FAf@}, Felf@}= | f(x) cos(ux) da. (29) 


The solution of Eq. (1) for an arbitrary right-hand side f(a) can be expressed via the solution of the 
simpler auxiliary equation with cosine right-hand side (28) by the formula 


2. ad a 
oes | ¥ (ce, u) fie) du. (30) 
T JO 


11.6-7. Some Generalizations. 


Just as above we assume that 98 is an invertible transform taking each function f(a) to the corre- 
sponding transform F'(\) by the rule (5) and that the inverse transform is defined by formula (6). 
Suppose that we have succeeded in finding a model solution Y (x, A) of the following auxiliary 
problem for Eq. (1): 
Lz [Y (a, A)] = Hy [¥@, A)]. (31) 


The right-hand side of Eq. (31) contains an invertible linear operator (which is integral, differential, 
or functional) that is independent of the variable x and acts with respect to the parameter \ on the 
kernel w(x, A) of the inverse transform, see formula (6). For clarity, the operator on the left-hand 
side of Eq. (31) is labeled by the subscript x (it acts with respect to the variable x and is independent 
of A). 

Let us apply the inverse operator H,! to Eq. (31). As a result, we obtain the kernel (x, \) on 
the right-hand side. On the left-hand side we intertwine the operators by the rule Hy! L,. = L, Hy! 
(this is as a rule possible because the operators act with respect to different variables). Furthermore, 
let us multiply the resulting relation by F(A) and integrate with respect to 4 within the limits that 
stand in the inverse transform (6). Taking into account the relation Dt {F(O)} = f(a), we finally 
obtain 


b 
Le | F(\)HR[Y (x, \)] dX} = f(a). (32) 


Hence, a solution of Eq. (1) with an arbitrary function f(a) on the right-hand side can be expressed 
via the solution of the simpler auxiliary equation (31) by the formula 


b 
y(@) = | FOES (a, 1 4d, (33) 


where F'(\) is the transform of the function f(a) obtained by means of the transform 98 (5). 
Since the choice of the operator H) is arbitrary, this approach extends the abilities of the method 
of model solutions. 


@) References for Section 11.6: A. D. Polyanin and A. V. Manzhirov (1997, 1998). 
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11.7. Method of Differentiation for Integral Equations 


In some cases, the differentiation of integral equations (once, twice, and so on) with the subsequent 
elimination of integral terms by means of the original equation makes it possible to reduce a given 
equation to an ordinary differential equation. Sometimes by differentiating we can reduce a given 
equation to a simpler integral equation whose solution is known. Below we list some classes of 
integral equations that can be reduced to ordinary differential equations with constant coefficients. 


11.7-1. Equations with Kernel Containing a Sum of Exponential Functions. 


Consider the equation 


y(x) + / ‘ bs Aer) y(t) dt = f(a). (1) 
@ bk 


In the general case, this equation can be reduced to a linear nonhomogeneous ordinary differential 
equation of nth order with constant coefficients (see equation 2.2.19 of the first part of the book). 
In a wide range of the parameters A; and A,, the solution can be represented as follows: 


y(a) = f(x) + a bs Byers) f@® dt, (2) 


a" k=l 


where the parameters B;, and ju, of the solution are related to the parameters A; and A; of the 
equation by algebraic relations. 
For the solution of Eq. (1) with n =2, see Section 2.2 of the first part of the book (equation 2.2.10). 


11.7-2. Equations with Kernel Containing a Sum of Hyperbolic Functions. 


By means of the formulas cosh 3 = (e? +e) and sinh 6 = 4(e9 -e), any equation with difference 
kernel of the form 


y(a) + | K(w—ty(t)dt = fl), 


ie 8 (3) 
K(a) = > Ap cosh(\gx) + S> By sinh(p1,2), 
k=1 k=1 


can be represented in the form of Eq. (1) with n = 2m +2s, and hence these equations can be reduced 
to linear nonhomogeneous ordinary differential equations with constant coefficients. 


11.7-3. Equations with Kernel Containing a Sum of Trigonometric Functions. 


Equations with difference kernel of the form 


y(a) + / K(a-thy(t)dt = f(a), -K(a) = $0 Ag cos(\ga), (4) 
see k=1 

y(x) + / K(a-ty@dt= fiw), K(a) = > Ag sin(\ga), (5) 
& k=1 


can also be reduced to linear nonhomogeneous ordinary differential equations of order 2m with 
constant coefficients (see equations 2.5.4 and 2.5.19 in the first part of the book). 
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In a wide range of the parameters A;, and Ax, the solution of Eq. (5) can be represented in the 


form 
x 


y(a) = f(a) + / Riw-t)f@dt, — Rv) = S> Bg sin(unx), (6) 


¢ k=1 


where the parameters B;, and juz, of the solution are related to the parameters A; and A; of the 
equation by algebraic relations. 

Equations with difference kernels containing both cosines and sines can also be reduced to linear 
nonhomogeneous ordinary differential equations with constant coefficients. 


11.7-4. Equations Whose Kernels Contain Combinations of Various Functions. 


Any equation with difference kernel that contains a linear combination of summands of the form 


(c-t)”™ (m=0,1,2,...),  expla(x-4)], 


cosh[G(x-t)], sinh[y(a—-t)], cos[Aa-4)],  sin[u(a-2)], 7) 


can also be reduced by differentiation to a linear nonhomogeneous ordinary differential equation 
with constant coefficients, where exponential, hyperbolic, and trigonometric functions can also be 
multiplied by (x —t)” (n= 1,2,...). 


Remark. The method of differentiation can be successfully used to solve more complicated 
equations with nondifference kernel to which the Laplace transform cannot be applied (see, for 
instance, Eqs. 2.9.5, 2.9.28, 2.9.30, 2.9.34, and 2.9.36 in the first part of the book). 


11.8. Reduction of Volterra Equations of the Second 
Kind to Volterra Equations of the First Kind 


The Volterra equation of the second kind 


yx) | K (a, thy) dt = f(x) (1) 


can be reduced to a Volterra equation of the first kind in two ways. 


11.8-1. First Method. 


We integrate Eq. (1) with respect to x from a to x and then reverse the order of integration in the 
double integral. We finally obtain the Volterra equation of the first kind 


[ Maou dt= Fe, 2) 
where M(x, t) and F(x) are defined as follows: 


M(a,t)=1- / ; K(s,t)ds, F(x) = / : f(t) dt. (3) 
t a 
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11.8-2. Second Method. 


Assume that the condition f(a) = 0 is satisfied. In this case Eq. (1) can be reduced to a Volterra 
equation of the first kind for the derivative of the unknown function, 


i; N(w,dyl(t)dt = f(a), ya) =O, (4) 


where . 
N(a,t) = -/ K(a,s) ds. (5) 
t 


Indeed, on integrating by parts the right-hand side of formula (4) with regard to formula (5), we 
arrive at Eq. (1). 


Remark. For f(a) # 0, Eq. (1) implies the relation y(a) = f(a). In this case the substitution 
z(x) = y(x) — f(a) yields the Volterra equation of the second kind 


2(x)- [ K(a, t)z(t) dt = ®(x), 
B(x) = f(x) f(a) + fla) i Ke, dt, 


whose right-hand side satisfies the condition ®(a) = 0, and hence this equation can be reduced by 
the second method to a Volterra equation of the first kind. 


@) References for Section 11.8: V. Volterra (1959), A. F. Verlan’ and V. S. Sizikov (1986). 


11.9. Successive Approximation Method 


11.9-1. General Scheme. 


1°. Consider a Volterra integral equation of the second kind 


oe / K(e, y(t) dt = f(a). (1) 


Assume that f(a) is continuous on the interval [a, b] and the kernel K (a, t) is continuous fora<a<b 
anda<t<za. 
Let us seek the solution by the successive approximation method. To this end, we set 


ya) = f(x) + S> pnla), (2) 


n=l 


where the y,,(a) are determined by the formulas 


ane / K(a, t)f(t)dt, 
Boe / K(a, tpi(t)dt = | Kola, t)f(t) dt, 


(p3(x) a K(a, thyo(t) dt = \ K3(a, t)f( dt, — ete. 
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Here * 
Ky (a, t) =| K(a, z)Kn-1(, t) dz, (3) 


where n = 2,3,..., and we have the relations K,(a, t) = K(a, t) and K,(a, t) = 0 for t > x. 
The functions K(x, t) given by formulas (3) are called iterated kernels. These kernels satisfy the 
relation 


Kya, t)= ie Km(a, 8)Kn-m(s, t) ds, (4) 


where m is an arbitrary positive integer less than n. 


2°. The successive approximations can be implemented in a more general scheme: 


Yn(x) = f(x) + it K(x, t)yn_1@) dt, ee Ns Diane (5) 


where the function yo(x) is continuous on the interval [a, b]. The functions y;(x), y2(x), ... which 
are obtained from (5) are also continuous on [a, 5]. 

Under the assumptions adopted in item 1° for f(x) and K (2, t), the sequence {y,,(x)} converges, 
as n — ov, to the continuous solution y(x) of the integral equation. A successful choice of the 
“zeroth” approximation yo(x) can result in a rapid convergence of the procedure. 

Note that in the special case yo(x) = f(x), this method becomes that described in item 1°. 


Remark 1. If the kernel K(x, t) is square integrable on the square S ={a<sa<b,ast<b} 
and f(x) € D(a, b), then the successive approximations are mean-square convergent to the solution 
y(x) € L>(a, b) of the integral equation (1) for any initial approximation yo(x) € L2(a, b). 


Example. Consider the integral equation 
xz 
y(x) + | (x — t)y(t) dt = 1 
0 


and use the method of successive approximations for finding its solution. To that end, we take f(x) = 1, K(x, t) = -(x -t) 
in (5) and choose the initial function yo(x) = 0. As a result, we get 


yi(x) = 1, 


y2(x) = 1- oh 
2 2n-2 
x 
x)=1 Spel ET 
Yn(x) ; (-1) On=D! 
It follows that 
: a «at x 
ya) = lim yn(@) = 1 ry + rae +++ =cosa. 


It is easy to check that y(x) = cos x is an exact solution of the integral equation under consideration. 


11.9-2. Formula for the Resolvent. 


The resolvent of the integral equation (1) is determined via the iterated kernels by the formula 


Ria, t)= 5° Ky (a, t), (6) 


n=l 


where the convergent series on the right-hand side is called the Neumann series of the kernel i (a, ft). 
Now the solution of the Volterra equation of the second kind (1) can be rewritten in the traditional 
form 


y(a) = fay | R(a, t) f(t) dt. (7) 
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Remark 2. In the case of a kernel with weak singularity, the solution of Eq. (1) can be obtained 
by the successive approximation method. In this case the kernels K’,,(z, t) are continuous starting 
from some n. For a < i, even the kernel K2(a, t) is continuous. 


© References for Section 11.9: W. V. Lovitt (1950), V. Volterra (1959), S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, 
and G. I. Makarenko (1971), V. I. Smirnov (1974). 


11.10. Method of Quadratures 


Let us consider the linear Volterra integral equation of the second kind 


‘a / K(e,t)y(t) dt = f(a), (1) 


onan interval a< «<b. Assume that the kernel and the right-hand side of the equation are continuous 
functions. 
From Eq. (1) we find that y(a) = f(a). Let us choose a constant integration step h and consider 


the discrete set of points x; =a+h(i-1),i=1,...,n. For x = a;, Eq. (1) acquires the form 
y(xi) -| K (ai, thy) dt = f(xi), t=1,...,n. (2) 
Applying the quadrature formula (see Subsection 10.7-1) to the integral in (2) and choosing 2; 
(j =1,...,%) to be the nodes in f, we arrive at the system of equations 
y(ai)- >> Ag Ki, zy; = f@)+edy,  1=2,....n, (3) 
jl 


where ¢;[y] is the truncation error and Aj; are the coefficients of the quadrature formula on the 
interval [a, x;] (see Subsection 10.7-1). Suppose that ¢;[y] are small and neglect them; then we 
obtain a system of linear algebraic equations in the form 


y=fhi. yi- > Aig Kigyy = fis 1=2,...,N, (4) 
j=l 


where K;; = K(a;,2;), fi = f(xi), and y; are approximate values of the unknown function y() at 
the nodes x;. 
From (4) we obtain the recurrent formula 


i-l 
fit dO Aig Big; 
j=l ; 
= 5 OS = 2: wee ll, 5 
mahi, Y¥ ere a n (5) 
valid under the condition 
1-Ay Ky 40, (6) 


which can always be ensured by an appropriate choice of the nodes and by guaranteeing that the 
coefficients A;; are sufficiently small. 
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11.10-2. Application of the Trapezoidal Rule. 


According to the trapezoidal rule (see Subsection 10.7-1), we have 
Aa =Aw= 5h, Ag =-+-= Air =A, #=2,...,7. 
The application of the trapezoidal rule in the general scheme leads to the following step algorithm: 
i-l 
fith » Bj Kigy; 


j= 
i=: 4S 


for j = 1, 


+(i=Ih al ae {2 
tu =atG-lh, n= : iS 

h 7 1 for 7 >1, 
where the notation coincides with that introduced in Subsection 11.10-1. The trapezoidal rule 
is quite simple and effective, and frequently used in practice. Some peculiarities of using the 
quadrature method for solving integral equations with variable limits of integration are indicated in 
Subsection 10.7-3. 


11.10-3. Case of a Degenerate Kernel. 


When solving a Volterra integral equation of the second kind with arbitrary kernel, the amount 
of calculations increases as the index of the integration step increases. However, if the kernel is 
degenerate, then it is possible to construct algorithms with a constant amount of calculations at each 
step. Indeed, for a degenerate kernel 


K(a, t)= >> pe(a)ae(t), 


k=1 


we can rewrite Eq. (1) in the form 
iz) = Space) f quttyytty dt + fee) 
k=l . 


The application of the trapezoidal rule makes it possible to obtain the following recurrent expression 
(see Subsection 11.10-2): 


m wl 

fer hd i> Bide: 
k=l j=l 

Y= fi. CS oO 


> 


1 m 
I ah dD. Prids 


where y; are approximate values of the unknown function y(z) at the nodes x;, f;= f (Xi), Pei =D (Xi), 
and qxi = Gx(x;), and this expression shows that the amount of calculations is the same at each step. 


@) References for Section 11.10: S. G. Mikhlin and K. L. Smolitskiy (1967), G. A. Korn and T. M. Korn (1968), V. I. Krylov, 
V. V. Bobkov, and P. I. Monastyrnyi (1984), A. F. Verlan’ and V. S. Sizikov (1986), H. Brunner (2004). 


11.11. Equations with Infinite Integration Limit 


Integral equations of the second kind with difference kernel and with a variable limit of integration 
for which the other limit is infinite are also of interest. Kernels and functions in such equations need 
not belong to the classes described in the beginning of the chapter. In this case their investigation can 
be performed by the method of model solutions (see Section 11.6) or by the reduction to equations 
of convolution type. We consider the latter method by an example of an equation of the second kind 
with variable lower limit. 
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11.11-1. Equation of the Second Kind with Variable Lower Integration Limit. 


Integral equations of the second kind with variable lower limit, in the case of a difference kernel, 
have the form 


yo) K(a-thy@ dt = f(x),  O0<£<oo. (1) 


This equation substantially differs from Volterra equations of the second kind studied above for 
which a solution exists and is unique. A solution of the corresponding homogeneous equation 


y(a) + / K(a-t)y(t) dt =0 (2) 


can be nontrivial. 
The eigenfunctions of the integral equation (2) are determined by the roots of the following 
transcendental (or algebraic) equation for the parameter \: 


i = K(-z)e* dz =-1. (3) 
0 


The left-hand side of this equation is the Laplace transform of the function K (—z) with parameter 4. 
To areal simple root A; of Eq. (3) there corresponds an eigenfunction 


Yyr(x) = exp(-Ag@). 


The general solution is the linear combination (with arbitrary constants) of the eigenfunctions 
of the homogeneous integral equation (2). 

For solutions of Eq. (2) in the case of multiple or complex roots, see equation 52 in Section 2.9 
(see also Example | below). 

The general solution of the integral equation (1) is the sum of the general solution of the 
homogeneous equation (2) and a particular solution of the nonhomogeneous equation (1). 


Example 1. Consider the homogeneous Picard—Goursat equation 
co 
yaya | (t— a)" y(t) dt = 0, n=0,1,2,..., (4) 
x 


which is a special case of Eq. (1) with K(z) = A(-z)”. 
The general solution of the homogeneous equation has the form 


m 
yx) = > Cy exp-Az2), (5) 
k=l 
where C;, are arbitrary constants and A; are the roots of the algebraic equation 
AT + An! =0 (6) 
that satisfy the condition Re A; > 0 (m is the number of the roots of Eq. (6) that satisfy this condition). Equation (6) is a 
special case of Eq. (3) with K(z) = A(z)”. The roots of Eq. (6) such that Re Ay, < 0 must be dropped out, since for them 
the integral in (3) is divergent. 


Equation (6) has complex roots. Consider two cases that correspond to different signs of A. 


1°. Let A <0. A solution of the Eq. (4) is 


1 
y(e)=Ce™, = = (-An!) 7, (7) 


where C is an arbitrary constant. This solution is unique for n = 0, 1, 2, 3. 
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For n = 4, taking the real and the imaginary part in (5), one arrives at the general solution of the homogeneous 
Picard—Goursat equation in the form 


[n/4] 
y(x) = Ce? + bs exp(—a,,2)[ Cy cos(G,x) + co? sin(B,2)] ‘ (8) 
k=l 


where or and Ce are arbitrary constants, [a] stands for the integral part of a number a, 4 is defined in (7), and the 
coefficients a; and (3; are given by 


aie. 2nk as 2rk 
ap =|An!|n+1 cos ( ie hs By, =|An}|n+1 sin( us ). 
n+1 n+l 
Note that Eq. (8) contains an odd number of terms. 


2°. Let A> 0. By taking the real and the imaginary part in (5), one obtains the general solution of the homogeneous 
Picard—Goursat equation in the form 


[22] 
q 
y(x) = > exp(-—a,2) (ew cos(G,x) + oO? sin(Bp2)] ‘ (9) 
k=0 
where Ce and OF are arbitrary constants, and the coefficients a; and G, are given by 
Qnk+7 
+1 


Note that Eq. (9) contains an even number of terms. In the special cases of n = 0 and n = 1, Eq. (9) gives the trivial solution 
y(a) = 0. 


Example 2. Consider the nonhomogeneous Picard—Goursat equation 


ee), 


Ap = (uae cos ( ) Br = Guin sin( 


nt+1 


yard [~a-arydt= Ber, n=0,1,2,..., (10) 


which is a special case of Eq. (1) with K(z) = A(-z)” and f(x) = Be#*. 
Let yz > 0. Consider two cases. 


1°. Let w”*! + An! #0. A particular solution of the nonhomogeneous equation is 


By! 


ar) = De H® = 
y(x) = De#*”, Ds ls Ant 


(1) 


For A < 0, the general solution of the nonhomogeneous Picard—Goursat equation is the sum of solutions (8) and (11). 
For A > 0, the general solution of the Eq. (10) is the sum of solutions (9) and (11). 


2°. Let pret +An!=0. Since pis positive, it follows that A must be negative. A particular solution of the nonhomogeneous 
equation is 
B nt2 
pe; ee ee. 
A(n + 1)! 
The general solution of the nonhomogeneous Picard—Goursat equation is the sum of solutions (8) and (12). 


11.11-2. Reduction to a Wiener—Hopf Equation of the Second Kind. 


Equation (1) can be reduced to a one-sided equation of the second kind of the form 


(a) = Exe”, (12) 


y(x) — a K_(a—-t)y@) dt = f(x), 0<4<aM, (13) 
0 


where the kernel K_(a — t) has the form 


0 for s>0, 
eel) ee for s <0. 


Methods for studying Eq. (13) are described in Chapter 13, where equations of the second kind 
with constant limits are considered. In the same chapter, in Subsection 13.10-3, an equation of the 
second kind with difference kernel and variable lower limit is studied by means of reduction to a 
Wiener—Hopf equation of the second kind. 


@) Reference for Section 11.11: F D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov (1998). 


Chapter 12 


Methods for Solving Linear Equations 
of the Form i ° K(a, t)y(t) dt = f(x) 


12.1. Some Definition and Remarks 


12.1-1. Fredholm Integral Equations of the First Kind. 


Linear integral equations of the first kind with constant limits of integration have the form 


b 
/ K(a, thy(t) dt = f(a), (1) 


where y(x) is the unknown function (a < x < b), K (a, t) is the kernel of the integral equation, and 
f(a) is a given function, which is called the right-hand side of Eq. (1). The functions y(x) and f(a) 
are usually assumed to be continuous or square integrable on [a,b]. If the kernel of the integral 
equation (1) is continuous on the square S = {a < x < b, a<t < b} or at least square integrable on 
this square, 1.e., 


b pb 
/ / K°(a, t) dx dt = B? <x, (2) 


where B is a constant, then this kernel is called a Fredholm kernel. Equations of the form (1) with 
constant integration limits and Fredholm kernel are called Fredholm equations of the first kind. 

The kernel K (z, t) of an integral equation is said to be degenerate if it can be represented in the 
form K(x, t) = gi(a)hi(t) + +--+ gn(a)hn(t). 

The kernel (a, t) of an integral equation is called a difference kernel if it depends only on the 
difference of the arguments: K(x, t) = K(x -t). 

The kernel K(z,t) of an integral equation is said to be symmetric if it satisfies the condition 
K(a,t) = K(t, 2). 

The integral equation obtained from (1) by replacing the kernel (x, t) by K(t, x) is said to be 
transposed to (1). 


Remark 1. The variables ¢ and x in Eq. (1) may vary within different intervals (e.g.,a<t <b 
andc<a<d). 


It is important to observe that integral equations of the first kind (1), even with very smooth 
kernels and right-hand sides, may have no solutions at all or have several (infinitely many) solutions. 


Example 1. The equation 
1 
‘, y(t) dt =1+t 
0 


has no solutions. 
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1 
| y(t) dt = 1 
0 


has the solutions y(x) = 1 and y(a) = 1 + C(2x — 1), where C is an arbitrary constant. Moreover, this equation has the 


solution , 
_ J v(a)/A if A#0, _ 
y(x) = { 1+ C6G): tf A=0, >), MO 


Example 2. The equation 


where (2) is an arbitrary function. 


It should also be mentioned that Fredholm integral equations of the first kind belong to the class 
of ill-posed problems (for details see Section 12.12). 


12.1-2. Integral Equations of the First Kind with Weak Singularity. 


If the kernel of the integral equation (1) is polar, i.e., if 


L(a,t) 


K(a,t) = ae 


+ M(a, t), 0<a<l, (3) 


or logarithmic, i.e., 
K(a, t) = L(az, t) In|x -t| + M (2, t), (4) 


where L(x, t) and M (a, t) are continuous on S and L(x, x) # 0, then K(z, t) is called a kernel with 
weak singularity, and the equation itself is called an equation with weak singularity. 


Remark 2. Kernels with logarithmic singularity and polar kernels with 0 < a < 4 are Fredholm 
kernels. 


Remark 3. In general, the case in which the limits of integration a and/or b can be infinite is not 
excluded, but in this case the validity of condition (2) must be verified with special care. 


12.1-3. Integral Equations of Convolution Type. 


The integral equation of the first kind with difference kernel on the entire axis (this equation is 
sometimes called an equation of convolution type of the first kind with a single kernel) has the form 


[- K(a—-t)y(t) dt = f(x), -o<4%<o, (5) 


where f(x) and K (a) are the right-hand side and the kernel of the integral equation and y(z) is the 
unknown function (in what follows we use the above notation). 
An integral equation of the first kind with difference kernel on the semiaxis has the form 


i K(a-t)y(t) dt = f(x), O<2<o. (6) 
0 


Equation (6) is also called a one-sided equation of the first kind or a Wiener—Hopf integral equation 
of the first kind. 
An integral equation of convolution type with two kernels of the first kind has the form 


fore) 0 
if K\(a—-t)y@ dt + if K x(a -t)y@ dt = f(x), -0O<2<M, (7) 
0 —0o 


where /X;(x) and K(x) are the kernels of the integral equation (7). 
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Recall that a function g(x) satisfies the Holder condition on the real axis if for any real x; and x2 
we have the inequality 


Ig(a2)-— g(a) < Alaa-ai, = O< AK 1, 


and for any x; and x sufficiently large in absolute value we have 


r 
‘ 0<A<l1, 


1 1 
lg(v2) —g(a)|S A = Pr kisk 
22 xy 


where A and \ are positive (the latter inequality is the Holder condition in the vicinity of the point 
at infinity). 

Assume that the functions y(a) and f(x) and the kernels K(x), K(x), and K2() are such that 
their Fourier transforms belong to L(—oo, 00) and, moreover, satisfy the Holder condition. 

For a function y(x) to belong to the above function class it suffices to require y(x) to belong to 
L2(-00, oo) and xy(x) to be absolutely integrable on (—oo, 00). 


12.1-4. Dual Integral Equations of the First Kind. 


A dual integral equation of the first kind with difference kernels (of convolution type) has the form 


i K\(a-t)y@) dt = f(x), 0<4%<aM, 
ae (8) 
/ K(x — t)y() dt = f(x), -00 <a <0, 


where the notation and the classes of functions and kernels coincide with those introduced above for 
equations of convolution type. 
In the general case, a dual integral equation of the first kind has the form 


iia Ky (a, thy(t) dt = fi (x), a<x<b, 
r K (a, thy(t) dt = fr(x), b<xr<nm, 


where f;(x) and f2(x) are the right-hand sides, AK, (a, t) and K>(z, t) are the kernels of Eq. (8), and 
y(a) is the unknown function. Various forms of this equation are considered in Subsections 12.9-3 
and 12.9-4. 

The integral equations obtained from (5)-(8) by replacing the kernel K(x —t) with K(¢-—<) are 
called transposed equations. 


Remark 3. Some equations whose kernels contain the product or the ratio of the variables x 
and t can be reduced to equations of the form (5)-(8). 


Remark 4. Equations (5)—(8) of the convolution type are sometimes written in the form in which 
the integrals are multiplied by the coefficient 1/27. 


12.1-5. Some Problems Leading to Integral Equations of the First Kind. 


1°. Historically, one of the first problems that can be associated with integral equations was that of 


inverting the integral 
1 a 
=> / (x)e"*' dx, 
g 7 I f 
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ie., finding a function f(x) from a given g(t). This problem was solved in 1811 by Fourier, who 
obtained its solution in the form 


f(a) = = / : ate dt. 


2°. Making an elastic string acquire a given shape under the action of a distributed force. 

Suppose there is a weightless elastic string of length / that resists tension but does not resist 
changing its shape. Assume that the string obeys Hooke’s law in tension, so that the force required 
to extend the string by Al is equal to 7 Al, where yy is some constant. 

Let the ends of the string be fixed at points A and B (Fig. 4) and let the string position coincide 
with the segment AB of the Ox axis when acted upon by only a horizontal tensile force To, very 
large compared to any other force under consideration. 


Figure 4. Shape of an elastic string fixed at points A and B and acted upon by a force P at a point Co. 


Suppose that a force P is applied to the string at a point Co with x = €. Then the string will take 
the shape of a broken line AC'B. Assume that the displacement C'Cp = 6 is small compared to AC 
and CoB, which results from the assumption that P is small compared to Tp. Also assume that the 
tension of the string remains equal to Ty. Projecting the tensile forces at C’ and the force P onto the 
vertical, we write down the equilibrium condition to obtain 


To sina + Ty sin G = P. 


Since 6 is considered to be small, we have 


; 6 
sina = —, er ae 

Then the equilibrium condition can be rewritten as 

5 ) 

To —t+ To — =P. 

iS 1-§ 

It follows that (-8€ 
6(€) = P—. 
=P 


Let y(x) denote the amount of sag of the string at the point with abscissa x. Then 
y(x) = PG(a, §), 
where 
a(l-§) 
Tol 


U- 88 
Tol 


if O<2<é, 
G(a, §) = 
if €<asl. 
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Indeed, for x < €, from the similarity of the triangles ACoC and AA,C; (Fig. 4) it follows that 
ya) _ «x PGCE) = 


6 £ © € 


Hence, 


xro(€) _ «(l—€) 
PE ~~ Tol * 


The case of € < x is treated similarly. It is apparent that G(x, £) = G(€, x). 

If the string is acted upon by a continuously distributed force with line density p(€), then the 
small segment between € and € + A€ is subjected to the force approximately equal to p(€) A€ and is 
displaced by the distance G(x, €) p(€) A€. Since the displacements caused by the elementary forces 
p(€) AE are summed (according to the principle of superposition), the total amount of sag y(x) is 
approximately equal to 


G(a, €) = 


S> G@, 8) p@ AE. 
(§) 


On passing to the limit as A€ — 0, one arrives at a Fredholm integral equation of the first kind: 


I 
ice i Glew, €) plé) dé. 


This equation serves to determine the force density p(a) under the action of which the string will 
take the given shape y = y(x). The function Ga, €) is called an influence function. 


@ References for Section 12.1: B. Noble (1958), S. G. Mikhlin (1960), I. C. Gohberg and M. G. Krein (1967), 
L. Ya. Tslaf (1970), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. P. Zabreyko, A. I. Koshelev, et al. (1975), 
Ya. S. Uflyand (1977), F. D. Gakhov and Yu. I. Cherskii (1978), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986), 
I. Sneddon (1995), A. V. Bitsadze (1995), L. A. Sakhnovich (1996). 


12.2. Integral Equations of the First Kind with Symmetric 
Kernel 


12.2-1. Solution of an Integral Equation in Terms of Series in Eigenfunctions of Its Kernel. 


Suppose K(x, t) is a real symmetric kernel defined on a segment [a, b]. Let us write out the system 
of characteristic values and eigenfunctions of this kernel* as the sequences 


Mt, d2, Sieg. Awa ene 


(1) 
Yi(®), YL), ---, Yn(L), «+, 


where . 
Yn(2)-— An if K (a, t)yn(@® dt = 0. 


It is assumed that the following conditions hold: 

1) The values \,, are ordered so that their moduli form a nondecreasing sequence, i.e., |An-1| $ 
[AnI- 

2) Each characteristic value appears as many times as its multiplicity (rank), so that one and the 
same value \ in (1) may occur several times, each corresponding to only one eigenfunction. 

3) Eigenfunctions y,,(a) are normalized and mutually orthogonal in L[a, b] (for details, see 
Subsection 13.6-1). 


* For definitions of characteristic values and eigenfunctions of a kernel K (a, t), see Subsection 13.1-1. 
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A symmetric kernel K (a, t) defined on [a, b] is called complete (or closed), if the system of the 
corresponding eigenfunctions is complete in L[a, b]); otherwise, the kernel is called incomplete. 
Consider a nonhomogeneous integral equation of the first kind 


b 
/ K(a, thy) dt = f(x) (2) 


with a real symmetric kernel and f € Lo[a, b]. 
PICARD THEOREM. Equation (2) has a solution if and only if f(a) can be expanded into 
a mean-square convergent series with respect to eigenfunctions of the kernel K(a,t): 


oo b 
f= >> fey(a), fe = / f(x)yx(a) der, (3) 
k=1 ad 
and the series Pa 
ye Nel fel? (4) 
k=1 


is convergent. In this case, the general solution of equation (2) has the form 


yx) = yor) + S> An fey (x), 


k=1 


where yo(x) is an arbitrary solution of the homogeneous equation (2) for f(x) =0. If the 
kernel K(x, t) is complete, then yo(x) = 0, and equation (2) has only one solution, 


ya) = S> re faye a). (5) 


k=1 


Example. Consider the integral equation 


1 
if K(a, ty(t) dt = sin? (ra) (6) 
0 
with the real symmetric kernel 
_sQ-ayt if OSt<a, 
K@d={ pe ife<t<l. (7) 


Let us use the Picard theorem to find its solution. First, we find the characteristic values and the corresponding normalized 
eigenfunctions of the kernel (7): 


M =, do = (2r)’, Lee, An =(nry’, 
yi (x) = V2 sin(rz), Yy2(x) = V2 sin(27r2z), tees) Yn(Z) = V2sin(nr2), 


Then we express the right-hand side of (6) in terms of the eigenfunctions: 


(8) 


f(z) = sin? (ra) = ‘ sin(7a) — : sin37a) = 


3 1 
— y (x) — —=y3 (x 
Tpke ) Ja}! ) 
and write out the corresponding coefficients in the expansion of f(x): 


1 
f2=0, fs =-—=, fm=0 for m=4,5,... 


fi= aa’ 


3 
4/2” 
The series (4) in this case reduces to the finite sum 

co 
3 \2 1 \2 45 
YF 2 = all ) + (on? (— ) = pA 
>, Yale (TR aa) 
and is therefore convergent. The system of eigenfunctions (8) is a complete orthonormal system on [0, 1], ie., the kernel is 
complete. By the Picard theorem, equation (6)—(7) has the unique solution 


ya) = Ai fiyi(@) + A3 fay3(x), 


which can be written in the form 


y(@) = <1? [sin(ra) —3sin3ra)]. 
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12.2-2. Method of Successive Approximations. 


THEOREM. Let K(x, t) be a symmetric positive kernel and suppose that the equation 


b 
/ K(a, thy(t) dt = f(x), f(x) € Lola, 6), (9) 


admits one and only one solution. Then the sequence of functions { y,,(x)} defined by the recurrent 
relation 


b 
Yn(©) = Yn-1(@) + also | K(x, t)yn1@) dt}, n=1,2,..., (10) 


where 
yo(x) € Lofa,b], O<A<2A), (11) 


X, is the smallest characteristic value of the kernel K (x, t), is mean-square convergent to the solution 
of equation (9). 


Remark. If there is no information about the solution of equation (9), one can take yo(x) = 0 as 
the zero approximation. If the smallest characteristic value 4 is unknown, then \ should be chosen 
sufficiently small and one should check (control) the convergence of the process (10). 


Example. Consider the integral equation 


1 
| K(x, thy(t) dt = sin(ra), (12) 
0 


where (l-a)t if O<t< 
-2£ 1 SUsS@, 
K@0={ pp if ests. si 


Let us construct successive approximations by formulas (10), taking yo(a) = 0 and imposing no constraints on X so far. 
We have 
yi(x) = Asin(72), 


yo(x) = A sin(7x) + (1 - ) sin(72), 


,\2 
) sin(7ax) + » (: - +) sin(72), (14) 
T 


dr d 2 dr n-l ; 
m(a= Aft (1-3) + (1-3) teva (1-3) | incre, 
7 WT WT 


The square brackets contain the finite sum of a geometrical progression with ratio g = 1 — +. This sum is calculated by the 
formula 


y3(x) = Asin(wrax) + (1 = 


For n — ox, this sum has a finite limit equal to con provided that |g| < 1, which yields the following constraint on the 


coefficient A: 
0<X<2n’. (15) 


Passing to the limit in (14) as n — oo, under the condition (15), we find that 


lim yn(x) = sin(7x) = ne sin(72). (16) 
n—oco L= 
It is easy to check that the limit solution (16) coincides with the exact solution of the integral equation (12)-(13). It can be 
shown that the smallest characteristic value of the kernel (13) is A; = 72. Therefore, condition (11), in this case, turns into 


(15). 


@© References for Section 12.2: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), M. L. Krasnov (1975), 
P. P. Zabreyko, A. I. Koshelev et al. (1975). 
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12.3. Integral Equations of the First Kind with 
Nonsymmetric Kernel 


12.3-1. Representation of a Solution in the Form of Series. General Description. 


Consider an integral equation 


b 
i K (a, thy) dt = f(x) (1) 
with an arbitrary (symmetric or nonsymmetric) kernel. Let us seek its solution in the form of a sum 
N 
yt) = S~ AnYn(2), (2) 
n=l 


where y,,(x) is a (complete) system of functions on the interval (a, b), the upper limit of the sum, NV, 
can be either finite or infinite. It is important to mention that in some cases it is possible to obtain 
an exact solution of the integral equation (1) in the form of series (2) for NV = co (see Examples 1 
and 2 in Subsection 12.3-2). 

Substituting (2) into (1), we get 


N 
f() = S7 Angn(@), (3) 
n=l 
where g,(x) are known functions, 
b 
In(&) = / K(x, hypn(t) dt. (4) 


In order to find the coefficients A,, in the right-had side of (3), different methods can be used, 
depending on the structure of the functions g,,(~). Some basic methods are described below. 


12.3-2. Special Case of a Kernel That is a Generating Function. 


For power-type functions g,(x) = b,x”, the right hand side of (3) is a polynomial or a power series 
(for N = oo). The coefficients A, of that series can be found by way of comparison with the 
corresponding coefficients in the expansion of f(x) in powers of x. This case takes place if the 
kernel of the integral equation is a generating function for a system of orthogonal polynomials. 
Recall that G(a, t) is called a generating function for a system of functions 


ho(t), hi(t), ..., Am(t), ... 


if G(a, t) admits the following expansion in powers of x: 


[oe 
G(z, t) = S- Cmhm(t)t™ ~~ (Cm #0). 
m=0 
Example 1. Consider the equation 
1 
y(t) dt 
= : 5 

[ 1 +2? -2at a ©) 


Its kernel is a generating function for the Legendre polynomials (see Supplement 11.11-1): 


1 
V1+22-22t 


q™ 


m!2™ dx™ 


(a? -1)™. (6) 


=o Pmb2™, P(x) = 
=0 
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Let us seek a solution of equation (5) in the form 


y(t) = S> AnPn(a). (7) 


n=0 


Substituting (6) and (7) into equation (5) and taking into account the orthogonality conditions for the Legendre polynomials, 


0 if n#m, 
= 2 
I, Pr(@)Pm(x) dx —  ifn=m, 
2n+1 
we find that 
ce. A 
2 T nm . 
yy 2 7 ie F(x) 


n=0 


Expanding the right-hand side into a Maclaurin series and equating the coefficients of equal powers of x, we obtain 


= 2n+1 
~ nl 


ai f°). 


Inserting these coefficients into (7), we obtain a solution of the integral equation (5) in the form 


1 2nt1 en 
ya) = 5 » le (0) Pn (a). (8) 


It is easy to see that if the right-hand side of equation (5) is a polynomial, then its solution (8) is a polynomial of the 
same degree. 


Example 2. Consider the equation 


i * ee yy dt = fla) (9) 


foe) 


whose kernel is a generating function for the Hermitian polynomials (see Supplement 11.17-3) 


m™m 


co 
1 
ee — > eH (O0", Hy (x) = (-1)™ exp(x”) Ag exp(-2”). (10) 
m=0 
Let us seek a solution of equation (9) in the form of expansion 
co 
y(z) = > AnHn(2). (11) 


n=0 


Substituting (10) and (11) into (9) and taking into account the orthogonality of the Hermitian polynomials, together with the 
relations 


coe 2 
ih e* H? (t) dt =2"n! Vn, 


oe) 


we obtain 


fe) = Vm > An2"2”. 
n=0 


Hence, we find the coefficients An: 
4, - £°O 
"n/m 


Substituting these into (11), we obtain a solution of the original integral equation (9): 


ee) 
ba 


y(x) = a c~ aml Ap(x). 


582 METHODS FOR SOLVING LINEAR EQUATIONS OF THE ForM ff, 2 K(a, thy@dt = f(x) 


12.3-3. Special Case of the Right-Hand Side Represented in Terms of Orthogonal Functions. 


Suppose that the functions g,,(x) in the right-hand side of (3) form an orthogonal, with some weight 
p(x), system on the interval (a, b): 


b 
[ e6crantaama) de =0 if n#m. 


Then the coefficients A,, are obtained by multiplying (3) by p(x)gm(x) with subsequent integration 
in x over the segment [a, b]. As a result, we get 


1 7 ® 
An= sf ferplwante)de, Bn = f pleg(e) de. 


12.3-4. General Case. Galerkin’s Method. 


In the general case, one chooses a sequence of functions w(x), m = 1, ..., n, multiplies the 
relation (3) by these in successive order, and then integrates in x over the segment [a, b]. The result 
is a system of linear algebraic equations for the coefficients A,: 


N 
) OnmAn = Bm, me=1,...,n} 
n=l 


b b 
ou =f Gn(Z) Wm (x) da, Bm = [ f(@)Ym(a) da. 


Finding the coefficients A,, from this system and substituting these in (3), one obtains an approximate 
solution of the integral equation (1). 


Remark. The Galerkin method and its modifications, when applied to the solution of integral 
equations of the second kind, may result in large errors (connected with the instability of solutions 
with respect to small perturbations of the right-hand side of the equation; see Section 12.12). For 
this reason the said methods are rarely used in practice. 


12.3-5. Utilization of the Schmidt Kernels for the Construction of Solutions of Equations. 


Let K(x, t) be a real (or complex) nonsymmetric kernel, K (a, t) # K(#, x), such that 


b pb 
/ i) |K (a, t)’dax dt < 00. 


The kernels K(x, t) and K*(x, t) = K(t,s) are called conjugate. 
Consider auxiliary functions 


b b 

Ki(2,t) = / K*(a,s)K(s, t) ds = i: Ks, 2) K(s, t) ds, (12) 
b b 

Ko(z, t) = ip K(a,s)K*(s, t) ds = / K(a,s)KU, 5) ds, (13) 


representing symmetric positive kernels called the Schmidt kernels corresponding to K (a, t). It can 
be shown that the system of characteristic values of the kernels (12) and (13) coincide. 
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Denote by uy, (n = 1, 2, ...) the characteristic values of the Schmidt kernels, by u,,(a) the 
orthonormalized eigenfunctions corresponding to (x,t), and by v,(x) orthonormalized eigen- 
functions corresponding to Ky(z,t). Each u,(a#) and v,(x) can be multiplied by an arbitrary 
constant coefficient whose absolute value is equal to unity. These coefficients can be chosen such 
that the following formulas hold: 


 un(t)Un@) Un (x)Un(b) 
K(a,t)= S ——, K*(az,H)= S —.——.. (14) 
n=l Hn n=l V Hn, 


These series are mean-square convergent on [a, b] (with respect to the variables x and ¢ jointly). The 


following inequality holds: 
co 1 b b 
Si—< | ip |K (x, t)’da dt. 
mal Un a Ja 


For a nonhomogeneous equation of the first kind 


b 
/ K(a, thy) dt = f(x), f € Lnla, 5), (15) 


with nonsymmetric kernel to have a solution it is necessary and sufficient that the free term f(x) 
could be expanded into a mean-square convergent series in terms of eigenfunctions u,: 


foe) b 
fa)=S° fatince), f= fP flayun(o) de, 
n=l a 
and that the series 


loc) 
SO nl fal? 
n=l 


be convergent. Under these conditions, the general solution of equation (15) has the form 
yx) = yo(x) + > Vin fntn(@), 
n=l 


where yo(a) is any solution of the homogeneous equation (15) with f(x) = 0. If the Schmidt kernel 
K(x, t) is complete, then yo(x) = 0, and equation (15) has only one solution, 


y(a) = >> Vin fnvn(@). 


n=l 


0) References for Section 12.3: P. M. Morse and H. Feshbach (1953), L. Ya. Tslaf (1970), M. L. Krasnoy, A. I. Kiselev, 
and G. I. Makarenko (1971), V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev et al. (1975). 


12.4. Method of Differentiation for Integral Equations 


12.4-1. Equations with Modulus. 


In some cases, differentiation of integral equations (once, twice, etc.) with subsequent elimination 
of integral terms by means of the original equation makes it possible to find solutions of the latter. 
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The class of integral equations whose solutions can be obtained by the method of differentiation 
includes integral equations of the first kind with difference kernel, 


b 
/ K(\x—t))y(t) dt = f(x), (1) 
for the following types of K(z): 
K(2)= >) Amz™, (2) 
m=1 
K(z) = S) Am exp(m2)s (3) 
m=1 
K(2) = oe Am sinh(Am 2), (4) 
m=1 
K(2)= 5° Am sinm2). (5) 
m=1 
Example 1. Consider the equation 
1 
| |x —t| y(t) dt = f(a), (6) 


which is a special case of (1), (2) for n = 1. 


1°. Let us remove the modulus in the integrand: 


x 1 
| (x — t)y(t) dt + ) (t —a)y(t) dt = f(a). (7) 
0 x 


Differentiating (7) in x yields 
x 1 
[owoa- | yod= fo, (8) 
0 x 
Differentiating (8) in a yields the solution 
ye) = 5 fate(@). (9) 


2°. The right-hand side f(x) of the integral equation (6) must satisfy certain additional relations. In order to obtain these, 
let us substitute the solution (9) into the transformed original equation (7). Integrating by parts, we get 


1 
ell 


x 1 x 
if (a — t)yt) dt = 5 (@- Of dt = —|-wf'(0) + fx) - FOL. 
0 0 


: 1 f 1 
fe nynde= = | (t w)fin(O dt = > [-#f'() + f@) + f(D - fa). 


Substituting these integrals into the left-hand side of equation (7) and reducing the result by f(x), we obtain 


1 1 
self") +f'(DI+ sl") — fC) — f)] = 0. 
Since this relation must hold for all x, we obtain the following two conditions: 


f'0)+ f/() =0, 
f') - FC) — FO) = 0, 
which should be satisfied by the right-hand side of the integral equation (6). 
Example 2. Consider the equation 


b 
/ eNlly(t) dt = f(a), (10) 


which is a special case of (1) with kernel (3) for n = 1. 
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Let us remove the modulus in the integrand: 


x b 
/ erA@Day(t) dt + / eAtau(t) dt = f(a). (11) 
a x 
Differentiating (11) with respect to x twice yields 
x b 
2ry(a) +r? 7 e®®Day(t) dt + 7 i) oe! y(t) dt = fi! (a). (12) 
a x 


Eliminating the integral terms from (11) and (12), we obtain the solution 


= Abe ” _ y2 
yon) = [eel - PF). (13) 


The right-hand side f(x) of the integral equation (10) must satisfy certain additional relations. In order to obtain these, 
one should substitute the solution (13) into the original equation (10) or its corollary (11). Another method of finding 
additional conditions on f(x) is described in Section 3.2 (see Eq. 3, Item 2°). 


Other examples of solutions of such equations can be found in Section 3.1 (equations 2, 8, 
11, and 16), Section 3.2 (equations 3, 4, and 6), Section 3.3 (equations 5, 6, and 10), Section 3.5 
(equations 10, 11, 12, and 16). 

In a similar way, one can find solutions of the equation 


b 
/ Ig(a) — h(@|y@) dt = fw). 


Some equations of this type are considered in 3.8 (see equations 4-6). 


12.4-2. Other Equations. Some Generalizations. 


1°. Sometimes, differentiation helps to reduce a given equation 


b 
/ K(e, t)y(t) dt = f(a) (14) 


to a simpler integral equation 
b 
/ K,(a, Dy) dt = f(a) (15) 


whose solution is known. 

Note that equations (14) and (15) may be nonequivalent. Thus, if y(¢) is a solution of (14), it is 
also a solution of (15) (provided that the integral on the left-hand side of the equation exists). On 
the other hand, if y(¢) is a solution of (15), it will satisfy equation (14) only under the additional 
condition 


b 
/ K(c, Hy) dt = fio (a<c<b), (16) 


which is obtained by taking x = c in the original equation (14). 


Example 3. Consider the equation 


1 
/ In 
-1 


Differentiating this equation in x, we obtain the following singular equation: 


1 
ytdt a, 
af sinh[ A(t — 2)] = Fa(@). (18) 


A(t - x) 
2 


tanh 


y(t) dt = —f (2), -l<a@<l. (17) 
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Equations (18) and (17) are equivalent under the additional condition 
1 

In 


I, 


1 
af ee = cosh(\x) fi, (a), 
_1 cosh(At)[tanh(At) — tanh(Ax)] 


tanh x aw dt = —f (0). (19) 


Let us rewrite (18) as follows: 


and make the transformation 
z=tanh(Ar), 7 =tanh(At), Y(r) =cosh(At)y(t), h(z) = cosh(Aa) f(a). (20) 


As a result, we obtain a much simpler equation, 


a Y(t) dr = A(z) (a = tanh X, |z| < a), 
te Zz 


a T— 


whose solution is given in Section 3.1 (see equation 51). Using this solution and going back to the original variables by 
formulas (20), one can find a solution of the original equation (17). 


2°. Asa preliminary step, one can multiply equation (14) by a function v(x), and then integrate the 
result in x. Thus, one obtains the equation 


b 
0 
i aa [v(2)K (a, t)ly(t) dt = [y(x) f(a)]’,. 


If one can find a solution of the last equation, its solution should be inserted into the original equation 
(14) or into (16) for verification. 


Remark 1. Instead of differentiation, one can multiply equation (14) by a function (x), integrate 
the result in x from a to z, and try to find a solution of the equation thus obtained. 


Remark 2. If equation (14) does not depend on the parameter ju, it can be multiplied by a 
function (2, j4) and then integrated with respect to 4 from a to 3. 


© References for Section 12.4: I. I. Vorovich, V. M. Aleksandrov, and V. A. Babeshko (1974), A. D. Polyanin and 
A. V. Manzhirov (1998). 


12.5. Method of Integral Transforms 


The method of integral transforms enables one to reduce some integral equations on the entire axis 
and on the semiaxis to algebraic equations for transforms. These algebraic equations can readily 
be solved for the transform of the desired function. The solution of the original integral equation is 
then obtained by applying the inverse integral transform. 


12.5-1. Equation with Difference Kernel on the Entire Axis. 


Consider the integral equation 
i K(a—Dy(t)dt = f(a), —00< a <00, (1) 
where f(x), y(x) € L2(-00, co) and K(x) € Ly(—co, ov). 


Let us apply the Fourier transform to Eq. (1). In this case, taking into account the convolution 
theorem (see Subsection 9.4-4), we obtain 


V2n K(uyg(u) = Fu). (2) 
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Thus, by means of the Fourier transform we have reduced the solution of the original integral 
equation (1) to the solution of the algebraic equation (2) for the Fourier transform of the desired 
solution. The solution of the latter equation has the form 


a fu 
V2n Ku)’ 


(3) 


where the function aA (u)/ K(u) must belong to the space L2(—00, 00). 

Thus, the Fourier transform of the solution of the original integral equation is expressed via the 
Fourier transforms of known functions, namely, the kernel and the right-hand side of the equation. 
The solution itself can be expressed via its Fourier transform by means of the Fourier inversion 
formula: z 
y(x) = an i gue” du = oe CS EG ee du. (4) 


12.5-2. Equations with Kernel K(x, t) = K(x/t) on the Semiaxis. 


The integral equation of the first kind 
i. K(a/Hy@ dt = f(x), O<a<on, (5) 
0 


can be reduced to the form (1) by the change of variables x = e§, t=e7, w(t) = ty(t). The solution 
to this equation can also be obtained by straightforward application of the Mellin transform, and this 
method is applied in a similar situation in the next section. 


12.5-3. Equation with Kernel K(x, t) = K(at) and Some Generalizations. 


1°. We first consider the equation 
| K(at)y(t) dt = f(x), OS x<o. (6) 
0 


By changing variables x = e§ and t = e~7 this equation can be reduced to the form (1), but it is more 
convenient here to apply the Mellin transform (see Section 9.3). On multiplying Eq. (6) by x“! and 
integrating with respect to x from 0 to oo, we obtain 


0 0 0 


We make the change of variables z = xt in the inner integral of the double integral. This implies the 
relation 


K(s) ‘| y(t)t* dt = f(s). (7) 
0 
Taking into account the formula 
i y(tyt dt = 91 —s), 
0 


we can rewrite Eq. (7) in the form 


K(s)9(1-s) = fis). (8) 
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Replacing | — s by s in (8) and solving the resulting relation for §(s), we obtain the transform 


fd=s) 


G(s) = fas) 


(9) 


of the desired solution. 
Applying the Mellin inversion formula, we obtain the solution of the integral equation (6) in the 


form ae 
1 C+100 1 ce 
ya n=x | SOD os as 
c-t00 Kd = s) 


2°. Now we consider the more complicated equation 


7 K (paw) g®y@ dt = f@). (10) 


Assume that the conditions y(0) = 0, y(co) = co, vl, > 0, (0) = 0, W(00) = ov, and y, > 0 are 
satisfied. 
The transform 


z= (2), T= V(b), y(t) = 


takes (10) to the following equation of the form (6): 


i K(zr)w(t) dr = F(z), 
0 


where the function F(z) is defined parametrically by F = f(x), z = v(x). In many cases, on 
eliminating x from these relations, we obtain the dependence F’ = F(z) in an explicit form. 


@) References for Section 12.5: V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnov, A. I. Kiselev, and G. I. Maka- 
renko (1971). 


12.6. Krein’s Method and Some Other Exact Methods for 
Integral Equations of Special Types 


12.6-1. Krein’s Method for an Equation with Difference Kernel with a Weak Singularity. 


1°. Here we describe a method for constructing exact closed-form solutions of linear integral 
equations of the first kind with weak singularity and with arbitrary right-hand side. The method is 
based on the construction of the auxiliary solution of the simpler equation whose right-hand side is 
equal to one. The auxiliary solution is then used to construct the solution of the original equation 
for an arbitrary right-hand side. 

Consider the equation 


[ K(a—-t)y(t) dt = f(x), —asaxu<a. (1) 


Suppose that the kernel of the integral equation (1) is polar or logarithmic and that (a) is an even 
positive definite function that can be expressed in the form 


Cea eas O0<p<1, 


K(a) = Bin = + M(a), 


respectively, where @ > 0, -2a S$ x < 2a, and M(z) is a sufficiently smooth function. 
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Along with (1), we consider the following auxiliary equation containing a parameter € (0S € <a): 


é 
/ K(x-tw(t,)dt=1, €<a2<é. (2) 
= 


2°. For any continuous function f(x), the solution of the original equation (1) can be expressed via 
the solution of the auxiliary equation (2) by the formula 


1 rd f? 
y(a) = mala | _w(ta) sat] w(x, a) 
1 7% Gi at ab 
a: we. ele I. wt Of dt] dg (3) 
ld f*w@,87 fé 
Sea tera ] _ wl ao] a 


where M(€) = ie w(x, €) dx, the prime stands for the derivative, and the last inner integral is treated 
as a Stieltjes integral. 

Formula (3) permits one to obtain some exact solutions of integral equations of the form (1) 
with arbitrary right-hand side, see Section 3.6 of the first part of the book. 


Example 1. The solution of the integral equation 


: in( i ) yO dt = fo), 
-a |x _ q| 


which arises in elasticity, is given by formula (3), where 


M()= (m=). w(t) = 


Example 2. Consider the integral equation 


i oe =f(x), O<p<l, 


a |x — tH 


which arises in the theory of elasticity. The solution is given by formula (3), where 


pl 


_ me! Tr pb a pve 
M(&) a eee w(t, 6) = — cos(*) (¢ -e) 7. 


aS Gere 


12.6-2. Kernel is the Sum of a Nondegenerate Kernel and an Arbitrary Degenerate Kernel. 


1°. Consider the Fredholm equation of the first kind 


b 
/ K(a, thy) dt = f(a). (4) 


Suppose equation (4) can be solved for any f(x) from some class of functions L-. Let y s(x) 
denote the corresponding solution. 
Now consider the more complex integral equation 


b 
/ LK (a, t) + p(x)p@) Ju) dt = f(x) (5) 
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with its kernel containing an additional term y(x)y(t). A solution to equation (5) will be sought in 
the form 


u(x) = ys(x) + Ay, (2), (6) 
where y,,(x) is the solution to equation (4) in which f(x) must be replaced with y(x). Substituting 
(6) into (5) results in the coefficient A: 


b 
[| v@ysat 
Pepe alas een (7) 
1+ [ d@yp(t) dt 


Formulas (6)-(7) define a solution to equation (5), provided the integrals in the numerator and 
denominator exist, with iis WbHy,(t) dt # -1. In addition, the condition y(z) € Ly must be 
satisfied. 


Example 3. The solution of Carleman’s equation 


1 
| In|x —t] y@) dt = f(a) (8) 
is expressed as 
te 1 i Jt —-H fitdt 1 ' f(t) dt (9) 
as a) =| . ia “ina Jo i: 


Now consider the more complex integral equation 


1 
| [In [a — | + a()] u(t) dt = f(a) (10) 
0 
with its kernel containing an arbitrary additive function 7(t). In terms of equation (5), we have v(x) = 1 in (10). The 
corresponding solution (9) to equation (8) with f(x) = 1 is written as 


1 


win4/e0— x) (1) 


yi(@) =- 
Hence, equation (10) has the solution 


Jo YOu, at 


ule) =ys(a)+ Ayi(@), A= 
: 1+ fiv@y@ at 


Example 4. Consider the integral equation 


‘ [cos(irt) + y(ay(t)ly(t) dt = f(a). 


Its solution can be obtained by the methods described in Subsection 12.6-2; it must be taken into account that the truncated 
equation, with y(x) = 0, coincides with equation 3.5.1 from Section 3.5. Therefore the solution is 


yt) = yp + Aye, 


where 
Jo” YOysO dt 


Qe fe Qf 2 
yz (t) = = i cos(xt) f(x) dx, yy(t) = = i cos(xt)p(a)dz, A= “T+ J dOue a 


2°. The integral equation 
b n 
i. Kee H\+>- em(m(O u(t) dt = f(e) (12) 
& m=1 


whose kernel is the sum of the kernel of equation (4) and an arbitrary degenerate kernel can be 
solved in a similar manner. The solution is sought in the additive form 


u(x) = y(t) +S” AmY yn (2), (13) 


m= 
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where yy, (x) is the solution to equation (4) in which f(x) must be replaced with y,,(x). Substituting 
(13) into (12) results in the following linear algebraic system of equations for the coefficients A,,: 


Am +) > Ajomj =-Fmos m=1,...,n3 
2 (14) 
b b 
oni =f value, dt ono = f Um (ty s(b) dt. 


Corollary. Given a solution to the integral equation (4) with a difference kernel K (x, t) = K (a-t), 
one can obtain a solution to the integral equation with a difference kernel of the form 


K(x-t)+P,(x-2), 
where P,,(x) is an arbitrary polynomial of any (finite) degree n. 
3°. Let a function y() solve equation (4) and let the condition 
b 
_) K(a,t) dt =0 


be satisfied. Then the function 
y(x) +C, 


with C an arbitrary constant, also solves equation (4). 


12.6-3. Reduction of Integral Equations of the First Kind to Equations of the Second Kind. 


In some cases it is possible to reduce integral equations of the first kind with constant limits of 
integration to integral equations of the second kind. 
In order to be definite, let us consider an integral equation of the first kind on semiaxis 


i [LK (a, tho) + L(a, tly dt = f(a). (15) 


Suppose the truncated linear equation 
| Keounat= fo) (16) 
0 


obtained from (15) by setting D(a, t)=0 and g(t)= 1, to be an integral transform (see Subsections 9.1-3 
and 9.6-5) with the following inverse formula: 


u(x) = [ M(a,s) f(s) ds. (17) 
0 


Let us rewrite (15) in such a way, that its left-hand side coincides with (16): 


[ K(a, thu(t) dt = fa | L(x, t)y(t)dt, u(t) = gy). (18) 


Applying the inverse formula (17) to (18), provided that the function f(x) must be substituted for 
f@- i L(a, t)y(t) dt, and changing the integration order, we obtain an integral equation of the 
second kind with constant limits of integration 


y(@) + i N(a, t)y(t) dt = F(a), (19) 
0 


where gs = 
N(a,t) = = ‘l M(a,s)L(s,t)ds, F(x)= — | M(a, s) f(s) ds. 
g(x) Jo gx) Jo 


Here, all integrals are supposed to converge. 
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Example 5. Consider the integral equation of the first kind 
co 
i: [sin(xt) + L(a, t)]y(t) dt = f(x). (20) 
0 
The solution of the truncated linear integral equation 
co 
| sin(at)u(t) dt = f(x) (21) 
0 
is expressed as (see equation 3.5.8 in Section 3.5) 
2 co 
u(x) = — | sin(xs) f(s) ds. (22) 
T JO 


Up to constant factors, the function f(x) and the solution u(x) in (21)-(22) are the Fourier sine transform pair. 
In accordance with the method described, the integral equation of the first kind with constant limits of integration (20) 
can be reduced to the integral equation of the second kind with constant limits of integration (19) where 


N(a,t) = “ i: sin(as)L(s,t)ds, F(ax)= “ a sin(xs) f(s) ds. 


@ References for Section 12.6: N. Kh. Arutyunyan (1959), I. C. Gohberg and M. G. Krein (1967), F. D. Gakhov (1977, 
1990), S. Feny6 and H. W. Stolle (1984, pp. 236-237), A. D. Polyanin and A. I. Zhurov (2007). 


12.7. Riemann Problem for the Real Axis 


The Riemann boundary value problem is one of the main tools for constructing solutions of integral 
equations provided that various integral transforms can be applied to a given equation and the 
corresponding convolution-type theorems can be applied. This problem is investigated by an 
example of the Fourier integral transform. 


12.7-1. Relationships Between the Fourier Integral and the Cauchy Type Integral. 


Let V(r) be a function integrable on a closed or nonclosed contour L on the complex plane of the 
variable z = u + tv (7 is the complex coordinate of the contour points). Consider the integral of the 


Cauchy type (see Section 14.2): 
1 V(r) 


2m J, T-2 


drt. 


This integral defines a function that is analytic on the complex plane with a cut along the contour L. 
If L is a closed curve, then the integral is a function that is analytic on each of the connected parts 
of the plane bounded by L. If the contour L is the real axis, then we have 


1 [YO 4 _[Y*W if Imz>0, 
t-z° ) V2) if Imz<0. 


2ni J on (1) 


Moreover, there exist limit values of the functions Y~*(z) on the real axis, and these values are 
related to the density ) of the integral by the Sokhotski—Plemelj formulas 


yw=tyvm+n [2 a, 
Ti Joo T-U (2) 
yw=~ywr+ge | Oar, 
Ti J 4, T-U 
or ; or 
yw-rw=Vw, Yr rw=— far. 3) 
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In the latter formulas, the integral is understood as a singular integral in the sense of the Cauchy 
principal value. 
In the Fourier integral* 


1 oe : 
= Ut d: 
OS aioe i: ie lel ae 


the real parameter u occurs in an analytic function, and therefore we can replace u in this integral 
by a complex variable z. The function V(z) defined by the integral 


1 = 1Zu 
Ve)= =. ylaye’** dx (4) 


is analytic in the part of the complex plane of the variable z = u + 7v in which the integral (4) is 
absolutely convergent. If this is a domain indeed, i.e., if it is not reduced to the real axis, then 
the integral (4) gives an analytic continuation of the Fourier integral into the complex plane. The 
integral (4) will also be called the Fourier integral. 

Let us establish a relationship between this integral and the integral of the Cauchy type with 
density V(u) taken along the entire axis. We have 


1 oo Vr) = 1 i’ 1zZ4xL 
i eae dt = Von: y(a)je* dx, Im z > 0, (5) 
(ae ise i? ee 
—. YO 7 =—-—— y(aye*” dx, Imz <0. (6) 
271 Jogo T-Z% V20 J-so 


12.7-2. One-Sided Fourier Integrals. 


If V(z) = Y*(z) is an analytic function in the upper half-plane whose limit value on the real axis 
is given by the function V(u) = Y*(u) € L2(-co, oo), then the function Y*(z) can be expressed by 
means of the Cauchy integral. Hence, by virtue of (5) we have 


+ — ae 1zx 
y@=s | y(xje"™ dx, 


and, since the integral defines a continuous function, the limit values on the axis can be obtained 
from the last relation merely by setting z = u: 


Yr(u) = ao 1 y(aje da, 


where, according to (5), y(x) the inverse transform of Y(u). The right-hand side can be regarded as 
the Fourier integral of a function that is identically zero for negative x. Hence, by the uniqueness of 
the representation of the function V*(u) by a Fourier integral, it follows that y(a) = 0 on the negative 
semiaxis. 

Conversely, if y = 0 for x < 0, then the Fourier integral of this function becomes 


1 = 1UxL 
Yiu) = = | yaye™ de. 


* Tn Sections 12.7—12.9, the alternative Fourier transform is used (see Subsection 9.4-3). 
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If we replace the parameter u by a complex number z belonging to the upper half-plane, then the 
integral will converge even better. This implies the analyticity of the function 


1 a . 
Ye == | nel* de 
@=e fe) 
in the upper half-plane. 


The case of the lower half-plane can be treated in a similar way. 
The integrals 


0 


V2) = iors =| y(ae** dx, Y(z)= ume dx (7) 


<= | 
are called one-sided Fourier integrals, namely, the right and the pen Fourier integral, respectively. 
As well as in formula (1), the symbols + over symbols of functions mean that the corresponding 
function is analytic in the upper or lower half-plane, respectively. 

Let us introduce the functions 


_ J yx) for x>0, _ fo for x >0, 
= . fore e0; ee te ay orn sO (8) 


These functions are said to be one-sided functions for y(x), namely, the right function and the left 
function, respectively. Obviously, the following relation holds: 


y(@) = ys(a) — y-(2). (9) 
Applying the well-known function sign x defined by 
: 1 for c>0, 
eon {1 for x <0, a0) 


we can express y+ in terms of y as follows: 


Yt (2) = 4(41 + sign x)y(2). (11) 


The symbols + on symbols of one-sided functions will be always subscripts. 

The Fourier integrals of the right and left one-sided functions are the boundary values of functions 
that are analytic on the upper and lower half-planes, respectively. 

Let us indicate the following analogs of the Sokhotski—Plemelj formulas (3) in the Fourier 
integrals: 


1 > 
Yu) = = | y(aje™” da 
1 Co 
= ae i y(aje’™® dx + fl. y(aje* dx = Y*(u)- V-(w), 
( 


cs i * YO a ayw4 yw) 
t Jog TU 


1 co 
= pe | y(x)e” dz - —= =f y(a)e™” dx = Fars =|. y(a) signa e™” da. 
0 


Thus, in this setting, the first Sokhotski—Plemelj formula (a representation of an arbitrary function 
in the form of the difference of boundary values of analytic functions) is an obvious consequence of 
the decomposition of a Fourier integral into the right and the left integral. The second formula can 
also be rewritten as follows: 


(12) 


Tt 


F{y(x) signx} = = 


T-U T-U 


“YO 5 dies at 1 ~~ V(r) ar = y(X) sign x. (13) 


—Oo —CO 
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12.7-3. Analytic Continuation Theorem and the Generalized Liouville Theorem. 


Below is the analytic continuation theorem and the generalized Liouville theorem combined into a 
single statement, which will be used in Chapters 12 and 13. 

Let functions Y,(z) and Y2(z) be analytic in the upper and lower half-planes, respectively, 
possibly except for a point z,. # oo, at which these functions have a pole. If V;(z) and 2(z) are 
bounded at infinity, the principal parts of their expansions in a neighborhood of z, have the form 


C\ C2 Cm _ Pm-1(2) 
Toa ‘ee ee 
a hx (z — 2x) (2-2) (z- 2x) 


and if the functions themselves coincide on the real axis, then these functions represent a single 
rational function on the entire plane: 


Pm-l (z) 


(Z—2)™” 


Y(z) = co + 


where cp is a constant. The pole z,. can belong either to the open half-planes or to the real axis. 
Let us also give a more general version of the above statement. 
If functions Yj (z) and 2(z) are analytic in the upper and lower half-planes, respectively, possibly except for finitely 


many points zp = 00, z,% (kK =1,..., n), at which these functions can have poles if the principal parts of the expansions of 
these functions in a neighborhood of a pole have the form 


0 0,2 0 7 ; 
ClZ +052 se ilk = Po(z) at the point zo, 


k 
cf ck Cmy = Pmp-1(2) 


ea ae eee = at the points z,, 
Z-Z_  (Z- 2)? (Z- Zp) (Z— Zp) 


and if the functions themselves coincide on the real axis, then these functions represent a single rational function on the entire 


plane: 
n 


V2) =C+Polz)+ >> 


k=1 


Pm,-l (z) 


(Z- Zp) 


where C is a constant. The poles z; can belong either to the open half-planes or to the real axis. 


12.7-4. Riemann Boundary Value Problem. 


The solution of the Riemann problem in this section differs from the traditional one, because it is 
expressed not by means of integrals of the Cauchy type (see Subsection 14.3-8) but by means of 
Fourier integrals. To solve equations of convolution type under consideration, the Fourier integral 
technique is more convenient. 

By the index of a continuous complex-valued nonvanishing function M(u) (M(u) = M,(u) + 
iM (u), -0o < u< oo, M(-co) = M(co)) we mean the variation of the argument of this function 
on the real axis expressed in the number of full rotations: 


Ind M(u) = = are Meo], = [in Mew], = sf dln M(u). 


271 


If M(u) is not differentiable but is of bounded variation, then the last integral must be understood 
as the Stieltjes integral. 
If an analytic function Y(z) has a representation of the form 


Vz) = (Z- 20)" Viz) 


in a neighborhood of some point zo, where Yj (z) is analytic and (zo) # 0, then the integer m 
(which can be positive, negative, or zero) is called the order of the function Y(z) at the point zo. 
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If m > 0, then the order of the function is the order of its zero, and if m < 0, then the order of the 
function is minus the order of its pole. If the order of the function at zo is zero, then at this point 
the function takes a finite nonzero value. When considering the point at infinity we must replace the 
difference z — zo by 1/z. 

Let us pose the Riemann problem. Let two functions be given on the real axis, namely, D(w), the 
coefficient of the problem, and H(u), the right-hand side, and let the following normality condition 
hold: D(u) # 0. The functions 7/(w) and D(u) — | belong to L2(—0o, oo) and simultaneously satisfy 
the Holder condition. The problem is to find two functions Y~*(z) that are analytic in the upper 
and the lower half-plane, respectively,* whose limit values on the real axis satisfy the following 
boundary condition: 


Y*(u) = Du)Y (u) + Hu). (14) 


It follows from the representation of D(u) that D(co) = 1. The last condition implies no loss of 
generality of subsequent reasoning because by dividing the boundary condition (14) by D(oco) we 
can always obtain the necessary form of the problem.** 

If D(w) = 1, then the Riemann problem is called the jump problem. For H(u) = 0, the Riemann 
problem is said to be homogeneous. The index vy of the coefficient D(w) of the boundary value 
problem is called the index of the Riemann problem. 

Consider the jump problem, i.e., the problem of finding Y~(z) from the boundary condition 


Y*(u)- Yu) = Hu). (15) 


The solution of this problem is given by the first formula in (12): 


foe) 0 
Yr(z) = = [ H(a)e'** dz, V(@)= = i 2 H(a)e** dz, (16) 
where ; g 
H(«) = ror ‘| 7 Hue du. (17) 


Let us construct a particular solution V(z) of the homogeneous Riemann problem (14), which 
we need in what follows: 
X*(u) = Duy (u), D(co) = 1, (18) 


where ¥(z) is assumed to be nonzero on the real axis with the additional condition ¥*(co) = 1. 
Denote by N, and N_ the numbers of zeros of the functions 1*(z) and X~(z) in the upper and lower 
half-planes, respectively. On calculating the index of both sides of the boundary condition (18) and 
applying the properties of the index, we obtain 


N,+ N_=IndD(u) = v. (19) 


We first assume that vy = 0. In this case, In D(u) is a single-valued function. It follows from 
relation (19) that N, = N_ = 0, i.e., the solution has no zeros on the entire plane. Therefore, 
the functions In V*(z) and In Y7(z) are analytic in the corresponding half-planes, and hence are 
single-valued together with their boundary values In V*(u) and In ¥~(u). Taking the logarithm of 
the boundary condition (18), we obtain 


In &*(u)-In X (wu) = InD(w). (20) 


* A couple of functions =(z) can be treated as a single function V(z) piecewise analytic in the entire complex plane. In 
some cases, we use the latter notation. 
** Since the boundary condition is the main analytic expression of the Riemann problem, in references to the corresponding 
problem we shall often indicate its boundary condition only and write, for instance, “Riemann problem (14).” 
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On choosing a branch of InD(w) such that InD(co) = 0 (it can be shown that the final result does 
not depend on the choice of the branch) we arrive at a jump problem. In this case, on the basis 
of (15)-—(17) and (20), the solution of problem (18) can be represented in the form 


X*(z) = ef), X-(z)= ef 
G*(z) = = i. (x)e’** dz, G(z)= cease : (x)e’** dx 
"Vin dy RoEee epg eee : 21) 


g(x) = = / In D(u) e*“” du. 


Relations (21) imply the following important fact: a function D(z) of zero index that is nonvanishing 
on the real axis and satisfies the condition D(co) = | can be represented as the ratio of functions 
that are the boundary values of nonzero analytic functions in the upper and the lower half-plane, 
respectively. 

Let us pass to the case in which the index of the homogeneous Riemann problem (18) is arbitrary. 
By a canonical function X(z) (of the homogeneous Riemann problem) we mean a function that 
satisfies the boundary condition (18) and the condition 7*(co) = | and has zero order everywhere 
possibly except for the point -7, at which the order of V(z) is equal to the index v of the Riemann 
problem. Such a function can be constructed by reducing the homogeneous Riemann problem to 
the above case of zero index. Indeed, let us write out the boundary condition of the homogeneous 
Riemann problem (18) in the form 


X*(u) = (=) Pw) (=) x). (22) 


In this case, the function in the first square brackets has zero index and can be represented as the 
ratio of the boundary values of functions that are analytic in the upper and the lower half-plane. 
This, together with the boundary condition (22), gives the following expression for the canonical 
function: 


a 
a ise ia ig 
Gr(z)= oF i: g(aje** dx, G(z)= apr / g(aje** dx, (23) 
0 —0o 


1 7% =e 
ge) = = f in| (=) Dan]e du, 


where, at the point -7, V~(z) has a zero of order v for v > 0 and a pole of order |v| for the case v < 0. 
The coefficient D(u) of the Riemann boundary value problem can be represented as the ratio of 
the boundary values of the canonical function (see (22) and (23)): 


Xz) =e, x= (4) eF@), 
z+ 


(24) 


Such a representation of D(z) in the form of the ratio of boundary values of the canonical function 
is often called a factorization. 
Now we consider the homogeneous Riemann problem with the boundary condition 


Y*(u) =Du)Y(u), Doo) = 1. (25) 
On substituting the expression (24) for D(w) into (25) we reduce the boundary condition to the form 


Yeu) Yu) 
Xt (uy X-(u)’ 


(26) 
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According to formulas (23) for V(z), the left- and the right-hand sides of Eq. (26) contain the 
boundary values of functions that are analytic on the upper and lower half-planes, respectively, 
possibly except for the point —2 at which the order is equal to v. In the chosen function class, each 
function vanishes at infinity. In this case, it follows from the analytic continuation theorem and the 
generalized Liouville theorem (see Subsection 12.7-3) that for v > 0 we have 


Yr(z) Vz) _ Pri) 
Xz) Xz) (z+ i)”’ 


(27) 
where P,_;(z) is an arbitrary polynomial of degree v — 1 (the degree of the numerator is less than 


that of the denominator because V(co) = 0). Hence, 


Pv-s(2) 
(z +i)" 


Vz) = ¥(z) (28) 
For v < 0, it follows from Y(co) = 0 that V(z) = 0 by the generalized Liouville theorem. 


Hence, for v > 0, the homogeneous Riemann boundary value problem has precisely v linearly 
independent solutions of the form 


k-l 
ed Di oa 
(z+1)" 

and for v < 0, there are no nontrivial solutions. 

The right-hand side of Eq. (28) has exactly zeros on the entire plane, including the zero at 
infinity. These zeros can lie at arbitrary points of the upper and lower half-plane or on the real axis. 
Denote the number of zeros on the real axis by No. In the general case (without the requirement that 
there are no zeros on the real axis), formula (19) is replaced by the relation 


N,+N_+ No = Ind D(u) = v. (29) 


Let us pass to the solution of the nonhomogeneous Riemann problem with the boundary condi- 
tion (14). We apply relation (24) and reduce the boundary condition to the form 


Yiu) _ Vu) : H(u) 
Xu) X-(u) Xu)’ 


(30) 


Let us express the last summand as the difference of the boundary values of functions that are 
analytic in the upper and the lower half-plane (see the jump problem), that is, 


+ _, ._ Hu) 
W*(u)- W (uw) = Puy’ G1) 
where 
W*(z) = ages i’ w(a)e'** dx, Wi (z)= oe : w(ax)je* dx 

| Vin Jo | Viet be | S 

w(x) = =|- Hu) e tue 

V20 Joo ¥*(u) 
On substituting (31) into (30), we obtain 

sew) W*(u) = ye) —W (u). (33) 


X+(u) X-(u) 
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For v > 0, it follows from the analytic continuation theorem and the generalized Liouville theorem 


oe ye) ae Pya(z) 
z + » z 7 = = plz 
Ray OP ey Oe Cae 


Hence, for v > 0 we have 


(34) 


Vz) = X(z) be) + a 


(z+1)" 
The right-hand side of formula (34) contains the general solution (28) of the homogeneous problem 
as a summand, and hence the general solution of the nonhomogeneous problem is obtained. 

For v < 0 we must set P,_;(z) = 0, and the desired solution becomes 


V(z) = X(Z)W(z). (35) 


However, formula (35) gives a solution that satisfies all conditions for v = 0 only. For v < 0, the 
function ¥(z) has a pole of order |v| at the point -7. In this case, for the existence of a solution in 
the chosen class of functions it is necessary that the second factor have a zero of the corresponding 
order at the point —i. On the basis of relations (6) and (32), we represent the function VWV~(z) in the 


form : HT) d 
T T 
ee Qi [. X(T) T- 2 
On expanding the last integral in series in powers of z + i and equating the coefficients of (z + 7)*"! 
(k =1,2,...,|v|) with zero, we obtain the solvability conditions for the problem in the form 
oS d 
BD 200 1520, A. (36) 


oo F*(u) (UDR 
Figure 5 depicts a scheme of the above method for solving the Riemann problem on the real 
axis. 
Let us state the results concerning the solution of the Riemann problem in the final form. If the 
index v of the problem satisfies the condition 1 > 0, then the homogeneous and the nonhomogeneous 
Riemann problems are unconditionally solvable, and their solutions 


Y*(z) = XF(z) Poi@) (the homogeneous problem), (37) 
(z+%)” 
Yr (2) = &*(z) |W (2) + Pri@ (the nonhomogeneous problem) (38) 


(z +1)" 
depend on vy arbitrary complex constants, where P,_;(z) is a polynomial of degree vy — 1. If v < 0, 


then the homogeneous problem has only the trivial zero solution, and the nonhomogeneous problem 
has the unique solution 


YV" (Zz) = *(Z)W*(z) (39) 
provided that |v| conditions (36) hold. Here we have 


g(x) = ——= ve =| n| (=) Dw} eit dy, (40) 


1 0 
Gr(z)= a he gaye" dx, G(z)= a / g(xje’** dx, (41) 
0 ee) 
X(z)=eF, X(Z)= (=) on ° 
w(x) = 1 oy H(u) eur du, (43) 


ee X*(u) 


W*(z) = ord =/ w(aye’* dx, W=(z)= “ wone™ dx. (44) 


| 
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Riemann boundary value problem: Y*(u) = D(u)Y(u) + H(u) 


Calculation of the index v 
of the Riemann problem 


Auxiliary homogeneous problem: 4*(u) = D(u)X(u) 


pS 
Factorization of the coefficient: D(u) = ) 
X(u) 


‘uw _ Vw) | HW) 
Reduction of the problem to the form Xu a) Rw) 


Representation of the 
_ Hu) , : 
ratio ——— ina special form 
v*(u) 


rel 
Auxiliary jump problem: (u) =W*(u)-W (u) 
X*(u) 
Determination of the functions 
W*(u) and W~(u) 
+ = 
Reduction to the form aa Wr (u) = eat W(u) 
Application of the theorem on analytical 
continuation and the Liouville theorem 
Y*(z) Y() Z Pr-i(2) 
W*(z) = = -W = 
X*(Z) = = Cro 


Determination of the desired 
functions Y*(z) and Y(z) 


Solution of the problem: Y 


Figure 5. Scheme of solving the Riemann boundary value problem for the functions ¥*(z) and Y~(z) that are analytic, 
respectively, in the upper and the lower half-plane of the complex plane z = u+iv. It is assumed that D(u) # 0 and 
P_-1(z) = 0 for v < 0. 


The sequence of operations to construct a solution can be described as follows. 


1°. By virtue of formula (40) we find g(x), and then, with the help of (41), for the given g(x) we 
find G*(z). 


2°. By formulas (42) the canonical function *(z) is determined. 


3°. By formula (43) we determine w(x), and then apply formula (44) to find W~*(z). 
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After this, solutions of the homogeneous and nonhomogeneous problems can be found by 
formulas (37)-(39) and (42). For the case y < 0, it is also necessary to verify the solvability 
conditions (36). 


12.7-5. Problems with Rational Coefficients. 


The solution of the Riemann problem thus obtained requires evaluation of several Fourier integrals. 
This can also be readily expressed by means of integrals of the Cauchy type. As a rule, the integrals 
cannot be evaluated in the closed form and are calculated by various approximate methods. This 
process is rather cumbersome, and therefore it is of interest to select cases in which the solution can 
be obtained directly from the boundary condition by applying the method of analytic continuation 
without using the antiderivatives. 

Assume that in the boundary condition (14) we have 


R+(u) Ru) 
Q.(u) Q(u)’ 


Here R,(u) and O,(u) (R_(u) and Q_(u)) are polynomials whose zeros belong to the upper (lower) 
half-plane (we must avoid confusing these polynomials with the one-sided functions introduced 
above, which have similar notation). Denote the degrees of the polynomials P,, R_, O,, and Q- 
by m,, m_, nz, and n_, respectively. Since, by the assumption of the problem, the value D(oo) can 
be neither zero nor infinity, it follows that the relation m4, + m_ = n4+n_ holds. The index of the 
problem can be expressed by the formula 


D(u) = 


vy =IndD(u) = m,-—n, =—-(m_- n_). 


On multiplying the boundary condition by Q_(u)/P_(u) we obtain 


Q-(u),., Ru), _ O-(u) 
Ru) Y"(u)- O,.(u) a aoe (i Hu). 
If 7{(u) is a rational function as well, then the jump problem can readily be solved: 
: _. Qu) 
W*(u) -— W(u) = Ru) H(u). (45) 


To this end, it suffices to decompose the right-hand side into the sum of partial fractions. Then W*(u) 
and W~(u) are the sums of the partial fractions with poles in the lower and the upper half-planes, 
respectively. We can directly apply the continuity principle (the analytic continuation theorem) and 
the generalized Liouville theorem to the resulting relation 


QW eve _ Rew) 
Rye oe ona 


The only exceptional point at which the analytic function, which is the same on the entire complex 
plane, can have a nonzero order is the point at infinity, at which the order of the function is equal to 
y-l=m.-n,-l=n_-m_-l. 
For v > 0, the solution can be written in the form 
R_(z) i i. Q,(z) 
Viva W*(z)+ Prize), VY (zZ= 
O=FQMO+Pa@h VOEG 
For vy < 0 we must set P,_; = 0; moreover, for v < 0 we must also write out the solvability 
conditions that can be obtained by equating with zero the first |v| terms of the expansion of the 
rational function W(z) in a series (in powers of 1/z) in a neighborhood of the point at infinity. 


Yu) — Wu). 


DW (2) + Pipi). 


602 METHODS FOR SOLVING LINEAR EQUATIONS OF THE ForM ff, 2 K(a, thy@dt = f(x) 


The solution of the jump problem (45) can be obtained either by applying the method of 
indeterminate coefficients, as is usually performed in the integration of rational functions, or using 
the theory of residuals of analytic functions. Let z, be a pole, of multiplicity m, of the function 
[Q-(z) / R(z)| H(z). Then the coefficients of the principal part of the decomposition of this function 
in a neighborhood of the point z,, which has the form 


k; k; 
Cy Cm 


eS 
Z—-Zk (z-Zzp)™ 


can be found by the formula 


»-_1 d[a® 
“GD! dz Fen) oe 


The above case is not only of independent interest, as it frequently occurs in practice, but also of 
importance as a possible way of solving the problem under general assumptions. The approximation 
of arbitrary coefficients of the class under consideration by rational functions is a widespread method 
of approximate solution of the Riemann boundary value problem. 


12.7-6. Exceptional Cases. The Homogeneous Problem. 


Assume that the coefficient D(u) of aRiemann boundary value problem has zeros of orders a, ..., @ 
at points a1,..., a@,, respectively, and poles* of the orders 3), ..., G; at points b},..., bs (1,..., Ap 
and (3), ..., Gs are positive integers). Thus, the coefficient can be represented in the form 
[]@-ao* : 
D(u) = Diu), Diu) #0, -00 < u< 00, S- a; =m, x B; =n. (46) 
[[u _ b;) i=l j=l 
j=l 


In turn, we represent the function D;(u) (see Subsection 12.7-5) in the form 


_ ReuyR(u) 
Di) = Foe (47) 


where, as above, ?4(u) and O,(u) (R_(u) and QO _(u)) are polynomials of degrees m, and n4 (m_ 
and n_) whose zeros belong to the upper (lower) half-plane. The function D2(w) satisfies the Holder 
condition, has zero index, and nowhere vanishes on the real axis. Moreover, this function can be 
subjected to some differentiability conditions in neighborhoods of the points a; and 6; and possibly 
in a neighborhood of the point at infinity. 

The boundary condition of the homogeneous Riemann problem can be rewritten in the form 


[[@- aa" RR) 
Y*(u) = = —_____D(u) Yu). (48) 
[[@- 4% 2-@e~m) 


jl 


For the case in which the function D(w) is not analytic, the term “pole” will be used for points at which the function tends to 
infinity with integer order. 
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We seek a solution in the class of functions that are bounded on the real axis and vanish at infinity: 


Y(co) = 0. (49) 
The coefficient D(u) has the order 
H=ntny +n_-—M-M,-—M_ (50) 
at infinity. The number 
YV=M,—-N4 (51) 


is called the index of the problem. Let us introduce the notation 
h=n_-m.. (52) 
Then the order at infinity is expressed by the formula 
n=h-v+n-—m. (53) 
Now let us proceed with the solution of problem (48). Applying general methods, we set 


ef (uw) 1 oo : 
Di) = Gay 9A) =f. InD2(uje** du, 


(54) 
Gr(z)= a =| g(z)e** dz, G(z)= <= | “gene dx 
and rewrite the boundary condition in the form 
Q-(u)V*(u) es Ri(wY (u) (55) 


[[@-aa" Rwe%™ — [Ju 05) QweF™ 
i=l jl 
As above, we can apply the analytic continuation and the generalized Liouville theorem and 
obtain a pole at infinity as the only possible singularity. 
Two cases are possible: 


1°. Let the order 7 of the coefficient of the boundary value problem at infinity satisfy the condition 
7 = 0, 1.e., let D(u) have a zero of order 7) at infinity. It follows from (53) that n-v =m-—h. On 
equating the left- and right-hand sides of relation (55) with a polynomial P,_p_1(z), we obtain the 
solution of the boundary value problem in the form 


RZ) ef 
oa - 


v-n-l| (z), 


¥*(2) = [[@-a)™ 
a Q+(z) a 
A 2 
V2) = []@- 0% SF OP, ni. 
II "Ra 
This problem has v — n linearly independent solutions for vy — n > 0 and only the trivial zero 
solution for v —n < 0. 


2°. Let 7 < 0, i.e., let D(u) have a pole of order —7 at infinity. In this case, m—h >n-—v, and we 
can obtain the general solution from (56) by replacing Py_n_1(z) by Pn-m_i(Z) in this expression. 
In this case, the problem has h — m solutions for h — m > 0 and only the trivial zero solution for 
h-ms0o. 

According to (53), we have 

h-m=v-n+yn. (57) 

Thus, in both cases under consideration, the number of linearly independent solutions is equal to 
the index minus the total number of the poles (including the pole at infinity) of the coefficient D(w). 
Hence, we have the following law: the number of linearly independent solutions of a homogeneous 
Riemann problem is not affected by the number of zeros of the coefficient and is reduced by the 
total number of its poles. 


604 METHODS FOR SOLVING LINEAR EQUATIONS OF THE ForM f, 2 K(a, thy@dt = f(x) 


12.7-7. Exceptional Cases. The Nonhomogeneous Problem. 


Assume that the right-hand side has the same poles as the coefficient. The boundary condition can 
be rewritten as follows: 


[[@- ad" RR) 
Hi(u) 


Vw) > —_\_<@\\ <— pow yw+——————, (58) 
[[@-2:)% Qo [[@-;)% 
j=l j=l 


where D2(u) and (wu) satisfy the Holder condition and some additional differentiability conditions 
near the points a;, b;, and oo. 


1°. Assume that the order 7 at infinity of the coefficient of the boundary value problem satisfies 
the condition 7 2 0. Since the first two terms of relation (58) vanish at infinity, it follows that the 
minimal possible order of 71{;(u) at infinity is equal to 1 —. Just as in the homogeneous problem, 
we replace D2(u) by the ratio of two functions (54) and write out the boundary condition in the 
following form (under the braces, the orders of the functions at infinity are indicated): 


[[@-)*%2mMyw  TJu-a)™ Rw) 


jel _ 1 $ Hy(u)Q (u) 
RA(ujeG™ O.(ujeY R(ujyeF@ ° 


l-n-h l-m-v l-n-h 
Assume that a polynomial S(u) of the degree n + h—1 represents the principal part of the decompo- 
sition of the last term in a neighborhood of the point at infinity (for the case in which n + h—1 = 0): 


Hi(u)Q-(u) 
RA(ujeG@ 
On replacing the function WV(u) by the difference of boundary values of analytic functions 


W(u) = W*(u)-W(u), (59) 


w(x) = all W(u)e” du, 


a 0 
W*(u) = = | wae dx, Wi (u)= — / w(aje* dx, 
7 V —00 


we reduce the boundary condition to the form 


= S(u) + Wu), W(co) = 0. 


where 


(60) 


[[@-2)% 2wmy*w [J@-aa" Rew) 


j=l + i=l 

RAwere =p) =U) = O.(weF 

On applying the analytic continuation theorem and the generalized Liouville theorem and taking 

into account the fact that the only possible singular point of the function under consideration is the 
point at infinity, while we have the relation —-n —h < —m-—v (7 2 0), we obtain the expressions 


R(z)eF 


-W (u). 


y= [W*(2) + S(2) + Pram 

[[G@-)*%2@ 

= G (z) (61) 
ee a Ce TET 


[[@- 4)" R.& 


i=1 
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The last formulas define a solution that has pole singularities at the points a; and 6;. To obtain 
a bounded solution, we apply the canonical function of the nonhomogeneous problem. 

By acanonical function V(z) of the nonhomogeneous Riemann problem in the exceptional case 
we mean a piecewise analytic function that satisfies the boundary condition (58), has the zero order 
on the entire finite part of the complex plane, including the points a; and b;, and has the least possible 
order at infinity. 

Let U,,(z) be the Hermite interpolation polynomial with interpolation nodes of orders a; and (3; 
at the points a; and b;, respectively. Such a polynomial of degree p = m+n -—1 exists and is 
determined uniquely (see Subsection 14.3-2). The functions D;(u) and 7{;(u) must be subjected to 
the additional condition that in neighborhoods of the points a; and b; these functions have derivatives 
of the orders a; and (;, respectively, and these derivatives satisfy the Holder condition. Then the 
canonical function of the nonhomogeneous problem can be represented in the form 


vi = ROR 


[[G-)*%2@ 

G (z) (2) 
je SO 2, 

[[G-a"R-© 


1=1 


[W*(z) + S(z) -Up(2)], 


Adding V(z) to the above general solution of the homogeneous problem, we find the general 
solution of the nonhomogeneous problem under consideration: 


+ ba ay R(@) z 
Ya) = vere [Te- a) Soe et Py a2), 
(63) 
y@=v o+T]e- 1) 2 op, 9 (2), 


For v—n > 0, the problem has v —7n linearly independent solutions. In the case v—n < 0 we must set 
Pvn-1(z) = 0. For y—n <0, the canonical function V(z) has the order vy —n < 0 at infinity and hence 
is no longer a solution of the nonhomogeneous problem. However, on subjecting the right-hand side 
to n—v conditions we can increase the order of the function V(w) at infinity by n —v and thus make 
the canonical function V(z) be a solution of the nonhomogeneous problem again. 

To make the above operations possible, it suffices to require that the functions u*H,(u) and 
D2(u) have derivatives of order < n—v at infinity, and these derivatives satisfy the Holder condition. 


2°. Let <0. The least possible order at infinity of (wu) is h-v—m +1. In this case, the function 
[Hi(u)Q_(u)]/ [R(ujeo™ ] in the boundary condition (58) has the order 1—m—v at infinity. After 
selecting the principal part of the expansion of [H1(u)Q_(u)]/ [R(ujeG™ ] in a neighborhood of 
the point at infinity for m+ v—1 > 0, the boundary condition can be rewritten in the form 


[[@-2)% amy) [J@- ad" Rworw 


= “A Gp! _~W-(u) +S(u). 


R(ujer™ Q.(ujeF 


The canonical function of the nonhomogeneous problem can be expressed via the interpolation 
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polynomial as follows: 
R_( ze" ® 


[[e-)%2@ 
i Q(z)eF @ ee 
4% _ 
Vi@) = = |W) - 8) -4,(2)1. 


[[@- a)" R.® 


i=1 


Vi) = [W*(z)-Y,(2)], 


The general solution of problem (58) becomes 


+ + = a, R- "(Zz 
Y*(2) = Vile) + NG 265 see Py m2), 


(65) 
Q. 


y= vice [le 15) FAO FOP m iC 


For h—m > 0, the problem has h — m linearly independent solutions. In the case h—m < 0, 
we must set the polynomial P;,_;,_1(z) to be identically zero and, for the case in which h -—m < 0, 
impose m-—h conditions of the same type as in the previous case on the right-hand side. Under these 
conditions, the nonhomogeneous problem (58) has a unique solution. 


Remark. In Section 12.8 we consider equations that can be reduced to the problem by applying 
the convolution theorem for the Fourier transform. Equations to which the convolution theorems for 
other integral transforms can be applied, for instance, for the Mellin transform, can be investigated 
in a similar way. 


@) References for Section 12.7: F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Prossdorf (1986), A. V. Bit- 
sadze (1995), N. I. Muskhelishvili (1992). 


12.8. Carleman Method for Equations of the Convolution 
Type of the First Kind 


By the Carleman method we mean the method of reducing an integral equation to a boundary value 
problem of the theory of analytic functions, in particular, to the Riemann problem. For equations 
of convolution type, this reduction can be performed by means of the integral transforms. After 
solving the boundary value problem, the desired function can be obtained by applying the inverse 
integral transform. 


12.8-1. Wiener—Hopf Equation of the First Kind. 


Consider the Wiener—Hopf equation of the first kind 


=| K(a—-t)y(t) dt = f(x), 0<4<aM, (1) 


which is frequently encountered in applications. Let us extend its domain to the negative semiaxis 
by introducing one-sided functions, 


_ Jj yx) for x>0, _ J f(@) for «>0, _ 
ue) = {y fore, , Os { 0: “forge. Eater 20: 
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Using these one-sided functions, we can rewrite Eq. (1) in the form 


1 [o-e) 
Van im K(a—t)ys(t) dt = f(x) + y_(a), ee er (2) 


The auxiliary function y_(z) is introduced to compensate for the left-hand side of Eq. (2) for x < 0. 
Note that y_(x) is unknown in the domain z < 0 and is to be found in solving the problem. 

Let us now apply the alternative Fourier transform to Eq. (2). Then we obtain the boundary 
value problem 


1 Ft 
Yor se 


Ku) K(u) ° @) 


If o is the order of K(u) at infinity, then the order of the coefficient of the boundary value problem 
at infinity is 7 = —-o < 0. The general solution of problem (3) can be obtained on the basis of 
relations (65) from Subsection 12.7-7 by replacing Pp_m_1(z) with Pym+y-1(z) there. The solution 
of the original equation (1) can be obtained from the solution of problem (3) by means of the 
inversion formula 


y(©) = y(x) = = tr Yiuje™” du, x>0. (4) 


Note that in formula (4), only the function Y*(u) occurs explicitly, which is related to the 
function Y~(u) by (3). 


12.8-2. Integral Equations of the First Kind with Two Kernels. 


Consider the integral equation of the first kind 


se 0 
=| Kyi (a t)y(t) dt + af. Kx(x-ty(t)dt= f(z), -0<x<o. (5) 


The Fourier transform of Eq. (5) results in the following boundary value problem: 


Kau) yu) + Flu) 


SS Ca) cay 


—00 <U< OO. (6) 


The coefficient of this problem is the ratio of functions that vanish at infinity, and hence, in contrast 
to the preceding case, it can have a zero or a pole of some order at infinity. 

Let Ky(u) = Ti(u)/u* and K2(u) = To(u)/u“, where the functions T;(u) and T>(u) have zero 
order at infinity. In the dependence of the sign of the difference 7 = ju — A, two cases can occur. For 
generality, we assume that there are exceptional points at finite distances as well. Let the functions 
K(u) and K(u) have the representations 


s Pp 
Kyu) = | [w= b;) | [cn * Ku, 
j=l k=1 


r Pp 
Ky(u) = | [u-ai)™ | [ucny* Kir). 


i=l k=1 


Along with the common zeros at points c, of multiplicity y,, the functions Ky(u) and K2(u) 
have a common zero of order min(A, jz) at infinity. 
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The coefficient of the Riemann problem can be represented in the form 


[[@-a)" ReWRW) 
D(u) = =—_—_________D,(u). 
[[@-2)% 2.2) 
jl 
It follows from (6) that this problem and the integral equation (5) are solvable if at any point c;, that 


is a common zero of the functions K',(u) and K(u), the function F(u) has zero of order yz, i.e., 


F(u) has the form 
p 


F(u) = | [u-cx)* Fw. 


k=1 


To this end, the following 7 +--+ +p =! conditions must hold: 


Leer ess. =0, je =0,1,...5%R-1, (7) 
or, which is the same, the conditions 
/ f(ax)x3* e** dar = 0. (8) 


For the case under consideration in which the equation is of the first kind, we must add other 
d conditions, where 
d=min(, 1) + 1, (9) 


that are imposed on the behavior of F(u) at infinity because the functions (uw) and K2(u) have a 
common zero of order min(,, /s) at infinity. Hence, F(u) must satisfy the conditions (8) and have at 
least the order d at infinity. 

If these conditions are satisfied, then the boundary value problem (6) becomes 


is 


[[@- a)" RsWRw) 


yr(u) = ND) (WW) + meas 
[J@-4)% 2m) [[@-2)” 
j=l j=l 


The solution was given above in Subsection 12.7-7. For the case in which 7 2 0 (44 = A), this solution 
can be rewritten in the form 


Ye =V'@) +] e- ap" L2H, 1), 
i=l 


Q(z) 
: Q,(z) 
Y= Ve) + [J - 0) SF OP, ni. 
II : R(z) 
For the case in which 7) < 0 (u < A), this solution becomes 
+0) = yt Te 9, RO ote) 
Y*(2) = Vile) + Ie a) Se Pam, = 


Y-() = Vi(2) + Ie ~ b;)% — Py ma(2). 


12.8. CARLEMAN METHOD FOR EQUATIONS OF THE CONVOLUTION TYPE OF THE FIRST KIND 609 


In both cases, the solution of the original integral equation can be obtained by substituting the 
expressions (10) and (11) into the formula 


y(x) = = / : [Yiu -Y ule du. (12) 


Example. Consider the following equation of the first kind: 


co 0 
eee i Kj (e—ty(t) dt + a i _ Kaley dt = J, 


where 


_so0 for x > 0, _f VW2rie?* forx>0, _so0 for x > 0, 
Ki(@)={ on (ela ty tore 20. Kaca)={ 5 eee, f(a)={ Jin (3® — 2") for x <0. (13) 


Applying the Fourier transform to the functions in (13), we obtain 


1 1 
= aay OM ae 7 = Ge 
Here the boundary value problem (6) becomes 

Yi(u) = (a2 t= 9) 5-55 +1. 


Ut 20 


The coefficient D(w) has a first-order pole at infinity (v = —1). In this case 


m,=2, ne=0, veme-ng=2, minrd,w)=1, d=2. 


The function F(u) has second-order zero at infinity, and hence the necessary condition for the solvability is satisfied. 
In the class of functions that vanish at infinity, the homogeneous problem 


(u—24)(u — 34) 


Y*(u) = ——— yu) 
ut 20 
has the following solution: 
dee 2 2. Sygets Cc 
PO ee PO aioe aay 


where C is an arbitrary constant. 

The number of linearly independent solutions of problem (13) is less by one than the index, because D(w) has a first-order 
pole at infinity. 

The solution of the nonhomogeneous problem in the class of functions vanishing at infinity has the form 


Cc C-2i-z 
+ ate — Set at = 
VO = z+2i’ ve) (z —21)(z — 3%)’ 
oe { —/2n iCe2* for x >0, 
V2n C(e2® — 3”) — 4iv/2r €2* + 5iV/2n 8” for x <0. 


For the chosen right-hand side, the equation turns out to be solvable. However, if we take, for instance, 


0 for x >0, 
ee { V2n i(5e3* —4e*) for a <0, 


then we have F(u) = (u + 22)/[(u — 2%)(u — 32)]. The corresponding Riemann boundary value problem has the form 


YU —3i 
Yi (u) = GPE) 927 +ut2i. 
ut 20 
In the class of functions bounded at infinity, its solution can be represented in the form 
_ On-2-(24 2" 
(z —2i)(z — 31) © 


C-z _ 
Y*@) = -, YC) (15) 
z+2i 
For no choice of the constant C’ the solution vanishes at infinity, and hence the equation with the right-hand side defined 
by (14) has no solutions integrable on the real axis. 


© References for Section 12.8: FD. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Préssdorf (1986), N. I. Muskhe- 
lishvili (1992). 
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12.9. Dual Integral Equations of the First Kind 


Consider the following dual integral equation of convolution type: 


< | Ke-ouae= fo, 0<xr<aM, 
ieee (1) 
= is K x(a -t)y@ dt = f(x), -00 < 4 <0, 


in which the function y(«) is to be found. 

In order to apply the Fourier transform technique (see Subsections 9.4-3, 12.7-1, and 12.7-2), 
we extend the domain of both conditions in Eq. (1) by formally rewriting them for all real values 
of x. This can be achieved by introducing new unknown functions into the right-hand sides. These 
functions must be chosen so that the conditions given on the semiaxis are not violated. Hence, the 
first condition in (1) must be complemented by a summand that vanishes on the positive semiaxis 
and the second by a summand that vanishes on the negative semiaxis. Thus, the dual equation can 
be written in the form 


= / - K,(e-dy(t) dt = f@) +), 


-O<2%<M, 


= i: Ky(w —ty(t) dt = f@)+ Exo), 


where the €+(x) are some right and left one-sided functions so far unknown. 
On applying the Fourier integral transform, we have 


K(wYu) = Fu)+ 2 (u), Kew Vu) = F(u) + S*(w). (2) 


Here the three functions (uw), =*(u), and © (w) are unknown. 
Let us eliminate Y(u) from relations (2). We obtain the Riemann boundary value problem in 
the form Ko(u) Ko(u) — Ki (u) 
a+ 2(U) —_ QU) — yu 
=" (u) = ———E (wu) + —————— Fu), —00 <u<o. 
Ki(u) Ki(u) 

In the present case, the coefficient of the boundary condition is the ratio of functions that vanish 
at infinity, and hence this coefficient can have a zero or a pole of some order at infinity. The solution 
of the Riemann boundary value problem can be constructed on the basis of Subsections 12.7-6 
and 12.7-7, and the solution of the integral equation (1) can be defined by the formula 


© Btu) + Flu) ~iue 4 © E(u)t+ Fu) eiut dy, 


yz) = a car nee Ki(u) - 


Example 1. Let us solve the dual equation (1), where 


1 2x 7 
Vv 3a _ @2x for x <0 =V2re for x <0, 
K = 2m (e° e*) for 2 <0, K a ; _J@ 
cs {3 for x > 0, es -V2nie** for x > 0, F@) 1VIre?* for x >0. 


We find the Fourier integrals 


1 1 
MO" Teas OM ae FOO ae 
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In this case, the boundary value problem (2) corresponding to this equation becomes 


(u —24)(u — 34) nee 3i 1 


Et(u) = = —_— - ——.. 
(u) Ut 2i (w+2i)2 u24+4 


(4) 


The coefficient D(u) has a first-order pole at infinity (with index v = —1). The functions K\(u) and K2(u) have a 
common zero of the first order at infinity. We find that 


m,-=2, ne =0, vV=me-ny =2. 


On representing the boundary condition in the form 


u—3t ‘ meats 
= (u—2t)(u— 32) (wu) - 


u + 2i)E*(u)- 
( yet) Uut2i wu—20 


and applying the analytic continuation and the generalized Liouville theorem, we see that the general solution of problem (4) 
in the class of functions vanishing at infinity is given by 


RD Oe co eee \ I 
= (Tyre), == Soc (swt): ©) 


where C is an arbitrary constant. 
The solution of the integral equation in question is given by the expression 


1 © Bt(u)t+F F 
y(x) = f (u) @) e'' du. 
VT —0°o Ky (u) 
Since the function °2(wu) has a first-order zero at infinity, it follows that the function =*(u) + F(u) must have a zero at 


infinity whose order is at least two. This condition implies the relation C = -1. 
For C' = -1, formulas (5) become 


=z) = Si =(2) = 14+2i-z je {; Qne?* for « <0, 
(z+ 2i)?’ (z —21)?(z — 31)’ 5VJIre?2" for e>0. 


Thus, we have succeeded in satisfying the solvability condition, which follows from the existence of a common zero of 
the functions Cc; (u) and °2(w), by choosing an appropriate constant that enters the general solution, and the integral equation 
turns out to be unconditionally and uniquely solvable. 


12.9-2. General Scheme of Finding Solutions of Dual Integral Equations. 


In applications (for example, in elasticity, thermal conduction, and electrostatics), one encounters 
dual integral equations of the form 


3 K(z,ty®dt= f(x) if O<a<a, 

0 

oo (6) 

| M(a,thy(t)dt= g(a) if a<xr<am, 
0 


where K(z,t), M(a,t), f(x), and g(a) are known functions and y() is the function to be found. 
Methods for solving various types of these equations are described, for instance, in the books 
mentioned in the references at the end of this section. Below we outline the general scheme of 
finding solutions of such equations. 
A solution of equation (6) can be represented as the sum 


yx) = yi(x) + yr(@), 
where y;(x) and y2(x) are solutions of simpler auxiliary dual equations 
| K(a,t)hyi(t)dt= f(z) if O<a<a, 
0 


ee (7) 
i M(a, thy, (t) dt = 0 if a<x<ow 
0 
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and ae 
i K (a, t)y2(t) dt = 0 if O<a<a, 
S (8) 
| M(a,t)yo(t)dt=g(2) if a<x4r<o. 
0 


For instance, consider dual equation (7) [dual equation (8) can be considered in a similar manner]. 
Let us supplement the second equation by the relation 


a M(a,thy(t)dt=yp(a) if O<aK<a, (9) 
0 


where (x) is an auxiliary function to be determined. Suppose that the integral transformation 


1 M(a, t)y(t) dt = z(x) (O<x%<@) 
0 


can be inverted in the form 


| Mi (a, t)z(t) dt = y(a) (O<x%<o). (10) 
0 
Then, from (7), (9), and (10), using the relation z(a) = (2) ae Deo: we obtain 
0 ifa<xr<wm, 
wi(a) = | M(a,ylt)dt OS « < 00). (11) 
0 


Substituting this expression into the first equation in (7) and changing the integration order, we 
obtain Fredholm integral equations of the first kind for the auxiliary function y(z): 


a N(a, s)p(s) ds = f(x), N(a,s) = i K(a,t)Mi(t, s) dt. (12) 
0 0 


After finding a solution of equation (12), one can use formula (11) to obtain a solution of the dual 
integral equation. In some cases, it is possible to find a solution of equation (12) in closed form 
(see Example 2, Subsection 12.9-3, and Section 3.9). 

In anumber of cases the kernel of integral equation (12) can be presented in the form of sum of the 
kernel of integral transform and some function. Then, using method described in Subsection 12.6-3, 
one can reduce integral equation of the first kind with constant limits of integration (12) to an integral 
equation of the second kind (see Subsection 12.9-4). 


Example 2. Consider the dual integral equations 
co 
| cos(xt)y(t) dt = f(x) if O<a<l, 
0 


& (13) 
| sin(xt)y(t) dt = 0 if l<a<am, 
0 


which arises in crack problems in the classical theory of elasticity. 
The second equation in (13) can be written as 


(2 os sin(xt)y(t) dt = { pe) Ee Gasie (14) 
TT JO 


if l<x<ow, 


where v(x) is an auxiliary function. The right-hand side of equation (14) is the Fourier sine transform. Applying the Fourier 
sine inversion formula (see Subsection 9.5-2) to (14), we get 


a 1 
y(t) = / = | sin(at)p(ex) de. (15) 
mT Jo 
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Using the integral representation (see Supplement 4.6-2, integral 3) 
* udo(ut) 
[Fae 


one can transform equation (15) (after changing the integration order) to 


y(t) = (2ef «| | PS au ae 
Vx? —u2 


sin(at) = t du, 
0 


ee ; (16) 
x) dx 
= (2 if uJo(u)| waeed du = a Jo(ut)uy(u) du, 
where 
wena? [ Oe a7) 
Let us rewrite the first equation in (13) as follows: 
f(a) = ae he Bench » AO Seay, (18) 
dx 0 t 
Substituting y(t) from (16) into (18), we have 
co 1 
f@@e= a | sin(xt) If Jo(ut)ury(u) an dt 
dx s 0 (19) 


ae whey lf 5 sin(xt)Jo(ut) a du. 
dx 0 


The last integral in square brackets can be calculated (see Supplement 4.6-1, integral 3). As a result, equation (19) becomes 
* uu) du 
a/ qe 42 


To within obvious changes of notation, the right-hand side of equation (20) coincides with the inverse Abel-type integral 
equation 41 from Subsection 1.1-6. Therefore, the solution of equation (20) has the form 


f(a) = ee (0<a2< 1). (20) 
dx 


tia 2 (” f(x)dz 
u)=— eee 
1 Vu 
Substituting this function into (16), we find a solution of the original dual integral equation (13): 
of wu f(a) dx 
(t) = = / ud wo| ee du. 21 
aed a A me tas 


Below we give solutions for some classes of dual integral equations that occur most frequently 
in applications. 


12.9-3. Exact Solutions of Some Dual Equations of the First Kind. 


Below we present solutions of some classes of dual integral equations that occur most frequently in 
applications. 


1°. Consider the following dual integral equation: 


i. Jo(at)y(t) dt = f(x) for O0<2<a, 
poo (22) 

| tJo(at)y(t) dt = 0 for a<x<w, 
0 


where Jo(x) is the Bessel function of zero order. We can obtain the solution of Eqs. (22) by applying 
the Hankel transform. This solution is given by 


y(a) = 2 if : cos(zxt) 5 pfs dt. (23) 
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2°. The exact solution of the dual integral equation 


tJo(xt)y(t) dt = f(a) for 0<a<a, 
0 


oo (24) 
i Jo(at)y(t) dt = 0 for a<x4<o, 
0 
where Jo(x) is the Bessel function of zero order, can be constructed by means of the Hankel 
transform, 
2. f* d f[' sf(s)ds 
=— in(xt) | — ——— _| dt. 25 
(2) =f sin(et)| 4 eer (25) 


3°. The exact solution of the dual integral equation 


ie tJ. (at)y(t) dt = f(x) for O0<2<a, 
oe (26) 

| J, (xt)y() dt = 0 for a<4%<o, 
0 


where J,,(x) is the Bessel function of order jz, can be defined by the following expression (here the 
calculation also involves the Hankel transform): 


a n/2 
y(x) = 4] oe | Gd i Ge) | | sin’*! 6 f(t sin 6) dO | dt. (27) 
T Jo ? 0 


4°. Consider the dual integral equation 


i 08 F(at)y(t) dt = f(x) for O0<a2<l, 

oe (28) 

i J, (at)y(t) dt = 0 for 1<xr<am, 
0 


where J,,(x) is the Bessel function of order ju. 


The solution of Eq. (28) can be obtained by applying the Mellin transform. For @ > 0, this 
solution is defined by the formulas 


ay" 
(8) 


1 1 
Oe tH? 7 .s(at)F()dt, F(t) = - piQe"a ey de. (29) 
0 0 


For 3 > —1, the solution of the dual equation (28) has the form 


Gaye 


y(x) = Td +3) 


1 1 
fet Joa) | tel (1 — 4?)9 f(t) dt + i tld —?) b(a, t) dt}, (30) 
0 0 


1 
O(2,t) = } (we)* Faget (WO) fEt) dl. 
( 


Formula (30) holds for @ > —-1 and for —p — 4 <20<pt+ 3. It can be shown that for @ > 0 the 
solution of Eq. (30) can be reduced to the form (29). 
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5°. The exact solution of the dual integral equation 


| tP_1,,,(coshx)y(t) dt = f(x) for 0<a2<a, 
0 (31) 


i tanh(7t)P_1,;,(cosh x)y(t) dt = 0 for a<4“%<o, 
0 


where P,,(a) is the Legendre spherical function of the first kind (see Supplement 11.11) and Peal 
can be constructed by means of the Meler—Fock integral transform (see Section 9.6) and is given by 


the formula 
7 fe t A cihie 
y(x) = v2 | sin(rt| OS ga) oe (32) 
T Jo 0 vVcosht—coshs 


Note that 


Desf t 
P.1,,,(cosh x) = a2 | fe ah 
z 7 Jo Vcoshx—coshs 


where the integral on the right-hand side is called the Meler integral. 


12.9-4. Reduction of Dual Equations to a Fredholm Equation. 


One of the most effective methods for the approximate solution of dual integral equations of the 
first kind is the method of reducing these equations to Fredholm integral equations of the second 
kind (see Chapter 13). In what follows, we present some dual equations encountered in problems of 
mechanics and physics and related Fredholm equations of the second kind. 


1°. The solution of the dual integral equation of the first kind 


ae g(t)Jo(at)y(t) dt = f(x) for 0<a<a, 
0 


oo (33) 
| tJo(at)y(t) dt = 0 for a<4%<o, 
0 
where g(x) is a given function and Jo(x) is the Bessel function of zero order, has the form 
yo) = | p(t) cos(xt) dt, (34) 
0 


where the function y(x) to be found from the following Fredholm equation of the second kind: 


1 a 
p(x) - — K(a, Hy dt = (2), O0<2<a, (35) 
™ JO 
where the symmetric kernel K(x, t) and the right-hand side w(x) are given by 


K(a,t) =2 fu — g(s)] cos(as) cos(ts) ds, W(x) = oe peek) dt. (36) 
0 


mda Jo Va2-?? 


Methods for the investigation of these equations are presented in Chapter 13. 
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2°. The solution of the dual integral equation of the first kind 


i tg(HJo(at)y(t) dt = f(x) for 0<a<a, 
0 


oo (37) 
| Jo(xt)y(t) dt = 0 for a<xr<w, 
where g(x) is a given function and Jo(x) is the Bessel function of zero order, has the form 
y(x) = y y(t) sin(at) dt, (38) 
( 
where the function v(x) is to be found from the Fredholm equation (35) of the second kind with 
oP 2 (” tft 
K(a,t)= 2 | [1 — g(s)] sin(zs) sin(ts) ds, W(x) = o : = dt. 


Note that the kernel 1 (x, t) is symmetric. 
3°. The solution of the dual integral equation of the first kind 


[ gt) J, (at)y(t) dt = f(x) for 0<a2<a, 
a (39) 

| tJ,,(xt)y(t) dt = 0 for a<4%<o, 
0 


where g(x) is a given function and J,,(x) is the Bessel function of order ju, has the form 


y(x) = > | Vit, s(wt)p(t) dt, (40) 
V2 4 


where the function y(x) is to be found from the Fredholm equation (35) of the second kind with 


K(a,t) = wat [1 — 9(s)|s J,,_4(xs)J,,_1 (ts) ds, 
0 


n/2 
Wa) = = 170) + | [H(sin 6)" f(x sin 8) + x(sin 0)“ f’(x sin 0)| ao}, 
wv 0 
Note that f’(a sin @) = fiOlee sing? and the kernel (x, t) is symmetric. 


4°. The solution of the integral equation of the first kind 


[ tg(t) J (xt)y() dt = f(x) for O0<a<a, 
ee (41) 

| J, (xt)y@) dt = 0 for a<4r<nm, 
0 


where g(x) is a given function and J,,(x) is the Bessel function of order ju, has the form 


ya) = \/ > i VE Ty (atoll) dt, (42) 


where the function y(x) is to be found by solving the Fredholm equation (35) of the second kind 
with 


oo n/2 
K(a,t)=1V at ' [1—9(s)]s J,,41(as)J,,,4 (ts) ds, W(x) = a | f(xsin 0)(sin 0)“*! dé, 
0 2 2 T 0 


and the kernel K (a, t) is symmetric. 
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5°. The solution of the dual integral equation of the first kind 


iL gt) J, (at)y(t) dt = f(x) for O<2<a, 
a (43) 

| J, (at)y(t) dt = 0 for a<x4<w, 
0 


where g(x) is a given function and J,,(x) is the Bessel function of order ju, has the form 


y(a) = 2 > | Vt J, s(at)p(t) dt, (44) 
V2 J, 


and the function v(x) is to be found from the Fredholm equation (35) of the second kind with 


a 1, foe) 
K(a,t) = 2" V2nt | = i [1 - 9(s)]s*/?J,,(ps).J _4(ts) ds dp, 


rae pit 


6°. The solution of the dual integral equation of the first kind 


| i 79 g(t)J,(at)y(t)dt = flv) for O<a<a, 

P00 (45) 

- J, (at)y(t) dt = 0 for a<x4<w, 
0 


where 0 < @ < 1, g(x) is a given function, and J,,(x) is the Bessel function of order jz, has the form 


y(x) = ee i “Vi Inxa(atyp(t) dt, (46) 


and the function v(x) is to be found from the Fredholm equation (35) of the second kind with 


K(a,t) = 1V at i ra — 9(s)}8 Ju+g(as)Jp+a(ts) ds, 
0 


Wa) = a one e f(x sin 0)(sin 0)“*! (cos 0)°9"! dO 
~— TB)V a 0 ; 


and the kernel K (a, t) is symmetric. 


7°. The solution of the dual integral equation of the first kind 


i. g(t) Ps 4¢(cosh x)y(t) dt = f(x) for 0<a2<a, 
(47) 


| t tanh(7t)P. 14i¢(Cosh x)y(t) dt = 0 for a<4%<o, 
0 


where P,,() is the Legendre spherical function of the first kind (see Supplement 11.11), 7 =-1, 
and g(x) is a given function, is determined by the formula 


y(x) = i cos(at) y(t) dt, (48) 
0 
and the function v(x) is to be found from the Fredholm equation (35) of the second kind in which 
K(az,t)= | [1 — g(s)]{cos[(x + t)s] + cos[(a — t)s]} ds, 
0 


v2 d [*  f(s)sinhs 
W(x) = —— —————————— ds. 
m dx Jo /coshxz—coshs 


On the basis of relations (49), we can readily see that the kernel K(x, t) is symmetric. 


(49) 
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8°. The solution of the dual integral equation of the first kind 


ve. tg(t)P_1,;4(cosh x)y(t) dt = f(x) for 0<a2<a, 
: (50) 


| tanh(7t)P_1,;,(cosh x)y(t) dt = 0 for a<4%<o, 
0 f 


where P,,(x) is the spherical Legendre function of the first kind (see Supplement 11.11), =i, 
and g(x) is a given function, is determined by the formula 


y(x) = il : sin(xt)p(t) dt, (51) 
0 


and the function v(x) is to be found from the Fredholm equation (35) of the second kind in which 


K(a2,t)= fu — g(s)]{cos[(a — t)s] — cos[(x + t)s]} ds, 
0 


_ v2 [* _ f(s)sinhs ; 
yay= Tr i cosh x —coshs oe (2) 


On the basis of relations (52), we can readily see that the kernel (x, t) is symmetric. 


© References for Section 12.9: Ya. S. Uflyand (1977), F. D. Gakhov and Yu. I. Cherskii (1978), C. Nasim and B. D. Ag- 
garwala (1984), E. C. Titchmarsh (1986), I. Sneddon (1995), B. N. Mandal and N. Mandal (1999, pp. 134-136). 


12.10. Asymptotic Methods for Solving Equations 
with Logarithmic Singularity 


12.10-1. Preliminary Remarks. 


Consider the Fredholm integral equation of the first kind of the form 


1 
/ x (2) uo dt= f(z),  -l<a<1, (1) 
-1 


with parameter \ (0 < \ < co). 

We assume that the kernel kK = K(x) is an even function continuous for 2 # 0 which has a 
logarithmic singularity as x — 0 and exponentially decays as x — oo. Equations with such a kernel 
arise in solving various problems of continuum mechanics with mixed boundary conditions. 

Let f(x) belong to the space of functions whose first derivatives satisfy the Holder condition 
with exponent a > 4 on [-1, 1]. In this case, the solution of the integral equation (1) in the class 
of functions satisfying the Holder condition exists and is unique for any A € (0, co) and has the 
structure 


y(x) = ; (2) 
V1l-2 
where w(x) is a continuous function that does not vanish at 7 = +1.* 


It follows from formula (2) that the solution of Eq. (1) is unbounded as x — +1. This important 
circumstance will be taken into account in Subsection 12.10-3 in constructing the asymptotic solution 
in the case \ — 0. 

Note that more general equations with difference kernel and arbitrary finite limits of integration 
can always be reduced to Eq. (1) by a change of variables. The form (1) is taken here for further 
convenience. 


* The situation w(+1) = 0 is only possible in exceptional cases for special values of 2. 
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12.10-2. Solution for Large X. 


Let the representation 


K(a) = In|] S> anlal” + 55 dnl”, (3) 


where ao # 0, be valid for the kernel of the integral equation (1) as x — 0. 

It is obvious from (3) that two different-scale large parameters \ and In \ occur in Eq. (1) as 
A — oo. The latter, “quasiconstant” parameter grows much slower than the former (for instance, for 
= 100 and A = 1000 we have In \ = 4.6 and In \ = 6.9, respectively). 

Let us drop out all terms decaying as \ — oo in Eq. (1). In view of (3), for the main (zeroth) 
approximation we have 


1 
/ (a In| — t|— ag Ind + bo) yo(t) dt = f(z), -l<a<l. (4) 
ai 


It should be noted that one cannot retain in the integrand only one term proportional to In A (since the 
corresponding “truncated” equation is unsolvable). The constant by must also be included in (4) for 
the main-approximation equation to be invariant with respect to the scaling parameter A in Eq. (1). 
The exact closed-form solution of Eq. (4) is given in Section 3.4 (see equations 3 and 4). 
To construct an asymptotic solution of Eq. (1) as \ — oo, it is convenient to do the following. 
First, we consider the auxiliary integral equation 


1 
if Ka -t, 8, \)yy@) dt = f(x), -l<r<l, 
ee x & (5) 
K(a, 8, d) = (In fa] - 8) >> Sele" +o sh" 
n=0 n=0 


with two parameters and (3. We seek its solution in the form of a regular asymptotic expansion in 
negative powers of A (for fixed 3). That is, we have 


N 
yla, B,) = S 7X" yn (a, B) + 0%). (6) 


n=0 


Substituting (6) into (5) yields a recurrent chain of integral equations of the form (4): 


1 
_ (ao In |x — t| — ao + bo) yn(t, B) dt = gn(z, 8), =1s = 1, (7) 


1 


from which the functions y,,(x, 3) can be successively calculated. The right-hand sides g,(a, 3) 
depend only on the previously determined functions yo, yi, .--, Yn-t- 

Note that for 3 = In A the auxiliary equation (5) coincides with the original equation (1) into 
which the expansion (3) is substituted. Therefore, the asymptotic solution of Eq. (1) can be obtained 
with the aid of (6) and (7) with @ = In A. 

Some contact problems of elasticity can be reduced to Eq. (1), in which the kernel can be 
represented in the form (3) with a, = 0 for all n > 0 and bo,,4; = 0 form =0, 1, 2, ... In this case, 
one must set y,(z, 3) = 0 (n = 1, 3, 5, ...) in the solution (6). In practice, it usually suffices to 
retain the terms up to \+. 
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12.10-3. Solution for Small 1. 


In analyzing the limit case 4 — 0, we take into account the singularities of the solution at the 
endpoints of the interval —1 < x < | (see formula (2)). Consider the following auxiliary system of 
two integral equations: 


8S - 
f K(=*) noar= Aw | (2) neoat 1 <2 <0, 
= 00 


1 ee) 
/ x(=*) yo(t) dt = fo(ax) + i x(=*) yi(t) dt, -oo< asl. 
oe 1 


The former equation provides for selecting the singularity at x = —1 and the latter for selecting the 
singularity at 2 = +1. 
The functions f(x) and f2(x) are such that 
fila)+ fola) = f@), -lsasl, 
fi(z) = O(e**) as Lr > O, (9) 


fo(x) = O(e™*) as «> -0o, 


(8) 


where a > 0 anda? > 0. 
The first condition in (9) makes it possible to seek the solution of the integral equation (1) as the 
sum of the solutions of the integral equations (8), that is, 


yx) =yi(a) + yz), -lsa<l. (10) 
Note that by virtue of the last two conditions in (9), the relations 


= Bix —_ 
y\(2) O(e ) as ru, (11) 


y(x) = O(e”*) as 2-00, 


where (3, > 0 and (32 > 0, are valid. 
Recall that the kernel K(x) is an even function. Therefore, if f(x) in Eq. (1) is an even or odd 
function, then one must set 


fi@=tfr-x), yi(@) = £y2(-2) (12) 


in system (8).* 
In both cases, system (8) can be reduced by changes of variables to the same integral equation 


[ Ke-nwmar= Fe [ Kep-2-nwear, O<z<~aM, (13) 
0 2/r 


in which the following notation is used: 


ee re, umewo, FO=Ffhw@. (14) 


In view of the properties of the kernel K (x) (see Subsection 12.10-1) and the first relation in (11), 
the asymptotic estimate 


Hw)= [ KQ)~2—1)wlr)dr = O(e%) (15) 
2/X 


can be obtained, which is uniform with respect to T. 


* Jn formulas (12), (13), (16), and (17), the plus sign corresponds to even f(x) and the minus sign to odd f(x). 
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According to (15), for small \ the iterative scheme 


io K(z-T)wn(7) dr = F(z) + I(wn-1), n=1,2,..., (16) 
0 


can be used to solve the integral equation (13) by the method of successive approximations. In 
the main approximation, the integral [(wo) can be omitted on the right-hand side. Equations (16) 
are Wiener—Hopf integral equations of the first kind, which can be solved in a closed form (see 
Subsection 12.8-1). 

It follows from formulas (10), (12), and (14) that, as 1 — 0, the leading term of the asymptotic 
expansion of the solution of the integral equation (1) has the form 


1 1- 
u(o)=w( xt) eu( ="), (17) 


where w; = w (rT) is the solution of Eq. (16) with n = | and wo = 0. 
For practical purposes, formula (17) is usually sufficient. 


12.10-4. Integral Equation of Elasticity. 


The integral equation (1) whose kernel is given via the Fourier cosine transform, 


Ries | ED a eae (18) 
0 U 


frequently occurs in contact problems of elasticity. The function L(w) in (18) is continuous and 
positive for 0 < u < oo and satisfies the asymptotic relations 


L(u) = Au + O(u?) as u—0, 
Net 19 
L(u) = S- Bw” + O(u®) as u-> oO, oe 
n=0 


where A > 0 and Bo > 0. 

Formula (18) implies that the kernel is an even function: K(x) = K(-2). 

It is usually assumed that L(u)u! and u[L(u)]", treated as functions of the complex variable 
w=utiv, are regular at the pole |v| < 7 and the pole |v| < y2, respectively. It follows in particular 
that the kernel K(x) decays at least as exp(—y;|¢|) at infinity. 

Formulas (18) and (19) imply that (a) has a logarithmic singularity at x = 0. Moreover, the 
representation (3) is valid with a, = 0 forn = 1, 3,5, ... 

Thus, the kernel given by (18) has the same characteristic features as those inherent by assumption 
in the kernel of the integral equation (1). Therefore, the results of Subsections 12.10-2 and 12.10-3 
can be used for the asymptotic analysis of Eq. (1) with kernel (18) as X — oo and A — 0. 


@© References for Section 12.10: I. I. Vorovich, V. M. Aleksandrov, and V. A. Babeshko (1974), V. M. Aleksandrov and 
E. V. Kovalenko (1986), V. M. Aleksandrov (1993). 


12.11. Regularization Methods 


Consider the Fredholm equation of the first kind 


b 
i K(a, thy dt = f(x), axas<b, (1) 
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where f(x) € Lo(a, b) and y(a) € Lo(a, b). The kernel K(x, t) is square integrable, symmetric, and 
positive definite (see Subsection 13.6-2), that is, for all p(x) € L2(a, b), we have 


b pb 
/ / K(a, Hy(x)y(t) dx dt = 0, 


where the equality is attained only for y(x) = 0. 
In the above classes of functions and kernels, the problem of finding a solution of Eq. (1) is 
ill-posed, i.e., unstable with respect to small variations in the right-hand side of the integral equation. 
Following the Lavrentiev regularization method, along with Eq. (1) we consider the regularized 
equation 


b 
EY-(X) + / K(a, thye(t) dt = f(x), asaz<b, (2) 


where € > 0 is the regularization parameter. This equation is a Fredholm equation of the second 
kind, so it can be solved by the methods presented in Chapter 13, whence the solution exists and is 
unique. 

On taking a sufficiently small ¢ in Eq. (2), we find a solution y-() of the equation and substitute 
this solution into Eq. (1), thus obtaining 


b 
| Kee.oudbat= fe), asesd, 3) 
If the function f,(a) thus obtained differs only slightly from f(), that is, 


| f(x) - fe(@)|| $ 6, (4) 


where 6 is a prescribed small positive number, then the solution y_-(x) is regarded as a sufficiently 
good approximate solution of Eq. (1). 

The parameter 6 usually defines the error of the initial data provided that the right-hand side of 
Eq. (1) is defined or determined by an experiment with some accuracy. 

For the case in which, for a given ¢€, condition (4) fails, we must choose another value of the 
regularization parameter and repeat the above procedure. 

The next subsection describes the regularization method suitable for equations of the first kind 
with arbitrary square-integrable kernels. 


12.11-2. Tikhonov Regularization Method. 


Consider the Fredholm integral equation of the first kind 


b 
/ K(a, thy) dt = f(x), csa<d. (5) 


Assume that K(a,t) is any function square-integrable in the domain {a <t <b, c< a < d}, 
f(x) € Ln(c, d), and y(x) € L2(a, b). The problem of finding the solution of Eq. (5) is also ill-posed 
in the above sense. 

Following the Tikhonov (zero-order) regularization method, along with (5) we consider the 
following Fredholm integral equation of the second kind (see Chapter 13): 


b 
EYe(x) + i K* (a, thye(t) dt = f* (x), asax<b, (6) 
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where 


d d 
K*(a,t) = K*(t, 2) = i K(s,x2)K(s,t)ds, f*(a)= | K(s, x) f(s) ds, (7) 


and the positive number ¢ is the regularization parameter. Equation (6) is said to be a regularized 
integral equation, and its solution exists and is unique. 

Taking a sufficiently small ¢ in Eq. (6), we find a solution y-(x) of the equation and substitute 
this solution into Eq. (5), thus obtaining 


b 
i) K(a, thy-(t) dt = f.(x), csa<d. (8) 


By comparing the right-hand side with the given f(x) using formula (4), we either regard f-(x) 
as a Satisfactory approximate solution obtained in accordance with the above simple algorithm, or 
continue the procedure for a new value of the regularization parameter. 

Presented above are the simplest principles of finding an approximate solution of the Fredholm 
equation of the first kind. More perfect and complex algorithms can be found in the references cited 
below. 


@) References for Section 12.11: M. M. Lavrentiev (1967), A. N. Tikhonov and V. Ya. Arsenin (1979), M. M. Lavrentiev, 
V. G. Romanoy, and S. P. Shishatskii (1980), A. F. Verlan’ and V. S. Sizikov (1986), R. Kress (1999). 


12.12. Fredholm Integral Equation of the First Kind as 
an Ill-Posed Problem 


12.12-1. General Notions of Well-Posed and I[ll-Posed Problems. 


To solve a quantitative mathematical problem usually means to find an element y, called a “solution 
of the problem”, from a given element f, called “data of the problem”. Assume that y and f are 
elements of some metric spaces Y (space of solutions) and F' (space of data) with the respective 
distances between their elements py (y1, y2) and pr(fi, fa). 

A solution y corresponding to f is called stable, if for any < > 0 there is 6(€) > 0 such that for 
any f; € F such that pr(f, fi) < 6(€) we have py(y, y1) S €, where y; is a solution corresponding 
to f;. In other words, if small variations of data cause a small variation of solutions. 

Such a problem is called well-posed on a pair of metrics spaces (Y, F’), if the following conditions 
hold: 

1) foreach f € F, there is a solution y € Y; 

2) the solution is unique; 

3) the solution is stable. 

Problems that do not satisfy one of these requirements are called ill-posed. 


Remark. The metrics in the spaces Y and F’ determine in what sense small variations of y and 
f are understood. The choice of these metrics determines whether a solution y is stable or not under 
the variation of f, and therefore, a particular problem may be well-posed or ill-posed, depending on 
the metrics. 

Now, for definiteness, assume that y and f are elements of the space of continuous functions on 
an interval [a, b] with the metrics 


py (yt, Y2) = sup lyi@) — vl PF(S i, fo) = sup Ife) — f@). (1) 
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12.12-2. Integral Equation of the First Kind is an IIl-Posed Problem. 


Consider the Fredholm equation of the first kind 


b 
i K(a, thy dt = f(a), asxas<b, (2) 


with continuous kernel K(a,t), and assume that y and f are elements of the space of continuous 
functions with the metrics (1). 

It is easy to see that the continuity of f(x), in general, does not guarantee the existence of 
a continuous solution. Indeed, suppose that the function f(x) is continuous, but its derivative is 
discontinuous at some points x € (a, b), and the kernel is continuously differentiable in x. Then for 
any continuous y(«) the left-hand side of (2) has a continuous derivative at all points of (a, b), while 
the derivative of the right-hand side has discontinuities on (a, b). Therefore, relation (2) can hold for 
no continuous function y(x), which means that equation (2) has no solutions. 

Consider the problem of stability of a solution. Assume that the kernel A(z, t) is continuous, 
together with its derivative in t. Let y(x) be a solution of equation (2). Take z(x) = y(x) + cos(w2), 
where w is a parameter. We have 


b 
/ K(a, t)L[z(t) — cos(wt)] dt = f(x). 


After elementary transformations, we get 


b b 
i K (a, t)z(t) dt = g(x) = f(a) + I K(a, t) cos(wt) dt 


ame 


= f(x) + K(a,t) 


ay Ki(a, t) cos(wt) ——— 
This relation, for a finite interval [a, b], implies the estimate 


o 
sup |f(2)- g(@)| S$ — 


asa<b 


where C is a constant that does not depend on w. Therefore, for sufficiently large w, the value 
pr(f.g) = sup |f(v)- g@| 
asxsb 


becomes arbitrarily small, pr(f,g) — 0. On the other hand, we have 


py (y,2) = sup ly(x)—2(x)| = sup |cos(wx)| = 1, 
asaxsb asxsb 
and this quantity is not small. Hence, an important conclusion can be made: the Fredholm integral 
equation of the first kind (2) admits a solution which is unstable with respect to perturbations of the 
right-hand side f(a). Thus, equation (2) belongs to the class of ill-posed problems. 

This instability of solutions of integral equations of the first kind causes great difficulties when 
using such equations for practical purposes, since small errors in input data may cause large variations 
of a solution. For this reason, there existed a widespread opinion that Fredholm equations of the first 
kind (as well as other ill-posed problems) are unsuitable for the description of physical processes. 
At present this view has changed drastically due to the development of the general theory of ill- 
posed problems and the corresponding regularization methods (see Section 12.11 and the references 
below). 


© References for Section 12.12: M. M. Lavrentiev (1967), A. N. Tikhonov and V. Ya. Arsenin (1979), M. M. Lavrentiev, 
V. G. Romanoy, and S. P. Shishatskii (1980), A. B. Vasilieva and A. N. Tikhonov (1989), R. Kress (1999). 


Chapter 13 


Methods for Solving Linear Equations 
of the Form y(x)- [” K(a, t)y(t) dt = f(a) 


13.1. Some Definition and Remarks 


13.1-1. Fredholm Equations and Equations with Weak Singularity of the Second Kind. 


Linear integral equations of the second kind with constant limits of integration have the form 


b 
oe : K(e, y(t) dt = f(a), (1) 


where y(x) is the unknown function (a < x < b), K(a,t) is the kernel of the integral equation, 
and f(a) is a given function, which is called the right-hand side of Eq. (1). For convenience 
of analysis, a number 4 is traditionally singled out in Eq. (1), which is called the parameter of 
integral equation. The classes of functions and kernels under consideration were defined above in 
Subsections 12.1-1 and 12.1-2. Note that equations of the form (1) with constant limits of integration 
and with Fredholm kernels or kernels with weak singularity are called Fredholm equations of the 
second kind and equations with weak singularity of the second kind, respectively. 

A number 4 is called a characteristic value of the integral equation (1) if there exist nontrivial 
solutions of the corresponding homogeneous equation (with f(x) = 0). The nontrivial solutions 
themselves are called the eigenfunctions of the integral equation corresponding to the characteristic 
value \. If A is a characteristic value, the number 1/, is called an eigenvalue of the integral 
equation (1). A value of the parameter 4 is said to be regular if for this value the above homogeneous 
equation has only the trivial solution. Sometimes the characteristic values and the eigenfunctions 
of a Fredholm integral equation are called the characteristic values and the eigenfunctions of the 
kernel K (a, t). 

The kernel (a, t) of the integral equation (1) is called a degenerate kernel if it has the form 
K(a,t) = gi(x)hi() + +++ + gn(x)hn(b), a difference kernel if it depends on the difference of the 
arguments (¢ (a, t) = K(a—t)), and a symmetric kernel if it satisfies the condition K (x, t) = K(¢, x). 

The transposed integral equation is obtained from (1) by replacing the kernel K(x, t) by K(¢, x). 


Remark 1. The variables ¢ and x may vary in different ranges (e.g.,a<t<bandc<a<d). 
To be specific, from now on we assume that c = a and d = b (this can be achieved by the linear 
substitution x = a& + 3 with the aid of an appropriate choice of the constants a and /3). 


Remark 2. In general, the case in which the limits of integration a and/or b can be infinite is 
not excluded; however, in this case, the validity of the condition that the kernel (x, t) is square 
integrable on the square S = {a< a<b, a<t<b} is especially significant. 
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13.1-2. Structure of the Solution. 


The solution of Eq. (1) can be presented in the form 


b 
y(a) = f(a) + | Ria, t; A) FO dt, 


where the resolvent R(x, t; A) is independent of f(a) and is determined by the kernel of the integral 
equation. 
The resolvent of the Fredholm equation (1) satisfies the following two integral equations: 


b 

R(x, t;r) = K(a,t)+ / K(a,s)R(s, t; A) ds, 
b 

R(x, t; A) = K(a,t)+ i K(s,t)R(a, s; A) ds, 


in which the integration is performed with respect to different pairs of arguments of the kernel and 
the resolvent. 


13.1-3. Integral Equations of Convolution Type of the Second Kind. 


By the integral equations of convolution type (see also Subsection 12.1-3) we mean the integral 
equations that can be reduced, by applying some integral transform and the convolution theorem 
for this transform, to an algebraic equation for the transforms or to boundary value problems of the 
theory of analytic functions. Consider equations of convolution type of the second kind related to 
the Fourier transform. 

An integral equation of the second kind with difference kernel on the entire axis (this equation 
is sometimes called an equation of convolution type of the second kind with a single kernel) has the 
form 


y(x) + i K(a—-t)y(t) dt = f(x), -00 <r< OH, (2) 


where f(x) and K (a) are the right-hand side and the kernel of the integral equation and y(z) is the 
function to be found. 
An integral equation of the second kind with difference kernel on the semiaxis has the form 


y(x) + if K(a—t)y(t) dt = f(x), 0<x4<oo. (3) 
0 


Equation (3) is also called a one-sided equation of the second kind or a Wiener—Hopf integral 
equation of the second kind. 
An integral equation of convolution type of the second kind with two kernels has the form 


lee) 0 
y(a) + | Ky (a—-t)y(@) dt + if Ky(a — t)y(t) dt = f(x), —00 <2 <0, (4) 
0 ee) 


where /,(x) and K(x) are the kernels of the integral equation (4). The class of functions and 
kernels for equations of convolution type was introduced above in Subsection 12.1-3. 
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13.1-4. Dual Integral Equations of the Second Kind. 


A dual integral equation of the second kind with difference kernels (of convolution type) has the 
form 


yoo) [ K\(a-t)y@) dt = f(x), 0<4<M, 
Be (5) 
y(ax) + / Ky(a-t)y(t) dt = f(x), -0o <x <0, 


where the notation and the class of the functions and kernels coincide with those introduced for the 
equations of convolution type in Subsection 12.1-3. 
In a sufficiently general case, a dual integral equation of the second kind has the form 


y(a) + i Ky (a, thy(t) dt = fi (x), a<a<b, 
eS (6) 
yoo) | Kala. dydt= fa), b< x <oo, 


where f)(x) and f2(x) (and K,(a, t) and K2(a, t)) are the known right-hand sides (and the kernels) 
of Eq. (6) and y(z) is the function to be found. These equations can be studied by the methods 
of various integral transforms with reduction to boundary value problems of the theory of analytic 
functions and also by other methods developed for dual integral equations of the first kind (e.g., see 
I. Sneddon (1995) and Ya. S. Uflyand (1977)). 

The integral equations obtained from (2)-(5) by replacing the kernel K(x — t) by K(t—- x) are 
said to be transposed to the original equations. 

If the right-hand sides of Eqs. (1)-(6) are identically zero, then these equations are said to be 
homogeneous. For the case in which the right-hand side of an equation of the type (1)—(6) does not 
vanish on the entire domain, the corresponding equation is said to be nonhomogeneous. 


Remark 3. Some equations whose kernel contains the product or the ratio of the variables x and 
t can be reduced to Eqs. (2)—(5). 


Remark 4. Sometimes equations of convolution type of the form (2)—(5) are written in the form 
in which the integrals are multiplied by the coefficient 1 //27. 


Remark 5. The cases in which the class of functions and kernels for equations of convolution 
type (in particular, for Wiener—-Hopf equations) differs from those introduced in Subsections 12.1-3 
are always mentioned explicitly (see Sections 13.11 and 13.12). 
© References for Section 13.1: E. Goursat (1923), F. Riesz and B. Sz.-Nagy (1955), I. G. Petrovskii (1957), B. Noble 
(1958), M. G. Krein (1958), S. G. Mikhlin (1960), L. V. Kantorovich and G. P. Akilov (1964), A. N. Kolmogorov and 
S. V. Fomin (1970), L. Ya. Tslaf (1970), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), 
V. I. Smirnov (1974), P. P. Zabreyko, A. I. Kosheley, et al. (1975), F. D. Gakhov and Yu. I. Cherskii (1978), A. G. Butkovskii 
(1979), L. M. Delves and J. L. Mohamed (1985), F. G. Tricomi (1985), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986), 


A. Golberg (1990), D. Porter and D. S. G. Stirling (1990), C. Corduneanu (1991), J. Kondo (1991), S. Prossdorf and 
B. Silbermann (1991), W. Hackbusch (1995), R. P. Kanwal (1996). 


13.2. Fredholm Equations of the Second Kind with 
Degenerate Kernel. Some Generalizations 


13.2-1. Simplest Degenerate Kernel. 


Consider Fredholm integral equations of the second kind with the simplest degenerate kernel: 


b 
y(a)—d gayhQy(t)dt= fle), aSesb. (1) 
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We seek a solution of Eq. (1) in the form 
y(a) = f(x) + AAg(a). (2) 


On substituting the expressions (2) into Eq. (1), after simple algebraic manipulations we obtain 


b b 
Ali-a / mdgttat = if fh) dt. (3) 


Both integrals occurring in Eq. (3) are supposed to exist. On the basis of (1)—(3) and taking into 
account the fact that the unique characteristic value A; of Eq. (1) is given by the expression 


b -l1 
ie | / h(t)g(t) a (4) 


we obtain the following results. 


1°. If A # Ai, then for an arbitrary right-hand side there exists a unique solution of Eq. (1), which 
can be written in the form 


AAt fi 
oe 


b 
y(a) = f(a) + (x), fi 2, f(A) dt. (5) 


2°. If A = A; and f; = 0, then any solution of Eq. (1) can be represented in the form 


y=f(~)+Cy@), — -yi() = g@), (6) 


where C is an arbitrary constant and y;(«) is an eigenfunction that corresponds to the characteristic 
value A). 


3°. If \= A, and f; #0, then there are no solutions. 


13.2-2. Degenerate Kernel in the General Case. 


In the general case, a Fredholm integral equation of the second kind with degenerate kernel has the 
form 


of n 
y(@) - af bs nor y(t) dt = f(x), n= 2,3,... (7) 


k=1 


Let us rewrite Eq. (7) in the form 
n b 
yx) = f(r) +¥S° giz) / he(ty(dt, n= 2,3,... (8) 
k=1 - 
We assume that Eq. (8) has a solution and introduce the notation 
b 
An= [ hntoyttat 9) 
In this case we have 


ya) = f(@)+rXS— Agge(a), (10) 


k=1 
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and hence the solution of the integral equation with degenerate kernel is reduced to the definition of 
the constants A,. 

Let us multiply Eq. (10) by h,,(x) and integrate with respect to x from a to b. We obtain the 
following system of linear algebraic equations for the coefficients A,: 


Am->>_ SmkAk= fms m=1,...,7, (11) 
k=l 
where 
b b 
Smk =i Am (a)gr(x) dx, fm Sy f(®)hm(a) dz; m,k=1,...,n. (12) 


In the calculation of the coefficients s,,; and f,, for specific degenerate kernels, the tables of integrals 
can be applied; see Supplements 3 and 4, as well as I. S. Gradshtein and I. M. Ryzhik (1980), 
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1986). 

Once we construct a solution of system (11), we obtain a solution of the integral equation with 
degenerate kernel (7) as well. The values of the parameter at which the determinant of system (11) 
vanishes are characteristic values of the integral equation (7), and it is clear that there are just n such 
values counted according to their multiplicities. 

Now we can state the main results on the solution of Eq. (7). 


1°. If A is a regular value, then for an arbitrary right-hand side f(x), there exists a unique solution 
of the Fredholm integral equation with degenerate kernel and this solution can be represented in the 
form (10), in which the coefficients A; make up a solution of system (11). The constants A; can be 
determined, for instance, by Cramer’s rule (see equation 4.9.20, Chapter 4). 


2°. If \ is a characteristic value and f(x) = 0, then every solution of the homogeneous equation 
with degenerate kernel has the form 


P 
y(@) = S- Ciyi(x), (13) 

i=l 
where the C; are arbitrary constants and the y,;(x) are linearly independent eigenfunctions of the 

kernel corresponding to the characteristic value 1: 
yi(2) = S~ An gr(). (14) 

k=l 
Here the constants A;,;) form p (p <n) linearly independent solutions of the following homogeneous 
system of algebraic equations: 
Amir > sme Any =0; meal,....n, t=1,...,7. (15) 
k=l 

3°. If Ais a characteristic value and f(x) # 0, then for the nonhomogeneous integral equation (7) to 


be solvable, it is necessary and sufficient that the right-hand side f(x) is such that the p conditions 


> Biafe=0, @=1,...,p, psn, (16) 
k=1 
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are satisfied. Here the constants B;,;, form p linearly independent solutions of the homogeneous 
system of algebraic equations which is the transpose of system (15). In this case, every solution of 
Eq. (7) has the form 


Pp 
y(x) = yo(x) + S> Ciyi(a), (17) 


1=1 


where yo(x) is a particular solution of the nonhomogeneous equation (7) and the sum represents the 
general solution of the corresponding homogeneous equation (see item 2°). In particular, if f(x) #0 
but all f;, are zero, we have 


P 
y(x) = f(x) + S> Ciyi(a). (18) 

i=l 
Remark. When studying Fredholm equations of the second kind with degenerate kernel, it is 


useful for the reader to be acquainted with equations 4.9.18 and 4.9.20 of the first part of the book. 


Example 1. Let us solve the integral equation 
wv 
ya)» | (xcost + t sin x + cos x sin t)y(t) dt = x, —T Sus. (19) 
= 


Let us denote 


A, = / “yt costdt, A, = fi ” Put) dt, A3= / "yt sin t dt, (20) 


T T T 


where A, Az, and A3 are unknown constants. Then Eq. (19) can be rewritten in the form 
y(a) = AjAxw t+ AnAsina + A3Acosxt+ a. (21) 


On substituting the expression (21) into relations (20), we obtain 
TT 
A,= / (A,At + AoA sint + A3A cos t + t) cos t dt, 
ee 
Ap = / (A, At + AoA sint + A3A cost + bt? dt, 
—T 


TT 
Aa= f (A\At + AoA sint + A3A cost + t) sint dt. 


T 


On calculating the integrals occurring in these equations, we obtain the following system of algebraic equations for the 
unknowns Ay, A>, and A3: 


A, — AT A3 = 0, 
Ay + 47 A3 =0, (22) 
27 A, —ATA2 + A3 = 27% 


The determinant of this system is 


1 0 -ATr 
A(A)=| 0 1 4dr} =142\?n? £0. 
—2rx\n -AT 1 
Thus, system (22) has the unique solution 
2d? 8Ar2 20 
Aj = » A= , AzZ= : 
PTD? TDD? PT D2? 


On substituting the above values of A;, A, and A3 into (21), we obtain the solution of the original integral equation: 


y(x) = (Ara —4Ar sin x + cos x) + x. 


1+2)272 
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13.2-3. Kernel is the Sum of a Nondegenerate Kernel and an Arbitrary Degenerate Kernel. 


1°. Consider a linear integral equation of the second kind 


b 
yia)+ | K(e,du(bat= fo (23) 


Suppose equation (23) can be solved for any f(x) from some class of functions LD. Let y s(x) 
denote the corresponding solution. 
Now consider the more complex integral equation 


b 
u(x) + / [K(2, t) + p(x) u(t) dt = f(x), (24) 


with its kernel containing an additional term y(x)y(t). A solution to equation (24) will be sought in 
the form 


u(x) = yf(x) + Ayo (2), (25) 


where y,(x) is the solution to equation (23) in which f(a) must be replaced with y(x). Substituting 
(25) into (24) results in the coefficient A: 


b 
[| v@ys@at 
[ree ee (26) 


| 
1+ [ Y@yoltat 


Formulas (25)-(26) define a solution to equation (24), provided the integrals in the numerator and 
denominator exist, with [ - w(t)y,(t) dt #-1. In addition, the condition v(x) € L must be satisfied. 


Example 2. The solution of the integral equation 


y(a)—> | * sin(atyy(t) dt = fe) (27) 
0 
is expressed as (see Eq. 4.5.20) 
f(x) A nak 
yp (x) = T=" + 1-2" | sin(at) f(t) dt, (28) 


where \ # +4/2/z. 
Now consider the more complex integral equation 


co 
u(x) —d | [sin(wt) + p(a))(t)}u(t) dt = f(a) (29) 
0 
with its kernel containing an arbitrary additive function y(x)x)(t). The corresponding solution (28) to equation (27) with 
f(x) = v(@) is written as 
a) A fe, 
Yp(2) = 1-2 + 1-=N 5 sin(at)p(t) dt. 


Hence, equation (29) has the solution 


Jo WOy sO at 


u(x) = yf(xz)+ Ayy(xz), A=- . 
; : 1+ fo vy) dt 


2°. The integral equation 


b n 
u(x) + / E (a, t) + S- m(aen(d] u(t) dt = f(x), (30) 


m=1 
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with its kernel being the sum of the kernel of equation (23) and an arbitrary degenerate kernel, can 
be solved in a similar manner. The solution is sought in the additive form 


u(x) = y(t) +S” AmY ym (2), (31) 


m=l1 


where Yy,,, (Z) is the solution to equation (23) in which f(x) must be replaced with y,,(x). Substitut- 
ing (31) into (30) results in the following linear algebraic system of equations for the coefficients A,,: 


n 
An +> AjOmj =—-Omo; me=l,....m3 
jl 


b b 
Be / WeOiOe.. exe= i Um (thy, (t) at. 


@) References for Section 13.2: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 
P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986), A. D. Polyanin and 
A. I. Zhurov (2007). 


13.3. Solution as a Power Series in the Parameter. 
Method of Successive Approximations 


13.3-1. Iterated Kernels. 


Consider the Fredholm integral equation of the second kind: 


b 
yix)-A | K(a, Hy@® dt = f(x), asxas<b. (1) 
We seek the solution in the form of a series in powers of the parameter A: 
yx) = f(a) + S> A" bn(). (2) 
n=l 


Substitute series (2) into Eq. (1). On matching the coefficients of like powers of A, we obtain a 
recurrent system of equations for the functions 7,,(x). The solution of this system yields 


b 
n= f K(a, t) f@ dt, 
"b b 
vo) =f Kee.punat= | Ky(a, t) f(t) dt, 


b b 
U3(a“) = i: K (a, t)W2(t) dt = / K3(a,t)f() dt, — ete. 


Here ‘ 
Ky (a, t) = / K(a, z) Kn, t) dz, (3) 


where n = 2,3,..., and we have K(x, t) = K(a,t). The functions K,,(z, t) defined by formulas (3) 
are called iterated kernels. These kernels satisfy the relation 


b 
Kae ‘i TGA Gas (4) 


where m is an arbitrary positive integer less than n. 
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The iterated kernels K,,(z, t) can be directly expressed via K (x, t) by the formula 


b pb b 
Ky, (2, t) = / ? . f K(a, 81) K(s1, 82)...K(Sp_1, t) ds; dsz... dSp_y. 
a a a 


n-l 


All iterated kernels K(x, t), beginning with K2(z, t), are continuous functions on the square 
S={asu<b,a<t< bd} if the original kernel K (2, t) is square integrable on S. 
If K(a, t) is symmetric, then all iterated kernels K,,(x, t) are also symmetric. 


13.3-2. Method of Successive Approximations. 


The results of Subsection 13.3-1 can also be obtained by means of the method of successive 
approximations. To this end, one should use the recurrent formula 


b 
Yn(Z) = fay | K (a, t)yn_1(t) dt, nm=1,2,..., 


with the zeroth approximation yo(x) = f(a). 


13.3-3. Construction of the Resolvent. 


The resolvent of the integral equation (1) is defined via the iterated kernels by the formula 


Co 


Ra. Kalo, (5) 


n=l 


where the series on the right-hand side is called the Neumann series of the kernel K(a,t). It 
converges to a unique square integrable solution of Eq. (1) provided that 


1 b b 
Wi<z B= [ [ wepacae (6) 


b 
i K(x, t)dt < A, a<a<b, 


If, in addition, we have 


where A is a constant, then the Neumann series converges absolutely and uniformly on [a, 0]. 
A solution of a Fredholm equation of the second kind of the form (1) is expressed by the formula 


b 
y(x) = f(x) + | R(a, t; A) f ® dt, asxas<b. (7) 


Inequality (6) is essential for the convergence of the series (5). However, a solution of Eq. (1) 
can exist for values || > 1/B as well. 


Remark 1. A solution of the equation 


b 
y(a) — rf K(a, H\y@® dt = f(a), asas<b, 
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with weak singularity, where the kernel A(z, t) has the form 


‘ 0<a<il, 


and D(a, t) is a function continuous on the square S$ = {a< «<b, a<t< b}, can be obtained by the 
successive approximation method provided that 


l-a 


r ——— 
I< 5B wee" 


B* = sup|L(a, bt). 


The equation itself can be reduced to a Fredholm equation of the form 
b 
y(a) — X” ‘| Ky (a, \y@® dt = F(a), as<az<b, 


n-l db 
F(a) = f(z)+ >>» / Ky (a, t) fO dt, 
p=l as 


where K(x, t) (p = 1,...,) is the pth iterated kernel, with K,,(x, ¢) being a Fredholm kernel for 
n> >(1-a)" and bounded for n > (1- a)". 


Example 1. Let us solve the integral equation 


1 
ua)-> | aty(t) dt = f(x), O<a<l, 
0 


by the method of successive approximations. Here we have K (x,t) = xt, a = 0, and b = 1. We successively define 


: t 1 ft t t 
Ki(@,t)=2t, K(x,t) =| (wz\l2t)dz =, K3(a,t) = =| (wz\l2t)dz =, ..., Kn(a,)=—. 
a 3 eae 32 Bn 


According to formula (5) for the resolvent, we obtain 


fore) co dr n-1 3at 
R(a, t; ) =e MK y(at) =et(F) = 5 =, 


n=l n=l 


where |A| < 3, and it follows from formula (7) that the solution of the integral equation can be rewritten in the form 


' 3at 
ya) = fa) + | qa Osasl, A¥3. 
a 3- 


In particular, for f(a) = x we obtain 


13.3-4. Orthogonal Kernels. 


For some Fredholm equations, the Neumann series (5) for the resolvent is convergent for all values 
of A. Let us establish this fact. 

Assume that two kernels K(x, t) and D(a, t) are given. These kernels are said to be orthogonal 
if the following two conditions hold: 


b b 
/ K(a, z)L(z, t) dz = 0, i L(a, z)K(z,t)dz=0 (8) 


for all admissible values of x and t. 

There exist kernels that are orthogonal to themselves. For these kernels we have (a, t) = 0, 
where /‘2(x, t) is the second iterated kernel. It is clear that in this case all the subsequent iterated 
kernels also vanish, and the resolvent coincides with the kernel K(x, t). 
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Example 2. Let us find the resolvent of the kernel K (x,t) = sin(a —2t),0< a2 <27,0<t<2r. 
We have 


Qn Qn 
| sin(a — 2z) sin(z — 2t) dz = 4 | [cos(a + 2t —3z)-—cos(a — 2t— z)] dz = 
0 0 


2=20 


zo =O: 


= 4 [-4 sin(a + 2t — 3z) + sin(a — 2t- 2)| 
Thus, in this case the resolvent of the kernel is equal to the kernel itself: 
R(a, t; A) = sin(a — 26), 
so that the Neumann series (5) consists of a single term and clearly converges for any 2. 


Example 3. The kernel 


foe) 
K(a,t) = Qn, sin(nx) cos(nt), OsS-2,f < 2a, 


n=l 


co 
with a convergent series 5> |an| is orthogonal to itself. 
n=l 


Remark 2. If the kernels M“)(z, t), ..., Mz, t) are pairwise orthogonal, then the resolvent 
corresponding to the sum 


K(a,t) = S- M (2, t) 


m=1 
is equal to the sum of the resolvents corresponding to each of the summands. 


@ References for Section 13.3: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 
J. A. Cochran (1972), V. I. Smirnov (1974), A. J. Jerry (1985). 


13.4. Method of Fredholm Determinants 


A solution of the Fredholm equation of the second kind 


b 
y(a) — rf K(a, Hy@® dt = f(x), asas<ob, (1) 


is given by the formula 
b 
y(a) = f(x) + rf R(a, t; A) f® dt, asxa<b, (2) 


a 


where the resolvent R(z, t; A) is defined by the relation 


ee AES A) 
Ra, t; A) = Da” D(A) # 0. (3) 
Here D(x, t; A) and D(A) are power series in 4, 
iSaed 1)" iced 1)” 
D@trnv=> <7 4@or",  Da= >" Br, (4) 
=0 n=0 
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with coefficients defined by the formulas 


K(a,t) K(a,t)) --- K(a,tn) 
b b| K(ty,t) K(ty,ti) +++ K(ti,tn) 
Ao(a, t) = K(2,t), An(e.t)= f af oes oT lated. <6) 
NS Kin) Ketnty) Kt) 
n 
K(t1,t1) K(ti,t2) --- K(t,tn) 
b b| K(ty,t1) K(to,t2) ++ K(ta,tn) 
Bei Ba= [ af coe od dt. ..dtns n=0,1,2,... © 
NS Kt th) Kt) > K(tntn) 
n 


The function D(z, t; A) is called the Fredholm minor and D(,.) the Fredholm determinant. The 
series (4) converge for all values of \ and hence define entire analytic functions of \. The resolvent 
R(a, t; A) is an analytic function of \ everywhere except for the values of \ that are roots of D(,). 
These roots coincide with the characteristic values of the equation and are poles of the resolvent 
R(x, t; 2). 


Example 1. Consider the integral equation 


1 
ua)-> | ce'y(t)dt = f(x), O<a<l, A¥I1. 
0 


We have 


xetl get2 


xe’ 
tyet tel tye! 
thet thet! the’2 


ave’ xetl 


tye’ tyetl 


1 1 
dt; =0, A2(a, t) =} i 
0 0 


since the determinants in the integrand are zero. It is clear that the relation A, (a, t) = 0 holds for the subsequent coefficients. 
Let us find the coefficients By: 


1 1 1 1 
B, =| K(t, t)) dt; =| tye! dt, =; By =| | 
0 0 0 JO 


It is clear that B,, = 0 for all subsequent coefficients as well. 
According to formulas (4), we have 


D(a,t; A) = K(a,t) = xe’; D(A) = 1-2. 


1 
Ao(a,t) = ze, Aj(a,t) = | 
0 


dt, dtz = 0, 


tyell tyet 


2 
ty | ati dt = 0. 


toe 


Thus, 
D(a, t; X t 
Rw.t;) = D@#® _ wet 
D(A) 1-2r 
and the solution of the equation can be represented in the form 


1 ret 


1-A 


ya) = fa) + | f@dt, O<a#<l, A#l1. 
0 


In particular, for f(a”) = e~” we obtain 


ya)y=e"+ 


1-A 


13.4-2. Recurrent Relations. 


In practice, the calculation of the coefficients A,,(a,t) and B, of the series (4) by means of 
formulas (5) and (6) is seldom possible. However, formulas (5) and (6) imply the following 
recurrent relations: 


b 
A, (a, t) = B,K(a,t)-n / K (a, s)An_1(s, t) ds, (7) 


b 
B, - | An_1(s, 8) ds. (8) 
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Example 2. Let us use formulas (7) and (8) to find the resolvent of the kernel K(x, t) = x —2t, where 0 < x < 1 and 
=f <1, 
Indeed, we have Bo = 1 and Ao(x, t) = x — 2t. Applying formula (8), we see that 


1 
B= | (-s)ds =-4. 
0 


Formula (7) implies the relation 


a -—2t 


Aj(a,t) =- 5 


1 
-/ (x —2s)(s-2t)ds =-v-t + 2xt + 3. 
0 
Furthermore, we have 


1 
By= | (-2s + 2s + 4) ds = i, 


—2t : 
Ao(a, t) = = -2/ (x -2s)(-s -t + 2st + 2) ds = 0, 
0 


Bz = By=---=0, A3(a,t) = Ag(a,t) =--- =0. 


Hence, 
DA) =145A4+ 4; D(a, tA) = e-2t + A(w@ +t -2axt - 3). 


The resolvent has the form 


x-2t+d(a+t-2xt — 2) 
1+5A+ Gr 


@) References for Section 13.4: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 
V. I. Smirnov (1974). 


13.5. Fredholm Theorems and the Fredholm Alternative 


13.5-1. Fredholm Theorems. 


THEOREM 1. If \ is a regular value, then both the Fredholm integral equation of the second kind 
and the transposed equation are solvable for any right-hand side, and both the equations have unique 
solutions. The corresponding homogeneous equations have only the trivial solutions. 


THEOREM 2. For the nonhomogeneous integral equation to be solvable, it is necessary and 
sufficient that the right-hand side f(x) satisfies the conditions 


b 
/ f(x)bx(a) dx = 0, og enaee 


where ~;,(x) is a complete set of linearly independent solutions of the corresponding transposed 
homogeneous equation. 


THEOREM 3. If \ is a characteristic value, then both the homogeneous integral equation and the 
transposed homogeneous equation have nontrivial solutions. The number of linearly independent 
solutions of the homogeneous integral equation is finite and is equal to the number of linearly 
independent solutions of the transposed homogeneous equation. 


THEOREM 4. A Fredholm equation of the second kind has at most countably many characteristic 
values, whose only possible accumulation point is the point at infinity. 


Example. To illustrate the Fredholm theorems, consider the degenerate integral equation 


yl) — 7 . sin(x + t)y(t) dt = f(a). (1) 
0 
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Using the trigonometric formula 
sin(a + t) = sina cost +cos 2 sint, 


we transform equation (1) to 


y(x) = AAsinzx +ABcosx + f(x), (2) 
us us 
A= | costy(t)dt, B= | sin t y(t) dt. (3) 
0 0 
Substituting (2) into (3), we come to the system of linear algebraic equations for the coefficients A and B: 
A-45rdB= fi, 
; (4) 
-}m\A+ B= fy, 
where 
“us us 
fi =| f@)costdt, fr =| f(@ sin t dt. 
0 0 
The determinant of this system 
1 -40d 12,2 
iA 1 =1- 47 
-40 
has the roots 
dM =-2/7, 9 = 2/7, (5) 


which coincide with the characteristic values of equation (1); the other values \ # +2/7 are regular. 
If \ differs from the characteristic values (5), then the determinant of system (4) differs from zero and the coefficients 
A and B are uniquely defined by 


_ fit gma aT Afi + fo 


A : = 
1-57?d? 1-47? 


and yield the unique solution (2) of the nonhomogeneous integral equation (1). For these values \ # +2/7, the corresponding 
homogeneous integral equation (1) with f(a) = 0 has only the trivial solution y(x) = 0. (This illustrates Theorem 1.) 

Now, suppose that A = A; 9 is one of the characteristic values (5). In this case, both equations of the homogeneous 
system (4) with f(x) =0 are proportional and one can take A = tnAB , where B is an arbitrary constant. The corresponding 
eigenfunctions have the form 


Y12(x) = 2 Biainiss cos x). (6) 
T 


The constant B can be chosen, for instance, from the following normalization condition for eigenfunctions: 


Tv 
Iyi2l° = i, In 2(@)P dx = 1, 


which yields B = 3Vr. 
If we take \ = A, = —2/7 in the nonhomogeneous equation (1), then the algebraic system (4) takes the form 


A+Bz=fi, A+B=hy; 


and for its solvability it is necessary and sufficient that f; = f2. This condition means that the right-hand side f(x) is 
orthogonal to the eigenfunction y;(x). Similarly, for X = A2 = 2/7, system (4) has a solution if and only if f; = —fo, i-e., 
the functions f(x) and y2(x) are orthogonal. The eigenfunctions obtained in this example and the orthogonality conditions 
illustrate the statements of Theorems 2 and 3 (in the case under consideration, the kernel K (a, t) coincides with its conjugate). 


13.5-2. Fredholm Alternative. 


The Fredholm theorems imply the so-called Fredholm alternative, which is most frequently used in 
the investigation of integral equations. 

THE FREDHOLM ALTERNATIVE. Either the nonhomogeneous equation is solvable for any right- 
hand side or the corresponding homogeneous equation has nontrivial solutions. 

The first part of the alternative holds if the given value of the parameter is regular and the second 
if it is characteristic. 


Remark. The Fredholm theory is also valid for integral equations of the second kind with weak 
singularity. 
@) References for Section 13.5: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), 


J. A. Cochran (1972), V. I. Smirnov (1974), A. J. Jerry (1985), D. Porter and D. S. G. Stirling (1990), C. Corduneanu (1991), 
J. Kondo (1991), W. Hackbusch (1995), R. P. Kanwal (1996), R. Kress (1999). 
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13.6. Fredholm Integral Equations of the Second Kind 
with Symmetric Kernel 


13.6-1. Characteristic Values and Eigenfunctions. 


Integral equations whose kernels are symmetric, that is, satisfy the condition K(x, t) = K(t, x), are 
called symmetric integral equations. 

Each symmetric kernel that is not identically zero has at least one characteristic value. 

For any n, the set of characteristic values of the nth iterated kernel coincides with the set of nth 
powers of the characteristic values of the first kernel. 

The eigenfunctions of a symmetric kernel corresponding to distinct characteristic values are 
orthogonal, i.e., if 


b b 
Cree / KGDeids Hey / K(e,Oyrlt)dt, i # dy 


then ‘ 
(¥1.)=0, WWE / eeaitarde 


The characteristic values of a symmetric kernel are real. 

The eigenfunctions can be normalized; namely, we can divide each characteristic function by its 
norm. If several linearly independent eigenfunctions correspond to the same characteristic value, say, 
Yi(2), ..., Pn(x), then each linear combination of these functions is an eigenfunction as well, and 
these linear combinations can be chosen so that the corresponding eigenfunctions are orthonormal. 


Indeed, the function 
(x) 
(a) = Tol , — Ileill = V@n 9p. 


has the norm equal to one, i.e., ||W|| = 1. Let us form a linear combination aw; + y2 and choose a 
so that 


(ay, + Y2, W1) = 0, 


1.€., 
nt) 
~ ay) (P21). 
The function r 
— avi t p2 
V2) = Toa + pal 


is orthogonal to y; (x) and has the unit norm. Next, we choose a linear combination ay; + By. + v3, 
where the constants a and (@ can be found from the orthogonality relations 


(adi + By2 +93, 01) =0, (ad + Byo + v3, Yr) = 0. 
For the coefficients a and @ thus defined, the function 


ae ay, + Bur + po 
3* Jah + Bya + ¥sl| 


is orthogonal to 7, and y and has the unit norm, and so on. 
As was noted above, the eigenfunctions corresponding to distinct characteristic values are 
orthogonal. Hence, the sequence of eigenfunctions of a symmetric kernel can be made orthonormal. 
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In what follows we assume that the sequence of eigenfunctions of a symmetric kernel is or- 
thonormal. 

We also assume that the characteristic values are always numbered in the increasing order of 
their absolute values. Thus, if 


M1, Az, -++> Ans - ++ (1) 


is the sequence of characteristic values of a symmetric kernel, and if a sequence of eigenfunctions 


Pls G25 ++ Dns os (2) 


corresponds to the sequence (1) so that 


b 
nl) An f K (a, Hen dt = 0, (3) 
then 
? 1 for i=9, 
| pilw)ip; (a) dx = Me for i#j, 4) 
and 
Ail S$ |A2] S$ +++ S/AnlS-+- (5) 


If there are infinitely many characteristic values, then it follows from the fourth Fredholm 
theorem that their only accumulation point is the point at infinity, and hence \,, — oo as n — 00. 

The set of all characteristic values and the corresponding normalized eigenfunctions of a sym- 
metric kernel is called the system of characteristic values and eigenfunctions of the kernel. The 
system of eigenfunctions is said to be incomplete if there exists a nonzero square integrable function 
that is orthogonal to all functions of the system. Otherwise, the system of eigenfunctions is said to 
be complete. 


13.6-2. Bilinear Series. 


Assume that a kernel K(x, t) admits an expansion in a uniformly convergent series with respect to 
the orthonormal system of its eigenfunctions: 


K(a,t)= So ag(a)yn(t) (6) 


k=1 


for all x in the case of a continuous kernel or for almost all x in the case of a square integrable 
kernel. 

We have 
Pr(x) 


b 
ee / K(e, t)px(t) dt = (7) 


and hence 


Kane 3 ae (8) 


Conversely, if the series 


rae ee (9) 
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is uniformly convergent, then 


Ki 5 PEwen) PRCT) PRC) 


r 
k=l i 


The following assertion holds: the bilinear series (9) converges in mean-square to the ker- 
nel K (a, t). 

If a symmetric kernel K(x, t) has finitely many characteristic values, then it is degenerate, 
because in this case we have 


Rie 57 Pe@pett) PRT) PRE) (10) 


r 
k=l k 


A kernel K(z, t) is said to be positive definite if for all functions y(x) that are not identically 
zero we have 


b pb 
i K(a, thy(x)p(t) dx dt > 0, 


and the above quadratic functional vanishes for y(~)=0 only. Such a kernel has positive characteristic 
values only. A negative definite kernel is defined similarly. 

Each symmetric positive definite (or negative definite) continuous kernel can be decomposed in 
a bilinear series in eigenfunctions that is absolutely and uniformly convergent with respect to the 
variables z, t. 

The assertion remains valid if we assume that the kernel has finitely many negative (positive, 
respectively) characteristic values. 

If a kernel K(x, t) is symmetric, continuous on the square S = {a< a2<b,a<t< b}, and has 
uniformly bounded partial derivatives on this square, then this kernel can be expanded in a uniformly 
convergent bilinear series in eigenfunctions. 


13.6-3. Hilbert—Schmidt Theorem. 


If a function f(x) can be represented in the form 


b 
f(®) = / K (a, t)g@ dt, (11) 


where the symmetric kernel K (a, t) is square integrable and g(t) is a square integrable function, 
then f(x) can be represented by its Fourier series with respect to the orthonormal system of 
eigenfunctions of the kernel K (2, t): 


f(a) = > angr(a), (12) 
k=1 


where , 
a= | f(@)er(a) dx, k=1,2,... 


Moreover, if 


b 
i K?(a,t)dt< A<o, (13) 


then the series (12) is absolutely and uniformly convergent for any function f(«) of the form (11). 


Remark 1. In the Hilbert-Schmidt theorem, the completeness of the system of eigenfunctions 
is not assumed. 
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13.6-4. Bilinear Series of Iterated Kernels. 


By the definition of the iterated kernels, we have 
b 
Kn(a= | K(a, z)Km_1(z, t) dz, m=2,3,... (14) 


The Fourier coefficients a;,(¢) of the kernel K,,,(z, t), regarded as a function of the variable x, with 
respect to the orthonormal system of eigenfunctions of the kernel / (x, t) are equal to 


b 
t 
anit)= | Km(a.tyxte) de = 20. (15) 
a k 
On applying the Hilbert-Schmidt theorem to (14), we obtain 
Ss pila) put) 
Kym (a, t) = ————, m =2,3,... 16 
(a, t) » 7 (16) 


In formula (16), the sum of the series is understood as the limit in mean-square. If in addition to the 
above assumptions, inequality (13) is satisfied, then the series in (16) is uniformly convergent. 


13.6-5. Solution of the Nonhomogeneous Equation. 


Let us represent an integral equation 
b 
y(a) — af K(a, Hy dt = f(a), asxz<b, (17) 
where the parameter . is not a characteristic value, in the form 
b 
y(a)- f(@) =X / Ko, ty(t) dt (18) 


and apply the Hilbert-Schmidt theorem to the function y(x) — f(a): 


ya) - f(x) = S> Anpr(a), 


k=1 
b b b 
Pe / nojowerds= / NOM Cr / CO ae 


Taking into account the expansion (8), we obtain 


b lee) 
d | Kap at=~S> Bono, 
o k=l 


and thus Nef Mf 
Us ion _ Art _ _AJk 
ae =VYke—fk Yk Svea Ak cree (19) 
Hence, 
7 > Se 
y(@) eA Yon Pee): (20) 
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However, if 4 is a characteristic value, i.e., 
A= Ap = Ape =F =H Age (21) 


then, fork # p,p+1,...,q, the terms (20) preserve their form. For k = p,p+1,...,q, formula (19) 
implies the relation f;, = Ax(A —Ax)/A, and by (21) we obtain f, = fpi1 = +--+ = fg = 0. The last 
relation means that 


b 
- f(x)y,(x) dx = 0 


fork=p,ptl,...,q,1.e., the right-hand side of the equation must be orthogonal to the eigenfunctions 
that correspond to the characteristic value \. 
In this case, the solutions of Eqs. (17) have the form 


cf See : 
yx) = f(a) +S Yoon Pee) + S" Ceyr(a), (22) 
k=1 k=p 
where the terms in the first of the sums (22) with indices k = p,p+1,...,q must be omitted (for 


these indices, f, and A — A, vanish in this sum simultaneously). The coefficients C; in the second 
sum are arbitrary constants. 


Remark 2. On the basis of the bilinear expansion (8) and the Hilbert-Schmidt theorem, the 
solution of the symmetric Fredholm integral equation of the first kind 


b 
/ K(a, Hy dt = f(a), asazs<b, 


can be constructed in a similar way in the form 


ya) = So frdner(a), 


k=1 


and the necessary and sufficient condition for the existence and uniqueness of such a solution 
in L2(a, b)is the completeness of the system of the eigenfunctions y;(x) of the kernel K (z, t) together 
CO 
with the convergence of the series )> f aX , where the A; are the corresponding characteristic values. 
k=l 
It should be noted that the verification of the last condition for specific equations is quite 
complicated. In the solution of Fredholm equations of the first kind, the methods presented in 
Chapter 12 are usually applied. 


13.6-6. Fredholm Alternative for Symmetric Equations. 


The above results can be unified in the following alternative form. 
A symmetric integral equation 


b 
y(a) — af K(a, thy dt = f(a), asas<b, (23) 


for a given A, either has a unique square integrable solution for an arbitrarily given function 
f(x) © Ly(a, b), in particular, y = 0 for f = 0, or the corresponding homogeneous equation has 


finitely many linearly independent solutions Yj(~), ..., Y;-(x), r > 0. 
For the second case, the nonhomogeneous equation has a solution if and only if the right-hand 
side f(x) is orthogonal to all the functions Y| (x), ..., Y;(x) on the interval [a, b]. Here the solution 


is defined only up to an arbitrary additive linear combination A, Y|(x) + --- + A,Y,(2). 
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13.6-7. Resolvent of a Symmetric Kernel. 


The solution of a Fredholm equation of the second kind (23) can be written in the form 


b 
y(a) = f(a) + rf R(a, ts AY fO dt, (24) 


where the resolvent R(x, t; ) is given by the series 


. pr(x)pe(t) 
R(x, t; r) = ———____—_.. (25) 


Here the collections y;,(a) and A; form the system of eigenfunctions and characteristic values of 


Eqs. (23). It follows from formula (25) that the resolvent of a symmetric kernel has only simple 
poles. 


13.6-8. Extremal Properties of Characteristic Values and Eigenfunctions. 


Let us introduce the notation 
b 
(u, w) = ‘ u(ayw(x) dx, |lul|? = (uu), 
i. b pb 
(Ku, u) = i | K(a, t)u(x)u(t) dx dt, 


where (u, w) is the inner product of functions u(a) and w(2), ||ul| is the norm of a function u(x), 
and (cu, wu) is the quadratic form generated by the kernel K(, t). 

Let A; be the characteristic value of the symmetric kernel K(x, t) with minimum absolute value 
and let y;(x) be the eigenfunction corresponding to this value. Then 


K 
AL  inax Kvwi ab 
Ii #0 (tll 
in particular, the maximum is attained, and y = y; is a maximum point. 

Let A), ..., An be the first n characteristic values of a symmetric kernel K (z, t) (in the ascending 
order of their absolute values) and let y; (x), . . . , Yyn(x) be orthonormal eigenfunctions corresponding 
to A1,..-, An, respectively. Then the formula 

1 K 
aE agg (27) 
is valid for the characteristic value X,,4; following \,,.. The maximum is taken over the set of 
functions y which are orthogonal to all y1, ..., Y» and are not identically zero, that is, y 4 0 
(y, yz) = 9, J=1,...,.n5 (28) 


in particular, the maximum in (27) is attained, and y = yy4; is a maximum point, where y,+41 is any 
eigenfunction corresponding to the characteristic value \,,4; which is orthogonal to y),..., Yn- 


Remark 3. For a positive definite kernel K(x, t), the symbol of modulus on the right-hand sides 
of (27) and (28) can be omitted. 
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13.6-9. Kellog’s Method for Finding Characteristic Values in the Case of Symmetric Kernel. 


Let K(a, t) be a symmetric positive kernel (a < x,t < b). For an arbitrary function yo(x) € L2(a, b), 
let us construct a sequence of functions by the recurrent formula 


b 
Pn(&) = | K(x, Hypn-1(t) dt, Wade Dan: 


{lien}, a 
[eal 


b 
where ||y,,|| = 4/ / lyn(x) dx. Let y(x), yo(x), ... be orthonormal eigenfunctions of the kernel 


K(a,t), and A; < Az S--- the corresponding characteristic values. Suppose that the initial function 
yo(x) has been chosen orthogonal to the functions y;(x), ..., ye_1(x), but nonorthogonal to the 
eigenfunction y;,(x). Then the limit of the sequence (29) is equal to the kth characteristic value Ax. 


The sequence 
1 
(ate : 
V [lel 


has the same limit as (29). In this case, the sequence of functions 


{ Yn(2) \ 

I|Pnll 

converges to a function which is a linear combination of eigenfunctions corresponding to the 
characteristic value Ax. 


and consider the numerical sequence 


b 
Suppose that the functions y;(a) and yo(x) are nonorthogonal, | yi(x)yo(x) dx # 0. Then, 


from (29) and (30) we obtain the following two approximation formulas for the smallest characteristic 
value: 


NT ad l~n-t||/Ilenll. (31) 
M = ([l~nl"””. (32) 


Formula (31) yields an upper bound for \;. For a suitably chosen initial function yo(x), the Kellog 
method is relatively simple with regard to calculations. 


Example 1. Let us apply the Kellog method for the calculation of the smallest characteristic value of the kernel 
K(a,t) = 27t?,0<2,t< 1. 
Taking yo(a) = x as the initial function, we find that 


1 
1 
euc)= f erat = f xt dt = —2’, 
0 0 4 


1 1 /f! 1 
Yy2(x) = | ett? dt = =| xt* dt = x’, 
0 4 4 5 


lenll= gory f eee oe 
= Be. Lo ‘ 
Pal = Axgnt Vi fy 4x 501 /5 


646 METHODS FOR SOLVING LINEAR EQUATIONS OF THE ForM y(2) — 2 K(a,t)y(dt = f(x) 


According to (31), we find the first characteristic value: 


a Wenll 5 
lien 


It is easy to check that A; = 5 is the exact characteristic value. 


If the kernel K(x, ¢) is not positive definite, then formulas (31) and (32) yield approximations 
for the smallest absolute value of the corresponding characteristic values. 


13.6-10. Trace Method for the Approximation of Characteristic Values. 


The m-trace of the kernel (2, t) is defined by 


b 
Am = f Kml(t, t) dt, 


where K,,,(x, t) is the mth iterated kernel (see Subsection 13.3-1). 
Formula (16) for a symmetric kernel implies that 


heey (m = 2, 3, ...). 


For sufficiently large m, the leading term in this expression is 1/‘", and therefore, we obtain the 


approximate relations 
1 1 


Arm ~ 2m ; Agm+2 = )2m+2 7 
1 1 


It follows that for the smallest characteristic value 1, for large enough m, the following approxi- 
mation formula holds: 
Am 
ST cee acer eo (33) 
: Aom+2 
which is an upper bound for |]. 
In order to calculate the second characteristic value, one can use the approximation formulas 


12. SBee |e ee ls te 
Dol= —4,/—™ al = als) ; 
lAq| Bam+2 lAq Bom 


where B2,, = Abn — Am. 
Traces of even orders for a symmetric kernel are calculated by the formula 


b pb b px 
Aom = i i K? (a, t) dx dt =2 ‘) / K? (a, t) dt dx. (34) 


Example 2. Let us use the trace method to find the first characteristic value of the kernel 


Jf J00S e221 I, 
Kad={3 if O<t<@<l. 


Since K(x, t) is symmetric, it suffices to find K2(x, t) for t < x. We have 


1 t x 1 1 1 
Kyat) = | K@,2)Kebde= [ des f ade | atdt =at-—2°t-=—t. 
0 0 t x 2 6 
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Now, using (34) for m = 1 and m = 2, we find that 
1 xz 1 x 1 3 1 
Ay =2 f av | K}ea,t)dt =2 f ae | Pat=2 f —dr=-, 
0 0 0 0 o 3 6 
x 
Ag = | av [ K3 (a, t) dt 
0 0 
x 442 6 4 244 
t t t t 
= 2 | ae | (we + i + — xt? z + z ) dt 
0 0 4 36 3 6 
i ee «tt t ee at 22t5\|* 
=2 + + - + 
0 3 12 7x 36 3 15 30 


dx 
2 a! a! a 2 gi 17 
=2 —+—+ -—-—+—]dr=—. 
0 3 12. 7x36 3 15 30 630 


t=0 


This is in good agreement with the exact value \; = +7? ~ 2.467 (the error is less than 1%). 


13.6-11. Integral Equations Reducible to Symmetric Equations. 


An equation of the form 
b 
y(x)— A : K (a, tet)y(t) dt = f(x), (35) 


where K (x, t) is asymmetric kernel and p(t) > 0 is a continuous function on [a, b], can be reduced to 
a symmetric equation. Indeed, on multiplying Eq. (35) by \/ p(x) and introducing the new unknown 
function z(7) = p(x) y(a), we arrive at the integral equation 


b 
2(x)— A / L(a, t)z(t) dt = f(«)V/ p(), L(x, t) = K(x, ty p@)pO, (36) 


where L(x, ¢) is a symmetric kernel. 


13.6-12. Skew-Symmetric Integral Equations. 


By a skew-symmetric integral equation we mean an equation whose kernel is skew-symmetric, i.e., 
an equation of the form 


b 
yia)-d f Ka, byt) dt= fo) G7) 
whose kernel / (x, t) has the property 
Kt, x) =—-K(q, t). (38) 


Equation (37) with the skew-symmetric kernel (38) has at least one characteristic value, and all 
its characteristic values are purely imaginary. 


13.6-13. Remark on Nonsymmetric Kernels. 


An integral equation with a nonsymmetric kernel (1.e., such that K(x, t) 4 K(t, x) for some x, t) may 
happen to have no characteristic values. 
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Example. Consider the homogeneous integral equation with nonsymmetric degenerate kernel 


y(z) =X ih cos x sint y(t) dt, (1) 
0 


which can be written in the form 


Tv 
y(z)=Acosz, A= af sin t y(t) dt. (2) 
0 
Substituting (2) into (1) and dividing the result by cos x, we get 
us 
A= af sintA cost dt = 0. 
0 
Therefore, equation (1) has only the trivial solution for any 4. 


@) References for Section 13.6: E. Goursat (1923), G. Wiarda (1930), R. Courant and D. Hilbert (1931), S. G. Mikhlin 
(1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), V. I. Smirnov (1974), P. P. Zabreyko, 
A. I. Koshelev, et al. (1975), A. J. Jerry (1985), F. G. Tricomi (1985), D. Porter and D. S. G. Stirling (1990), C. Corduneanu 
(1991), J. Kondo (1991), W. Hackbusch (1995), R. P. Kanwal (1996). 


13.7. Integral Equations with Nonnegative Kernels 


13.7-1. Positive Principal Eigenvalues. Generalized Jentzch Theorem. 


In this section, we consider nonnegative kernels K(x, t) 2 0 that are either continuous or square- 
summable in the domain a < z,t < b. 

Such kernels, under minimal additional assumptions, admit nonnegative eigenfunctions. The 
associated eigenvalues ju (resp., characteristic values A = 1/,1) will be called positive principal 
eigenvalues (resp., positive principal characteristic values). Each positive principal eigenvalue is 
obviously nonzero. Under fairly general conditions, a nonnegative eigenfunction is unique (up to a 
constant coefficient) and the corresponding positive principal eigenvalue is an upper bound for the 
modulus of any other eigenvalue. 


THEOREM | (GENERALIZED JENTZCH THEOREM). If a continuous or polar kernel K(x, t) is 
positive, then its characteristic values \g with the smallest modulus is positive and simple, and the 
corresponding eigenfunction yo(x) does not change sign on the interval a < x < b. 


Remark 1. The generalized Jentzch theorem holds for a symmetric, as well as a nonsymmetric, 
polar positive kernel. It is allowed that the kernel may vanish at isolated points (on a set of zero 
measure) of the domain a < x,t < b. 


THEOREM 2. Suppose a nonnegative kernel [x (z, t) has at least one (real or complex) eigenvalue. 
Then it has a nonnegative eigenvalue [Ug. 


Remark 2. Not every nonnegative kernel has a nonnegative eigenfunction. 


Example. Any nonnegative kernel K (x,t) 20 (a < x,t < b) satisfying the condition K(x, t) = 0 for t = x has no 
eigenfunctions corresponding to nonzero eigenvalues. 


THEOREM 3. Let K(x, t) be a nonnegative kernel. Suppose that there is a function uo(x) which 
is positive on a set of nonzero measure and satisfies the inequality 


b 
i Ky, (a, thuo(t) dt = Buo(x) (asx<b), 


where (3 > 0 and K,, (2, t) is an iterated kernel of some order n. Then the kernel K(x, t) has at least 
one positive principal eigenvalue ji). This eigenvalue satisfies the inequality [1 = 6!/". 


THEOREM 4. All (real and complex) eigenvalues js of the nonnegative kernel K (<x, t) satisfy the 
inequality |u| < A, where A is the largest positive principal eigenvalue. 
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13.7-2. Positive Solutions of a Nonhomogeneous Integral Equation. 


Consider a nonhomogeneous integral equation with a parameter ju: 


b 
py(a) = i K(a,Hy(dt+ f(a) (aS Sb), (1) 


where the kernel K(x, t) = 0 is either continuous or square-summable. The functions y(t) and f(x) 
are also assumed either continuous or square-summable. 


THEOREM 1. Let yp > A, where A is the largest positive principal eigenvalue of the kernel 
K(a,t). Then, for any nonnegative function f(x), equation (1) has one and only one nonnegative 
solution y(x), which can be obtained by the method of successive approximations based on the 
formula 


b 
MYn+i() = K(a,t)yn®dt+ f(z) — (n=0, 1, ...) (2) 
with any initial approximation yo(2). 


For yo(x) = 0, the solution can be represented as the series 


KM) b 
ya)= Kf@l= f Kaofod, KU @) = KER FOI. 
n=0 a 


Under the assumptions of Theorem 1, the rate of convergence of the successive approximations 
to the solution of equation (1) is characterized by the inequality 


A nm 
ly-vell scu(=) teas: 


where C'(y) is a constant. If the kernel K(x, t) and the function f(x) are continuous, then the norm 
is introduced by ||y|| = max ly(x)|. If K(a,t) and f(x) are square-summable, then one takes the 
asxs 


b 1/2 
norm ||y|| = [/ y(a) da 


THEOREM 2. If equation (1) admits a positive solution for at least one positive function fo(x), 
then . > A, and therefore, equation (1) has a nonnegative solution for any nonnegative function 


F(x). 


13.7-3. Estimates for the Spectral Radius. 


1°. The greatest among the moduli of the eigenvalues of the kernel K (x,t) is called the spectral 
radius of the kernel or spectral radius of the integral operator 


b 
K[y(2)] = / K (2, ty(t) dt 


and is denoted p(K). 

The role of the spectral radius can be characterized, for instance, by the fact that the integral 
equation (1) with a continuous kernel and a continuous free term has a continuous solution that can 
be obtained by the method of successive approximations (2) if and only if || > pCK). Theorem 4 
of Subsection 13.7-1 implies that the spectral radius of the nonnegative kernel K(x, t) 2 0 is either 
equal to zero or coincides with its largest positive principal eigenvalue. Therefore, estimates for the 
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spectral radius in the case of a nonnegative kernel coincide with estimates for the largest positive 
principal eigenvalue. 

Estimates for spectral radii of nonnegative kernels can be used for studying kernels of alternating 
sign, since the spectral radius of a nonnegative kernel K(x, t) is an upper bound for the spectral 
radius of any kernel M/(z, t) such that 

|M(a,t)| < K(a, t) (asx<b). 


In the following statements, it is assumed that all functions are either continuous or square- 
summable and K(x, t) = 0. 


2°. The simplest upper bounds for the spectral radius have the form 


b 
p(K) < max i) K(a,t) dt, 
asxsb Ja 


b pb 1/2 
p(K) < | i} / Kx, deat . 


More precise estimates are obtained in terms of iterations of the kernel: 


b 1/n 
p(K) < max, Kyr(a, pat| 5 
asxsb J aq 


b pb 1/(2n) 
pis) < | i / Kiet) deat : 


Let us give two more estimates. 
Suppose that for some (3; > 0, the following inequality holds: 


b b 
/ K(a,t) D -| Knit, 7) ar| dt > 0. 


Then p(K) < 3;/”. 
Suppose that for some (32 > 0, we have 


b b 
/ Ky, (2, t) laf K(t)dr| dt = 0. 


Then p(K) < 6. 


THEOREM 1. Suppose that for some (3; > 0 and some nonnegative function u,(«) taking positive 
values on a set of nonzero measure, the following inequality holds: 


b 
/ K(a, thu, (t) dt = 3;u,(x) (a<a<b). 


Then p(K) = 3. 


THEOREM 2. Suppose that for some (32 > 0 and some nonnegative function u2(x) taking zero 
values only on a set of zero measure (say, at finitely many points), the following inequality holds: 


b 
/ K, (a, thua(t) dt < Gyu2(x) (a<a<b). 
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Then p(K) < ,/”. 


3°. Consider a continuous kernel K(, t) defined on the square a < x,t < b. Let us split the segment 
[a, b] into n parts: 
A=% <2 <...<Un1 <p =O. 


Setting 
Lj 
mij = max / |K (a, t)| dt (4,7 =1,...,), (3) 
L415 USSU; 25-1 
let us construct the matrix 
Mip M2 7° Min 
m2. ™220 ++) Man 
S= . . : ; : (4) 
Mn Mn2 nts Mann 


THEOREM 3. The spectral radius p(K) does not exceed the largest eigenvalue of the matrix S. 


The likewise is true if, instead of (3), the elements of the matrix (4) are defined by 


Li v5 1/2 
ne ( [ [eva it) | (5) 


i-lY XL j-1 


Example. Consider the kernel K (, t) that coincides with the Green function G(x, t) for the equation of vibrations of 
a string with fixed ends, 
ai-t) ifO0<a<t<l, 


K(a,t) = Ga. = {14 9) if 0<t<a<l. 


Let us construct the matrix (4), taking n = 5, x; = ti (4 =0, 1, ..., 5). The elements of this matrix are calculated as in (5). 
The largest eigenvalue of the matrix S in this case is equal to 0.10216. This gives the estimate p(K) < 0.10216. The 
exact largest eigenvalue is 1/7? ~ 0.10132. 


13.7-4. Basic Definition and Theorems for Oscillating Kernels. 


1°. A continuous function of two variables K(x, t) (a < x,t < 6) is called an oscillation kernel, if 
the following inequalities hold: 


(a) K(a2,t)>0, a<a<b, a<t<b; 
(b) detK(a;,tj))20, a<aj<a2.<--+<a,<b, ax<t)<ty<---<t, <b; 
(c) detK(aj,2;)>0, a<aj <a. <--+<a <b, 


where n is an arbitrary positive integer and the points x;, ¢; that satisfy the above inequalities are 
otherwise selected arbitrarily. 

It can be shown that the product of two (or finitely many) oscillation kernels is an oscillating 
kernel. 

THEOREM |. Consider an integral equation of the form 


b 
y(x) = » / K (a, tho()y(t) dt, (6) 


where K (a, t) is an oscillation kernel and o(t)>0 is a continuous function. Then the following 
statements hold: 

1. All characteristic values (6) are positive and simple; 0 < Ao < A; <-:-. 

2. The eigenfunction yo(a) corresponding to Ao has no zeros on the interval a < x < b. 
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3. The eigenfunction y,(x) corresponding to Ax has precisely k nodes (y,(x) changes 
sign at each node) and has no other zeros. 


m 
4, For arbitrary integers k andm (0<k<m) and real cg, Chat, ---; Cm (9) > 0), the 
i=k 
linear combination ss 
ya) = S> eyyia) 
isk 


has at least k nodes and at most m zeros. 
5. The nodes of neighboring eigenfunctions alternate. 


In order to apply the theory of integral equations with oscillation kernels to the investigation 
of ordinary differential equations, one has to reduce the latter to the former with the help of the 
Green’s function, and it is necessary to answer the question whether the Green’s function represents 
an oscillation kernel. Next, we give some results that suggest an answer to this question. 


2°. Consider a differential operator 


n ds 
Ly) = Sowa), 022, (7) 
s=0 


on the interval a < x < b with positive coefficients 


s(x) > 0 
and the homogeneous boundary conditions 


n-l 
Aimy?’ =0 for r=a (i=1,...,p), 

(8) 
Bimy =0 for r=b (G=1,...,q), 


where p+q=l. 


THEOREM 2. Suppose that the system of boundary conditions (8) corresponds to the Green’s 
function Ga, t) of the differential operator (7) such that (-1)4G‘(a, t) is an oscillation kernel. Then 
the same property holds for the following simpler system of boundary conditions: 


y(a) = y.(a) =--- = y? Ya) =0, 
eee (9) 
y(b) = y,(b) = +--+ = yh (6) = 0, 


where p+ q =n, 1.e., (—1)4G'p,q(a, t) is an oscillation kernel, where G'p,q(x, t) is the Green’s function 
of the operator (7) with the boundary conditions (9). 


THEOREM 3. The system of boundary conditions (9) (1 < p < n) of the operator (7) corresponds 
to an oscillation kernel (—1)?G‘p,q(«, t) if and only if the following two conditions hold: 


1. The differential equation with the truncated system of boundary conditions 
Lfy]=0; yb) = y,.(b) = +++ = ys) = 0 
has p solutions y, = y\(X), .--, Yp = Yp(x) such that 


y>0, Wy,y2)>0, ..., Wy,---,Yp)>0 for a<a<b, 


13.7. INTEGRAL EQUATIONS WITH NONNEGATIVE KERNELS 653 


where W(y,...,Yx) is the Wronskian determinant 
4 Sa / 
Wenge | MO oo) 
yx) teas ye Dn) 


2. The differential equation with the truncated system of boundary conditions 


Lly]=0; ya) = y/,(a) =--- = yP P(@ =0 
has q=n-—p solutions Ypi1 = yi(2), ---, Yn = Yn(x) such that 
Ws. + +5 Ups Yptt) > 0, «0-5 WYts- ++ Ypres Yn) > 0 for a<a<b. 


THEOREM 4. Conditions I and 2 of Theorem 3, under the assumption that the Green’s function 
exists, are equivalent to the condition that the differential operator L[y] admits a representation of 
the form 


d 
L{y] = p06) yn a) a f iio(t).. Fy linus (10) 
Where juz,(x) are positive weight functions with k continuous derivatives on (a, b). 


If the differential operator L[y] admits the representation (10), then the equation L[y] = 0 has a 
particular solution y = const /{1,,(2). 


THEOREM 5 (KREIN’S CRITERION). The condition that for each p (1 < p < n), the differen- 
tial operator (7) with the boundary conditions (9) admits a Green’s function Gy,q(x,t) such that 
(-1)4Gp,q(a, #) is an oscillation kernel, is equivalent to the condition that the operator Ly] on the in- 
terval (a, b) admits the representation (10) with strictly positive functions j1,(x) having k continuous 
derivatives on (a, b). 


Remark. Suppose that the operator (10) with the boundary conditions (8) admits a Green’s 
function G(z, t) (it is assumed that j1;,(~) > O and have k continuous derivatives). Then the function 
(-1)?G(q, t) is an oscillation kernel. 


Example 1. Consider the second-order linear differential operator 


Ly] = f@OYe2 + (OY es (11) 
where f(x) > 0 and g(x) > 0 for x € [a, b], with the homogeneous boundary conditions of the first kind 
y(a)=0, — y(b) =0. (12) 


The differential operator (11) can be represented as an iterated operator (10) with positive weights: 


Ly] = Hola) =  p11(2) < o(a)y, 


joa) = f(a) exp| aa], ee > aa], pyle) =1. 


Boundary conditions (12) represent a special case of (9) for p = q = 1. It is not difficult to show that the operator (11) with 
the conditions (12) has the following Green’s function [constructed with the help of formulas (12) from Subsection 18.3-3]: 


Y(a, x)Y (t, b) 
SOPOY (a, b) 
Y (a, t)Y (a, b) 
fOPMOY (a, b) 


ifasaxs<t, 
G(a,t) =- 
if t<a<b, 
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where 
© gr) 
f(r) 


Krein’s criterion ensures that the function K(x, t) = —G(z, t) is an oscillation kernel. 


b 
@(t) = exp - ar| , Y(a,b= / B(z) dz. 
a 
Example 2. Consider the third-order differential operator 


Lily] = ¥eee (13) 


with the boundary conditions 
Yi =O for 2 =0, 


14 
y=y,,=0 for x=. om 
It is easy to check that the operator (13) with the boundary conditions (14) has the Green’s function 
Gad = Cae +0) for O0Sastsl, (15) 
, t- for 0St<@Sl. 


Here p = | and q = 2. Therefore, it follows from Theorem 5 (see the remark) that G(a, t) is an oscillation kernel. 
Now, let us examine the eigenvalue problem for the third-order equation 


m 
Yeux = 


= rAo(a)y, o(x) > 0, 


with boundary conditions (14). With the help of the Green’s function (15), this problem is reduced to the integral equation 


1 
ya) = r | G(a, Ho(t)y(t) dt. (16) 
0 


Since G(x, t) is an oscillation kernel and o(x) > 0, the results of Theorem | can be applied to equation (16). 


13.7-5. Stochastic Kernels. 


1°. A nonnegative continuous kernel K(z, t) in the domain a < x,t < b is called a stochastic kernel, 
if 
b 
iy K(a,t)dt=1 (asas<b). 
Obviously, for any integral operator with a stochastic kernel K(z, t), 
yo(x) = 1 (a<a<b) 


is an eigenfunction corresponding to the characteristic value Ay = 1. The other characteristic values 
AX satisfy the inequality |A| = 1. Integral operators with stochastic kernels may have characteristic 
values A # 1 such that |A| = 1. The corresponding eigenvalues ys = 1/A are called permutators. 


2°. Properties of stochastic kernels: 

1. All eigenvalues jy: of an integral operator with stochastic kernel such that |u| = 1 are integer 
roots of unity. 

2. The set of all eigenfunctions of an integral operator with stochastic kernel corresponding to 
an eigenvalue ys = 1/ = | contains a basis that consists of nonnegative functions yj) (x), ..., Ym(x) 
with the following properties: 

(a) for every y;(x) (j = 1,...,m), there is at least one point at which this function is positive 
and all other functions of the basis are equal to zero; 

(b) for each x € [a, b], there is at least one function of the basis that is positive at x. 

@) References for Section 13.7: M. G. Krein (1939), F. P. Gantmakher and M. G. Krein (1950), S. Karlin (1968), J. M. Karon 


(1969), P. P. Zabreyko, A. I. Koshelev, et al. (1975), D. D. Joseph (1976), R. P. Agarwal, D. O’Regan, and P. J. Y. Wong 
(1998). 
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13.8. Operator Method for Solving Integral Equations of 
the Second Kind 


13.8-1. Simplest Scheme. 


Consider a linear equation of the second kind of the special form 
y(x) — AL Ly] = (2), (1) 


where L is a linear (integral) operator such that L” = k, k = const. 
Let us apply the operator L to Eq. (1). We obtain 


L{y]-kAy(z) = LI f(a]. (2) 
On eliminating the term L [y] from (1) and (2), we find the solution 
1 
y(x) = Tor tf @) + ALLS} (3) 


Remark. In Section 11.4, various generalizations of the above method are described. 


13.8-2. Solution of Equations of the Second Kind on the Semiaxis. 


1°. Consider the equation 
y(a)—D | cos(xt)y(t) dt = f(a). (4) 
0 


In this case, the operator L coincides, up to a constant factor, with the Fourier cosine transform: 


Liyl= iL cos(#t)y(t) dt = iz Fly] (5) 


and acts by the rule L? = k, where k = + (see Subsection 9.5-1). 
We obtain the solution by formula (3) taking into account Eq. (5): 


aoe | fan i, * cos(at) f(t) at), ie 2/2 (6) 
2-7 0 ug 


2°. Consider the equation 


nae tI Aat)y(t) dt = f(x), (7) 


where J,,() is the Bessel function, Rev >—-1. 
Here the operator L coincides, up to a constant factor, with the Hankel transform: 


Liyl= | tI Aatyy(t) dt (8) 


and acts by the rule L? = 1 (see Subsection 9.6-1). 
We obtain the solution by formula (3), for & = 1, taking into account Eq. (8): 


— 


y(x) = — | fla) +r i tJ, (xt) f(t) at), \#H1. (9) 
= 0 


© Reference for Section 13.8: A. D. Polyanin and A. V. Manzhirov (1998). 
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13.9. Methods of Integral Transforms and Model 
Solutions 


13.9-1. Equation with Difference Kernel on the Entire Axis. 


Consider an integral equation of convolution type of the second kind with one kernel 


1 CO 
y(x) + af. K(a—-t)y(t) dt = f(x), -00<242<M, (1) 


where f(a) and K() are the known right-hand side and the kernel of the integral equation and y(«) 
is the unknown function. Let us apply the (alternative) Fourier transform to Eq. (1). In this case, 
taking into account the convolution theorem (see Subsection 9.4-4), we obtain 


Vu) + K(u)] = Fu). (2) 


Thus, on applying the Fourier transform we reduce the solution of the original integral equation (1) 
to the solution of the algebraic equation (2) for the transform of the unknown function. The solution 
of Eq. (2) has the form 
F(u) 
Vu) = T+K@) (3) 
Formula (3) gives the transform of the solution of the original integral equation in terms of the 
transforms of the known functions, namely, the kernel and the right-hand side of the equation. The 
solution itself can be obtained by applying the Fourier inversion formula: 
1 oa ~iux 1 F (u) tux 
y(x) = =f Vuye du = =f Takao” du. (4) 
In fact, formula (4) solves the problem; however, sometimes it is not convenient because it 
requires the calculation of the transform F'(u) for each right-hand side f(x). In many cases, the 
representation of the solution of the nonhomogeneous integral equation via the resolvent of the 
original equation is more convenient. To obtain the desired representation, we note that formula (3) 
can be transformed to the expression 
Ku) 
14+ K(u)’ 
On the basis of (5), by applying the Fourier inversion formula and the convolution theorem (for 
transforms) we obtain 


VYuy=Ll-RWIF@), Ru) = (5) 


1 Co 
x)= f(«#)-—_ R(x -—t) f@ dt, 6 
ula) = fla)-—= fa F(t) (6) 
where the resolvent R(x — t) of the integral equation (1) is given by the relation 


1 °° Ku) 
Jin iE T+K(u) 
Thus, to determine the solution of the original integral equation (1), it suffices to find the func- 
tion R(x) by formula (7). 

The function R(x) is a solution of Eq. (1) for a special form of the function f(x). Indeed, it 
follows from formulas (3) and (5) that for V(u) = 7(u) the function F(u) is equal to K(u). This 
means that, for f(a) = K(x), the function y(a) = R(x) is a solution of Eq. (1), i.e., the resolvent of 
Eq. (1) satisfies the integral equation 


R(x) = Ue hy (7) 


R(x) + = ie K(a-t)R@) dt = K(a), -00 < % <0. (8) 


Note that to calculate direct and inverse Fourier transforms, one can use the corresponding tables 
from Supplements 7 and 8 and the books by H. Bateman and A. Erdélyi (1954) and by V. A. Ditkin 
and A. P. Prudnikov (1965). 
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Example. Let us solve the integral equation 
co 
y(a) — af exp(alx - tl) y(t) dt = f(x), -00 <%< 00, (9) 
-0o 


which is a special case of Eq. (1) with kernel K(x — t) given by the expression 


K(2) =-V27 Ae, a>0. (10) 
Let us find the function R(x). To this end, we calculate the integral 
°2 . 2ar 
K(u) = -| Ne eeleiue dy = “0 (11) 
ees u2 + a2 
In this case, formula (5) implies 
K(u) 2ar 
R(u) = = 12 
ca 1+K(u) u2 +02 -2ar (12) 
and hence i 
1 oe . 2 of ar . 
R)=—= | Rewe** a --/ ih iu dy, 13 
Ke) V20 [. (pe . T Jisgg U2 +02 -2ar n fs (13) 


Assume that \ < ta. In this case the integral (13) makes sense and can be calculated by means of the theory of residues on 


applying the Jordan lemma (see Subsections 9.1-4 and 9.1-5). After some algebraic manipulations, we obtain 


R(v) =-V20 —— exp(2|V‘a2 — 202) (14) 
and finally, in accordance with (6), we obtain 
ye) = fia) + exp(-lx - t|V a2 - 2a) f(t) dt, -0o <4 < 00. (15) 


13.9-2. Equation with the Kernel (a, t) = t'Q(« /t) on the Semiaxis. 


Here we consider the following equation on the semiaxis: 


wr ee 
ye)- [ 20(F) un de= Fe (16) 


To solve this equation we apply the Mellin transform which is defined as follows (see also Sec- 
tion 9.3): 


fis) = ME f(a), s} = | faa"! dr, (17) 


where s = 0 + 27 is acomplex variable (0; < 0 < a2) and ‘a (s) is the transform of the function f(x). 
In what follows, we briefly denote the Mellin transform by Dt{ f(x)} = MY f(x), s}. 
For known f(s), the original function can be found by means of the Mellin inversion formula 


ctto0o 


im 1 we 
f= sly f(s)} = oa | f(s)x* ds, 01 <C <0, (18) 


c-t00 


where the integration path is parallel to the imaginary axis of the complex plane s and the integral 
is understood in the sense of the Cauchy principal value. 

On applying the Mellin transform to Eq. (16) and taking into account the fact that the integral 
with such a kernel is transformed into the product by the rule (see Subsection 9.3-2) 


oe el x fas ale 
af | 20(2) una} = dene) 
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we obtain the following equation for the transform §(s): 
Hs) — QWS)HS) = f(s). 


The solution of this equation is given by the formula 


A 


J(s) 


is) = (19) 
1- Qs) 
On applying the Mellin inversion formula to Eq. (19) we obtain the solution of the original integral 
equation 
1 C+ioCo iy 
y(2) = —— i aie x ds. (20) 
271 Jeicon 1—-Q(s) 
This solution can also be represented via the resolvent in the form 
a | x 
ya) = fla)+ | —N(=) f@ae, Q1) 
0 
where we have used the notation 
N(x) =Dt'{N(s)}, Ms)= A, (22) 
1-Q(s) 


Under the application of this analytical method of solution, the following technical difficulties 
can occur: (a) in the calculation of the transform for a given kernel (x) and (b) in the calculation 
of the solution for the known transform %(s). To find the corresponding integrals, tables of direct 
and inverse Mellin transforms are applied (e.g., see Supplements 9 and 10). In many cases, the 
relationship between the Mellin transform and the Fourier and Laplace transforms is first used: 


MU f(x), st = F{F(e*), is} = Lf f(e*), st + L{ Fle), st, (23) 


and then tables of direct and inverse Fourier transforms and Laplace transforms are applied (see 
Supplements 5-8). 


Remark 1. The equation 


ya)- [ H(Z)arr ty dt = fa) (24) 
0 


can be rewritten in the form of Eq. (16) under the notation K(z) = 2° H(z). 


13.9-3. Equation with the Kernel K (a, t) = t?Q(at) on the Semiaxis. 


Consider the following equation on the semiaxis: 
ya)- | PQ@byhat= fla) 25) 
0 


To solve this equation, we apply the Mellin transform. On multiplying Eq. (25) by x*! and 
integrating with respect to x from zero to infinity, we obtain 


| = y(a)a! dx — if 7 y(t)t? dt | 7 Q(at)c*! dx = i, ‘i f(a)a*! da. (26) 
0 0 0 0 
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Let us make the change of variables z = xt. We finally obtain 


H9)- Qe) | ye? at = fo (27) 
0 
Taking into account the relation 


[wor a= ga 45-9 


0 


we rewrite Eq. (27) in the form 
G(s) - Q(s)GC + 3-8) = fis). (28) 
On replacing s by 1 + G—s in Eq. (28), we obtain 


91+ B-s)-QU+68-s)9(s) = ft B-s). (29) 


Let us eliminate (1 + G—s) and solve the resulting equation for §(s). We thus find the transform of 
the solution: 


f(s) + Qs) f+ B=s) 
1-Q(s)QU + 6-s) 
On applying the Mellin inversion formula, we obtain the solution of the integral equation (25) 
in the form 


Ws) = (30) 


ds. (31) 


_ 1 fis) +Q@fdts- = os 
y(x) = =— a 


2mt Joico 1-Q(s)QU+ B- 


Remark 2. The equation 


y(a) — [ A(at)x? t y(t) dt = f(a) 
0 


can be rewritten in the form of Eq. (25) under the notation Q(z) = z? H(z), where 3 = q—-p. 


13.9-4. Method of Model Solutions for Equations on the Entire Axis. 


Let us illustrate the capability of a generalized modification of the method of model solutions (see 
Subsection 11.6) by an example of the equation 


Ayia) [Que dey dt = fa, (32) 


where Q = Q(z) and f(«) are arbitrary functions and A and {3 are arbitrary constants satisfying some 
constraints. 
For clarity, instead of the original equation (32) we write 


Liy(a)] = f@). (33) 
For a test solution, we take the exponential function 


yo =eP". (34) 
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On substituting (34) into the left-hand side of Eq. (33), after some algebraic manipulations we obtain 
L [e?*] = Ae?* + q(p)e*9*, where q(p) = / Q(z)e”*?? dz. (35) 


The right-hand side of (35) can be regarded as a functional equation for the kernel e?” of the inverse 
Laplace transform. To solve it, we replace p by —p— ( in Eq. (35). We finally obtain 


Le P*)"] = Ae PP? + a(—p — feP*. (36) 

Let us multiply Eq. (35) by A and Eq. (36) by —q(p) and add the resulting relations. This yields 
L[ Ac? — q(pye?*"] = [A* — g(p)q-p- p)]e?*. (37) 

On dividing Eq. (37) by the constant A? — q(p)q(—p — 3), we obtain the original model solution 


AeP® — q(p)e +9)” 
A? — q(p)q(-p — 8) ° 


Since here —co < x < c, one must set p = iu and use the formulas from Subsection 11.6-3. Then 
the solution of Eq. (32) for an arbitrary function f(x) can be represented in the form 


Y (a, p) = L[Y(z, p)] =e”. (38) 


y(x) = = i] : Y(a,iwfwdu f= / , fie dex. (39) 


@) References for Section 13.9: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), V. I. Smirnov (1974), 
P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov 
(1997, 1998). 


13.10. Carleman Method for Integral Equations of 
Convolution Type of the Second Kind 


13.10-1. Wiener—Hopf Equation of the Second Kind. 


Equations of convolution type of the second kind of the form* 


1 foe) 
yo) += | K(a—t)y(t) dt = f(x), 0<r<aM, (1) 


frequently occur in applications. Here the domain of the kernel / (x) is the entire real axis. 
Let us extend the equation domain to the negative semiaxis by introducing one-sided functions, 


_ Jj yx) for x>0, _ J f(@) for «>0, 2 
ys(a) = { G.. torneo, -, PO Vo. tegen, “eo reese, 


Then we obtain an equation, 


yal) + = / * REDO OSEO: -OSk 208, (2) 


which coincides with (1) for x > 0. 


* Prior to reading this section looking through Sections 12.7 and 12.8 is recommended. 
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The auxiliary function y_(x) is introduced to compensate for the left-hand side of Eq. (2) for 
x <0. Note that y_(x) is unknown for x < 0 and is to be found in solving the problem. 

Let us pass to the Fourier integrals in Eq. (2) (see Subsections 9.4-3, 12.7-1, and 12.7-2). We 
obtain a Riemann problem in the form 


AC) Bai 
COs TaeKa DEKE: oo See: (3) 


1°. Assume that the normality condition is satisfied, i.e., 
1+K(u) #0, 


then we rewrite the Riemann problem in the usual form 


Y*(u) = Dw)Y(u)+ Hu), — -c0 < u< ow, (4) 
where i Flu) 
U 

OO Teg) = Taniseay = 


The Riemann problem (4) is equivalent to Eq. (1); in particular, these equations are simulta- 
neously solvable or unsolvable and have an equal number of arbitrary constants in their general 
solutions. If the index v of the Riemann problem, which is given by the relation 


1 
vy = Ind 1+K(u (6) 


(which is also sometimes called the index of the Wiener—Hopf equation of the second kind), is 
positive, then the homogeneous equation (1) (f(x) = 0) has exactly v linearly independent solutions, 
and the nonhomogeneous equation is unconditionally solvable and its solution depends on v arbitrary 
complex constants. 

In the case v < 0, the homogeneous equation has no nonzero solutions. For v = 0, the nonhomo- 
geneous equation is unconditionally solvable, and the solution is unique. If the index v is negative, 
then the conditions 


F(u) du 7 Z 
oo Kt(u)1 + Ku) (u + Xt (WL + Ku) ut ir = 0, k=1,2,...,-, (7) 


are necessary and sufficient for the solvability of the nonhomogeneous equation (see Subsec- 
tion 12.7-4). 
For all cases in which the solution of Eq. (1) exists, it can be found by the formula 


ie uay= = / - Yue du, 2 >0, (8) 


where Y*(u) is the solution of the Riemann problem (4) and (5) that is constructed by the scheme of 
Subsection 12.7-4 (see Fig. 5). The last formula shows that the solution does not depend on Y~(u), 
i.e., is independent of the choice of the extension of the equation to the negative semiaxis. 


2°. Now let us study the exceptional case of the integral equation (1) in which the normality 
condition for the Riemann problem (3) (see Subsections 12.7-6 and 12.7-7) is violated. In this case, 
the coefficient D(u) = [1 + K(u)]! has no zeros, and its order at infinity is 7 = 0. The general 
solution to the boundary value problem (3) can be obtained by formulas (63) of Subsection 12.7-7 
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Wiener—Hopf equation: Gy(x) + = i K(a—t)y(t) dt = f(x) 


a Introduction of one-sided functions 


y(x) if x>0, 
if x<0, 


Extension of the domain of the equation 
to the negative semiaxis 


Application of the inverse Fourier transform 
Y*(u) = = / Cee ae 
yu), Fw 
B+Ktu) 8+K) 


Solution of the Riemann problem 
(see Section 12.7 and Fig. 5) 


Determination of the functions Y*(u) and Y (u) 


LI Application of the inverse Fourier transform 


y(x)=0 if x>0 


Riemann boundary value problem: )*(u) = 


1 ad sae 
Solution of the integral equation: y(x) = an / Yiu) ee” du 
T Joo 


Figure 6. Scheme of solving the Wiener—Hopf integral equations. For 3 = 0, we have the equation of the first kind, and for 
( = 1, we have the equation of the second kind. 


for a; = 0. The solution of the original integral equation (1) can be determined from the solution of 
the boundary value problem on applying formula (8). 
Figure 6 depicts a scheme of solving the Wiener—Hopf equations (see also Subsection 12.8-1). 


Example. Consider the equation 
co 
y(a) + | (at bla —the"y(t) dt = f(x),  «>0, (9) 
0 
where the constants a and b are real, and b # 0. The kernel K(x — t) of Eq. (1) is given by the expression 


K(2) = V2r (at dlape!. 


Let us find the transform of the kernel, 


co : 2A. b b 
K@) = / (a+ BlapePhiue gy ao aH) tard 


CO (u2 + 1)? 
Hence, 
P 
1+K(u) = a P(g) = 24 4+2(a-b+4 Iz? +2a 42041. 
(u2 +1)? 
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On the basis of the normality condition, we assume that the constants a and 6 are such that the polynomial P(z) has no real 
roots. Let a + 7G be a root of the biquadratic equation P(z) = 0 such that a > 0 and G > 0. Since the coefficients of the 
equation are real, it is clear that (a — 7), (-a + i), and (-a — 73) are the other three roots. Since the function 1 + K(w) is 
real as well, it follows that it has zero index, and hence Eq. (9) is uniquely solvable. 

On factorizing, we obtain the relation 1 + K(u) = ¥-(u)/X*(u), where 


i) meat 2 = 
X*(u) = pe, X7(u) = (et) aete) 
(u+a+iB\u-a+t+iB) (u—i)? 

Applying this result, we represent the boundary condition (4), (5) in the form 
+ _4)\2 Ft — 
TC SC a a) (10) 


Xu) (u-a-iBluta-iB)  X-(u)’ 


It follows from the theorem on the analytic continuation and the generalized Liouville theorem (see Subsection 12.7-3) that 
both sides of the above relation are equal to 


Ci " C2 
u-a-iB uta-iZ’ 


where the constants C'; and C2 must be defined. Hence, 


(11) 


_4)\2 Ft 
yew =x*0( Ma 2) Fw) : Gt — + C2 : ). 

(u-a-iB\ut+a-iB) u-a-iB uta-iZ 
For the poles (a + 73) and (—a + 7/3) to be deleted, it is necessary and sufficient that 


(a+ iB -iP F(a ti) Oe (-a + iB - i)? F*(-a + i) 
2a : 2 2a : 


Cr= 


(12) 


Since the problem is more or less cumbersome, we pass from the transform (11) to the corresponding original function 
in two stages. We first find the inverse transform of the summand 


ae (u-i Fr(u) ae St A Oss Z 
Vis A ea Ia TT 
Here 
Ru) = 2u2(a—b) + 2a + 2b _ m . ji _ (at+iByr(a-b)+atb 
OT (a+ iBPke —(a-1BP] wW(ariBe wwe * 2aB 


Let us find the inverse transform of the first fraction: 


FY Le \ _ (= Le e(b-iala| 
u2 —(a + iB) 2 B-ia . 


The inverse transform of the second fraction can be found in the form 


af PR _B  ipticeye 
. tacecm} (3 Bua” ; (13) 


Thus, _ 
R(x) = V5 p(etortalel + gotta) 6 ltl = / Ix peF! cos(O + ala) 
and 
= Le 
yi (x) = f(x) + a e FeAl cos(6 + ala — ty f@ dt, x>0, pe? = Bon: (14) 

0 —1a 
Note that, as a by-product, we have found the resolvent R(x — t) of the following integral equation on the entire axis: 

co 

yo(x) +f (a t bla — te" yo(t) dt = fo(x), -00 < % < 00. 
-0o 


Now consider the remaining part of the transform (11): 


C; C. 
yaw =a (— 2 iF 


-a-iB uta-iZ 
We can calculate the integrals 
(uti)e® du Cr ou (u+iPe™* du 


1 oe Ci i 
F{Ya(u)} oe ss (He au set=asiey LOR -co (ut iB-a)(utiBt+a\u+a-ip) 
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by means of the residue theory (see Subsections 9.1-4 and 9.1-5) and substitute the values (12) into the constants C) and C2. 
For x > 0, we obtain 


[a+ (B-1PP 


yo(x) = 5 e P* costa(ax — t)] f(t) dt 
4a a 0 ee (15) 
ra cle oa 
4a2 | e cos[w + a(x + t)] f(t) dt, pxe 8a2(3— ia)” 


Since Y*(u) = Y;(u) + Y2(wu), it follows that the desired solution is the sum of the functions (14) and (15). 


13.10-2. Integral Equation of the Second Kind with Two Kernels. 


Consider an integral equation of convolution type of the second kind with two kernels of the form 


‘a ji oe 
u(o)+ = | Ki(a— dylt) des | K x(a -t)y@ dt = f(x), -—00 <x%<oo. (16) 


Note that each of the kernels (a) and K(x) is defined on the entire real axis. On representing the 
desired function as the difference of one-sided functions, 


y(®) = ys(x) - y-(@), (17) 


we rewrite the equation in the form 


1 er 1 ce 
Yyr(x) + oR / Ky (a — thy. dt — ya) - all Kya - ty) dt = f(x). (18) 


Applying the Fourier integral transform (see Subsection 9.4-3), we obtain 


[1+ Ki(u)]V*(u) -[1 + Kau) |Y (wu) = Fu). (19) 
This implies the relation 
ty 1+ Kau), Flu) 
Oceana te ty 


Here K\(u), K2(u), and F(u) stand for the Fourier integrals of known functions. The unknown 
transforms Y*(w) and Y~(u) are the boundary values of functions that are analytic on the upper and 
lower half-planes, respectively. Thus, we have obtained a Riemann boundary value problem. 


1°. Assume that the normality conditions are satisfied, i.e., 
1+K,(u)4#0, 14+K(u) #0, 


then we can rewrite the Riemann problem in the usual form (see Subsection 12.7-4): 


Y*(u) = Du) (u) + H(u), -—00 <uU< co, (21) 
where 1+ Ko(u) Flu) 
= + K2(u = U 

BO cays te LRG 2) 


The Riemann problem (21), (22) is equivalent to Eq. (16): these problems are solvable or 
unsolvable simultaneously, and have the same number of arbitrary constants in their general solutions. 
If the index 
1+ K(u) 


Yeo ae 
siete Ee OCT 


(23) 
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is positive, then the homogeneous equation (16) (f(x) = 0) has precisely v linearly independent 
solutions, and the nonhomogeneous equation is unconditionally solvable; moreover, the solution of 
this equation depends on v arbitrary complex constants. 

In the case v < 0, the homogeneous equation has no nonzero solutions. The nonhomogeneous 
equation is unconditionally solvable for v = 0, and the solution is unique. For the case in which the 
index v is negative, the conditions 


o F(u) du = 7 
| wee k=1,2,...,-y, (24) 


are necessary and sufficient for the solvability of the nonhomogeneous equation. 
In all cases for which the solution of Eq. (16) exists, this solution can be found by the formula 


1 ~ + — —1UL 
y(x) = JOR es [V" (u) — Y (u)Je du, -00 <x4%< CO, (25) 


where Y*(u), VY (u) is the solution of the Riemann problem (21), (22) constructed with respect to 
the scheme of Subsection 12.7-4 (see Fig. 5). 

Thus, the solution of Eq. (16) is equivalent to the solution of a Riemann boundary value problem 
and is reduced to the calculation of finitely many Fourier integrals. 


2°. Now let us study the exceptional case of an integral equation of the form (16). Assume that 
the functions 1 + K;(w) and 1 + K(u) can have zeros, and these zeros can be both different and 
coinciding points of the contour. Let us write out the expansion of these functions on selecting the 
coinciding zeros: 


8 p 
1+Ki(u) = [[@-o;)% [w= dey * Kui, 
jel k=l 
: (26) 
1+Ko(u) = [[@-ai)y™ [[@-dy*Ko@, Sow al. 
i=l k=l k=l 
Here a; # b;, but it is possible that some points d; (k = 1,...,) coincide with either a; or b;. This 


corresponds to the case in which the functions 1 + K\(u) and 1 + K2(u) have a common zero of 
different multiplicity. We do not select these points especially because their presence does not affect 
the solvability conditions and the number of solutions of the problem. 

It follows from Eq. (19) and from the condition that a solution must be finite on the contour that, 
for the solvability of the problem, and all the more for the solvability of Eq. (16), it is necessary that 
the function F(u) have zero of order yz at any point dx, i.e., F(u) must have the form 


Pp 
F(u) = | [u-dyy* Fi). 


k=l 
To this end, the following 7, + --- +p =! conditions must be satisfied: 
FL" (dz) = 0, je =0,1,...5%% -1, (27) 
or, which is the same, 


ie f(a)at* e'tk® dx = 0. (28) 


Since the functions K;(u) and K2(u) vanish at infinity, it follows that the point at infinity is a 
regular point of D(u). 
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Assume that conditions (28) are satisfied. In this case the Riemann boundary value problem (20) 
can be rewritten in the form (see Subsections 12.7-6 and 12.7-7) 


[u- a4) Ry (UyR(u) 

Yq — ore (29) 
[](u— bj)" Q,(u)Q_(u) IT (u— b5)?3 
Z i 


On finding its general solution in the exceptional case under consideration, we obtain the general 
solution of the original equation by means of formula (25). 

Let us state the conclusions on the solvability conditions and on the number of solutions of 
Eq. (16). For the solvability of Eq. (16), it is necessary that the Fourier transform of the right-hand 
side of the equation satisfies / conditions of the form (27). If these conditions are satisfied, then, 
for vy —n > 0, problem (20) and the integral equation (16) have exactly v — n linearly independent 
solutions. For y —n < 0, we must take the polynomial P,_n_1(z) to be identically zero, and, for 
the case in which v — n < 0, the right-hand side must satisfy another n — v conditions. If the latter 
conditions are satisfied, then the integral equation has a unique solution. 


Example. Consider Eq. (16) for which 


-(l+a)V2re* for x >0, -(1+ B)/2re* for x >0, 0 for x >0, 
K = K = = 
ey le for « <0, a) {0 for x <0, F@) -V2re* for «<0, 


where a and @ are real constants. In this case, K\(x — t) = 0 for x < t and K2(x-t) = 0 for x < t. Hence, the equation 
under consideration has the form 


xz 0 
y(a) — (1 +a) | e y(t) dt —(1 + B) / e u(t) dt = 0, x>0, 
0 tore) 


zx 
y(x) -(1 + 8) ‘] e y(t) dt = -/2r e®, x<0. 
ee) 
Let us calculate the Fourier integrals 
me 1 ml d i 
Kitu) =1+ «| geet ID pe IEE mat. page Bee. 
0 Ut? Utd U-t U— Va 


The boundary condition can be rewritten in the form 


yr(u) = yw aa (30) 
(u—12)(u — ta) 


The solution of the Riemann problem depends on the signs of @ and (3. 


1°. Leta>0Oand @ > 0. In this case we have v = Ind D(u) = 0. The left-hand side and the right-hand side of the boundary 

condition contain functions that have analytic continuations to the upper and the lower half-plane, respectively. On applying 

the theorem on the analytic continuation directly and the generalized Liouville theorem (Subsection 12.7-3), we see that 
zt UZ +4 

Y*() = 0, 2° ye) ioe 25 

z-ta 


(z-1)(z -1a) 


Hence, 
Wu +7) 


yr(@) =0,  y(x) = -y(x) = = i en ETE 


On calculating the last integral, under the assumption that G # 1, by the Cauchy residue theorem (see Subsections 9.1-4 
and 9.1-5) we obtain 


—1Uxn d 


0 for x >0, 
yu)= 4 _V20 


c Ba 
ie (+ )e"*] for «<0. 


In the case 3 = 1, we have 
for x >0, 


@={° 
Wo) = -J2re*(1+2x) for x <0. 
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2°. Let a <Oand @ <0. Here we again have v = 0, X*(z) = (z -i6)(z -ia)!, and X-(z) = 1. On grouping the 
terms containing the boundary values of functions that are analytic in each of the half-planes and then applying the analytic 
continuation theorem and the generalized Liouville theorem (Subsection 12.7-3), we see that 


Y@, 641 1 YO, 2 1 
Xz) UB-l z-iB Xz) WUB-) zi 


Hence, 


a Btl i _ 2% 1 
VOe Gas OF =, 


Vin oe a2 for x > 0, 
yed= =f w-rwle™du=) , ae, 


for « <0. 


3°. Let a <0 and ( > 0. In this case we have v = 1. Let us rewrite the boundary condition (30) in the form 


y*(u)+ ae ie ge 


-a u-ia u-ia l-au-i- 


On applying the analytic continuation theorem and the generalized Liouville theorem (Subsection 12.7-3), we see that 


~ il+a) 1 _ z-i8 c 2% 1 ¢ 
Se l-a z-ita Sa @ l-a z-% z-ia 
Therefore, 
l+a 1 C 2a Z- ta 
+ 2 we = —————— 
y@=(¢ ime) Oe) aaa is OIE). 


where C is an arbitrary constant. Now, by means of the Fourier inversion formula, we obtain the general solution of the 
integral equation in the form 


1+ 
—V 20 iC+—< et” for « >0, 
1 
-a 
Ba 2/27 


e” for «<0. 


y(x) = 


. Xa-p) 
Vin fics Pe 1-B 


4°. Leta >Oand @ <0. In this case we have v = —1. By the Liouville theorem (see Subsection 12.7-3), we obtain 


i 1B Uz +1) 7 

Qs Of em 
and hence 

ins euaN a Uz +1) 

MO are are 


It can be seen from the expression for V~(z) that the singularity of the function V~(z) at the point i disappears if we set 
( =-1. The last condition is exactly the solvability condition of the Riemann problem. In this case we have the unique 
solution 


ya) = 


cite ay = { 0 for x >0, 


1 2. G 
V2m Joo U-t -V2re” for «<0. 


Remark 1. Some equations whose kernels contain not the difference but certain other combina- 


tions of arguments, namely, the product or, more frequently, the ratio, can be reduced to equations 
considered in Subsection 13.10-2. For instance, the equation 


1 foe) 
Y() +f =n (Z)r@ dt +f =m(2)r@ dr = g(&), €>0, (31) 
0 1 


becomes a usual equation with two kernels after the following changes of the functions and their 
arguments: € = e”, 7 =e", Ni(€) = Ky (a), No(€) = K2(x), g(€) = f(a), and Y(£) = y(2). 
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13.10-3. Equations of Convolution Type with Variable Integration Limit. 


1°. Consider the Volterra integral equation of the second kind 


1 x 
y(a) + Jin i K(a—t)y(t) dt = f(x), O<sa<T, (32) 


where the interval [0, 7’) can be either finite or infinite. In contrast with Eq. (1), where the kernel is 
defined on the entire real axis, here the kernel is defined on the positive semiaxis. 

Equation (32) can be regarded as a special case of the one-sided equation (1) of Subsection 13.10- 
1. To see this, we can rewrite Eq. (32) in the form 


1 loc) 
yl) + = | Ky(a-by(t)dt= f@),  0<a<oo, 


which can be reduced to the following boundary value problem: 

Yu) Fw) 
1+K+t(u) 14+K*(u)’ 
Here the coefficient [1 + K*(u)]-! of the problem is a function that has an analytic continuation to 
the upper half-plane, possibly except for finitely many poles that are zeros of the function 1 + K*(z) 
(we assume that 1 + K*(z) # 0 on the real axis). Therefore, the index v of the problem is always 
nonpositive, v < 0. On rewriting the problem in the form [1 + K*(u)]V*(u) = V(u) + Ft(u), we 
see that V-(u) = 0, which implies 


Y*(u) = 


F*(u) 


= Tene 


(33) 


Consider the following cases. 


1.1. The function 1 + K*(z) has no zeros on the upper half-plane (this means that v = 0). In this 
case, Eq. (32) has a unique solution for an arbitrary right-hand side f(a), and this solution can be 
expressed via the resolvent: 


1 x 
x)= f(®)+ = R(a —t) f(t) dt, x>0, 34 
ule) = fe)+ =f Re-o Fe) G4) 
where ; = Ku) 
U : 

Sj eet NA pun du. 

R(x) GF fos TERED e U 
1.2. The function 1 + K*(z) has zeros at the points z = a1,...,@m of the upper half-plane (in 


this case we have v < 0, and v is equal to the minus total order of the zeros). The following two 
possibilities can occur. 


(a) The function F*(z) vanishes at the points a,,...,@,, and the orders of these zeros are not 
less than the orders of the corresponding zeros of the function 1 + K*(z). In this case, the function 
Ft(z)[1 +kK*(z)}' has no poles again, and thus the equation has the unique solution (34). 

The assumption d* F*(a;) /dz* = 0 on the zeros of the function F*(z) is equivalent to the 
conditions 


[socio dt=o, heat. ged, a, (35) 


where 1; is the multiplicity of the zero of the function | + K*(z) at the point a;. In this case, 
conditions (35) are imposed directly on the right-hand side of the equation. 

(b) The function #*(z) does not vanish at the points a1,...,@, (or vanishes with less multi- 
plicity than 1 + K*(z)). In this case, the function F*(z)[1 + K*(z)]"' has poles, and therefore the 
function (33) does not belong to the class under consideration. Equation (32) has no solutions in the 
chosen class of functions. In this case, conditions (35) fail. 

The last result does not contradict the well-known fact that a Volterra equation always has a 
unique solution. Equation (32) belongs to the class of Volterra type equations, and therefore is also 
solvable in case (b), but in a broader space of functions with exponential growth. 
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2°. Another simple special case of Eq. (1) in Subsection 13.10-1 is the following equation with 
variable lower limit: 


y(@) + = i. K(a—t)y(t) dt = f(x), 0<r<m. (36) 


This corresponds to the case in which the function K (az) in Eq. (1) is left one-sided: K (a) = K_(x). 
Under the assumption 1 + (wu) # 0, the Riemann problem becomes 


Yu) Fru) 
*(u) = ————_ +. ———.. 37 
YN Tan Te) oD 
2.1. The function 1 + K~(z) has no zeros on the lower half-plane. This means that the inverse 
transform of the function Y~(u)[1 +C-(u)]! is left one-sided, and such a function does not influence 


the relation between the inverse transforms of (37) for x > 0. Thus, if we introduce the function 


K (uw) 


CO" @ 


(for convenience of the final formula), then by applying the Fourier inversion formula to Eq. (37) 
and by setting x > 0 we obtain the unique solution to Eq. (36), 


1 [oe 
y(x) = f(a) + Vin / R(« -t)f( dt, x>0. 


2.2. The function 1 + K~(z) has zeros in the lower half-plane. Since this function is nonzero 
both on the entire real axis and at infinity, it follows that the number of zeros is finite. The Riemann 
problem (37) has a positive index which is just equal to the number of zeros in the lower half-plane 
(the zeros are counted according to their multiplicities): 


=i earay —Ind[1 + K~ +-+-+7, >0. 
v=In _ jo nd[ (w)] =m n 
Here 7, are the multiplicities of the zeros z;, of the function 1 + K-(z),k =1,...,n. 
Let 
Cik Cr a Cirk 
Z—Zp (2-2? Ge Zp) 


be the principal part of the Laurent series expansion of the function Y-(z)[1 + K-(z)]! in powers of 
(z-2,), kK =1,...,n. In this case, Eq. (37) becomes 


ayia t. od AS se . 
N= TCG) Loy ae co 


where the dots denote a function whose inverse transform vanishes for x > 0. Under the passage to 
the inverse transforms in Eq. (38), for x > 0 we obtain 


y(x) = f(x) + — | R(a-t)f(t) dt + > P,(x)e?**, x>O0. (39) 


k=1 


Here the P;,(x) are polynomials of degree 7, — 1. We can verify that the function (39) is a 
solution of Eq. (36) for arbitrary coefficients of the polynomials. Since the number of linearly 
independent solutions of the homogeneous equation (36) is equal to the index, it follows that the 
above solution (39) is the general solution of the nonhomogeneous equation. 
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13.10-4. Dual Equation of Convolution Type of the Second Kind. 


Consider the dual integral equation of the second kind 


ui) ef K\(a-t)y(@) dt = f(x), 0<4<aM, 
Re (40) 
y(a) + a i K(x — t)y() dt = f(x), -00 <x <0, 


in which the function y(«) is to be found. 

In order to apply the Fourier transform technique (see Subsections 11.4-3, 12.7-1, and 12.7-2), 
we extend the domain of both conditions in Eq. (40) by formally rewriting them for all real values 
of x. This can be achieved by introducing new unknown functions into the right-hand sides. These 
functions must be chosen so that the conditions given on the semiaxis are not violated. Hence, the 
first condition in (40) must be complemented by a summand that vanishes on the positive semiaxis 
and the second by a summand that vanishes on the negative semiaxis. Thus, the dual equation can 
be written in the form 


1 oO 
oe / Kile—by(t)dt = f(x) + &(2), 
V2 do ~10 <2 <0, (41) 


1 CO 
ule) + / Kya —ty(t) dt = f(a) + &(2), 


where the €4(x) are some right and left one-sided functions so far unknown. 
On applying the Fourier integral transform, we arrive at the relations 


[L+Ky(w]Vu)= Fu) t+ E(u), [1+ K2(u)|V(u) = Fu) + S*(u). (42) 


Here the three functions (wu), =*(u), and © (w) are unknown. 
Now on the basis of (42) we can find 
_ Fut) Flu)+ eu) 


UA) aka LD .) 


and eliminate the function Y(w) from relations (42) by applying formula (43). We obtain the 
Riemann boundary value problem in the form 


1+ Ky + Kaw = K2(u) -Ki(u) 
1+K\(u)— rs dea - -—0O <u< oo. (44) 


Et(u)= 


1°. Assume that the normality conditions are satisfied, i.e., 
1+K,(u) #0, 1+K(u) #0; 


then we can rewrite the Riemann problem (44) in the usual form (see Subsection 12.7-4) 


=*(u) = D(u)= (u) + H(u), -00 <u<o, (45) 
ei 1+ Kau) Ko(u)-Ki(u) 
a + K2(u 7 2(u) —M4(Uu 

D(u) = T+ Ki’ H(u) = meso ae F(u). (46) 


The Riemann problem (45), (46) is equivalent to Eq. (40); in particular, they are solvable and 
unsolvable simultaneously and have the same number of arbitrary constants in the general solutions. 
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If the index 1+ Ko(u) 
+ K2(u 
= Ind ———— 47 
nen ES oC) o) 
is positive, then the homogeneous equation (40) (f(x) = 0) has exactly v linearly independent 
solutions, and the nonhomogeneous equation is unconditionally solvable and the solution depends 
on v arbitrary complex constants. 
For the case v < 0, the homogeneous equation has no nonzero solutions. For v = 0, the 
nonhomogeneous equation is unconditionally solvable, and a solution is unique. If the index v is 
negative, then the conditions 


° _Ky(u)-Kitu) du 


=00 Xwl+Kieor (u+i)k = 0, k=1,2,...,-v (48) 


are necessary and sufficient for the solvability of the nonhomogeneous equation. 
For all cases in which a solution of Eq. (40) exists, it can be found by the formula 


S Fut (U) jae =. a So F(uytS(U) ine 
e€ du = e du, 


a aT foo 1+ Ki (u) Vin Joo 1+Ka(u) 


where =*(u), = (u) is a solution of the Riemann problem (45), (46) that is constructed by the scheme 
of Subsection 12.7-4 (see Fig. 5). 


(49) 


2°. Let us investigate the exceptional case of the integral equation (40). Assume that the functions 
1+K,(u) and 1+ 2(u) can have zeros that can be either different or coinciding points of the contour. 
Take the expansions of these functions on selecting the coinciding zeros in the form of (26) and 
further repeat the reasoning performed for the equations of convolution type of the second kind with 
two kernels. After finding the general solution of the Riemann boundary value problem (44) in this 
exceptional case (see Subsection 12.7-7), we obtain the general solution of the original equation (40) 
by formula (49). 

The conclusions on the solvability conditions and on the number of solutions of Eq. (40) are 
similar to those made above for the equations with two kernels in Subsection 13.10-2. 


Remark 2. Equations treated in Section 13.10 are sometimes called characteristic equations of 
convolution type. 


@) References for Section 13.10: FD. Gakhov and Yu. I. Cherskii (1978), F. D. Gakhov (1990). 


13.11. Wiener—Hopf Method 


Suppose that the Fourier transform of the function y(x) exists (see Subsection 9.4-3): 


Ye) = = / : y(ae** de. () 


Assume that the parameter z that enters the transform (1) can take complex values as well. Let us 
study the properties of the function Y(z) regarded as a function of the complex variable z. To this 
end, we represent the function y(x) in the form* 


y(x) = y"(x) + y (a), (2) 


Do not confuse the functions y+ (x) and Y+(x) introduced in this section with the functions y+ (a) and Y*(x) introduced 
in Subsection 12.7-2 and used in solving the Riemann boundary value problem on the real axis. 
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where the functions y*(x) and y (x) are given by the relations 


+, _ J yx) for x >0, ern (ne) for x >0, 
@= {3 for « <0, p= y(a) for «<0. (3) 


In this case the transform )(z) of the function y(~) is clearly equal to the sum of the transforms V,(z) 
and Y_(z) of the functions y*(a) and y“(«), respectively. Let us clarify the analytic properties of the 
function Y(z) by establishing the analytic properties of the functions V,(z) and V_(z). Consider the 
function y*(zx) given by relations (3). Its transform is equal to 


1 ae . 
ne ee if (aye! de. (4) 
= V27 Jo 4 
It can be shown that if the function y*() satisfies the condition 
ly*(2)|< Me’* as ro, (5) 


where © is a constant, then the function Y,(z) given by formula (4) is an analytic function of the 
complex variable z = u +7%v in the domain Imz > v_, and in this domain we have ),(z) — 0 as 
|z| > oo. We can also show that the functions y*(a) and Y,(z) are related as follows: 


ootiu 


y*(a) = = i, Vilwe** dz, (6) 


COo+1U 
where the integration is performed over any line Im z = v > v_ in the complex plane z, which is 
parallel to the real axis. 

For v_ < 0 (i.e., for functions y(x) with exponential decay at infinity), the real axis belongs 
to the domain in which the function .V,(z) is analytic, and we can integrate over the real axis in 
formula (6). However, if the only possible values of v_ are positive (for instance, if the function y* (a) 
has nontrivial growth at infinity, which does not exceed the exponential growth with linear exponent), 
then the analyticity domain of the function ,(z) is strictly above the real axis of the complex plane z 
(and in this case, the integral (4) can be divergent on the real axis). Similarly, if the function y“(«) 
in relations (3) satisfies the condition 


ly (2)| < Me"** as x —-0o, (7) 


then its transform, i.e., the function 


1 e — 1ZXL 
Jz) = Jin de y (aye da, (8) 


is an analytic function of the complex variable z in the domain Im z < v4. The function y (a) can 
be expressed via .V_(z) by means of the relation 
oo+iu 


y (2) = ae / Y(z)e** dz, Imz=v<%. (9) 


OO+tU 

For v, > 0, the analyticity domain of the function V_(z) contains the real axis. 

It is clear that for v_ < v,, the function V(z) defined by formula (1) is an analytic function of the 
complex variable z in the strip v_ < Im z < v,. In this case, the functions y() and Y(z) are related 
by the Fourier inversion formula 

CO+1U 


y(o) = ao / Yio? de, (10) 


OO+iU 
where the integration is performed over an arbitrary line in the complex plane z belonging to the 
strip v. < Imz < vx. In particular, for v_ < 0 and v, > 0, the function V(z) is analytic in the strip 
containing the real axis of the complex plane z. 


Example 1. For a > 0, the function K(x) = e~ll has the transform 


K(2) 1 2a 
Z) = —_= ——,, 
V2n a2 + 2? 


which is an analytic function of the complex variable z in the strip -a < Im z < a, which contains the real axis. 
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13.11-2. Homogeneous Wiener—Hopf Equation of the Second Kind. 


Consider a homogeneous integral Wiener—Hopf equation of the second kind in the form 


y(x) - | K (a —t)y(t) dt, (11) 


whose solution can obviously be determined up to an arbitrary constant factor only. Here the domain 
of the function K(x) is the entire real axis. This factor can be found from additional conditions of 
the problem, for instance, from normalization conditions. 

We assume that Eq. (11) defines a function y(x) for all values of the variable x, positive and 
negative. Let us introduce the functions y~(x) and y*(«) by formulas (3). Obviously, we have 
y(x) = y* (x) + y-(x), and Eq. (11) can be rewritten in the form 


y (2) = i K(x —-t)y*(t) dt, z>0 (12) 
0 
y (a) = | K(x —-t)y*(t) dt, z<0. (13) 
0 
That is, the function y*(x) can be determined by the solution of the integral equation (12) and the 


function y-(a) can be expressed via the functions y*(x) and K(x) by means of formulas (13). In 
this case, we have the relation 


y@ye= | K(x ty" dt, (14) 


which is equivalent to the original equation (11). 
Let the function K(x) satisfy the condition 


|K(2)|< Me”*” as tM, 


one (15) 
|K(a@)|< Me™" as x —--co, 
where v_ < 0 and v, > 0. In this case, the function 
K@)=— | Keeta (16) 
z= xr)e x 
V2 Joo 
is analytic in the strip v_ < Imz < v4. 
Let us seek the solution of Eq. (11) satisfying the condition 
ly*(2)|< Mye"” as xo, (17) 


where ps < vy (such a solution exists). In this case we can readily verify that the integrals on the 
right-hand sides in (12) and (13) are convergent, and the function y“(~) satisfies the estimate 


ly (2) < Mpe"** as & > -0o. (18) 


It follows from conditions (17) and (18) that the transforms V,(z) and )_(z) of the functions 
y*(x) and y(x) are analytic functions of the complex variable z for Imz > yu and Imz < v4, 
respectively. 

Let us pass to the solution of the integral equation (11) or of Eq. (14), which is equivalent 
to (11). To this end, we apply the (alternative) Fourier transform. By the convolution theorem (see 
Subsection 9.4-4), it follows from (14) that 


Yi(z) + V(z) = V20 K(2)V4(2), 
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or 
W(2)V4(Z) + V_(z) = 0, (19) 
where 
Wz) = 1-V27r K(z) £0. (20) 


Thus, by means of the Fourier transform, we succeeded in the passage from the original integral 
equation to an algebraic equation for the transforms. However, in this case Eq. (19) involves two 
unknown functions. In general, a single algebraic equation cannot uniquely determine two unknown 
functions. The Wiener—Hopf method makes it possible to solve this problem for a certain class of 
functions. This method is mainly related to the study of the analyticity domains of the functions that 
enter the equation and to a special representation of this equation. The main idea of the Wiener—Hopf 
method is as follows. 

Let Eq. (19) be representable in the form 


W,(2)V+(2) = -W(2)Y(2), (21) 


where the left-hand side is analytic in the upper half-plane Im z > yz and the right-hand side is 
analytic in the lower half-plane Im z < v4, where ps < v,, so that there exists a common analyticity 
strip of these functions: js < Im z < v,. Since the analytic continuation is unique, it follows that there 
exists a unique entire function of the complex variable that coincides with the left-hand side of (21) 
in the upper half-plane and with the right-hand side of (21) in the lower half-plane, respectively. 
If, in addition, the functions that enter Eq. (21) have at most power-law growth with respect to z 
at infinity, then it follows from the generalized Liouville theorem (see Subsection 12.7-3) that the 
entire function under consideration is a polynomial. In particular, for the case of a function that is 
bounded at infinity we obtain 


W,(2)Vi(Z) = -W_(2z) Y_(z) = const. (22) 


These relations uniquely determine the functions V,(z) and )_(z). 

Thus, let us apply the above scheme to the solution of Eq. (19). It follows from the above 
reasoning that the analyticity domains of the functions ),(z), Y_(z), and W(z) = 1- V2r K(z), 
respectively, are the upper half-plane Imz > y, the lower half-plane Imz < v,, and the strip 
v_<Imz < vz. Therefore, this equation holds in the strip* w < Imz < v4, which is the common 
analyticity domain for all functions that enter the equation. In order to transform Eq. (19) to the 
form (21), we assume that it is possible to decompose the function W(z) as follows: 


W.(2) 
W_(z)’ 


W(z) = (23) 


where the functions W,(z) and WV_(z) are analytic for Im z > and Im z<v,, respectively. Moreover, 
we assume that, in the corresponding analyticity domains, these functions grow at infinity no faster 
than z”, where n is a positive integer. A representation of an analytic function W(z) in the form (23) 
is often called a factorization of W(z). 

Thus, as the result of factorization, the original equation is reduced to the form (21). It follows 
from the above reasoning that this equation determines an entire function of the complex variable z. 

Since Yi(z) — 0 as |z| — oo and the growth of the functions W¥(z) does not exceed that 
of a power function 2”, it follows that the entire function under consideration can be only a 
polynomial P,,_;(z) of degree at most n-— 1. 

If the growth of the functions W4+(z) at infinity is only linear with respect to the variable z, then 
it follows from relations (22), by virtue of the Liouville theorem (see Subsection 12.7-3), that the 


* To be definite, we set > v_. Otherwise, the common domain of analyticity is the strip v- < Im z < v4. 
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corresponding entire function is a constant C’. In this case we obtain the following relations for the 
unknown functions V,(z) and )_(z): 


C C 
V(z) = Y(z) = Wey: 


W,(2)’ oe 


which define the transform of the solution up to a constant factor, which can be found at least from 
the normalization conditions. In the general case, the expressions 


Pn-i(2) Pn-i(2) 


Vi(Z) = W,(z)’ Mela = Wa)” 


(25) 


define the transform of the desired solution of the integral equation (11) up to indeterminate constants, 
which can be found from the additional conditions of the problem. The solution itself is defined by 
means of the Fourier inversion formula (6), (9), and (10). 


Example 2. Consider the equation 
co 
rOre | eltly(t) dt, 0<<o0, (26) 
0 


whose kernel has the form K(x) = AeT*!. 
Let us find the transform of the function K(x): 


K(z)= se _ K(a)e'?” dx = poe (27) 
V2 Joo mw zed 
The function AC(z) is analytic with respect to the complex variable z in the strip —1 < Im z < 1. Let us represent the expression 
2 
-2A4+1 
W(z) = 1-V2m K(z) = SSO (28) 
z+ 
in the form (23), where 
2 
-2rA 41 
Welz) = SS Wz) = 2-3. (29) 
z+t 


The function W,.(z) in Eq. (29) is analytic with respect to z and nonzero in the domain Im z > Im V2 - 1. For0<A< 5. 


this domain is defined by the condition Imz > V¥1-—2A, and V¥1-2A << 1. For A> 5, the function W.(z) is analytic 
and nonzero in the domain Im z > 0. It is clear that the function VV_(z) is a nonzero analytic function in the domain Im z < 1. 
Therefore, for0 < A < 4 both functions satisfy the required conditions in the domain yz < Im z < 1. 


For > 4, the strip 0 < Im z < | is the common domain of analyticity of the functions W4(z) and W_(z). Thus, we 
have obtained the desired factorization of the function (28). 

Consider the expressions Yi(z)W+(z). Since Yi(z) — 0 as |z| — 0, and, according to (29), the growth of the 
functions W+(z) at infinity is linear with respect to z, it follows that the entire function P,,_;(z) that coincides with 


V(Z)W(z) for Im z > pw and with Y_(z)W_(z) for Im z < 1 can be a polynomial of zero degree only. Therefore, 


Vi(2Wi(2) = C. (30) 
Hence, : 
Aaa ath 

Yl) = CZs? (31) 


and it follows from (6) that 


ootiv zeit 


“@= | 
ss Qn J-cosiy 227-2A41 


e* dz, (32) 


where p< u< 1. 
On closing the integration contour for x > 0 by a semicircle in the lower half-plane and estimating the integral over this 
semicircle by means of the Jordan lemma (see Subsections 9.1-4 and 9.1-5), after some calculations we obtain 


y* (a) = Clos v2N —Tx)+ a Se : (33) 


where C’ is a constant. For 0 < \ < 5, this solution has exponential growth with respect to x, and for $ <A<«o@, it is 
bounded at infinity. 
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13.11-3. General Scheme of the Method. The Factorization Problem. 


In the general case, the problem which is solved by the Wiener—Hopf method can be reduced to the 
following problem. It is required to find functions Y,(z) and _(z) of the complex variable z that 
are analytic in the half-planes Im z > v_ and Im z < v,, respectively (v_ < v,), vanish as |z] — oo in 
their analyticity domains, and satisfy the following functional equation in the strip (v_ < Im z < v4): 


A(z) Vs(z) + B(z)V(z) + C(z) = 0. (34) 


Here A(z), B(z), and C(z) are given functions of the complex variable z that are analytic in the strip 
v_<Imz < v,, and the functions A(z) and B(z) are nonzero in this strip. 

The main idea of the solution of this problem is based on the possibility of a factorization of the 
expression A(z)/B(z), i.e., of a representation in the form 


A(z) _ Wi) 
Biz) Ws)’ 


(35) 


where the functions W,(z) and W_(z) are analytic and nonzero in the half-planes Im z > v’ and 
Im z < v1, and the strips vu. < Imz < v, and v' <Imz < v/, have a nonempty common part. In this 
case Eq. (34), with regard to Eq. (35), can be rewritten in the form 


Wal) + WV) + WE = 0. (36) 
(z) 
If the last summand in Eq. (36) can be represented as the sum 
W(2) 5o = D,(z)+D_(2), (37) 


where the functions D,(z) and D_(z) are analytic in the half-planes Imz > v” and Imz < v{, 
respectively, and all three strips vu. <Imz< v4, v' <Imz<v{,andv” <Imz<v/ have a nonempty 
common part, fora strip v? <Im z < v9, then, in this common strip, the following functional equation 
holds: 


W,(2)V+(2) + Ds (Z) = Wz) Vz) - DZ). (38) 


The left-hand side of Eq. (38) is a function analytic in the half-plane v° < Im z, and the right-hand 
side is a function analytic in the domain Imz < v°. Since these functions coincide in the strip 
v? <Imz < v®, it follows that there exists a unique entire function that coincides with the left-hand 
side and the right-hand side of (38) in their analyticity domains, respectively. If the growth at infinity 
of all functions that enter the right-hand sides of Eqs. (35) and (37), in their analyticity domains, 
is at most that of z”, then it follows from the limit relation Y+i(z) — 0 as |z| — oo that this entire 


function is a polynomial P,,_;(z) of degree at most n — 1. Thus, the relations 


_ Pri(z)-Ds(2) _ Pr-i(2)- D(z) 
OS ayy Oe (39) 


determine the desired functions up to constants. These constants can be found from the additional 
conditions of the problem. 

The application of the Wiener—Hopf method is based on the representations (35) and (37). Ifa 
function G(z) is analytic in the strip v_ < Imz < v, and if in this strip the function G(z) uniformly 
tends to zero as |z| — ov, then in this strip the following representation is possible: 


G(z) = Gi(z) + G(z), (40) 
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where the function G,(z) is analytic in the half-plane Im z > v_, the function G_(z) is analytic in the 
half-plane Im z < v,, and 


1 ootiv! 
G,(z) = — | 2) v_<v! <Imz <u, (41) 
201 Jcotiv! T- 2 
1 cotiv! 
G(z)= Bee . oo dr, v.<Imz<v, <4. (42) 
-ootiv! Pat 


a 


The integrals (41) and (42), being regarded as integrals depending on a parameter, define analytic 
functions of the complex variable z under the assumption that the point z does not belong to the 
integration contour. 

In particular, G,(z) is an analytic function in the half-plane Im z > vu’ and G_(z) in the half-plane 
Imz > vi‘. 

Moreover, if a function 71(z) is analytic and nonzero in the strip v_ <Imz < v, andif H(z) — 1 
uniformly in this strip as |z| — oo, then the following representation holds in the strip: 


H(z) = Hy(zJH_(z), (43) 
ootiv’ 
H(z) = exp | / mE) ar| ; v.<vu <Imz<u, (44) 
271 Jcotin! TO 2 
ootivy 
H_(z) = exp - if Ee) ar| ; v.<Imz<vu, <u, (45) 
2H Seer “Ek 


where the functions 7(4(z) and 7{_(z) are analytic and nonzero in the half-planes Im z > v_ and 
Im z < v4, respectively. The representation (43) is called a factorization of the function H(z). 


13.11-4. Nonhomogeneous Wiener—Hopf Equation of the Second Kind. 


Consider the Wiener—Hopf equation of the second kind 


ies | K(e—ty(t)dt = f(a). (46) 


Suppose that the kernel K(x) of the equation and the right-hand side f(x) satisfy conditions (15). 
Let us seek the solution y*(x) to Eq. (46) for which condition (17) is satisfied. 

In this case, reasoning similar to that in the derivation of the functional equation (19) for a 
homogeneous integral equation shows that, in the case of Eq. (46), the following functional equation 
must hold on the strip pp < Imz < v4: 


Yi (z) + V(z) = V2 K(z)Vi(z) + F(z) + F(2), (47) 
or 
W(2)V.(2) + V_(z) - F(z) = 0, (48) 


where W(z) is subjected to condition (20), as well as in the case of a homogeneous equation. 

We now note that Eq. (48) is a special case of Eq. (34). In the strip v_ < Imz < v,, the 
function W(z) is analytic and uniformly tends to 1 as |z| — co because |K(z)| — 0 as |z| — co. In 
this case, this function has the representation (see (43)-(45)) 


W:(z) 


WA)=s oy 


(49) 
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where the function WV,(z) is analytic in the upper half-plane Im z > v_ and W_(z) is analytic in the 
lower half-plane Im z < v,, and the growth at infinity of the functions W(z) does not exceed that 
of z”. 

On the basis of the representation (49), Eq. (48) becomes 


W,(2)V+(2) + W(2)Y_(2) —- W_(2)F (2) - W(2)F (2) = 0. (50) 
To reduce Eq. (50) to the form (38), it suffices to decompose the last summand 
F(2)WA(z) = Dy(z) + D(z) (51) 


into the sum of functions D,(z) and D_(z) that are analytic in the half-planes Im z > ps and Im z < v4, 
respectively. 

To establish the possibility of a representation (51), we note that the function F(z) is analytic 
in the upper half-plane Im z > v_ and uniformly tends to zero as |z| — oo. The function W_(z) is 
analytic in the lower half-plane Im z < v4, and, according to the method of its construction, we can 
perform the factorization (49) so that the function VWV_(z) remains bounded in the strip v_ < Im z < v, 
as |z| — oo. Hence (see (40)-(42)), the functions F4(z)W_(z) in the strip v_ < Im z < vu, satisfy all 
conditions that are sufficient for the validity of the representation (51). 

The above reasoning makes it possible to take into account the fact that the growth at infinity of 
the functions W(z) does not exceed that of z”, and thus to present the transform of the solution of 
the nonhomogeneous integral equation (46) in the form 


ya) = PM D* PA), (5) - “Pci # WIE) +B.) 
) (z) 


Wie) oF) 


The solution itself can be obtained from (52) by means of the Fourier inversion formula (6), (9), 
and (10). 


13.11-5. Exceptional Case of a Wiener—Hopf Equation of the Second Kind. 


Consider the exceptional case of a Wiener—Hopf equation of the second kind in which the func- 
tion W(z) = 1- V2n Kz) has finitely many zeros N (counted according to their multiplicities) in 
the strip v_ < Imz < v,. In this case, the factorization is also possible. To this end, it suffices to 
introduce the auxiliary function 


W,(z) = In G +)? We) [I - ae (53) 


where a; is the multiplicity of the zero z; and a positive constant b > {|v_|, |v4|} is chosen so that the 
function in the square brackets has no additional zeros in the strip v_ < Imz < v,. 

However, in the exceptional case, the Wiener—Hopf method gives the answer only if the number 
of zeros of the function WV(z) is even. This restriction is due to the fact that only for the case in 
which the number of zeros is even is it possible to achieve the necessary behavior at infinity (for 
the application of the Wiener—Hopf method) of the function (2? + b?)‘/? (see EK D. Gakhov and 
Yu. I. Cherskii (1978)). The last restriction makes no real obstacle to the broad use of the Wiener— 
Hopf method in solving applied problems in which the kernel A(x) of the corresponding integral 
equation is frequently an even function, and thus the reasoning below can be applied completely. 


Remark 1. The Wiener—Hopf equation of the second kind for functions vanishing at infinity 
can be reduced to a Riemann boundary value problem on the real axis (see Subsection 13.10-1). 
In this case, the assumption that the number of zeros of the function W(z) is even, as well as the 
assumption that the kernel K (a) is even in the exceptional case, are unessential. 
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Remark 2. For functions with nontrivial growth at infinity, the complete solution of Wiener— 
Hopf equations of the second kind is presented in the cited book by F. D. Gakhov and Yu. I. Cherskii 
(1978). 


Remark 3. The Wiener—Hopf method can be applied to solve Wiener—Hopf integral equations 
of the first kind under the assumption that the kernels of these equations are even. 


© References for Section 13.11: B. Noble (1958), A. G. Sveshnikov and A. N. Tikhonov (1970), V. I. Smirnov (1974), 
F. D. Gakhov (1977, 1990), F. D. Gakhov and Yu. I. Cherskii (1978). 


13.12. Krein’s Method for Wiener—Hopf Equations 


Consider the Wiener—Hopf equation of the second kind 
ya) [ K(a—t)y(t) dt = f(x), O0<24%<o, (1) 
0 


where f(x), y(x) € L,(0,co) and K(x) € L\(-co, 00). Let us use the classes of functions that 
can be represented as Fourier transforms (alternative Fourier transform in the asymmetric form, see 
Subsection 9.4-3), of functions from L;(—co, co), £1 (0, 00), and L;(—oo, 0). For brevity, instead of 
these symbols we simply write DL, L,, and L_. Let functions h(x), h) (x), and h2(x) belong to L, D4, 
and L_, respectively; in this case, their transforms can be represented in the form 


Co ove) 0 
F(u) = i, A(ae da, Fy (u) = | hi(a)e dx, F>(u) = Hi ho(a)e da. 
—0o 0 ae 


Let Q, Q,, and Q_ be the classes of functions representable in the form 
Ww) =14+Hw), Ww) =14+7i(u), Wu) =1+72(u), (2) 


respectively, where the functions from the classes Q, and @_, treated as functions of the complex 
variable z = u+7v, are analytic for Im z > 0 and Im z < 0, respectively, and are continuous up to the 
real axis. 

Let T(x) belong to L and let qT (u) be its transform. Assume that 


1-F(u)#0, Ind{i-7(w] = 5 {arglt =F} 2). <soeHeed G3) 
In this case there exists a g(a) € LD such that 
In{1 —T(u)] = / - gaye da. (4) 
This formula readily implies the relation In[1 a (u)] — Oas u — +00. 


In what follows, we apply the factorization of functions MM(u) of the class Q that are continuous 
on the interval —co < u < co. Here the factorization means a representation of the function M (wu) in 
the form of a product 


\k 
“ 7 u-t < 
Mu) = Mw (=) M_(u), (5) 
uti 
where M_(z) and M,(z) are analytic functions in the corresponding half-planes Im z > 0 and 


Im z < 0 continuous up to the real axis. Moreover, 


M.(z)#0 for Imz>0 and M (z)#0 for Imz<0. (6) 


680 METHODS FOR SOLVING LINEAR EQUATIONS OF THE ForM y(2) — 2 K(a,t)y(dt = f(x) 


Relation (5) implies the formula 
k = Ind M(u). 


The factorization (5) is said to be canonical provided that k = 0. 
In what follows we consider only functions of the form 


M(u) =1-TF(u) (7) 


such that M (+00) = 1. We can also assume that 


M,(t00) = M_(to0) = 1. (8) 


Let us state the main results concerning the factorization problem. 
A function (7) admits a canonical factorization if and only if the following two conditions hold: 


M(u) #0, Ind M(u) = 0. (9) 


In this case, the canonical factorization is unique. Moreover, if conditions (9) hold, then there exists 
a function /(«) in the class L such that 


M(u) = exp | / 7 M(a)e%” as| , (10) 


fore) 0 
Mz,(u) = exp / M(a)e™* as| , M_(u) = exp / M(a)e™* as| ; (11) 
0 —0o 


Hence, we have M(u) € Q and Ma(u) € Q-+. The factors in the canonical factorization are also 
described by the following formulas: 


InM,(z) = ah , eaeitle) dr, Imz > 0, (12) 
271 Jog TZ 
In M_(z) = eal en) dr, Imz <0. (13) 


271 Jog TZ 


In the general case of the factorization, the following assertion holds. A function (7) admits a 
factorization (5) if and only if the following condition is satisfied: 


M(u) #0, -0OO <Uu<o. 


In this case, relation (5) can be rewritten in the form 


Ut? 


.\ -k 
(- a ) M(u) = M_(wM,(u), -—00 <uUu<@. 


The last relation implies the canonical factorization for the function 


Nc ok 
My(u) = (=) Mu). 
uti 
Hence, the factors Ma(u) satisfy formulas (10)-(13) if we replace M(u) in these formulas 


by M,(u). 


Now we return to Eq. (1) for which 


K(u) = / * K(a)e™* dz. (14) 
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13.12-2. Solution of the Wiener—-Hopf Equations of the Second Kind. 


THEOREM 1. For Eq. (1) to have a unique solution of the class L, for an arbitrary f(a) € L,, it 
is necessary and sufficient that the following conditions hold: 


1-K(u) #0, -~00 < U< 00, (15) 
vy =—Ind[1—K(u)] = 0. (16) 


THEOREM 2. If condition (15) holds, then the inequality v > 0 is necessary and sufficient for the 
existence of nonzero solutions in the class L, of the homogeneous equation 


y(x) — ie K(a—-t)y() dt = 0. (17) 
0 


The set of these solutions has a basis formed by v functions y,(x) (k = 1,...,v) that tend to zero 
as x — oo and that are related as follows: 


p(x) = ‘i prei(t) dt, k=1,2,...,v—-1, pr(“) = [ w(t) dt +C, (18) 
0 0 


Where C is a nonzero constant and the functions p;,(t) and w(t) belong to L,. 


THEOREM 3. If condition (15) holds and if v > 0, then for any f(x) € LD, Eq. (1) has infinitely 
many solutions in L,. 


However, if v <0, then, for a given f(x) € L,, Eq. (1) has either no solutions from L, or a unique 
solution. For the latter case to hold, it is necessary and sufficient that the following conditions be 
satisfied: 


i f(x)vz (a) dz = 0, k=1,2,...,|vl, (19) 
0 
where ~;,() is a basis of the linear space of all solutions of the transposed homogeneous equation 
w(x) -| K(t-ax)w(t) dt = 0. (20) 
0 
1°. If conditions (15) and (16) hold, then there exists a unique factorization 
[1-K@It = M(wM_(u), (21) 
and = - 
M,(u) = 1+ R, (the dt, M(u)=1+ | Rite dt. (22) 
0 0 


The resolvent is defined by the formula 
R(a,t) = Ry(ex-t)+ R(t-2x)+ i Ri(a—s)R(t-s) ds (23) 
0 


where 0 <4 <co,0<t<o, R,(x) = 0, and R(x) = 0 for x < 0, so that, for f(x) from L,, the 
solution of the equation is determined by the expression 


ute) = Fa f Rea, tf dt. (24) 
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Formula (23) can be rewritten as follows: 
R(a,t) = R(x -t, 0)+ RO, t- x) + : R(x -s, 0)R(O, t—s) ds. (25) 
0 
If K(a—-t) = K(t—2), then formula (25) becomes 
min(x,t) 
Ra, t) = R(|a -t|,0) + [ R(x — s,0)R(t-s, 0) ds. (26) 
0 


Note that R,(a2) = R(w, 0) and R_(x) = R(O, x) are unique solutions, in the class L,, of the following 
equations (0 < x% < 00): 


Ri(a) + iP; K(a-t)R,() dt = K(2), 
fe (27) 
R(x) + | K(t-2)R_() dt = K(-2). 
0 
2°. Suppose that condition (15) holds, but 
v =—Ind[1—K(u)] > 0. 


In this case, the function [1 — K(wy! admits the factorization 
2 4.4 u-i\". 
[1—-K(u)]J" = G_(u){| —— } G+(u), 00 <U< OO. (28) 
Uti 
For the functions M_(u) and My(u) defined by the relations 


M(u)=G(u) and My(u) = (S) G.(u), (29) 


we have the representation (22) and formula (23) for the resolvent. 
Moreover, for k = 1,...,v, the following representations hold: 


iM, °° 
os = | gu(aye™® dar, (30) 


where g(x) is the solution of the homogeneous equation (17). The solutions y;,(x2) mentioned in 
Theorem 2 can also naturally be expressed via the functions g;,(z). 


3°. If vy =—Ind[1 — K(u)] < 0, then the transposed equation 


ia) f K(t-x)y(t) dt = f(a) (31) 


has the index —v > 0. If formula (28) defines a factorization for Eq. (1), then the transposed equation 
admits a factorization of the form 


[1-K(@)y" = M_(-w)M(-u), 


and M_(—u) plays the role of M,(u), and M,(-u) plays the role of M_(u). 
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13.12-3. Hopf—Fock Formula. 


Let us give a useful formula that allows one to express the solution of Eq. (1) with an arbitrary 
right-hand side f(a) via the solution to a simpler auxiliary integral equation with an exponential 
right-hand side. 

Assume that in Eq. (1) we have 


fi)=e%", Im6>0,  y(x) = ye(x), (32) 


and moreover, conditions (15) and (16) hold. In this case 
ye(x) = eS? + | R(a, the" dt, (33) 
0 


where R(x, t) has the form (25). After some manipulations, we can see that 


yc(z) = M_(-C) [ + | ; R(t, 0)e** a| est (34) 
0 


On setting x = 0 in (34), we have 
yc(0) = M_(-¢), (35) 


and if the function K (a) describing the kernel of the integral equation is even, then 
yc(0) = M.(¢). (36) 


On the basis of formula (34), we can obtain the solution of Eq. (1) for a general f(x) as well 
(see also Section 11.6): 


1 Sadie g OD ; 
y(a) = ae / F(—Qye(x) dg, Fi(u) = i: fixe dx. (37) 


Remark 1. All results obtained in Section 13.12 concerning Wiener—Hopf equations of the sec- 
ond kind remain valid for continuous, square integrable, and some other classes of functions, which 
are discussed in detail in the paper by M. G. Krein (1958) and in the book by C. Corduneanu (1973). 


Remark 2. The solution of the Wiener—Hopf equation can be also obtained in other classes of 
functions for the exceptional case in which | — K(u) = 0 (see Subsections 13.10-1 and 13.11-5). 


© References for Section 13.12: V. A. Fock (1942), M. G. Krein (1958), C. Corduneanu (1973), V. I. Smirnov (1974), 
P. P. Zabreyko, A. I. Koshelev, et al. (1975). 


13.13. Methods for Solving Equations with Difference 
Kernels on a Finite Interval 


13.13-1. Krein’s Method. 


Consider a method for constructing exact analytic solutions of linear integral equations with an 
arbitrary right-hand side. The method is based on the construction of two auxiliary solutions of 
simpler equations with the right-hand side equal to 1. The auxiliary solutions are used to construct 
a solution of the original equation for an arbitrary right-hand side. 
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1°. Let the equation 
b 
y(c) i: K(e,dy@di=f@),  aszsb, (1) 


be given. Along with (1), we consider two auxiliary equations depending ona parameter € (a<€<b): 


g 
w(x, o- | K(a, thw(t, €) dt = 1, 
- 2) 
wn | K(t, x)w* (t, €) dt = 1, 


where a<x<€. Assume that for any € the auxiliary equations (2) have unique continuous solutions 
w(x, €) and w* (a, €), respectively, which satisfy the condition w(€, £)w*(€,£) #0 (a<€ <b). In this 
case, for any continuous function f(x), the unique continuous solution of Eq. (1) can be obtained 
by the formula 


e 1 od fé 
y(a) = F@w(x,b) - / we ORO, FO) = ae / witOfltdt, — @) 


where 


m(f) = w(E, fw" (E, §). 


Formula (3) permits one to construct a solution of Eq. (1) with an arbitrary right-hand side f(x) 
by means of solutions to the two simpler auxiliary equations (2) (depending on the parameter €) 
with a constant right-hand side equal to 1. 


2°. Consider now an equation with the kernel depending on the difference of the arguments: 


b 
y(2) + K(a—t)y(t) dt = f(x), a<as<b. (4) 


It is assumed that K(x) is an even function integrable on [a — b, b— a]. Along with (4) we consider 
the following auxiliary equation depending on a parameter € (a < € < b): 


é 
w(a.8)+ f K(a-thwt,)dt=1,  asasé. (5) 


Assume that for an arbitrary € the auxiliary equation (5) has a unique continuous solution w(2, &). 
In this case, for any continuous function f(z), a solution of Eq. (4) can be obtained from formula (3) 
by setting w* (a, t) = w(, ¢) in this formula. 

Now let us indicate another useful formula for equations whose kernel depends on the difference 
of the arguments: 


y(x) + Ve K(a—t)y(t) dt = f(x), —asu<a. (6) 


It is assumed that K(x) is an even function that is integrable on the segment [—2a, 2a]. Along with 
(6) we consider an auxiliary equation depending on a parameter € (0 < € < a): 


g 
wenrgy+ | K(a—-t)wt(t, €) dt = 1, ES a SE. (7) 
ri 
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Let the auxiliary equation (7) have a unique continuous solution w(2, €) for any €. In this case, 
for an arbitrary continuous function f(x), the solution of Eq. (6) can be obtained by the following 
formula: 


1 d [* 
y(x) = IM@ s / w(t, a) f(t) a| w(x, a) 


a 


1 a 
ae uot ae | meoroa a 


id weOl f t oa 8 
va |, ae [fe Ouo| & (8) 


where M(£) = w?(E, €), and the last inner integral is treated as a Stieltjes integral. 


13.13-2. Kernels with Rational Fourier Transforms. 


Consider an equation of the form 


Te 
ute) f K(a—ty(t)dt = fl), (0) 


where 0 < « < T’< oo. If the kernel (x) is integrable on [—T’,, T’], then the Fredholm theory can be 
applied to this equation. 

Since the equation involves the values of the kernel K (x) for the points of [-T, T’] only, it follows 
that we can extend the kernel outside this interval in an arbitrary way. Assume that the kernel is 
extended to the entire axis so that the extended function is integrable. In the general case, Eq. (9) in 
the space L(0, 7’) can be reduced to a boundary value problem of the theory of analytic functions 
(Riemann problem) for two pairs of unknown functions. 

If the Fourier transform of the kernel 


K(u) = i K(a)e™* dx 


is rational, then Eq. (9) can be solved in the closed form. Assume that 1 ~K(u) #0 (-co <u <0). 
In this case, the transform of the solution of the integral equation (9) is given by the formula 


pk 1 Heo) tly) _ otTuyvy- 
Yu) = TK [F(u) — W*(u) - eT *W(u)] (10) 
in which 
VE 
Age = nk 
WN Pe Ge 


where the b* and the b;, are poles of the functions 1 — K(u) that belong to the upper and lower 
half-planes, respectively, and the p> are their multiplicities. The constants M7), can be determined 
from the conditions 


“Wr +e"™'W(u)-F(u)| = 0; aU ee aed 


u=at, 


ae a =0; s=0,1,...,¢,—-1; 


— 


where a* and a7, are the zeros of the functions 1 — K(u) that belong to the upper and lower half- 
planes, respectively, and q7 are their multiplicities. The constants M7), can also be determined by 
substituting the solution into the original equation. The solution of the integral equation (9) can be 
obtained by inverting formula (10). 
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13.13-3. Reduction to Ordinary Differential Equations. 


1°. Consider the special case in which the Fourier transform of the kernel of the integral equation (9) 
can be represented in the form 


. M(u) 
Ku) = = 11 
(u) Wu) (11) 
where M(u) and W(u) are some polynomials of degrees m and n, respectively: 
Mu) = $5 Agu®, Nu) = S > Bout. (12) 


k=0 k=0 


In this case, the solution of the integral equation (9) (if it exists) satisfies the following linear 
nonhomogeneous ordinary differential equation of the order m with constant coefficients: 


M (i) ya) =H (iL) F, O<a2<T. (13) 


The solution of Eq. (13) contains m arbitrary constants that are defined by substituting the solution 
into the original equation (9). Here a system of linear algebraic equations is obtained for these 
constants. 


2°. Consider the Fredholm equation of the second kind with a difference kernel that contains a sum 
of the exponential functions: 


b n 
y(x) + i (> Ayer) y(t) dt = f(a). (14) 


k=1 


In the general case, this equation can be reduced to a linear nonhomogeneous ordinary differential 
equation of order 2m with constant coefficients (see equation 4.2.16 in the first part of the book). 
For the solution of Eq. (14) with n = 1, see equation 4.2.15 in the first part of the book. 


3°. Equations with a difference kernel that contains a sum of hyperbolic functions, 
b n 
y(x) + / K(a—thy@)dt = f(@), — -K(@) = S© Ag sinh(Agla), (15) 
k=l 


can be also reduced by differentiation to linear nonhomogeneous ordinary differential equations of 
order 2n with constant coefficients (see equation 4.3.29 in the first part of the book). 
For the solution of Eq. (15) with n = 1, see equation 4.3.26 in the first part of the book. 


4°. Equations with a difference kernel containing a sum of trigonometric functions 
b n 
ya) + / K(a-thy@dt= fiw), — -K(a) = > Ag sin(alal), (16) 
oi k=l 


can be also reduced to linear nonhomogeneous ordinary differential equations of order 2n with 
constant coefficients (see equations 4.5.29 and 4.5.32 in the first part of the book). 


@) References for Section 13.13: W. B. Davenport and W. L. Root (1958), I. C. Gohberg and M. G. Krein (1967), 
P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. D. Polyanin and A. V. Manzhirov (1998). 
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13.14. Method of Approximating a Kernel by a 
Degenerate One 


13.14-1. Approximation of the Kernel. 


For the approximate solution of the Fredholm integral equation of the second kind 


b 
y(a) -| K(a, thy) dt = f(x), asxas<b, (1) 


where, for simplicity, the functions f(a) and K (2, t) are assumed to be continuous, it is useful to 
replace the kernel K(z, t) by a close degenerate kernel 


Key(a,t) = S ge(x)he(t). (2) 


k=0 


Let us indicate several ways to perform such a change. If the kernel K(z,t) is differentiable 
with respect to x on [a, b] sufficiently many times, then, for a degenerate kernel K(,)(x, t), we can 
take a finite segment of the Taylor series: 

— (x ~ x0) 


Ko (a,t) =) Ko, (3) 


m=0 


where xo € [a, b]. A similar trick can be applied for the case in which K (a, t) is differentiable with 
respect to t on [a, b] sufficiently many times. 
To construct a degenerate kernel, a finite segment of the double Fourier series can be used: 


Kay@,) = » S Apg(x — Xo)P(t — to)4, (4) 
p=0 q=0 
where 
1 opr K(za,t) <a <b Bee 
Gpq = p!q! OxPot4 @, a ? aSasb, astyoSbd. 


A continuous kernel K (az, t) admits an approximation by a trigonometric polynomial of period 21, 
where | = b—a. 
For instance, we can set 


1 ” k 
Ken(,t) = sa0(t) +) ax(t) cos (=). (5) 
k=1 


where the a;(t) (k = 0, 1,2,...) are the Fourier coefficients 


b 
a,(é) = “ f K(z, neos( 2 ) dx. (6) 


A similar decomposition can be obtained by interchanging the roles of the variables x and t. A 
finite segment of the double Fourier series can also be applied by setting, for instance, 


n 


1 
az(t) = 3 tK0 + a Akm cos( 


m=l1 


mart 


) k=0,1,...,n, (7) 
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and it follows from formulas (5)—(7) that 


K)(a, t) = saw + +5 AK0 cos( *) +3 am cos(™ 


k=1 
eee kra mrt 
+ S- Akm COS ss cos ar ; 


where 


7 ia k t 
aim = = f i: K(a,t)00s( =) cos( “7 da dt. 


One can also use other methods of interpolating and approximating the kernel (a, t). 


13.14-2. Approximate Solution. 


(8) 


If A(,)(x, t) is an approximate degenerate kernel for a given exact kernel A(z, t) and if a func- 


tion f(x) is close to f(x), then the solution y,,(x) of the integral equation 


b 
ene i Ket, OH=FAO 


can be regarded as an approximation to the solution y(x) of Eq. (1). 
Assume that the following error estimates hold: 


b 
J WK @.0-Koole.oldtse, If(x) - fray s 6. 


Next, let the resolvent R,,(x, t) of Eq. (9) satisfy the relation 


b 
/ |Rn(a, t)| dt < M, 


fora< 2 <b. Finally, assume that the following inequality holds: 
g=e+M,,) <1. 


In this case, Eq. (1) has a unique solution y(a) and 


NA+M, 2 
ly(x) — yn(a)| $ ee 


= 


Example. Let us find an approximate solution of the equation 


1/2 242 
y(x) - i e® y(t) dt = 1. 
0 
Applying the expansion in a double Taylor series, we replace the kernel 


K(a,t) = ewe 


by the degenerate kernel 
Ke(a,t) = 1-27? + san. 


+0, N = max |f(a)I. 
asas<b 


(9) 


(10) 


(11) 
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Hence, instead of Eq. (11) we obtain 


1/2 
yo(x) = 1 +f (1-a7t? + S24t*) po dt. (12) 
0 

Therefore, 

y2(x) =1l+ A + Ajax? + A3x', (13) 
where 
1/2 1/2 1 1/2 
Aj =| yo(a)dax, Az --[ aw’ yp(x)dx, A3 = a a yo(a) da. (14) 
0 0 0 


From (13) and (14) we obtain a system of three equations with three unknowns; to the fourth decimal place, the solution 


A, =0.9930, Az =-0.0833, A3 = 0.0007. 


Hence, 
y(a) ~ yp(x) = 1.9930 - 0.0833 27 +0.0007¢*, 0<sa<t. (15) 


An error estimate for the approximate solution (15) can be performed by formula (10). 


@ References for Section 13.14: L. V. Kantorovich and V. I. Krylov (1958), S. G. Mikhlin (1960), B. P. Demidovich, 
I. A. Maron, and E. Z. Shuvalova (1963), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), K. E. Atkinson (1997). 


13.15. Bateman Method 


In some cases it is useful, instead of replacing a given kernel by a degenerate kernel, to represent 
the given kernel approximately as the sum of a kernel whose resolvent is known and a degenerate 
kernel. For the latter, the resolvent can be written out in a closed form. 

Consider the Fredholm integral equation of the second kind 


b 
Haren | k(x, t)y(t) dt = f(a) (1) 


with kernel k(x, t) whose resolvent r(x, t; A) is known; thus, the solution of (1) can be represented 
in the form 


b 
y(x) = f(x) + rf r(x, t; A) f(t) dt. (2) 
Then, for the integral equation with kernel 
k(a,t) g(a) +++ gn(a) Qi, a2 +++ Gin 
sean 1 hi@®) an ++ Gin Ree a2} 22 +++ Gon (3) 
Urey | ee: “as Seely EDR gee. a ian ee oe 
hn(t) ani pia ann ani aAn2 ts) Ann 
where gz,(x) and hz(t) (k = 1,...,) are arbitrary functions and a;; (7,7 = 1,...,7) are arbitrary 
numbers, the resolvent has the form 
r(x, t; ) pi(x) ee n(x) 
Rass 1 Wid) an tAb ee Gin t+ADIn (4) 
fees A(aij + Adij) : : zo : ; 
Yn(t) Gni + bai mth Ann + dnn, 
where 
b b 
pela) = gua) +2 / (arty get) dt, paw) = hala) +2 / rat, ts A)ha(t) at, 
a a (5) 
b 


bij - | gj(@)hi(x) dx, Kya Spe 
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13.15-2. Some Special Cases. 


Assume that m 
K(a,t) = k(a,t)—S > gx(w)he), (6) 
k=1 


1.e., in formula (3) we have a;; = 0 for 2 # 7 and a;; = 1. For this case, the resolvent is equal to 


r(x, t;A) pit) +++ Pn(2) L+Aby, Abin +++ Adin 
1 wit) 1+Abu +++ Abin Abz1 1+Abx2 +++ Adon 
R(a, t; A)= : ; ; » An= : . 201) 
A. ‘ ‘ a . s ; vie : 
Yn (t) Abni ++ L#+A¥bnn Abni rbn2 +++ L+Abnn 
Moreover, assume that k(x, t) = 0, i.e., the kernel K (a, t) is degenerate: 
K(a,t)=-5— gx(x)he(t). (8) 
k=l 
In this case it is clear that r(x, t; A) = 0 and, by virtue of (7), 
b 
pute) =geCO (0) = hale), by = f gylaphate de 
Therefore, the resolvent becomes 
0 gi(z) +++ Gn (x) 
1 h(t) 1+ Abit forete Adin 
Ra, t;) = : ; : . (9) 
Ay : ns = 
hy(t) bni se) L4+Abdnn 


Now we consider an integral equation with some kernel Q(z,t). On the interval (a,b) we 
arbitrarily choose points 71, ..., %» and t,, ..., tn, and in relation (3) we set 


k(x,t)=0,  gx(z) = Qa, te), he =-Q(ae,t), aig = Q(wi, t;). 
In this case it is clear that r(x, t; A) = 0, and the kernel K(x, t) acquires the form 


0 Q(z, t1) +++ Q(a, tn) 
1 | Q(@1,t) Q(@1,t1) +--+ Q(@1, tn) 
D : . ; . 


Q(@1,t1) +++ Q(@1, tn) 


K(a,t)= : . : 4 
Q(@n, tH) +++ O(n, tn) 


> 


It is convenient to rewrite this formula in the form 


1 | Q@1,t) Q(ai,ti) ++» Qa, tn) 
K@,)=Q@,)-=| sae eral (10) 
Q(fn, t) O(n, ti) aie O(n, tn) 


The kernel K(z,t) is degenerate and, moreover, it coincides with the kernel Q(z, t) on the 
straight lines x =27;,t=t; (0,7 =1,...,n). Indeed, if we set x = x; or t =¢,;, then the determinant in 
the numerator of the second term has two equal rows or columns and hence vanishes, and therefore, 


K(ai,t) = Q(ai,0, K(a,t;) = Qa, ty). 
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This coincidence on 2n straight lines permits us to expect that K(x, t) is close to Q(z, t) and the 
solution of the equation with kernel K (2, t) is close to the solution of the equation with kernel Q(z, t). 
It should be noted that if Q(z, t) is degenerate, i.e., has the form 


Q(a, t) = S° gx(a)he), (11) 
k=l 
then the determinant in the numerator is identically zero, and hence in this case we have 
K(a,t) = Q(a, t). (12) 


For the kernel /(z, t), the resolvent can be evaluated on the basis of the following relations: 


r(x, t;A)=0, vile) = gia) = Q(z, ti), Yj OD = hj) =-Q(aj, Db), 


(13) 
bij = -| Q(a, tj) Q(ai, x) dx = —Q2(xi, t;), ig Sgt nasty 
where @>(z, t) is the second iterated kernel for Q(z, t): 
b 
Qatery)= | Qe. 9)Q5.t) As, 
and hence 
ee ae 1 Q(71,#) Q(@1, 41) -AQ2(@1, 1) ++ Q(@1, tr) — AQ2(@1, tn) a 
Cie aDs |. 3 | : a 
Q(rn, t) Q(rn, t1) _ AQ2(Zn, t1) ks Q(rn, tn) = AQ2(Ln, tn) 
where 


Q2(x1, t1) aes Q2(x1, tn) 
Q2(&n, t1) ie Q2(fn, tn) 
By using the resolvent R(x, t; A), we can obtain an approximate solution of the equation with 


kernel Q(z, t). In particular, approximate characteristic values \ of this kernel can be found by 
equating the determinant in the denominator of (14) with zero. 


Example. Consider the equation 


1 
ya)» | Q(a, tyy(t) dt = 0, O<a<l, (15) 
0 


_sa(t-1) for «st, 
Q@.0={ ie 1) for «>t. 


Let us find its characteristic values. To this end, we apply formula (14), where for the second iterated kernel we have 


42(1-t)(2t-a?-t?) for x<t, 


zt —a)2x-a?-t?) for «>t. 


1 
Qx(x.t) = | ate.91Q. ae { 


We choose equidistant points x; and ¢; and take n = 5. This implies 


1 2 3 4 5 
ry=t} » @2=1t2 r3 = 13 tyete=%, C5 =ts=F. 
Let us equate the determinant in the denominator of (14) with zero. After some algebraic manipulations, we obtain the 


following equation: 
130p° — 4414 + 4883 —206u? +30n-1=0 (A =216p), 
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which can be rewritten in the form 
(w- DQu = 1)(Sp- 3p? — 22 + 1) = 0. (16) 
On solving (16), we obtain 
dy = 10.02, A» = 43.2, A3=108, Ag=216, A5 = 355.2. 
The exact values of the characteristic values of the equation under consideration are known: 
dM, = 77 =9.869..., Ax = (27)? = 39.478..., Az = Br)” = 88.826..., 

and hence the calculation error is 2% for the first characteristic value, 9% for the second characteristic value, and 20% for 
the third characteristic value. 

The result can be improved by choosing another collection of points x; and t; (i = 1,...,5). However, for this number 


of ordinates we cannot have very high precision, because the kernel Q(z, t) itself has a singularity, namely, its derivative is 
discontinuous for x = t, and thus the kernels under consideration cannot provide a good approximation of the given kernel. 


@) References for Section 13.15: H. Bateman (1922), E. Goursat (1923), L. V. Kantorovich and V. I. Krylov (1958), 
P. K. Kythe and P. Puri (2002). 


13.16. Collocation Method 


Let us rewrite the Fredholm integral equation of the second kind in the form 


b 
ely(@)] = y@) - af K(a, thy dt — f(a) = 0. (1) 


Let us seek an approximate solution of Eq. (1) in the special form 


Yn(&) = O(a, Aj,. .., An) (2) 
with free parameters A), ..., A, (undetermined coefficients). On substituting the expression (2) 
into Eq. (1), we obtain the residual 
b 
ELYn(x)] = Yn (x) - af K(a,t)Y¥n(t) dt — f(a). (3) 


If y(x) is an exact solution, then, clearly, the residual e[y(x)] is zero. Therefore, one tries to 
choose the parameters A, ..., A, so that, in a sense, the residual <[Y;,(x)] is as small as possible. 
The residual e[Y,,(x)] can be minimized in several ways. Usually, to simplify the calculations, a 
function Y,,(x) linearly depending on the parameters A,,..., A, is taken. On finding the parameters 
A, ..., An, we obtain an approximate solution (2). If 


tim, Yn (x) = y@), (4) 


then, by taking a sufficiently large number of parameters Aj, ..., A,,, we find that the solution y(a) 
can be found with an arbitrary prescribed precision. 

Now let us go to the description of a concrete method of construction of an approximate 
solution Y;,(z). 
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13.16-2. Approximate Solution. 


We set 
Yn(x) = go(2) + 5 Aivi(a), (5) 
i=l 
where (2), Y1(Z), ---, Yn(x) are given functions (coordinate functions) and A,, ..., An are 
indeterminate coefficients, and assume that the functions y,(~7) @=1,...,) are linearly independent. 


Note that, in particular, we can take yo(x) = f(x) or yo(x) = 0. On substituting the expression (5) 
into the left-hand side of Eq. (1), we obtain the residual 


n b n 
e[¥n(x)] = go(x) + > Aipi(x)- f(@)-r if K(a,t) fo +>) Avgto] dt, 


i=l 1=1 


or 
e[¥n(x)] = Yo(a, )+ 5 Aidala, »), (6) 
i=l 
where 
b 
vo(e.2) = vu(a)= F@)-> | K(a.toeu(t a 
se (7) 
Wile = eed [ Ka@.dyitdt, i= Aes 
According to the collocation method, we require that the residual e[Y,,(x)] be zero at the given 
system of the collocation points x1, ..., X ,, on the interval [a, b], i.e., we set 
El[Yn(x;)] = 9, Pogo sess 
where 


ASX, <X2<+ ++ <n <n SO. 


It is common practice to set x; =a and x, = b. 
This, together with formula (6), implies the linear algebraic system 


S> Aii(a;, =—bolaj,), GF = 1,0, (8) 
i=l 
for the coefficients A;,..., A,. If the determinant of system (8) is nonzero, 
Wi(@1,A) Yil@2,A)_ +++ Yi(@n, A) 


Wr(a1,r)  Yro(a2,A) +++ W2(4n, A) 
det[7);(xj, A)] = : . . 


Palen» dyler, 0 > Palen) 


then system (8) uniquely determines the numbers Aj, ..., A, and hence makes it possible to find 
the approximate solution Y,, (a2) by formula (5). 
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13.16-3. Eigenfunctions of the Equation. 


On equating the determinant with zero, we obtain the relation 
det[yi(a;, d)] = 0, 


which, in general, enables us to find approximate values \;, (k = 1,...,n) for the characteristic 
values of the kernel K(x, f). 
If we set 


f(z)=0, go(a)=0, A=, 


then, instead of system (8), we obtain the homogeneous system 
SS AP bilas, An) = 0, Je Msg Me (9) 
i=l 


: : q(k) 7. : : : 
On finding nonzero solutions A;” (i = 1,...,n) of system (9), we obtain approximate eigen- 


functions for the kernel K(z, t): 


e qk 
YO@=> AP e@: 
i=l 
that correspond to its characteristic value A; = Nk 


Example. Let us solve the equation 


x2 +t? 


1 42 
y(@) -f ea) dt = x arctan - (10) 


by the collocation method. 
We set 


Yo(x) = A + Apex. 


On substituting this expression into Eq. (10), we obtain the residual 


1 1 tae 1 1 
e[Y2(x)] = —A, x arctan — + Ap|x-—+ Inf 1+ x arctan 
x 2513 x x 
On choosing the collocation points x; = 0 and x2 = 1 and taking into account the relations 


1 1 
lim, x arctan —=0, lim, a in(1 + =) = 0, 


@— x ae 2 
we obtain the following system for the coefficients A; and Ao: 
0x Ay - 44> =0, 
-FA,+4(1+In2)A = 4. 


This implies Az = 0 and A; =~-1. Thus, 
Y(x) =—1. (11) 


We can readily verify that the approximate solution (11) thus obtained is exact. 


@© References for Section 13.16: L. Collatz (1960), B. P. Demidovich, I. A. Maron, and E. Z. Shuvalova (1963), A. F. Verlan’ 
and V. S. Sizikov (1986), K. E. Atkinson (1997), R. Kress (1998, 1999), P. K. Kythe and P. Puri (2002), H. Brunner (2004). 
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13.17. Method of Least Squares 


By analogy with the collocation method, for the equation 


b 
ely(x)] = y(x) - af K(a, thy(t) dt— f(x) =0 (1) 
we set Z 
Yn(x) = yo(x) + S— Aivi(a), (2) 
i=l 
where Yo(x), 91 (2), -.-, Yn(x) are given functions, A,,..., A, are indeterminate coefficients, and 


the y;(x) (@ = 1,...,7) are linearly independent. 
On substituting (2) into the left-hand side of Eq. (1), we obtain the residual 


[¥n(x)] = Yo(w,d) + 5 Aidala, A), (3) 


1=1 


where w(x, A) and the ~;(a, A) (i = 1,...,) are defined by formulas (7) of Subsection 13.16-2. 
According to the method of least squares, the coefficients A; (i = 1,...,) can be found from 
the condition for the minimum of the integral 


b b n 2 
T= f tet¥anp ae = | cc +> Anhile, »| de. (4) 
ie a i=l 
This requirement leads to the algebraic system of equations 
ol 
——= Sly 
0A; 0, J ’ > nN, (5) 
and hence, on the basis of (4), by differentiating with respect to the parameters A, ..., A, under 
the integral sign, we obtain 
ee = fw eee MED ede Gea 6) 
204A, J, 4 (X, o(x, 2 Wil, x =0, P Sloe oy 0 
Using the notation 
b 
cyQ)= file, Andy(e, 2 de. a) 


we can rewrite system (6) in the form of the normal system of the method of least squares: 


cn (A)Ay + C12(A)A2 + +++ + Cin(A)An = —Ci0(), 
ca (A)Aq + €22(A) Az +++ + + Con(A)An = —C20(A), 


Cni (A)A1 + Cn2(A)A2 2 ee Cnn(A)An = —Cn9(A). 


(8) 


Note that if yo(x) = 0, then w#o(x) =—f(x). Moreover, since c;;(A) = c;;(A), the matrix of system (8) 
is symmetric. 
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13.17-2. Construction of Eigenfunctions. 


The method of least squares can also be applied for the approximate construction of characteristic 
values and eigenfunctions of the kernel /¢(a,s), similarly to the way in which it can be done in 
the collocation method. Namely, by setting f(x) = 0 and yo(x) = 0, which implies Wo(a) = 0, we 
determine approximate values of the characteristic values from the algebraic equation 


det[c;; (\)] = 0. (9) 


After this, approximate eigenfunctions can be found from the homogeneous system of the form (8), 
where, instead of A, the corresponding approximate value is substituted. 


Example. Let us find an approximate solution of the equation 


1 
y(a) = 2 + i sinh(a + t)y(t) dt (10) 
-1 


by the method of least squares. 
For the form of an approximate solution we take Y2(x) = x? + Aya + A. This implies 


giz=1, gr(a)=2, golx) = 2°. 


Taking into account the relations 


ef sinh(x + t) dt = asinhz, i. tsinh(z + t) dt = bsinhz, iD t? sinh(x + t) dt = csinhz, 
=i s 2 
a =2sinh1 = 2.3504, b= 2e! = 0.7358, c= 6sinh1—4cosh 1 = 0.8788, 
on the basis of formulas (7) of Subsection 13.16-2 we have 
w, =1l-asinhaz, %=x2-bcoshz, wo =-csinha. 
Furthermore, we see that (to the fourth decimal place) 
ey) =2 +a? (5 sinh2-1) = 6.4935, cy) = 4 +b" (4 sinh2 +1) = 2.1896, 
c12 = (ae! + bsinh 1) = -8e™! sinh 1 = -3.4586, —cyo = ac(4 sinh2~ 1) = 1.6800, 29 = -2ce™! = -0.6466, 


and obtain the following system for the coefficients A; and A): 


6.4935.A; — 3.4586A2 = —1.6800, 
—3.4586A, + 2.1896A2 = 0.6466. 


Hence, we have A; = —0.5423 and A> = -0.5613. Thus, 
Yo(x) = x? — 0.56132 — 0.5423. (11) 


Since the kernel 
K(a, t) = sinh(x + t) = sinha cosht + cosh x sinht 

of Eq. (10) is degenerate, we can readily obtain the exact solution 
y(x) = x +asinh x + 8 cosh x, (12) 
6 sinh 1 — 4 cosh 1 
q = OE = 0.6821, 8 = (4 sinh 2-1) = 0.5548. 

Lo 2 2 
2- ( > sinh 2) 


On comparing formulas (11) and (12) we conclude that the approximate solution Y3(a) is close to the exact solution y(a) if 
|x| is small. At the endpoints x = +1, the discrepancy |y(x) — Y2(«)| is rather significant. 


@© References for Section 13.17: L. V. Kantorovich and V. I. Krylov (1958), B. P. Demidovich, I. A. Maron, and E. Z. Shu- 
valova (1963), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. K. Kythe and P. Puri (2002). 
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13.18. Bubnov—Galerkin Method 


Let 
b 
e[y(x)] = y(x) - af K(a, t)y(t) dt— f(x) = 0. (1) 


Similarly to the above reasoning, we seek an approximate solution of Eq. (1) in the form of a finite 
sum 


Ya(a)= f@)+ >" Awi(z), i=1,...,n, (2) 
i=l 
where the y;(x) (= 1,...,) are some given linearly independent functions (coordinate functions) 
and A;,..., A, are indeterminate coefficients. On substituting the expression (2) into the left-hand 
side of Eq. (1), we obtain the residual 

n b b 

e[¥n(@)] = > 0 Aj lee -r / K(a, Dp; a -r / Ka, )f@ at. (3) 
jel a a 

According to the Bubnov—Galerkin method, the coefficients A; (i = 1,...,) are defined from 
the condition that the residual is orthogonal to all coordinate functions (2), ..., ~n(x). This gives 


the system of equations 


b 
/ ELYn(2)]pi(x) dx = 0, Pots nee 
or, by virtue of (3), 
Sais -— ABA; = AV: i=1,...,n, (4) 


j=l 
where 


b b pb b pb 
aij= | pilx)y;(x) dx, ba= ff K(z, thpi(x)y;(d) dt da, n= ff K(a, thyi(a) f (t) dt dx. 


If the determinant of system (4) 
D(A) = detlay; — AGi5] 


is nonzero, then this system uniquely determines the coefficients A,..., A,,. In this case, formula (2) 
gives an approximate solution of the integral equation (1). 


13.18-2. Characteristic Values. 


The equation D(A) = 0 gives approximate characteristic values A}, ..., An of the integral equation. 
On finding nonzero solutions of the homogeneous linear system 


n 
S “(aig — An Gig AY = 0, = | ee 
jl 
we can construct approximate eigenfunctions Y,“”’() corresponding to characteristic values \,: 
n 
YO a) = 5° AP oe). 
i=l 
It can be shown that the Bubnov—Galerkin method is equivalent to the replacement of the 
kernel K(x, t) by some degenerate kernel K(,)(z, t). Therefore, for the approximate solution Y;, (x) 
we have an error estimate similar to that presented in Subsection 13.14-2. 
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Example. Let us find the first two characteristic values of the integral equation 


1 
ely(a)] = y(x)—r ii K(a,byl(t)dt = 0, 
0 


where 


_ ft for tea, 
Kad={o for t> x. (3) 


On the basis of (5), we have 
x 1 
ely(a)] = uie)—D p ty(t) dt + i ry(t) ar}. 
0 x 
We set Y2(x) = Ajax + Ao”. In this case 
e[Yo(x)] = Aja + Aga” — [4 Aja? + fAna* +20(FA) + +A) - (sAi2? + + Apa*)] = 
=A [( - Ajax + | + Ap (-FAx+ 2° + Ac’). 


On orthogonalizing the residual e[Y2(x)], we obtain the system 
1 
| e[Y2(x)]x dx = 0, 
0 


1 
| elY2(a)]a? dar = 0, 
0 


or the following homogeneous system of two algebraic equations with two unknowns: 


A,(120 — 48A) + A2(90 — 35A) = 0 


6 
Aj (630 — 245A) + A2(504 — 180A) = 0. (6) 
On equating the determinant of system (6) with zero, we obtain the following equation for the characteristic values: 
_| 120-48A = 90-35 | _ 
PO)=| 639-245. 504—180\| = 
Hence, 
d? — 26.03A + 58.15 = 0. (7) 
Equations (7) imply . 7 
Ay = 2.462... and Ay = 23.568... 
For comparison we present the exact characteristic values: 
A = 47? =2.467... and Ay = 3m? =22.206..., 


which can be obtained from the solution of the following boundary value problem equivalent to the original equation: 
View (®) + Ay(@) = 0; yO) =0, y,(1) = 0. 
Thus, the error of \, is approximately equal to 0.2% and that of A, to 6%. 


@© References for Section 13.18: L. V. Kantorovich and V. I. Krylov (1958), B. P. Demidovich, I. A. Maron, and E. Z. Shu- 
valova (1963), A. F. Verlan’ and V. S. Sizikov (1986), K. E. Atkinson (1997), R. Kress (1999). 


13.19. Quadrature Method 


In the solution of an integral equation, the reduction to the solution of systems of algebraic equations 
obtained by replacing the integrals with finite sums is one of the most effective tools. The method 
of quadratures is related to the approximation methods. It is widespread in practice because it is 
rather universal with respect to the principle of constructing algorithms for solving both linear and 
nonlinear equations. 
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Just as in the case of Volterra equations, the method is based on a quadrature formula (see 
Subsection 10.7-1): 


b n 

/ g(x) dx = }* Ajp(a;) + nly, (1) 
a jel 

where the x; are the nodes of the quadrature formula, the A; are given coefficients that do not 

depend on the function y(x), and €,,[y] is the error of replacement of the integral by the sum (the 


truncation error). 
If in the Fredholm integral equation of the second kind, 


b 
y(a) — rf K(a, H\y@® dt = f(a), asxa<b, (2) 


we set x = x; (0 = 1,...,7), then we obtain the following relation that is the basic formula for the 
method under consideration: 


b 
y(@3) — af K(a;, t)y(t) dt = f(x), z=1,...,n. (3) 


Applying the quadrature formula (1) to the integral in (3), we arrive at the following system of 
equations: 


y(ai)— XS AG K (ai, ej )y(@y) = f (wa) + enlyl. (4) 
jl 
By neglecting the small term Ae,,[y] in this formula, we obtain the system of linear algebraic 
equations for approximate values y; of the solution y(x) at the nodes 71, ..., pn: 
yi- AS) AV Kigys = fir 7=1,...,n, (5) 
jel 
where Kj; = K(2;,2;), fi = f(a). 
The solution of system (5) gives the values y1, ..., Yn, Which determine an approximate solution 


of the integral equation (2) on the entire interval [a,b] by interpolation. Here for the approximate 
solution we can take the function obtained by linear interpolation, i.e., the function that coincides 
with y; at the points x; and is linear on each of the intervals [x;, %;4;]. Moreover, for an analytic 
expression of the approximate solution to the equation, a function 


Gx) = fa) + 05° AK (a, 25)y; (6) 
j=l 
can be chosen, which also takes the values yj, ..., Yn at the points 71, ..., 2p. 


13.19-2. Construction of the Eigenfunctions. 


The method of quadratures can also be applied for solutions of homogeneous Fredholm equations 
of the second kind. In this case, system (5) becomes homogeneous (f; = 0) and has a nontrivial 
solution only if its determinant D(\) is equal to zero. The algebraic equation D(A) = 0 of degree n 
for \ makes it possible to find the roots M,.-+, An, Which are approximate values of n characteristic 
values of the equation. The substitution of each value Me (k = 1,...,n) into (5) for f; = 0 leads to 
the system of equations 


n 
WP — Xa D0 Ai Kigy? =0, b= 1s. 


jal 
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whose nonzero solutions y®) make it possible to obtain approximate expressions for the eigenfunc- 
tions of the integral equation: 


u(x) = Ax S- Aj K(a, roe 


j=l 


If \ differs from each of the roots \z, then the nonhomogeneous system of linear algebraic 
equations (5) has a unique solution. In the same case, the homogeneous system of equations (5) has 
only the trivial solution. 


13.19-3. Specific Features of the Application of Quadrature Formulas. 


The accuracy of the resulting solutions essentially depends on the smoothness of the kernel and 
the constant term. When choosing the quadrature formula, it is necessary to take into account that 
the more accurate an applied formula is, the more serious requirements must be imposed on the 
smoothness of the kernel, the solution, and the right-hand side. 

If the right-hand side or the kernel have singularities, then it is reasonable to perform a preliminary 
transform of the original equation to obtain a more accurate approximate solution. Here the following 
methods can be applied. 

If the right-hand side f(x) has singularities and the kernel is smooth, then we can introduce the 
new unknown function z() = y(«)— f(x) instead of y(x), and the substitution of z(x) in the original 
equation leads to the equation 


b b 
ax)-d f K(a,a(tat=> | K(a, t) f(t) dt, 


in which the right-hand side is smoothed, and hence a solution z(x) is smoother. From the func- 
tion z(x) thus obtained we can readily find the desired solution y(x). 

For the cases in which the kernel K (2, t) or its derivatives with respect to t have discontinuities 
on the diagonal x = f, it is useful to rewrite the equation under consideration in the equivalent form 


b b 
y(2) [ z / K(a,t) a| a ‘| K(e,t)[y(t) —y(a)] dt = f(a), 


where the integrand in the second integral has no singularities because the difference y(t) — y(x) 


b 
vanishes on the diagonal x = ¢, and the calculation of the integral | K(a,t) dt is performed without 
unknown functions and is possible in the explicit form. 


Example. Consider the equation 
1 
y(a@) — 4 / aty(t) dt = da. 
0 


Let us choose the nodes x; = 0, x2 = 4 «x3 = | and calculate the values of the right-hand side f(x) = 2a and of the 
kernel K(x, t) = xt at these nodes: 


fO=0, f(S)=%. f=2, 
K(0,0)=0, K(0,5)=0, K(0,1)=0, K( 
K(4,1))=5, K0,0)=0, K(1,5)=4, KQ,D=L 


On applying Simpson’s rule (see Subsection 10.7-1) 


1 
i. F(a) da ~ £[F(0) +4F (5) + FQ) 
0 


13.20. SYSTEMS OF FREDHOLM INTEGRAL EQUATIONS OF THE SECOND KIND 701 


to determine the approximate values y; (i = 1, 2,3) of the solution y(«) at the nodes x; we obtain the system 


yy = 0, 
u 1 - 
77 ¥2 — 3743 = Tr 
2 1 2 5: 
—T7 42+ B= F 


whose solution is y; = 0, y2 = 5, y3 = 1. In accordance with the expression (6), the approximate solution can be presented 
in the form 


Wa) = 30+45x4Z(044xK4x4ta4+1x1 x2) =2. 


We can readily verify that it coincides with the exact solution. 


@ References for Section 13.19: N. S. Bakhvalov (1973), V. I. Krylov, V. V. Bobkov, and P. I. Monastyrnyi (1984), 
A. F. Verlan’ and V. S. Sizikov (1986). 


13.20. Systems of Fredholm Integral Equations of the 
Second Kind 


13.20-1. Some Remarks. 


A system of Fredholm integral equations of the second kind has the form 
nr Ab 
yi) ry | Kyla, DyjOdt= fle), aSesd, i=1..,n. (1) 
ete 


Assume that the kernels X;;(x, t) are continuous or square integrable on the square S = {asa <b, 
a <t< b} and the right-hand sides f;(x) are continuous or square integrable on [a,b]. We also 
assume that the functions y;(x) to be defined are continuous or square integrable on [a, b] as well. 
The theory developed above for Fredholm equations of the second kind can be completely extended 
to such systems. In particular, it can be shown that for systems (1), the successive approximations 
converge in mean-square to the solution of the system if X satisfies the inequality 


1 
IAl< =- 


B. (2) 


where 
nm Ab pb 
pape / |Kij(a, OP dx dt = B? < oo. (3) 
isl, gal Es 


If the kernel K;;(x, ) satisfies the additional condition 


b 
/ Ky(a,t)dts Ay,  asasb, (4) 


where A;; are some constants, then the successive approximations converge absolutely and uni- 
formly. 

If all kernels K;;(z, t) are degenerate, then system (1) can be reduced to a linear algebraic system. 
It can be established that for a system of Fredholm integral equations, all Fredholm theorems are 
satisfied. 
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13.20-2. Method of Reducing a System of Equations to a Single Equation. 


System (1) can be transformed into a single Fredholm integral equation of the second kind. Indeed, 
let us introduce the functions Y(x) and F(x) on [a, nb—(n-— 1)a] by setting 


Y(x) =yi(e-(i-Db-a)),  F(@) = fi(e-G-Db-a), 


for 
G-lb-G-2)asas<ib-(i-la. 


Let us define a kernel K(x, t) on the square {a <x < nb-(n—-Ila, as t<nb-(n- Ia} as 
follows: 
K(a,t) = Ky; (#-(- Ib-a), t-(j - 1I)(b- a) 


for 
(@-Db-G-2asasib-CGi-la, G-lb-G-2astsjb-G-Da. 


Now system (1) can be rewritten as the single Fredholm equation 
nb-(n-l)a 
y@-) | K(a, ty (t) dt = F(x), asxa<nb-(n-l)a. 


If the kernels ,;(x, t) are square integrable on the square S = {a< 7 <b, a<t< b} and the 
right-hand sides f;(x) are square integrable on [a, b], then the kernel K(x, t) is square integrable on 
the new square 

Sy, ={a<x2<nb-(n-l)a, a<t<nb-(n- la}, 


and the right-hand side F'(a) is square integrable on [a, nb-(n- I)a]. 
If condition (4) is satisfied, then the kernel K(, t) satisfies the inequality 


b 
‘| K(x, t)dt < Ax, a<a<nb-(n- Ila, 


where A,, is a constant. 


@) Reference for Section 13.20: S. G. Mikhlin (1960). 


13.21. Regularization Method for Equations with Infinite 
Limits of Integration 


13.21-1. Basic Equation and Fredholm Theorems. 


Consider an integral equation of the second kind in the form 


1 ee) 1 0 ee) 
yc) + | Ky(a— toy) a+ | Aa(a — tyy(t) ar | M(a, thy(t) dt = f(x), (1) 


where —co < x < co. We assume that the functions y(x) and f(x) and the kernels K\(a) and K2(x) 
are such that their Fourier transforms belong to L2(—0o, oo) and satisfy the Holder condition. We 
also assume that the Fourier transforms of the kernel (/(x, t) with respect to each variable belong 
to L2(—00, oo) and satisfy the Holder condition and, in addition, 


/ / [M(a, t)° dx dt < oo. 
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It should be noted that Eq. (1) with M(z, t) = 0 is the convolution-type integral equation with two 
kernels which was discussed in Subsection 13.10-2. 
The transposed homogeneous equation has the form 


1 ee) 1 0 ee) 
Pla) + = f Ki(t—a)e(t) dt+ / Ko(t —x)p(t) dt + ‘| M(t, z)y(t)dt =0, (2) 


where —00 < % < 00. 
Assume that the normality conditions (see Subsection 13.10-2) hold, that is, 


1+K,(u)4#0, 14+K2(u) 40, -00 <U< OO. (3) 
THEOREM 1. The number of linearly independent solutions of the homogeneous (f(x) = 0) 


equation (1) and that of the transposed homogeneous (g(x) = 0) equation (2) are finite. 


THEOREM 2. For the nonhomogeneous equation (1) to be solvable, it is necessary and sufficient 
that 


[ fovunar=o. Wed ycsxglV (4) 


where p;,(x) is a complete finite set of linearly independent solutions to the transposed homogeneous 
equation (2). 


THEOREM 3. The difference between the number of linearly independent solutions to the ho- 
mogeneous equation (1) and the number of linearly independent solutions to the homogeneous 
transposed equation (2) is equal to the index 


1+Ko(u)_ 1 | b+ Kae | e 


Ua Dele” EEK 


—OO 


13.21-2. Regularizing Operators. 


An important method for the theoretical investigation and practical solution of the integral equations 
in question is a regularization of these equations, i.e., their reduction to a Fredholm equation of the 
second kind. 

Let us denote by K the operator determined by the left-hand side of Eq. (1): 


fore) 0 fore) 
Kly(2)] =u()+ = iL K(e-t)y(t) dt+ / _ Kaley) des / _ MG@.bu at 6) 
and introduce the similar operator 
fore) 0 fore) 
L[w(2)] = w(x)+ =| Ly (x—t)w(t) dt+ = i, Ly(a—-t)w(t) ats Q(a, thw(t) dt. (7) 


Let us find an operator L such that the product LK is determined by the left-hand side of a 
Fredholm equation of the second kind with a kernel (2, t): 


LK[y(z)] = y(x) + / K(z, t)y(t) dt, / / |K(a, iP da dt < oo. (8) 


The operator L is called a left regularizer. 
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For the operator K of the integral equation (1) to have a left regularizer L of the form (7), it is 
necessary and sufficient that the normality conditions (3) hold. 
If conditions (3) are satisfied, then the left regularizer L has the form 


1 love) 1 0 fore) 
Lw (2) = w(x)- in [ Ry (2 —-t)w(t) dt- Vin a Ro(x—t)w(t) dt + ia Q(a, t)w(t) dt, (9) 


where the resolvents R;(#—t) and R(x -t) of the kernels K\(a-t) and K(x -— t) are given by (see 
Subsection 13.9-1) 


‘ = 1 es Kj) tun = 1 oe tux ane 
R;(x) = af. a AC du, Kj(uy= Oe hs K,(aje" dx, j = 1,2, 


and Q(z, t) is any function such that 


a [- Q(z, t)° dx dt < co. 


If condition (3) is satisfied, then the operator L given by formula (9) is simultaneously a right 
regularizer of the operator K: 


KL[y(x)] = ya) + if K(x, thy) dt, (10) 


where the function K,,(z, t) satisfies the condition 


| [ Vee.0P drat <oo. (11) 


13.21-3. Regularization Method. 


Consider the equation of the form 
K[y(z)] = f(x), -H << 4< OM, (12) 


where the operator K is defined by (6). 

There are several ways of regularizing this equation, i.e., of its reduction to a Fredholm equation. 
First, this equation can be reduced to an equation with a Cauchy kernel. On regularizing the last 
equation by a method presented in Section 15.4, we can achieve our aim. This approach can be 
applied if we can find, for given functions K,(x), K2(x), M(a,t), and f(x), simple expressions 
for their Fourier integrals. Otherwise it is natural to perform the regularization of Eq. (12) directly, 
without passing to the inverse transforms. 

A left regularization of Eq. (12) involves the application of the regularizer L constructed in the 
previous subsection to both its sides: 


LK[y(x)] = LE f(a)]. (13) 


It follows from (8) that Eq. (13) is a Fredholm equation 


y(a) + i K(e, t)y(t) dt = LEf(a)). (14) 
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Thus, Eq. (12) can be transformed by left regularization to a Fredholm equation with the same 
unknown function y(z) and the known right-hand side L[f(x)]. Left regularization is known to 
imply no loss of solutions: all solutions of the original equation (12) are solutions of the regularized 
equation. However, in the general case, a solution of the regularized equation need not be a solution 
of the original equation. 

The right regularization consists in the substitution of the expression 


y(x) = L[w(x)] (15) 


for the desired function into Eq. (12), where w(x) is a new unknown function. We finally arrive at 
the following integral equation: 
KL[u(x)] = f(z), (16) 


which is a Fredholm equation as well by virtue of (10): 
KL[w(x)] = w(@) + / K,(«, thu(t) dt = f(x), -00 <4 < OO. (17) 


Thus, we have passed from Eq. (12) for the unknown function y(x) to a Fredholm integral 
equation for a new unknown function w(x). On solving the Fredholm equation (17), we find a 
solution of the original equation (12) by formula (15). Right regularization can give no irrelevant 
solutions, but it is known that it can lead to a loss of a solution. 

A solution of the problem on an equivalent regularization, for which neither the loss of solutions 
nor the appearance of irrelevant “solutions” occur, is of significant theoretical and practical interest. 

For Eq. (12) with an arbitrary right-hand side f(x) to admit an equivalent left regularization, it 
is necessary and sufficient that the index v given by formula (5) be nonnegative. For an equivalently 
regularizing operator we can take the operator 


ee) 0 
L’[w(x)] = w(x) - = ‘i Ri (a — thu(t) dt - = in Ro(a — t)w(t) dt. 


Thus, the Fredholm equation 
L’K[y(x)] = Vf (2), (18) 
for the case v 2 0, has those and only those solutions that are solutions to Eq. (12). 
For the case in which the index v is nonpositive, the operator L” performs an equivalent right 
regularization of Eq. (12) for an arbitrary right-hand side f(a). In other words, for v < 0, on finding 
the solution to the Fredholm equation 


KL"[w(x)] = f(), 


we can obtain all solutions of the original equation (12) by the formula y(x) = L’[w(2)]. 

Another method of regularization is known, the so-called Carleman—Vekua regularization, which 
is based on the solution of the corresponding characteristic equation. Equation (12) can formally be 
rewritten as a convolution type equation with two kernels: 


foe) 0 
ylo)+ ef Kue-oyndt+ Se [ Ka@-uat= fie), 9) 
where a 
fil) = f(x) - / M(a, thy(t) dt. 


Next, the function f(x) is provisionally assumed to be known, and Eq. (19) is solved (see Subsec- 
tion 13.10-2). The analysis of the resulting formula for the function y(a) shows that, for 1 = 0, this 
is a Fredholm integral equation with the unknown function y(x). For the case in which v > 0, the 
resulting equation contains v arbitrary constants. For a negative index v, solvability conditions must 
be added to the equation. 


@) Reference for Section 13.21: F D. Gakhov and Yu. I. Cherskii (1978). 


Chapter 14 


Methods for Solving Singular 
Integral Equations of the First Kind 


14.1. Some Definitions and Remarks 


14.1-1. Integral Equations of the First Kind with Cauchy Kernel. 


A singular integral equation of the first kind with Cauchy kernel has the form 


{2 BON SP. Pay (1) 
mi Jr Tt 


where L is a smooth closed or nonclosed contour in the complex plane of the variable z = x + zy, 


t and 7 are the complex coordinates on L, y(t) is the unknown function, 


1 
; is the Cauchy kernel, 


T- 
and f(t) is a given function, which is called the right-hand side of Eq. (1). The integral on the 
left-hand side only exists in the sense of the Cauchy principal value (see Subsection 14.2-5). 

A singular integral equation in which L is a smooth closed contour, as well as an equation of 
the form 


zs ~[ 4 ca) “dt = fw), 00 <@ <00, (2) 


on the real axis and an equation with ous kernel 


‘f: LO t= fo, a<ar<b, (3) 


on a finite interval, are special cases of Eq. (1). 
A general singular integral equation of the first kind with Cauchy kernel has the form 


1 f MG, 2 


Tt Jn TO 


g(r) dr = f(t), (4) 
where M(t, 7) is a given function. This equation can also be rewritten in a different (equivalent) 
form, which is given in Subsection 14.4-4. 


Assume that all functions in Eqs. (1)—(4) satisfy the Holder condition (Subsection 14.2-2) and 
the function M(t, 7) satisfies this condition with respect to both variables. 


14.1-2. Integral Equations of the First Kind with Hilbert Kernel. 


The simplest singular integral equation of the first kind with Hilbert kernel has the form 


Qn 
a a cot( $5" *) pteag = f(r), (5) 
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where (a) is the unknown function (0 < x < 27), cot| +(E - x)| is the Hilbert kernel, and f(x) is 
the given right-hand side of the equation (0 < x < 27). 
A general singular integral equation of the first kind with Hilbert kernel has the form 


1 Qn = 
- | N@o cot( 45") ele) dé = fla), 6) 
T Jo 2; 


where N(z, €) is a given function. Equation (6) can often be rewritten in an equivalent form, which 
is presented in Subsection 14.4-5. 

Assume that all functions in Eqs. (5) and (6) also satisfy the Holder condition (see Subsec- 
tion 14.2-2) and the function N(z, €) satisfies this condition with respect to both variables. 

If the right-hand sides of Eqs. (1)-(6) are identically zero, then the equations are said to be 
homogeneous, otherwise they are said to be nonhomogeneous. 
© References for Section 14.1: F D. Gakhov (1977), S. G. Mikhlin and S. Préssdorf (1986), S. Préssdorf and B. Silbermann 


(1991), A. Dzhuraev (1992), N. I. Muskhelishvili (1992), I. K. Lifanov (1996), R. Estrada and R. P. Kanwal (1999), 
E. G. Ladopoulos (2000). 


14.2. Cauchy Type Integral 


Let L be a smooth closed contour* on the plane of a complex variable z = x +7y. The domain inside 
the contour L is called the interior domain and is denoted by 2*, and the complement of Q* U L, 
which contains the point at infinity, is called the exterior domain and is denoted by 1. 

If a function f(z) is analytic in Q* and continuous in Q* U L, then according to the familiar 
Cauchy formula in the theory of functions of a complex variable we have 


1 f(r) f(z) for z€ Q* 
of Pa={ ; 
2mt Jy TZ . 0 for z€ (YY. ) 
If a function f(z) is analytic in Q~ and continuous in QD" U L, then 
1 f(r) f(c) for z € Qt 
a dr= 2° ‘ 2 
2nt Jr 7-2 - nee for zE QD. (2) 


As usual, the positive direction on L is defined as the direction for which the domain (* remains to 
the left of the contour. 

The Cauchy formula permits one to calculate the values of a function at any point of the domain 
provided that the values on the boundary of the domain are known, i.e., the Cauchy formula solves 
the boundary value problem for analytic functions. The integral on the left-hand side in (1) and (2) 
is called the Cauchy integral. 

Assume that L is a smooth closed or nonclosed contour that entirely belongs to the finite part of 
the complex plane. Let 7 be the complex coordinate on L, and let y(7) be a continuous function of 
a point of the contour. In this case the integral 


Ce | ace es (3) 
diy 
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which is constructed in the same way as the Cauchy integral, is called a Cauchy type integral. The 
function y(r) is called its density and 1/(r — z) its kernel. 


* By a smooth contour we mean a simple curve (i.e., a curve without points of self-intersection) that is either closed or 
nonclosed, has a continuous tangent, and has no cuspidal points. 
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For a Cauchy type integral with continuous density (7), the only points at which the integrand 
is not analytic with respect to z are the points of the integration curve L. This curve is singular for 
the function ®(z). 

If L is a nonclosed contour, then ®(z) is an analytic function on the entire plane with the 
singularity curve L. Assume that L is a closed contour. In this case, ®(z) splits into two independent 
functions: a function ®*(z) defined on the domain (* and a function ® (z) defined on the domain. 
In general, these functions are not analytic continuations of each other. 

By a piecewise analytic function we mean an analytic function ®(z) defined by two independent 
expressions ®*(z) and ®(z) on two complementary domains 0+ and {7 of the complex plane. 

We note an important property of a Cauchy type integral. The function ®(z) expressed by a 
Cauchy type integral of the form (3) vanishes at infinity, i.e., ®-(0o) = 0. This condition is also 
sufficient for the representability of a piecewise analytic function by a Cauchy type integral. 


14.2-2. Holder Condition. 


Let L be a smooth curve in the complex plane z = x + zy, and let y(t) be a function on this curve. 
We say that y(t) satisfies the Holder condition on L if for any two points t;, t2 € L we have 


lo(t2) — v(t) < Alta — ti), (4) 


where A and \ are positive constants. The number A is called the Holder constant and X is called the 
Holder exponent. If \ > 1, then by condition (4) the derivative y;(t) vanishes everywhere, and y(t) 
must be constant. Therefore, we assume that 0 < A < 1. For \ = 1, the Holder condition is often 
called the Lipschitz condition. Sometimes the Holder condition is called the Lipschitz condition of 
order xX. 

If t; and ft are sufficiently close to each other and if the Holder condition holds for some 
exponent Aj, then this condition certainly holds for each exponent A < ;. In general, the converse 
assertion fails. The smaller \, the broader the class of Holder continuous functions is. The narrowest 
class is that of functions satisfying the Lipschitz condition. 

It follows from the last property that if functions y)(t) and yo(t) satisfy the Holder condition 
with exponents A, and Az, respectively, then their sum and the product, as well as their ratio provided 
that the denominator is nonzero, satisfy the Holder condition with exponent \ = min(;, 2). 

If y(t) is differentiable and has a bounded derivative, then y(t) satisfies the Lipschitz condition. 
In general, the converse assertion fails. 


14.2-3. Principal Value of a Singular Integral. 


Consider the integral 
rh da 
: a<c<b. 
a &-C 


Evaluating this integral as an improper integral, we obtain 


0 dr ; 1 dx oda b-c¢ ; E| 
= lim [- + =In + lim In—. (5) 
qa ©-C «70 Gi C- 2x pe SC C-QA@ 270 €2 
e230 * €20 


The limit of the last expression obviously depends on the way in which ¢€, and € tend to zero. 
Hence, the improper integral does not exist. This integral is called a singular integral. However, this 
integral can be assigned a meaning if we assume that there is some relationship between ¢; and €2. 
For example, if the deleted interval is symmetric with respect to the point c, ie., 


€] = £2 =, (6) 


we arrive at the notion of the Cauchy principal value of a singular integral. 


710 METHODS FOR SOLVING SINGULAR INTEGRAL EQUATIONS OF THE FIRST KIND 


The Cauchy principal value of the singular integral 


o dr 


aL—-C 


: a<c<b 
a 


( i dx i dx ) 
lim + : 
e—-0 a xZ-C cte U-C 


With regard to formula (5), we have 


is the number 


b 
d. b- 
/ eg fam (7) 
a L-c c-a 
Consider the more general integral 
b 
/ p(x) re (8) 
q @-Cc 


where v(x) € [a, b] is a function satisfying the Holder condition. Let us understand this integral in 
the sense of the Cauchy principal value, which we define as follows: 


b CHE b 
/ ato) dx = lim (/ ve) dx +/ oa) ir), 
q @-C es0\ J, @-C cre U-C 


We have the identity 


b b b 
/ glx) dice i g(x) — p(©) e+ OO / dx 
q =-C ‘i L-C q EC 


moreover, the first integral on the right-hand side is convergent as an improper integral, because it 
follows from the Holder condition that 


A 


p(x) — (0) 
ee je-qe’ 0<A<1, 


w&—-C 


and the second integral coincides with (7). 
Thus, we see that the singular integral (8), where v(x) satisfies the Holder condition, exists in 
the sense of the Cauchy principal value and is equal to 


b b 
/ rac) dx = / ete) ete) — ae dx + p(c) In 


wL—C 


b-c 


Cc 


Some authors denote singular integrals by special symbols like v.p.{ (valeur principale). How- 
ever, this is not necessary because, on one hand, if an integral of the form (8) exists as a proper or an 
improper integral, then it exists in the sense of the Cauchy principal value, and their values coincide; 
on the other hand, we shall always understand a singular integral in the sense of the Cauchy principal 
value. For this reason, we denote a singular integral by the usual integral sign. 
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14.2-4. Multivalued Functions. 


In the representation z = pe’ of a complex number, the modulus p is determined uniquely, whereas 
the argument @ is only defined modulo 27. This does not make the representation of a number 
ambiguous, because the argument enters this representation via the function e’®, which is 27- 
periodic. However, if the dependence of an analytic function on the argument @ is not 27-periodic, 
then this function turns out to be multivalued. Of the elementary functions, the logarithm and the 
power function with noninteger exponent have this property: 


In(z - 20) = In|z — z| + 1 arg(z — z) = np +70, (9) 
(z— 20)? = pve*’® = p[cos(G In p) + i sin(G In p)Je*e?™*7, y=artife. (10) 


In our reasoning, the logarithm of the modulus of a complex number is always understood as a real 
number, according to the usual definition. The general representation of the argument © has the 
form 

0 =6+427rk, 


where /; ranges over all integers (& = 0,+1,+2,...) and @ is the argument with the least absolute 
value. 

To any k, there corresponds a branch of the multivalued function. The logarithmic function 
has infinitely many branches. The same holds for the power function with an irrational or nonreal 
exponent. However, if the exponent is rational, y = p/q, with gcd(p, q) = 1, then the power function 
has q branches. The branches of the logarithm differ by a constant of the form i27m, and the 
branches of a power function differ by a factor of the form e’?"""7 (m is an integer). Obviously, 
to define a multivalued function, it is necessary to indicate which branch is chosen. However, in 
contrast to the case of functions of a real variable, this is not sufficient for the complete definition of 
a multivalued function of a complex variable. For the latter functions, there are points on the plane 
with the following property: as the independent variable goes along a closed contour surrounding 
this point and returns to the initial value, the chosen branch of the function changes to some other 
branch. Such points are called the branching points of the multivalued function. For the functions (9) 
and (10), the branching points are zg and the point at infinity. If the variable is going along a contour 
surrounding the point zo counterclockwise or clockwise, then the argument O is changed by 27 or 
by —27, respectively. 

Accordingly, the logarithm is increased or decreased by 7277, and the power function is multiplied 
by e277 or e-™7, Hence, the branch corresponding to the value k = n passes to the neighboring 
branch corresponding to k=n+1 ork =n—1. As usual, the study of the point at infinity is performed 
by the substitution z = 1/¢ with the subsequent investigation at the point ¢ = 0. 

We can preserve a chosen branch of a function only if we forbid going around an arbitrary 
branching point. To this end, we may use cuts joining the branching points. In the above cases of 
the logarithmic and the power function, we can make a cut along a curve issuing from the point zo 
and passing to infinity. A multivalued function is defined uniquely if the branch is chosen and the 
cut is given. 

The range of O is determined by the position of the cut. For example, if the cut passes along 
the ray that forms an angle 9 with the real axis, then for the principal branch (/ = 0) we have 
4 < O < 6 +27. In particular, for the cut that passes along the positive real axis, we have 
0 < © < 27; and for cut along the negative real axis, we obtain-7 < O < 7. If the cut is curvilinear, 
then the range of the argument depends on the functions of a point. The initial value of the argument 
corresponds to the left edge of the cut (with respect to 2) and the final value corresponds to the 
right edge. Let us denote the value of the argument on the left and on the right edge of the cut by 
Ot and ©, respectively. Then we have 


QO -O* =2r. 
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For the chosen branch, the cut is a curve of discontinuity. On the edges of the cut we have 


In(z — 2) = In(z* — zp) + i27, 
(z — 29)? =e ™(2* — 29)”. 
This discontinuity property of branches of multivalued functions on the edges of a cut is widely 
used in the solution of boundary value problems with discontinuous boundary conditions. The 
logarithm is applied for the case in which a discontinuous function enters the boundary condition as 


a summan4d, and the power function corresponds to the case of a discontinuous factor in the boundary 
conditions. 


14.2-5. Principal Value of a Singular Curvilinear Integral. 


Let L be a smooth contour and let 7 and ¢t be complex coordinates of its points. Consider the singular 


curvilinear integral 
| cao (11) 
LT7 t 


Let us take a circle of some radius p centered at the point ¢ on the contour. Let ¢; and t2 be the 
points of intersection of this circle with the curve. Assume that the radius is so small that the circle 
has no other points of intersection with L. Let / be the part of the contour L cut out by the circle. 
Consider the integral over the remaining arc, 


| ee (12) 
L 


=} T-t 


The limit of the integral (12) as p — 0 is called the principal value of the singular integral (11). 
Using the representation 


— v(t d 
| el) a - | er) - elt) rego | 7 
and the same reasoning as above, we see that the singular integral (11) exists in the sense of the 


Cauchy principal value for any function (7) satisfying the Holder condition. 
At any point of smoothness, this integral can be presented in two forms: 


[eet elr)- tt) ar + ot (In = +in) 
LqT-t L T-t a-t 


[se r= f SO=e0 dee 
L L T-t t- 


where a and b are the endpoints of L. 
In particular, if the contour is closed, then by setting a = b we obtain 


i v@) T= if Oe) dr +ing(t). 
L L 


T-t Tt 


Throughout the following, any singular integral will be understood in the sense of the Cauchy 
principal value. 

Let L be a smooth contour (closed or nonclosed) and let (7) be a Holder function of a point on 
the contour. Then the Cauchy type integral 


w= | LO 5 (13) 
L 


T—-2 
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has limit values ®*(t) and ®-(¢) at any point of t € L other than the endpoints of the contour, as 
z — t from the left or from the right along any path; and these limit values can be expressed via the 
density y(t) of the integral and via the singular integral (13) by the Sokhotski—Plemelj formulas 


1 


dr, P(t) =-Zy() + | oe) 
L 


Tt 


dr. (14) 


271 


+t AL) 
me es al eo 


The sum and the difference of formulas (14) give the equivalent formulas 


B*(t)- H(t) = ol), (15) 
O(t)+ P(t) = =| ae dr, (16) 
ie 


which are often used instead of (14). 
The Sokhotski-Plemelj formulas for the real axis have the form 


QT 271 T-2 


O*(x) = 500) + ee / oD) dr, # (0) =F la) + atte i, ae) (17) 


—Oo 


Moreover, we have 
*(c0) = F(00), (00) =-F (00). 


This, together with (17), implies 


®*(00) + ® (co) = 0, (18) 
ins feet (19) 
aso f 5 T-2 


Any function representable by a Cauchy type integral on the real axis necessarily satisfies 
condition (18). This condition is also sufficient for the representability of a piecewise analytic 
function in the upper and the lower half-plane by an integral over the real axis. 

Consider a Cauchy type integral over the real axis and assume that z is not real: 


ee i * ple) dx, (20) 


oo LZ 


where (a) is a complex function of a real variable x satisfying the Holder condition on the real 
axis. 

If a function y(z) is analytic in the upper half-plane, is continuous in the closed upper half-plane, 
and satisfies the Holder condition on the real axis, then 


1 o° = for Imz > 0, 
a2 p(x) ols Plz) — zp(0Co) z (21) 
2nt Jing E-Z -4p(00) for Imz <0. 
We also have the formula 
1 se = 4~(00 for Imz>0, 
a ‘| (p(x) — p(co) ae 2 y(oo) (22) 
yc L-z -~(z)+ 4¢y(co) for Imz<0 


provided that :y(z) is analytic in the lower half-plane, continuous in the closed lower half-plane, and 
satisfies the Holder condition on the real axis. 
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14.2-6. Poincaré—Bertrand Formula. 


Consider the following pair of iterated singular integrals: 


no=— | ScLae aey (esas (23) 
mt Jp T-t Tt Jp m1 -T 

apni 1 K(7,71) 
M(t) = af dt, — =f oes NCSD dr, (24) 


where L is a smooth contour and the function K(r, 7) satisfies the Holder condition with respect to 
both variables. 

Both integrals make sense, and although NV differs from M only by the order of integration, they 
are not equal, as shown by the following Poincaré—Bertrand formula 


1 dr 1 K(r, ™ y Kr, 71) 
ae Ota eee 


which can also be rewritten in the form 


dtr AG, 71) a7 ~ K(7,71) 
[Sf ae a K(t, n+ f an f NG a (26) 


Example. Let us evaluate the Cauchy type integral over the unit circle |z| = 1 with density y(7) = 2/[7(7 — 2)], ie., 


1 1 dr 1 1 dr 
&(z) = —— : . 
Qmi Jp, T-2 T-2 B2iJSL_T T-zZ 
The function 1/(z — 2) is analytic in Q*, and 1/z is analytic in Q~ and vanishes at infinity. By formula (1), the first integral 


is equal to 1/(z—2) for z € Q* and is zero for z € Q-. By formula (2), the second integral is equal to -1/z for z € QO" and 
is zero for z € *. Hence, 


1 
&(zZ)=—-, O()=- 
z-2 
@ References for Section 14.2: FE. D. Gakhov (1977), S. G. Mikhlin and S. Préssdorf (1986), N. I. Muskhelishvili (1992). 


14.3. Riemann Boundary Value Problem 


14.3-1. Principle of Argument. The Generalized Liouville Theorem. 


THE THEOREM ON THE ANALYTIC CONTINUATION (THE PRINCIPLE OF CONTINUITY). Assume 
that a domain), borders a domain Q, along a smooth curve L. Let analytic functions f(z) and f2(z) 
be given in Q; and Q:. Assume that, as the point z tends to L, both functions tend to the same 
continuous limit function on the curve L. Under these assumptions, the functions f\(z) and f2(z) 
are analytic continuations of each other. 


Assume that a function f(z) is analytic in a domain 2 bounded by a contour L except for finitely 
many points, where it may have poles. Let us write out the power series expansion of f(z) around 
some point Zo: 


f(2) = Cn(z — 20)” + Cnai(z — 20)"*! +++ = (2 — 20)" fi), fi(Zo) = en #0. 


The number 7 is called the order of the function f(z) at the point z. If n > 0, then the order 
of the function is the order of zero; if n < 0, then the order of the function is minus the order of the 
pole. If the order of a function at zo is zero, then at z the function has a finite nonzero value at zo. 
When considering the point at infinity, we must replace the difference z— zp by 1/z. If zo € L, then 
we define the order of the function to be equal to gn. 
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Let No and Pa (Nz and Py) be the numbers of zeros and poles on the domain (on the contour, 
respectively), where each zero and pole is taken according to its multiplicity. Let [6], denote the 
increment of the variable 6 when going around the contour in the positive direction. As usual, by 
the positive direction we mean the direction the domain under consideration remains to the left of 
the contour. 


THE PRINCIPLE OF ARGUMENT. Let f(z) be a single-valued analytic function in a multiply 
connected domain 2 bounded by a smooth contour L = Ly + L, +--+ + Lm, except for finitely many 
points at which f(z) may have poles, and let f(z) be continuous in the closed domain QU L (except 
for these poles) and have at most finitely many zeros of integer order on the contour. In this case, 
the following formula holds: 


1 1 
No- Pot 5(Ni- Pr) = ae larg f(z)]L. 
T 


THE GENERALIZED LIOUVILLE THEOREM. Assume that a function f(z) is analytic on the entire 
complex plane except for points ay = 00, ax (k = 1,...,), where it has poles, and that the principal 
parts of the Laurent series expansions of f(z) at the poles have the form 


Qo(z) = cz + Bz? test cae at the point ao, 
k 
1 ch ck Cc . 
Qk ee Ee 2 at the points a. 
Z-Ak Z-Ap (Z—-az)” (z—ap)y™ 


Then f(z) is a rational function, and can be represented by the formula 


1 
z—-Ak : 


where C' is a constant. In particular, if the only singularity of f(z) 1s a pole of order m at infinity, 
then f(z) is a polynomial of degree m, 


f()=C+Qolz)+>_ ax( 


k=1 


fQ)=Q+tQZt ++ emz”™. 


The following notation is customary: 
(a) f@ is the function conjugate to a given function f(z); 
(b) f(Z) is the function obtained from f(z) by replacing z by Z, 1.e., y by —y in f(z); 
(c) f) is the function defined by the condition ii (z) = f@. 

If z=a+72y and f(z) = u(a, y) + iv(a, y), then 


ri) > u(x, y) = iU(x, Y)s f® = u(x, -y) + 1U(a, -y), f® = u(x, -y) = 1U(a, -y). 
In particular, if f(z) is given by a series f(z) = oe cpz*, then 
k=0 


n 


F@=> az", fO=doeez*, F@=> ez". 
k=0 k=0 


k=0 


For a function represented by a Cauchy type integral 


ios: a AT) a, 
L 


QT T-Z 
we have 
Tong [Fe noah [Aa tog | Ee 
dni Jy TZ 2nt J, T-2 2m Jr T-Z 


Note that if a function satisfies the condition fi (z) = f(s), then it takes real values for all real values 
of z. The converse assertion also holds. 
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14.3-2. Hermite Interpolation Polynomial. 


The Hermite interpolation polynomial is used for the construction of the canonical function of the 
nonhomogeneous Riemann problem in Subsections 12.4-7 and 14.3-9. | 

Let distinct points z, (k = 1, ..., m) be given, and a number AY (Gj =0, 1, ..., nm, — 1) be 
assigned to each point z,, where the nx, are given positive integers. It is required to construct a 
polynomial /,,(z) of the least possible degree such that 


UP Go=Ae. Kelas, JO hata 


where the UY (zx) are the values of the 7th-order derivatives of the polynomial at the points z;. The 
numbers z;, are called the interpolation nodes and nx the interpolation multiplicities at the nodes 
Zk 

There exists a unique polynomial with these properties. It has the form (e.g., see V. I. Smirnov 
and N. A. Lebedev (1964)) 


m np-l m 
Us oO aaa pe ne. 
pa ea k=l 
= tie = us AY dF (z-z,)"* 
é@y= I -—2:)"*, Agr = ey jie —pl S cc ae | , 


k=1,...,™, r=0,1,...,n2—-1; 


and this polynomial is unique. 
The interpolation polynomial //,(z) constructed for some function f(z) must satisfy the following 
conditions at the points z,: 


UP GEA? Sf: FEL nim, G=0, Teac igs 


where f)(z;) is the value of the jth-order derivative of f(z) at the point zp. 


14.3-3. Notion of the Index. 


Let L be a smooth closed contour, and let D(£) be a continuous nowhere vanishing function on this 
contour. 

The index v of the function D(¢) with respect to the contour L is the increment of the argument 
of D(t) along L (traversed in the positive direction) divided by 27: 


1 
vy = Ind Dit) = 5, larg D@®\]r. (1) 


Since In D(t) = In|D()| +2 arg D(#) and since after the traverse the function | D(t)| returns to its 
original value, it follows that [In D(t)], = z[arg D(t)],, and hence 


1 
v= oper {In D(t)] 1p. (2) 
Tt 


The index can be expressed in the form of an integral as follows: 


vy = Ind D(t) = — | din D(t) = =| darg D(t). (3) 
L L 


If the function D(¢) is not differentiable but has bounded variation, then the integral is regarded as 
the Stieltjes integral. Since D(t) is continuous, the image I of the closed contour L is a closed 
contour as well, and the increment of the argument D(¢) along L is a multiple of 27. Hence, the 
following assertions hold. 
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1°. The index of a function that is continuous on a closed contour and vanishes nowhere is an integer 
(possibly zero). 


2°. The index of the product of two functions is equal to the sum of the indexes of the factors. The 
index of a ratio is equal to the difference of the indexes of the numerator and the denominator. 

We now assume that D(¢) is differentiable and is the boundary value of a function analytic in 
the interior or exterior of L. In this case, the number 


1 1 f Dw 
vax | amD@ = alae (4) 


is equal to the logarithmic residue of the function D(¢). The principle of argument (see Subsec- 
tion 14.3-1) implies the following properties of the index: 


3°. If D(t) is the boundary value of a function analytic in the interior or exterior of the contour, then 
its index is equal to the number of zeros inside the contour or minus the number of zeros outside the 
contour, respectively. 


4°. If a function D(z) is analytic in the interior of the contour except for finitely many points at 
which it may have poles, then the number of zeros must be replaced by the difference of the number 
of zeros and the number of poles. 
Here the zeros and the poles are counted according to their multiplicities. We also note that the 
indexes of complex conjugate functions have opposite signs. 
Let 
t = t1(s) + 2te(s) (O<s<l) 


be the equation of the contour L. On substituting the expression of the complex coordinate t¢ into 
the function D(t), we obtain 


D(t) = D(ti(s) + ita(s)) = E(s) + ints). (5) 


Let us regard € and 7) as Cartesian coordinates. Then 
€=€(s), 1 =1(s) 


is a parametric equation of some curve I’. Since the function D(¢) is continuous and the contour L 
is closed, it follows that the curve I is closed as well. 

The number of turns of the curve I’ around the origin, i.e., the number of full rotations of the 
radius vector as the variable s varies from 0 to J, is obviously the index of the function D(t). This 
number is often called the winding number of the curve I with respect to the origin. 

If the curve [' is successfully constructed, then the winding number can be observed directly. 
There are many examples for which the index can be found by analyzing the shape of the curve . 
For instance, if D(t) is a real or a pure imaginary function that does not vanish, then I is a line 
segment (traversed an even number of times), and the index D(t) is equal to zero. If the real part €(s) 
or the imaginary part 7(s) preserves its sign, then the index is obviously zero, and so on. If the 
function D(t) can be represented as the product or the ratio of functions that are limit values of 
functions analytic in the interior or exterior of the contour, then the index can be calculated on the 
basis of properties 2°, 3°, and 4°. 

In the general case, the calculation of the index can be performed by formula (3). On the basis 
of formula (5) we substitute the expression 


darg D(t) = darctan me) 


&(s) 
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into (3) and assume that € and 7) are differentiable. Then we obtain 


| f &dn-nd _ 1 f' &S)M@)- NHK) 4. 


“th, Gee “meh EOP) (©) 


Example 1. Let us calculate the index of D(t) = t” with respect to an arbitrary contour L surrounding the origin. 
First method. The function t” is the boundary value of the function z”, which has precisely one zero of order n inside 
the contour. Hence 
vy =Indt” =n. 


Second method. If the argument of t is y, then the argument of t” is ny. As the point ¢ traverses the contour L and 
returns to the original value, the argument y obtains the increment 27. Hence, 


Indt” =n. 


The index can also be found numerically. Since the index is integer-valued, an approximate 
value whose error is less than 4 can be rounded off to the nearest integer to obtain the exact value. 


14.3-4. Statement of the Riemann Problem. 


Let L be a simple smooth closed contour which divides the complex plane into the interior domain 0.* 
and the exterior domain (, and let two functions of points of the contours D(t) and H(t) satisfying 
the Holder condition (see Subsection 14.2-2) be given; moreover, suppose that D(¢) does not vanish. 

The Riemann Problem. Find two functions (or a single piecewise analytic function), namely, a 
function ®*(z) analytic in Q* and a function ®(z) analytic in the domain Q” including z = co, so 
that the following linear relation is satisfied on the contour L: 


®*(t) = D(t)® (t) (the homogeneous problem) (7) 
or 
@*(t) = DHS (t)+ HY) (the nonhomogeneous problem). (8) 
The function D(t) is called the coefficient of the Riemann problem, and the function H(#) is 
called the right-hand side. 
We first consider a Riemann problem of special form that is called the jump problem. Let a 
function y(t) defined on a closed contour L satisfy the Holder condition. The problem is to find 


a piecewise analytic function ®(z) (®(z) = ®*(z) for z € N* and ®(z) = © (z) for z € 1) that 
vanishes at infinity and has a jump of magnitude y(¢) on J, i.e., such that 


O*(t)— ® (t) = v(t). 


It follows from the Sokhotski—Plemelj formulas (see Subsection 14.2-5) that the function 


eee: | Bay 
L 


271 T-Z 


is the unique solution to the above problem. 

Thus, an arbitrary function y(t) given on the closed contour and satisfying the Holder condition 
can be uniquely represented as the difference of functions ®*(t) and ®-(¢) that are the boundary 
values of analytic functions ®*(z) and ®-(z) under the additional condition ®- (oo) = 0. 

If we neglect the additional condition ®-(co) = 0, then the solution will be given by the formula 


P(z) = — | cas dr +const. (9) 
L 


271 T-Z 
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Let us seek a particular solution of the homogeneous problem (7) in the class of functions that 
do not vanish on the contour. Let NV, and N_ be the numbers of zeros of the desired functions in 
the domains Q* and (1, respectively. Taking the index of both parts of Eq. (7), on the basis of 
properties 2° and 3° we obtain 

N+ N_=Ind D(t) =v. (10) 


We call the index v of the coefficient D(¢) the index of the Riemann problem. 

Let vy = 0. Under this condition, In D(¢) is a single-valued function. It follows from (10) that 
N, = N_=0, i.e., the solution has no zeros on the entire plane. Therefore, the functions In ®*(z) 
are analytic in their domains and hence single-valued together with the boundary values In ®* (¢). 

Taking the logarithm of the boundary condition (7), we obtain 


In ©*(t) —In © (t) = In D(). (11) 


We can choose an arbitrary branch of In D(¢) because the final result is independent of the choice of 
this branch. Thus, we must find a piecewise analytic function In ®(z) with a prescribed jump on L. 
The solution of this problem under the additional condition In ®-(co) = 0 is given by the formula 


1 InD 
ingy= — | BE as. (12) 
2m J, T-% 
For brevity, we write 
1 In D 
| ENO ye aGGy, (13) 
2m J, TO 


It readily follows from the Sokhotski—Plemelj formulas that the functions 
®*(z)=e" and O(z)=cF® (14) 


are the solution of the boundary value problem (7) with the condition ®-(oo) = 1. 
If we neglect the additional condition ®-(oo) = 1, then in formula (12) we must add an arbitrary 
constant, and the solution becomes 


@*(z)=Ce?®,  O(z) = Ce? ™, (15) 


where C’ is an arbitrary constant. Since G’ (co) = 0, it follows that C' is the value of ®-(z) at infinity. 

Thus, in the case v = 0 and for arbitrary ®-(co) # 0, the solution contains a single arbitrary 
constant, and hence there is a unique linearly independent solution. If &-(oo) = 0, then C' = 0, and 
the problem has only the trivial solution (which is identically zero), which is natural because N_ = 0. 

This gives an important corollary. An arbitrary function D(t) 4 0 on L that satisfies the Holder 
condition and has zero index can be represented as the ratio of the boundary values ®*(t) and ®(t) 
of functions that are analytic in Q* and 1” and have no zeros in these domains. These functions are 
determined modulo an arbitrary constant factor and are given by formulas (15). 

On passing to the general case, we seek a piecewise analytic function satisfying the homogeneous 
boundary condition (7) and having zero order on the entire plane except for the point at infinity, 
where the order of the function is equal to the index of the problem. 

By the canonical function (of the homogeneous Riemann problem) X (z) we mean the function 
satisfying the boundary condition (7) and piecewise analytic on the entire plane except for the point 
at infinity, where the order of this function is equal to the index of the problem. 

This function can be constructed by reducing the problem to the case of zero index. Indeed, let 
us rewrite the boundary condition (7) in the form 


®*(t) =” D(tyt’ B (0). 
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On representing the function ¢” D(¢) with zero index as the ratio of boundary values of analytic 
functions, 


sae Lf Inlr* DO) 
e€ n[T 
t” Dt) = —., Giz) = — | — —d, 16 
© eG) @) Qri i T-Z . eo) 
we obtain the following expression for the canonical function: 
Xt(zZse"™, XZ) = 7 "eF™, (17) 


Since X*(t) = D(t) X(t), it follows that the coefficient of the Riemann problem can be represented 
as the ratio of canonical functions: 
X*(t) 


(18) 
The representation (18) is often called a factorization. 

For v 2 0, the canonical function, which has a zero of order v at infinity, is a particular solution 
of the boundary value problem (7). For v <0, the canonical function has a pole of order || at infinity 
and is not a solution, but in this case it is still used as an auxiliary function in the solution of the 
nonhomogeneous problem. 


14.3-5. Solution of the Homogeneous Problem. 


Let v = Ind D(¢) be an arbitrary integer. On representing D(t) by formula (18), we reduce the 
boundary condition (7) to the form 
et) O&O 
XQ) XO’ 
The left-hand side of the last relation contains the boundary value of a function that is analytic 
in Q*, and the right-hand side contains the boundary value of a function that has at least the order —v 
at infinity. By the principle of continuity (see Subsection 14.3-1), the functions on the left-hand 
side and on the right-hand side are analytic continuations of each other to the entire plane possibly 
except for the point at infinity at which, in the case v > 0, a pole of order < v can occur. Hence, for 
v > 0, by the generalized Liouville theorem (see Subsection 14.3-1), this single analytic function is a 
polynomial of degree < v with arbitrary coefficients. For v <0, it follows from the Liouville theorem 
that this function is constant. However, since this function must vanish at infinity, it follows that it 
is identically zero. Hence, for v < 0, the homogeneous problem has only the trivial solution (which 
is identically zero). A problem that has no nontrivial solutions is said to be unsolvable. Thus, for a 
negative index, the homogeneous problem (7) is unsolvable. 
Let vy > 0. Let P,(z) stand for a polynomial of degree v with arbitrary coefficients. In this case, 
we obtain a solution in the form 


P(z) = P,(z)X(z), 


or 
B(z)= Pi(zyeF, Bz) = 2" P,(zeF™, (19) 


where G‘(z) is determined by formula (16). 
Thus, if the index v of the Riemann boundary value problem is nonnegative, then the homoge- 
neous problem (7) has v + 1 linearly independent solutions 


Bi(z) = zheF OM,  Of(z) = zh MCF (k =0,1,...,v). (20) 


The general solution contains v + | arbitrary constants and is given by formula (19). For a negative 
index, problem (7) is unsolvable. 
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The polynomial P,,(z) has exactly v zeros in the complex plane. It follows from formulas (19) 
that the number of all zeros of a solution to the homogeneous Riemann boundary value problem is 
equal to the index v. Depending on the choice of the coefficients of the polynomial, these zeros can 
occur in each of the domains (= and also on the contour itself. Just as above, we denote by N+ the 
number of zeros in the domains Q* and by No the number of zeros on the contour L. We can see 
that in the general case (without the condition that there are no zeros on the contour), formula (10) 
becomes 


N,+N_+No=v. (21) 


14.3-6. Solution of the Nonhomogeneous Problem. 


On replacing the coefficient D(¢) in the boundary condition (8) by the ratio of the boundary values 
of the canonical functions by formula (18), we reduce (8) to the form 
ee) eo _¢ OO 
X*+(t) = X-() X+(t)’ 


(22) 


The function H(t)/X*(t) satisfies the Holder condition. Let us replace it by the difference of the 
boundary values of analytic functions (see the jump problem in Subsection 14.3-4): 


ae 
rH oO. 


where \ Ha 4 
Lie T 

V(z)=— 

OF rl. RAG) Se 


Then the boundary condition (22) can be rewritten in the form 


(23) 


&*(6) 


_ ©) 
X*(t) 


~ X-(t) 


wri) -W(t). 
Note that for v = 0 the function ®(z)/X~(z) has a pole at infinity, and for v < 0 it has a zero of 
order v. 

By the same reasoning as in the solution of the homogeneous problem, we obtain the following 
results. 

Let v = 0. In this case, 


OO. ot OU). Sie. 
XD ~ WOH= XO ~ W(t) = P_(). 
This gives the solution 
O(z) = X(z)[V(z) + PL), (24) 


where the functions X(z) and V(z) are expressed by formulas (17) and (23) and P, is a polynomial 
of degree v with arbitrary coefficients. 
We can readily see that formula (24) gives the general solution of the nonhomogeneous problem 
because it contains the general solution X (z)P,(z) of the homogeneous problem as a summand. 
Let v < 0. In this case, ®(z)/X(z) vanishes at infinity and 


O*(t) 
X*(t) 


®t 
Wo= — -V (t) =0, 


so that 
®(z) = X(z)V(z). (25) 
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In the expression for the function ®-(z), the first factor has a pole of order —v at infinity by 
virtue of formula (17), and the second factor is the Cauchy type integral (23) and, in general, has a 
first-order zero at infinity. Hence, ®(z) has a pole of order < —v — | at infinity. Thus, if v < -1, 
then the nonhomogeneous problem is unsolvable in general. It is solvable only if the constant 
term satisfies some additional conditions. To find these conditions, we expand the Cauchy type 
integral (23) in a series in a neighborhood of the point at infinity: 


with A(T) 44 
2mt Jr X*(7) 


foe) 
Wi(z)= De, cue, where cy = 
k=l 


For ®-(z) to be analytic at the point at infinity, it is necessary that the first -v — 1 coefficients of 
the expansion of W~(z) be zero. This means that for the solvability of the nonhomogeneous problem 
in the case of negative index (v <—1), itis necessary and sufficient that the following —-v—1 conditions 
hold: 

(1) 
eae 
Lt X*(7) 

Thus, in the case v = 0, the nonhomogeneous Riemann problem is solvable for an arbitrary 

right-hand side, and the general solution is given by the formula 


kl dr =0, RET 2 or Vel (26) 


_ XZ) H(r) dr 
= 2mt J, X*(7T) T-2% 


+ X(z)P(z), (27) 


where the canonical function X(z) is given by (17) and P,(z) is a polynomial of degree v with 
arbitrary complex coefficients. If v = —1, then the nonhomogeneous problem is also solvable and 
has a unique solution. 

In the case v < —1, the nonhomogeneous problem is unsolvable in general. For this problem 
to be solvable, it is necessary and sufficient that the right-hand side of the problem satisfy —v — 1 
conditions (26). If these conditions are satisfied, then the solution of the problem is unique and is 
given by formula (27), where we must set P,(z) = 0. 

The solution with the additional condition of vanishing at infinity has important applications. 
In this case, instead of a polynomial of degree v, we must take a polynomial of degree vy — 1. For 
the solvability of the problem in the case of negative index, it is necessary that the coefficient c_, be 
zero as well. 

Hence, under the assumption that ®-(0o) = 0, the solution is given for v = 0 by the formula 


O(z) = X(2)[V(zZ) + PAI, (28) 


where, for v = 0, we must set P,_|(z) = 0. 
If v <0, then the solution is still given by formula (28) with P,_|(z) = 0 under the following —v 
solvability conditions: 


| 2) gO, RE, Qho sv. (29) 
Lt X*(7) 
In this case, the assertion on the solvability of the nonhomogeneous problem acquires a more 
symmetric form. For v 2 0, the general solution of the nonhomogeneous problem linearly depends 
on y arbitrary constants. For v < 0, the number of the solvability conditions is equal to -v. Note 
that for 7 = 0 the nonhomogeneous problem is unconditionally solvable, and the solution is unique. 
On the basis of the above reasoning, the solution of the Riemann boundary value problem is 
mainly reduced to the following two operations: 


1°. A representation of an arbitrary function given on the contour in the form of the difference of 
boundary values of analytic functions in the domains 0* and 1” (the jump problem). 
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2°. A representation of a nonvanishing function in the form of the ratio of boundary values of 
analytic functions (factorization). 


Here the second operation can be reduced to the first by taking the logarithm. Some complications 
related to the case of a nonzero index are due to the multivaluedness of the logarithm only. The first 
operation for arbitrary functions is equivalent to the calculation of a Cauchy type integral. In this 
connection, the solution to the problem by formulas (17) and (23)-(25) is explicitly expressed (in 
the closed form) via Cauchy type integrals. 


14.3-7. Riemann Problem with Rational Coefficients. 


Consider the Riemann boundary value problem with a contour that consists of finitely many simple 
curves and with coefficient D(t) a rational function that has neither zeros nor poles on the contour. 
Note that an arbitrary continuous function (and all the functions satisfying the Holder condition) can 
be approximated with arbitrary accuracy by rational functions, and the solution of problems with 
rational coefficients can serve as a basis for the approximate solution in the general case. Assume 
that the Riemann problem has the form 


p(t) 


®*(t) = ——® (t)+ A(t), (30) 
q(t) 
and the polynomials p(z) and q(z) can be factorized as follows: 
D(z) = ps(z)p-(z), 2) = G(Z)e(2), (31) 


where p,(z) and q,(z) are polynomials whose roots belong to * and p_(z) and q_(z) are polynomials 
with roots in Q-. Itreadily follows from property 4° of the index (Subsection 14.3-3) that vy =m4—n., 
where m, and n, are the numbers of zeros of the polynomials p,(z) and q,(z). 

Since the coefficient of the problem is a function that can be analytically continued to the 
domain 2~, it follows that in this case it is reasonable to avoid using the general formulas and obtain 
a solution directly by analytic continuation; here the role of the standard function of the type ¢” that 


is used in the reduction of the index to zero can be played by the product [| (t-a j), Where a),..., @y 
jl 
are arbitrary points of the domain *. On representing the boundary condition in the form 
_(t t _(t 
0 grey PHO g-gy_ £O ay, 
p(t) q(t) p-(t) 
where the canonical function is determined by the expressions 
X22 xw= 22, (32) 
(2) p+(z) 
we obtain the solution by the same reasoning as in Subsection 14.3-6 in the following form: 
.(z) = (z) 
B2) =~ [W)+Pa@, O@= 2 We)+ Pal, (33) 
q(z) p+(2) 
where ; nid 
U(z) = — | GAC) OGL | peeing 
2mi Jp p(T) T-Z 
If the index is negative, then we must set P,_;(z) = 0 and add the solvability conditions 
| EO pesehige se peony (34) 
L P(t) 


which agree with the general formula (29), because the canonical function has the form (32). 
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Note that for the general case, in the practical solution of the Riemann problem, it can also be 
convenient to express the coefficient in the form 


_ p+(t)p_-@) 


D = 
OS OL 


D,(b), 


where Dj;(¢) is a function with zero index and the polynomials pi(t) and q(t) are chosen for a 
given coefficient in a special way. For an appropriate choice of such polynomials, the solution can 
be obtained in the simplest possible way. 


Example 2. Consider the Riemann problem 


B-P4+1 
B 


t 
®*(t) = a4 ® (t)+ 


under the assumption that ®-(co) = 0 and L is an arbitrary smooth closed contour of one of the following forms: 


1°. The interior of the contour L contains the point z; = 0 and does not contain the points z) = | and z3 =-1. 
2°. The interior of the contour L contains the points z; = 0 and z2 = | and does not contain the point z3 = -—1. 
3°. The interior of the contour L contains the points z; = 0, z2 = 1, and z3 =-1. 

4°. The interior of the contour L contains the points zz = | and z3 = —1 and does not contain the point z, = 0. 


Consider cases 1°—4° in order. In the solution we apply the method of Subsection 14.3-7. 


1°. We have 


p=t pO=l geO®=l ¢W=0-1l mal nm=0, vem-n=l. 


Let us rewrite the boundary condition in the form 
1 
(t? —1)®*(t) -t®(t) = a -t ++). 


Hence, 


oie 
we= | CS 7 yee ae Taare | cle 


2ni Jr p(t) T-z  2ni QL T=2 2mi JE T- 2 


and the formulas for the Cauchy integral (see Subsection 14.2-1) imply 
+ 3 — 1 
Wizgj=z?-z+1, W(z)=--. 
z 


The general solution of the problem contains a single (arbitrary) constant. By formula (33), we obtain 


1 34] 1/1 1 
(2-24+1+0)=2 ees & : D(z) = ( +c) = oS 
1 1 z Zz 


®*(z) = 
@) Ze 2-1 ze 


where C is an arbitrary constant. On replacing C' by C'— | we can rewrite the solution in the form 


C +1 CC 
@(z)=z4+ ,) ‘ ae ee de bam 
z— z z 
2°. We have 
pb=t, pm=1, gmH=t-l, eqH=t+l, me=ean=l, v=0, 
t t+1(Pb-? +1 
(t+ D&*() - ——®() = Gr De Si: 
t-1 t(t — 1) 
2 7 + 
2 7 z+z for z € OF, 
Teye — | T EG pins — | (7+ D/[77- 1] i ast ; 
Qmi Jp, T-zZ Qni Jr T-Z = for zE YD. 
2(z-1) 


The problem has the unique solution 
p-(2) 
v(2) 


bes Ge) wen. ead z+ _ zl 
MOS BG (ae) eo 


O*(z) = ©*(z) = aera: 
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3°. We have 


pit) =t, p(t)=1, a(t) = -1, oid; esl,  nes2, v 1, 
Zz for z € OF, 


Tomy ca rey a Gee ie 
L L 


20% Gf=u2 20% T-Z ree 
2(z-1 


for zED. 


The solution of the problem exists only under the solvability conditions (34) or, for the case in question, under the single 


condition 
i AD) Freniar <0, 
L p(t) 


On calculating this integral, we obtain 


a | dr dr . : 
————dr=] tdr+ -— | —=0+2mi-2ni =0. 
L T!2-T L LT-1 LT 


Thus, the solvability condition holds, and the unique solution of the problem is 


z+1 
y2 


Si (z)=z, O(z)=- 


4°. We have 
pbH=1, pm=t gwbh= Pea 1 @®H=1, veme-ne=2<0. 


For the solvability of the problem, the following two conditions are necessary: 
i I) Fy dr = 0, b=1,2. 
L p-(7) 


On calculating the last integral for k = 1, we obtain 


pil 1 1 1 ; 
— —dr= 1--—-—+ dr =27ni #0. 
L T(t2-7T) £ tT TT TH-1 


Thus, the solvability condition fails, and hence the problem has no solution. 
Note that if we formally calculate the function ®(z), then it has a pole at infinity, and hence cannot be a solution of the 
problem. 


14.3-8. Riemann Problem for a Half-Plane. 


Let the contour L be the real axis. Just as above, the Riemann problem is to find two bounded analytic 
functions &*(z) and ®-(z) in the upper and the lower half-plane, respectively (or a single piecewise 
analytic function ®(z) on the plane), whose limit values on the contour satisfy the boundary condition 


®*(x) = D(x)® (x) + H(z), 00 <2 <0. (35) 


The given functions D(x) and H(z) satisfy the Holder condition both at the endpoints and in a 
neighborhood of the point at infinity on the contour. We also assume that D(x) 4 0. 

The main difference from the above case of a finite curve is that here the point at infinity and the 
origin belong to the contour itself, and therefore cannot be taken as exceptional points at which the 
canonical function can have a nonzero order. Instead of the auxiliary function t which was used in 
the above discussion (and has the unit index with respect to L), we use the linear-fractional function 
on the real axis with the same property: 


u-t 
cti 
The argument of this function 
r-1 (2-1)? 


arg it arg iia 2 arg(x — 7) 
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increases by 27 as x ranges over the real axis in the positive direction. Thus, 


xL-t 
-= 1, 
r+t 


(=) vw 
Lt+2 


has zero index. Its logarithm is single-valued on the real axis. 
We construct the canonical function for which the point —7 is the exceptional point as follows: 


Ind 


If Ind D(x) = v, then the function 


X*(z)=eFO, X-(z)= (=) eF®, (36) 
z 


+71 


1 fe eas d 
a@= 5 | in| (=) a) —. 


Using the limit values of this function, we transform the boundary condition (35) to the form 


where 


O(c) & (2x) , H@ 
X+(z) X-(x))— X+(x)" 


Next, introducing the analytic function 


Toy ° H(t) dr 


Qri Ig, X*(T) T- 2’ 


(37) 


we represent the boundary condition in the form 


O* (x) 
X*(2) 


_ &(2) 
~ X-(a) 


Wi (2) —WV (a). 

Note that, in contrast with the case of a finite contour, here we have Y~ (co) # 0 in general. On 
applying the theorem on analytic continuation and taking into account the fact that the only possible 
singularity of the function under consideration is a pole at the point z = —2 of order < v (for v > 0), 
on the basis of the generalized Liouville theorem we obtain (see Subsection 14.3-1) 


O*(z) 
X*(z) 


_ &]) Pz) 


Wrz)= PG) W(z)= aa’ y>0, 


where P,,(z) is a polynomial of degree < v with arbitrary coefficients. This gives the general solution 
of the problem: 


®(z) = X(z) yes ue) | for v2 20, (38) 
(z +4)” 
®(z) = X(z)[V(z)+ C] for v <0, Oe 


where C’ is an arbitrary constant. For v < 0, the function X(z) has a pole of order —v at the point 
z = 1, and therefore for the solvability of the problem we must set C = —W-(-7). For v < —-1, the 
following conditions must additionally hold: 


° A(x) dz 
“oo X*(x) (x + i)* 


=0, k=2,3,...,-v. (40) 


Thus, we obtained results similar to those for a finite contour. 
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Indeed, for 1 = 0, the homogeneous and nonhomogeneous Riemann boundary value problems 
for the half-plane are unconditionally solvable, and their solution linearly depends on v + | arbitrary 
constants. For v < 0, the homogeneous problem is unsolvable. For v < 0, the nonhomogeneous 
problem is uniquely solvable; moreover, in the case vy = —1 the problem is unconditionally solvable, 
and in the case v < —1, it is solvable under —v — | solvability conditions (40) only. 

Let us also discuss the case of solutions vanishing at infinity. On substituting the relation 
®*(co) = &-(00) = 0 into the boundary condition, we obtain H(co) = 0. Hence, for a Riemann 
problem to have a solution that vanishes at infinity, the right-hand side of the boundary condition 
must vanish at infinity. Assume that this condition is satisfied. To obtain a solution for the case under 
consideration, we must replace the expression P,,(z) in (38) by P,_;(z) and equate the constant C’ 
in (39) with zero. Thus, 


(41) 


®(z) = X(z) we) ree — 


(z +1)” 


For v < 0, we must set P,_;(z) = 0 in this formula. We must add another condition to the solvability 
conditions (40), namely, Y(—2) = 0, and finally we obtain the following solvability conditions: 


° A(x) dx 
oo Xt(x) (x +1)* 


=0, Ra i (42) 


Now, for v > 0 we have a solution that depends on v arbitrary constants. For v < 0, a solution is 
unique, and for v < 0, a solution exists if and only if —v conditions hold. 


14.3-9. Exceptional Cases of the Riemann Problem 


In the statement of the Riemann boundary value problem it was required that the coefficient D(t) 
satisfies the Holder condition (this prevents infinite values of this coefficient) and vanishes nowhere. 
As can be observed from the solution (the use of In D(4)), these restrictions are essential. Now we 
assume that D(¢) vanishes or tends to infinity, with an integer order, at some points of the contour. 
We assume that the contour L consists of a single closed curve. 

Consider the homogeneous problem. We rewrite the boundary condition of the homogeneous 
Riemann problem in the form 


be 
[[¢-ex)""* 


&*(t) = = —___D(t)® (t). (43) 
[e¢-6)” 
j=l 
Here a; (kK =1,..., 4) and 3; (7 = 1,...,«) are some points of the contour, m; and p; are positive 


integers, and D,(¢) is a function that is everywhere nonzero and satisfies the Holder condition. The 
points a; are zeros of the function D(t). The points 3; will be called the poles of this function. The 
use of the term “pole” is not completely rigorous because the function D(¢) is not analytic. We shall 
use this term for brevity for a point at which a function (not analytic) tends to infinity with some 
integer order. We write 


kK Le 
IndD(t)=v, So pj=p, So mpg =m. 
jel k=l 


We seek the solution in the class of functions bounded on the contour. 
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Let X(z) be the canonical function of the Riemann problem with coefficient D,(¢). Let us 
substitute the expression D,(t) = X*(t)/X (t) into (43) and rewrite the boundary condition in the 
form 


Ort ®t 
Se SS (44) 
X+*@][[@-oxy™  X-|[(t- 8) 

k=1 jel 


To the last relation we apply the theorem on analytic continuation and the generalized Liouville 
theorem (see Subsection 14.3-1). The points a; and 3; cannot be singular points of the same analytic 
function because this would contradict the assumption that ®*(¢) or ®-(t) be bounded. Hence, the 
only possible singularity is the point at infinity. The order at infinity of X~(z) is v, and the order of 


Te- (;)P5 is equal to —p. Hence, the order at infinity of the function ®-(z)/ [x- (z) Te B; ys | 


is -y +p. For v—p 2 0 it follows from the generalized Liouville theorem that 


&*(z) &-(z) 
m a aaa v—p(2)s 
X*(z)[]@-any™ = X-@ ]]@- 6)" 
k=l jel 


and hence 


Lb K 
b*(z) = X*(z) [[e — an)"* Pyp(z), PO (z) = Xz) [[e — B5)?? Py_p(2). (45) 


k=l jel 


If v —p <0, then we must set P,_,(z) = 0, and hence the problem has no solutions. 

The boundary value problem with coefficient D;(¢) is called the reduced problem. The index v 
of the reduced problem will be called the index of the original problem. Formulas (45) show that 
the degree of the occurring polynomial is less by p than the index v of the problem. 

Hence, the number of solutions of problem (43) in the class of functions bounded on the contour 
is independent of the number of zeros of the coefficient and is diminished by the total number of 
all poles. In particular, if the index is less than the total order of the poles, then the problem is 
unsolvable. If the problem is solvable, then its solution can be expressed by formulas (45) in which 
the canonical function X (z) of the reduced problem can be found by formulas (16) and (17) after 
replacing D(t) by D,(t) in these formulas. Under the additional condition ® (oo) = 0, the number 
of solutions is diminished by one, and the degree of the polynomial in (45) must be at most v—p—1. 

Now let us extend the class of solutions by assuming that one of the desired functions ®*(z) 
and ®-(z) can tend to infinity with integral order at some points of the contour, and at the same 
time another function remains bounded at these points. We can readily see that this assumption 
implies no modifications at nonexceptional points. Here the boundedness of one of the functions 
automatically implies the boundedness of the other. This is not the case for the exceptional points. 
Let us rewrite the boundary condition (43) in the form 


Kk Lt 
[[@-s)"8'®  TJe-ay ee 


j=l _ kel 
X+(t) - X-(t) se) 


Applying the above reasoning and taking into account the fact that the right-hand side has a pole of 
order v + m at infinity, we obtain the general solution in the form 


u K 
@*(z) = X*(z) [ [@-ony™ Prim, &(2) =X @[[@-6)! Pam@. 47) 


k=l jel 
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Formulas (47) show that in the class of solutions with admissible polar singularity for one of the 
functions, the number of solutions is greater than that in the class of functions bounded on the 
contour (for v > 0) by the total order of all zeros and poles of the coefficient. 

We now consider the nonhomogeneous problem. Let us write out the boundary condition in the 


form 
iv 
[[@-e«)"" 
®*(t) = el dn (6-(t) + H(t). (48) 


[[@- 6” 
j=l 


We can readily see that the boundary condition cannot be satisfied by finite functions ®*(¢) and &(¢) 
if we assume that H(t) has poles at points that differ from (; or if at these points, the orders of the 
poles of H(t) exceed p;. Hence, we assume that H(t) can have poles at the points 3; only and that 
their orders do not exceed p;. To perform the subsequent reasoning, we must also assume that the 


functions D(t) and [| (t — (;)?5 H(t) at the exceptional points are differentiable sufficiently many 
jel 
times. 
Just as in the homogeneous problem, we replace D,(¢) by the ratio of the canonical functions 


X*(t)/ X(t) and rewrite the boundary condition (48) in the form 


= oO TP ot) _ Hit) 
t— Bi = | | @-ax)™ t — B,)P3 49 
II 5) XW II Qk) XO a0 II B;) GO (49) 


On replacing the function defined by the second summand on the right-hand side in (49) by the 
difference of the boundary values of analytic functions 


“ H 
[[¢-6)? 2 = ww-ve, 
jel 


ew 
where 
Sil = ply Gr 
wo=s | [ler- 8)" 65 Foe (50) 


we reduce the boundary condition to the form 


: PO aan TH da Oe 
[]¢- 4” ras O=[le-a» Zor 


On applying the theorem on analytic continuation and the generalized Liouville theorem (see 
Subsection 14.3-1), we obtain 


Xt XT 
O(2)= OWE) + Pam, O@)=— 2 —W) + Pan 61) 


[[@- 4)” [[@-on™ 
j=l 


k=1 


In general, the last formulas give solutions that can tend to infinity at the points a; and (3. For a 
solution to be bounded it is necessary that the function ©*(z) + P,+m(z) have zeros of orders p; at 
the points 3; and the function Y~(z) + P,4m(z) have zeros of orders m,; at the points az. These 
requirements form m+p conditions for the coefficients of the polynomial P,4,,(z). If the coefficients 
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of the polynomial P,4,,(z) are chosen in accordance with the above conditions, then formulas (51) 
give a solution of the nonhomogeneous problem (48) in the class of bounded functions. 

Consider another way of constructing a solution, which is more convenient and based on the 
construction of a special particular solution. 

By the canonical function Y (z) of the nonhomogeneous problem we mean a piecewise analytic 
function that satisfies the boundary condition (48), has zero order everywhere in the finite part of 
the domain (including the points a; and {3;), and has the least possible order at infinity. 

In the construction of the canonical function, we start from the solution given by formulas (51). 
Let us construct a polynomial //,,(z) that satisfies the following conditions: 


U(B;) = UW (B,), CSO awh sds g=l,...,k, 
UM (ag) = Vax), 1=0,1,...,mp-1, a ianeeg Te 


where U*(3;) and Ua) are the values of the ith and the [th derivatives at the corresponding 
points. Thus, 2/,,(z) is the Hermite interpolation polynomial for the functions 


_ J W*(z) at the points G;, 
Mey { W-(z) at the points a, 


with interpolation nodes 3; and a; of multiplicities p; and mz, respectively (see Subsection 14.3-2). 
Such a polynomial is uniquely determined, and its degree is at mostn = m+p-1. 

The canonical function of the nonhomogeneous problem can be expressed via the interpolation 
polynomial as follows: 


Y*(z)= ye Y(z)= KG) (52) 
[[@- 4)” [[@-en)"" 
jal k=1 


To construct the general solution of the nonhomogeneous problem (48), we use the fact that 
this general solution is the sum of a particular solution of the nonhomogeneous problem and of the 
general solution of the homogeneous problem. Applying formulas (47) and (52), we obtain 


LU 
®*(z) = ¥*(z) + X*(z) | [(e- 06)” Pry, 


k=l (53) 


® (2) =Y (2) +X (| [@- 5) Pp. 


j=l 


For the case in which v — p < 0, we must set P,_,(z) = 0. Applying formula (52), we readily find 
that the order of Y~(z) at infinity is equal to v--p+1. Ifv < p—1, then Y (z) has a pole at infinity, 
and the canonical function is no longer a solution of the nonhomogeneous problem. 

However, on subjecting the constant term H(t) to p—v—1 conditions, we can increase the order 
of the functions Y(z) at infinity by p — vy — 1 and thus again make the canonical function Y(z) a 
solution of the nonhomogeneous problem. Obviously, to this end it is necessary and sufficient that 
in the expansion of the function V(z) —U,,(z) in a neighborhood of the point at infinity, the first 
p—v-—1 coefficients be zero. This gives just p—v—1 solvability conditions of the problem for 
the case under consideration. Let us clarify the character of these conditions. The expansion of 
W(z)-U,(z) can be represented in the form 


U(z)—Up(z) = —an2” — nz"! — +++ ag tage tage? +++ tage tens, 
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where ao, @1, ..., Gn are the coefficients of the polynomial U/,,(z), and the a_, are the coefficients 
of the expansion of the function V(z), which are given by the obvious formula 


reso aes 
= ag [Ile By)? YD dr. 


The solvability conditions acquire the form 
an = An] = °° * = An—-p+y+2 = 0. 


If a solution must satisfy the additional condition ®- (co) = 0, then, for v—-p > 0, in formulas (53) 
we must take the polynomial P,_,1(z), and for v — p < 0, p—v conditions must be satisfied. 


14.3-10. Riemann Problem for a Multiply Connected Domain. 


Let LD = [9 + £1 +---+ Lm be a collection of m+ 1 disjoint contours, and let the interior of the 
contour Lo contain the other contours. By Q* we denote the (m + 1)-connected domain interior 
for Lo and exterior for Ly, ..., Lym. By Q- we denote the complement of 0* + L in the entire 
complex plane. To be definite, we assume that the origin lies in Q*. The positive direction of the 
contour L is that for which the domain (Qt remains to the left, i.e., the contour Lp must be traversed 
counterclockwise and the contours Lj, ..., L.,, clockwise. 

We first note that the jump problem 


&*(t)- ® (t) = H(t) 


is solved by the same formula 
1 H(1r) dr 


271i J, TZ 


@(z) = 


as in the case of a simply connected domain. This follows from the Sokhotski—Plemelj formulas, 
which have the same form for a multiply connected domain as for a simply connected domain. 

The Riemann problem (homogeneous and nonhomogeneous) can be posed in the same way as 
for a simply connected domain. 

We write vz, = =-[arg D(t)|r, (all contours are passed in the positive direction). By the index 
of the problem we mean the number 


v= Sov. (54) 
k=0 
If vy, (k = 1,...,m) are zero for the inner contours, then the solution of the problem has just the 


same form as for a simply connected domain. 
To reduce the general case to the simple one, we introduce the function 


m 
I[¢ —. ZE)* > 
k=l 
where the zz, are some points inside the contours Ly (k = 1,...,m). Taking into account the fact 


that [arg(t — 2,)]z, =0 for k # 7 and [arg(t — z;)]z,; =—277, we obtain 


1 a 7 1 oe 
ze (ele | = 57 [arett- 27) lt =-V;, 7S TMs 


L; 
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Hence, 


lae(DwT]e-20")| 20: “GS 


k=l L; 


m 
Let us calculate the increment of the argument of the function D(t) [] (t— z,)”* with respect to 


k=l 
the contour Lo: 


a are (dw I[¢ = «)") | i aoe [arg D(t)] oe Soe are(t — zn) |x) =o + yo Ve =v. 


k=l k=l k=l 
Since the origin belongs to the domain 2", it follows that 


[argé]z, =0, K=1,...,.m, — [argt]z, =2r7. 


Therefore, 


[are (~ [¢- «y"De) | = 0). 


k=l L 
1°. The Homogeneous Problem. Let us rewrite the boundary condition 
Ot) = DMO 


in the form 
eS —- = G I[¢- a)" D0) &(t). 
[[¢-2w"* 
k=l 


The function t” [| (¢ — z,)”* D(t) has zero index on each of the contours Ly, (& = 1,... 


=l 
and hence it can be expressed as the ratio 
it Gb) 
e 
t. t—z,)"* D®) = =, 
[[- 2)" DW = 5 


k=1 


where 


1 - d 
G2) = =— | In @ IIc- 24)"* D(a) as 


k=1 


The canonical function of the problem is given by the formulas 
Riyal eszer@ Gis" =. 
k=l 
Now the boundary condition (57) can be rewritten in the form 


O*(t) Ot) 
X+(t) X-(t) 


(55) 


(56) 


(57) 


,M), 


(58) 


(59) 


(60) 
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As usual, by applying the theorem on analytic continuation and the generalized Liouville theorem 
(see Subsection 14.3-1), we obtain 


B*(z) = [[@- zy eF OP), Oe) = 2 %eF OP). (61) 
k=l 

We can see that this solution differs from the above solution of the problem for a simply 
connected domain only in that the function ®*(z) has the factor i (z-2z,) ’*. Under the additional 
condition ®-(co) = 0, in formulas (61) we must take the Solvnornial Py-i(%). 

Applying the Sokhotski—Plemelj formulas, we obtain 

G*(t) = +4 Inft "I®D@)] + GO, 

where G(t) is the Cauchy principal value of the integral (59) and 


Te) = | ]@- zx)". 
k=l 
On passing to the limit as z — ¢ in formulas (60) we obtain 


DO) aw 1 : 
‘T(t VP UDO 


The sign of the root is determined by the (arbitrary) choice of a branch of the function In[t” I1(¢) D@]. 


X*(H= A= GO. (62) 


2°. The Nonhomogeneous Problem. By the same reasoning as above, we represent the boundary 
condition 


6*(t) = D(t)®(t) + Hit) (63) 
in the form 
20 _gy- 29 vy 
RO EO, 


where W(z) is defined by the formula 
1 H(t) dr 


we Ori Lt X*(7) T-2 


This gives the general solution 
O(z) = X(z)[V(z) + PL@)] (64) 
or 
P(z) = X(2)[V(z) + Pil), (65) 


if the solution satisfies the condition ® (co) = 0. 
For v < 0, the nonhomogeneous problem is solvable if and only if the following conditions are 
satisfied: 
H(t) 
Lt X*() 
where k ranges from | to -v — | if we seek solutions bounded at infinity and from | to —v if we 
assume that ®(co) = 0. 
Under conditions (66), the solution can also be found from formulas (64) or (65) by setting 
P, =0. 
If the external contour Lp is absent and the domain (2 is the plane with holes, then the main 
difference from the preceding case is that here the zero index with respect to all contours L; 


t*! dt =0, (66) 


(k = 1,...,m) is attained by the function [](¢ — z,)”* D(t) that does not involve the factor t-’. 


k=l 
Therefore, to obtain a solution to the problem, it suffices to repeat the above reasoning on omitting 
this factor. 
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14.3-11. Riemann Problem for Open Curves. 


Let L be a curve that consists of m simple smooth open curves (arcs) Dy = agby, k = 1,2,...,m, 
without common interior or endpoints. Let D(t), H(t) be two functions defined on L and satisfying 
the Holder condition on each arc L,, and suppose that D(¢) # 0 for all t. On different arcs L;, the 
functions D(t), H(t) can be defined by the analytical formulas: 


Di)=D,), Hit)=H,(t), te Ly, k=1,2,...,m. 


The arc Ly is directed from the point a; to the point bz. 

For the points az, b, we will use a unified notation c;, so that the set of all c-points consists 
of 2m ordered points c), @,...,C2m, each coinciding with some ax or bz, but their order may be 
different from that of the sequences a, and b;. For instance, one can take 


{C15 C25 C33 C45. -- 5 Com-15 Com} = {15 015 G25 b23...5m3 Om}, 
or 
{C15 C25. 663 €ms Cm413 Cm423 «+ +5 Com} = {15 G23... 5 m3 O15 b2;...5 bm}, 


or some other combination of ax, dz. 
On each arc Ly =azbz, we fix some continuous branch of the function In D(t) =1In D,(t), t € Ly 
by the condition 


0<ImInD(a,)<27 <— > O<arg D(ag) < 2r. (67) 
Then 
In D(bg) = In D(ax) + i[arg DO] pL, =n Dla) +4 i darg D(t). (68) 
Lr 


Note that a branch In D(t) on Ly, may be fixed by other conditions. For instance, instead of (67), 
one can take —7 < arg D(ax) $ 7 or O ¥ arg D(bz) < 27, or some other condition. 
For each point cz, we calculate the numbers 


_In D(cx) 
Ori” 


a, + 18% = J k=1,2,...,2m, (69) 


where the upper minus corresponds to cz coinciding with some a; and the lower plus corresponds to 
cr coinciding with some b;. The points cz, as well as the corresponding endpoints a,, b; of the curve 
L, for which a, are integer numbers, are called singular, while the other c;, and the corresponding 
endpoints of the curve L are called nonsingular. Clearly, cj, is a singular point if and only if D(c;) 
is real and positive. 

Let us renumber the points c;, C2,...,C2m so that the first and the second groups of subscripts 
would respectively designate nonsingular and singular points. Let c,c2,...,¢n (OS n < 2m) be all 
nonsingular endpoints of the curve L. From these points, we choose p (0 < p < n) points and move 
them to the first p places; we may assume these to be c), C2, ... , Cp (after renumbering, if necessary). 

THE RIEMANN PROBLEM. Find a function ®(z) which is analytic on the entire plane outside the 
curve LZ, on which it has continuous boundary values 


Ot), ®t), t € L\ {endpoints}, 


satisfying the boundary condition (7) or (8), bounded near the nonsingular endpoints ¢1,¢2,..., Cp, 
and admitting integrable singularities near the other nonsingular points, i.e., 


Mi, 


&(z)| < ——— 
OS Eo 


, My=const, A, =const, OSA, <1 near c,, kK=ptl,...,n. 
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In this case, in contrast to the Riemann problem for closed curves, the boundary condition 
(7) or (8) should hold only at the points other than the endpoints, near which the sought function 
should have a prescribed behavior. Moreover, the behavior of the sought function is prescribed only 
near nonsingular endpoints and is left unspecified near singular endpoints, since any solution of 
the homogeneous problem (7) near a singular endpoint cz, is always bounded and a solution of the 
nonhomogeneous problem for 4; # 0 is bounded and for (;, = 0 has a logarithmic singularity. If c;, 
is a nonsingular endpoint, then any solution of the homogeneous Riemann problem always vanishes 
at the point c,, while a solution of the nonhomogeneous problem will only be bounded. 

A solution of the above Riemann problem is called a solution of class hy or class h(c1, C2... Cp) 
if nonsingular endpoints cy, c2,..., Cp are fixed a priori. The class ho consists of all solutions of the 
problem that admit integrable singularities near all n nonsingular points of the line L. This class 
contains all other classes hy, 1 <p <n. The class h,, belongs to all other classes h,,0<p<n-—1, and 
consists of all solutions of the Riemann problem that are bounded near all nonsingular endpoints of 
the line L. 

As in the case of one or several closed curves, let us construct a particular solution X (z) of the 
homogeneous problem (7), which, in addition, does not vanish on the entire plane including the 
edges of the cuts L;, = a;,bz, except at the endpoints of the arcs near which its behavior is determined 
by the class hp = h(c1, c2,..., Cp). Consider the Cauchy integral 


m 


In D(r) dr In D; a a 
es Qi — | T-2 OO” = 2 Fei 207% , J neue am) 
L 


where In D;,(¢) are the logarithmic branches fixed above. This integral has a discontinuity on the 
curve L with the jump 


M@-C®=mD®, te L\{e,c,.-.,cm}, 
and near the endpoints c, admits the representation 
T(z) = (ag + 78) In(z — cx) + TZ). 


Here, In(z — cx) is a branch which is single-valued on the plane with the cut joining the points c;, 
and oo and going along the arc L; with an endpoint at c;; the function I’,(z) is analytic in a small 
neighborhood of c, with the cut along L; and tends to a certain limit as z — cx along any path. 


Therefore, the function 
2m 


X(z)=e [[¢ Cy h; (71) 


k=1 


where 1, are integers such that 


O<ap-y7y,<1l = Mme=lax], k=1,2,...,p, 
-l<ap-17%, <0 = HRe=Il+4+[ax], K=ptl,...,n, (72) 
Ap-Yyr=O => vR=axn, k=ne+l,...,2m 
(Lax ] is the integer part of a), has all the above properties of a particular solution of the homogeneous 


problem (7): both functions X(z) and 1/X(z) are analytic on the plane with the cut along L, on 
which X*(t) #0, X*(t) = Dt) X (0), t € L \ {cx}, and 


X(z)~ Aglz—cy)** as z—> ce, An =An—VR, k=1,2,...,n, 
X(z)~ Ap as z>cy, k=ntl,...,2m, 
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where A; = const # 0 forall k, andO <A, <1 fork=1,2,...,p,and—-l1<A,<Ofork=p+l,...,n. 
At ov, this function is of the order 


V=HVYy+MY+-++++lam; 


ie., X(z)~ Az”, A=const #0 as z > ~. 

The function X(z) is called a canonical function of a problem of class hy = h(ci, C2, .-., Cp), 
and the integer v is called the index of a problem of class hp. 

With the help of the canonical function X(z), the Riemann problem for open curves is solved 
along the same lines as in the case of a simply-connected domain. 


1°. The jump problem 
Oo'(t)-® (=H), +t € L\ {endpoints} 
in the class of functions vanishing at oo (independently of the class h,,) has a unique solution, 


br 
1 Hi)dr Sl Hy,(1) dr 
Oe) o> je ee eee 
(@) Waigh T-Z Xe Waigi T-Zz 
L k=1 


ak 


In order to obtain a solution bounded at oo or with a pole at oo of an order < jz, one should take 
the sum of ®(z) and an arbitrary constant C’ or an arbitrary polynomial of degree ju, respectively. 


2°. The homogeneous problem (7), with the help of the representation (18), is reduced to the 
construction of a function ®(z)/X(z) which is analytic on the entire plane and has removable 
singularities at all the endpoints c,. A solution of this problem that vanishes at oo and belongs to 
the class h, = h(c1, @2,..., Cp), for v 2 0, is given by the formula 


P(z) = P,(z)X(z), 


where P,,(z) is an arbitrary polynomial of degree v. For v < 0, the homogeneous problem has no 
nontrivial solutions. 


3°. The nonhomogeneous problem (8), with the help of the transformation (18), is reduced to the 
jump problem (22), and its solution of class hy = h(c1, c2,..., Cp) decaying at oo for v 2 0 is again 
given by formulas (23), (28). For v < 0, a nontrivial solution of class h, exists and is unique, 
provided that —v solvability conditions (29) are satisfied; the solution has the form ®(z) = X(z)W(z), 
where X(z) is a canonical function of class hy, and V(z) is the integral (23). 

In order to obtain a solution of the homogeneous or the nonhomogeneous problem bounded at 
co or with a pole at oo of order < js, one should replace v by v + 1 or v + p, respectively. 


Remark. If Xo(z) is a canonical function of the widest class ho, then 
X(z) = (2-1 )(Z— C2)... (2 — Cp) X0(Z) 


is a canonical function of class hy = h(c, c2,..., Cp). A similar relation holds for canonical functions 
of any two classes h,, and hg. Thus, for the construction of a canonical function of class hp, it suffices 
to construct a canonical function of any other class hg, in particular, ho. 

In order to obtain the canonical function X,,(z) of the narrowest class h,, one should take 
Vp = [ax] for all k = 1,2,...,2m in (71). This function is bounded near all endpoints of the line L, 
both singular and nonsingular. In terms of X,,(z), the canonical function of class hy=h(c1, C2,..-, Cp) 
is found by the formula 

X(z) = (z-Cpu) |... (@- en) Xn(Z). 
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Example 3. Let the line L consist of a segment L = [a; b] (a > 0) of the real axis and the segment Ly = [277; 377] of 
the imaginary axis, and let 
it if te Ly, 


D(t) = 
© ie if t € Lp. 


Let us find possible classes hp of solutions of the Riemann problem and construct the canonical function in these classes. 
1) Let us fix the branches 


In D(t) = Init) = In(t) + = t € [a; }], 


In Dt) = In(e’) =t-27i, t € [27i; 37], 
so that the values 


In D(a) = In(a) + a In D(2ni) =0 


satisfy condition (67). We have : 
In D(b) = In(b) + > In Di) = wi. 


2) Taking c; =a, co = b, c3 = 271, cq = 37%, let us calculate the numbers 


: In D(a) 1 Ina : In D(b) 1 .Inb 
+ = = + : + = = : 
er ri ggg OOS oe ee 
In D(27i In D371 1 
eee CR) = 6, ee re n Cua 
2ri 2Qri 2 


Since a3 = 0 is integer and all the other a; are noninteger, the endpoint cz = 277 is singular and the rest of the endpoints 
C1, Cz, C4 are nonsingular. In this connection, let is renumber the points cz as follows: c, = a, Co = b, c3 = 371, cq = 2771, 
and for these we have the new 


1 1 1 
4’ 4 2 

3) All possible classes of solutions of the Riemann problem (and therefore, the classes of the canonical function) are 
determined by the points c;, co, c3. These classes are the following: ho, h(c;), h(cz), h(c3), h(c1, C2), h(c1, ¢3), h(c2, €3), 
hz = h(cy, cz, c3), with hp being the widest class and hz = h(a, b, 377) the narrowest class. 

4) Let us construct the canonical function X0(z) of class hg. In view of (72), we have 


a,= 


VY} 1+ [ay] 0, 2 1+ [a2] iP V3 1+ [a3] 1, V4 = a4 0, 


and by (70) and (71), 
Xo(z) = Pf Oz — by (z -3 iy, 


b 
1 i, d 1 —2ni 
re= = f (ines) ae {7 dr, 
2ri 2’Tr-z 2ni 
a Qnt 


1 z b 
Kees METER: ( =)" ()” eo( = | Int ar), 
(z-b)(7 —37i)? \ z-a z—-2ni Wi J T-z 
a 
where we have chosen branches (of the multiple-valued functions involved) which are single-valued on the plane with cuts 
along the segments L, = [a; b] and Lz = [277; 377], respectively, and take the value | at co. 
5) According to the above remark, the canonical function of class h(a) is obtained from Xo(z) by its multiplication by 


z—a, and the canonical function of class h(b) is obtained by multiplying Xo(z) by z —}, etc. These functions can be found 
directly with the help of formulas (70)-(72). 


and therefore, 


4°. The case of a piecewise constant coefficient of the problem. The canonical function of the 
Riemann problem for open curves can be found explicitly, provided that its coefficient D(t) takes 
constant values on the arcs Ly, = axbx (the values may be different on different arcs). Let 


D(t)= Dz, Dp =const#0, te agby, k=1,2,...,m. 
Then, according to (67)-(69), we have 
In D(ax) = In D(by) = INnDy, OK + 1B = Fk — 164), 


In|D (73) 
sul al ul 0 Sarg Dy < 27, 


arg Dy - 


cay Qn 
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where the upper sign corresponds to the initial points a;,, and the lower sign corresponds to the 
endpoints b; of the arcs Ly. Thus for each specific arc Lz, its endpoints az, by, are singular or 
nonsingular simultaneously, depending on whether +; is integer or noninteger, and if +, is integer, it 
must be equal to zero. Therefore, the number of nonsingular endpoints, as well as of singular ones, 
is always even. 

Suppose that a), b),...,@n, bn (OS n<m) are nonsingular endpoints and an41, Onsi,---,Q@ms Om 
are singular endpoints of the line L. For this distribution of nonsingular and singular endpoints, it 
might be necessary to renumber the arcs Ly. According to (70)-(72), the canonical function Xo(z) 
of class ho (i.e., for this function, all nonsingular endpoints are infinity points of order < 1, and this 
function is bounded near all singular endpoints) is given by the formula 


ie 1 ee z—bp Tarte z—by 9k 
H@= An Soe x= (7) TI (=*) » (74) 


k=n+1 


where the multiple-valued functions in the last two products are replaced by their branches that take 
the value | at oo and are single-valued on the plane along the arcs Ly = axby. Since 0 < yx < 1 
for all k, it can be seen that X,,(z) is a canonical function of class h(b,, bo,..., bn). This function 
is bounded near all endpoints 6; (both singular and nonsingular); the points a), d2,...,@n, are its 
infinity points of order < 1, and near the points an41,...,@m (if these exist) it is also bounded. 

In order to obtain a canonical function of class h(c1, c2,..., Cp), where cz, is the general notation 
for a;,b;, one should multiply Xo0(z) by (z—c,)(z-c2)...(-¢p). Taking different systems cz, one 
obtains, in particular, the following canonical functions: 


ee zZ—-Ak 
Xn =X, = 
(2) = Xn(z) |] ais 
k=l 
m L-y,-id, on idk 
Z-Ak z—bp 
= Xnx h > gore stg ST 9 
(=) I] (=) ; (2) € R(ai,a2,...,4n), (75) 


Xon(2) = Xn(2) [[(@- an), Xon(2) € hon, hon = har, bi, -- +5 dns bn) 
k=1 


etc. The last function in (75) is bounded near all endpoints of the curve L. 


5°. The case of a constant coefficient of the problem. Let 
D(it)=Do, Do =const, teazgby, k=1,2,...,m. 


Then, for nonreal or negative real Do, formulas (73)—(75) yield 


ry z— by \P D In|D 
xw(2= (TT ‘) oO. Gis ee 


O<arg Do <27, Xm(z) € h(by, b2,..., bn); 


m z—ap y+id 
Xm» (Z) = (I = ) » Xmx(Z) € h(a, @2,...,An); (76) 


| 
Xo(z) = Xm(2) |] sz Kole) € ho 
k=1 


Xom(2) = Xm(z) | [@- an), X2m(2) € hams ham = h(a, bi,-.-, Ams bm). 
k=1 
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The function X,,(z) is bounded near all points b;, and a, are its infinity points of an order < 1. 
Conversely, the function X,,.(z) is bounded near ax, and at the points bz has integrable singularities. 
For the function X0(z), the endpoints ax, by are infinity points of integrable character. The function 
Xm(Z) is bounded near all endpoints ax, bz. 

If Do # 1 is a real positive number, then all endpoints of the curve L are singular and different 
classes h, cannot be defined for the Riemann problem. In this case, there is a single (to within a 
nonzero constant coefficient) canonical function 


m 16 
z—bp 1 
X(z)= 6=—In|D 
(2) (1] 7 , = n|Dol, 


which is bounded near all endpoints of the curve, although for z — a, and z — by it has no limits. 
In applications, one often encounters the Riemann problem with 


&*(t)-O@ (=H, tel, 


the coefficient D(t) =—-1, and y = 4, 6 = 0 in (76). In this situation, 


st 1 
Xo(z) = II Vane =D Xo(z) € ho; 


x= T] _ —*. Xm(z) € h(b1, bo, .--, bm); 


Smet =T] SE, Xine(2) € War, 2,.--,4m); 


Xom(2) = Il VG = an(2= by), Xam(2) € ham. 
k=1 


14.3-12. Riemann Problem with a Discontinuous Coefficient. 


Let L be a smooth closed curve and suppose that the coefficient D(t) of the Riemann problem is 
continuous on L except at finitely many points ¢), to,...,¢ in which it has jumps of the first kind. 
On each arc Ly = tyter1, kK = 1,2,...,m (it is assumed that t,,,; = t,), the functions D(t), H(t) 
satisfy the Holder condition and D(t) # 0 for all t. 

On an arc Lyx, we fix a continuous branch of the logarithmic function In D(¢). This can also be 
done as in the case of an open curve L by fixing the values of In D(¢) at the initial points of the arcs: 


In D(t, + 0) = |In D(t;, + 0)| + iarg D(t;, +0), 


(77) 
O<arg D(t, +0) <2, k=1,2,...,m 


where D(t, +0) = = lim 7 Dt) is the value of the function at the point t, regarded as the initial 
t—t,, te Lr 
point of the arc L;,. Then, at the finite point t;,,; of this arc, we have 
In D(ty41 — 0) = In Dt; + 0) + ifarg DD] pe RA122-4m. 
Let us calculate the numbers 


1 
Vk + 10K = 55 [In Dx - 0) — In Dte + 09], k=1,2,...,m, (78) 
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and determine nonsingular discontinuity points t;, for which y; are noninteger, and singular points t, 
for which +; are integer. Then we denote the points t; by c;, so that all the nonsingular points c; 
occupy the first places and all singular points appear after these. Moreover, for c; = ¢;,, the point c; 
is associated with the number a; + 18; = yx + idx. 

Let C1, €2,..-,Cn (0S n < m) be all the nonsingular discontinuity points of the coefficient D(¢). 
The Riemann problem consists in finding two functions ®*(t) and ®-(t) that are analytic in the 
interior Q* and the exterior 0” of the curve L, respectively, have boundary values ®*(t), ®-(¢) 
continuous on L except, possibly, the points t,, t2,...,tm, satisfying the boundary condition (8), 
bounded near the nonsingular points cj, c2,...,C)(O < p < n), having infinity of an order < 1 
at the other nonsingular points c,4),...,¢n, and possibly, having logarithmic singularities at the 
points Cn41,---5Cm- 

Often, the condition of logarithmic singularity of the sought functions is replaced by the more 
general condition of almost boundedness: 


lim |z-cj/®*(z)=0 for any €>0. 


Similarly to the case of open curves, a canonical function X(z) of class hy = h(c1, c2,..., Cp) 
for this problem can be constructed in the form 


4 “es 1 fInD(r)dr 
= el) —e.V4i a ees 
x@=e Teor", Tes 7 [pes 
where v; =[a,] for the nonsingular points c;, 7=1,2,..., p, that determine the class hy; v; =1+[a;] 
for the other nonsingular points c;, 7 =p+1,...,n; v; =a; for singular points cj, 7 =n+1,...,m. 
In particular, in order to obtain a canonical function in the narrowest class h, = h(ci, c2,..-,€n) 
of functions bounded near all discontinuity points (both singular and nonsingular), one should 


take v; = [aj], j =1,...,m. 

With the help of the canonical function X(z), the Riemann problem with a discontinuous 
coefficient is solved in the same way as in Subsections 12.3-4, 12.3-10, and 12.3-11. All the results 
of these subsections are valid for this problem, provided that one takes into account that the index 
of the problem is equal to v = 1, +12 +--+ +m. 

In the case of a piecewise-constant coefficient 


D(t)= Dy, =const, t € tetesy, k=1,2,...,m, 


the canonical function of the narrowest class h,,, which is bounded at the discontinuity points tz, 
k=1,2,...,m., has the form 


X= |[e-iyrs (79) 
k=1 


where {yz} = yx — [yx] is the fractional part of 7, which is the real part of the complex number 


1 
Yk + 10k = =—(In Dy-1 -In Dx), 
Qt 
In Dy =In|Dy|+iarg Dz, OS argDy <2, k=1,2,...,m (80) 


(it is assumed that Dp = D,). 


Note that in general the difference of logarithms in (78), (80) cannot be replaced by the logarithm 
of fraction. For instance, if Dy_; = 2 and D, = 2%, then for the logarithmic branch fixed by the 
condition 0 < arg D; < 27, we have 

: De 39 
In Dy. —In Dy, = In2 = (In2 + *) : -> and In a = ineays 
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Example 4. Let L be the unit circle t = e*”, 0 < y < 2m, and let the coefficient of the Riemann problem have the form 


-i, 0<y<4, 
Dit) = De'?)=4 144, E<y<n, 
-l, T<p<2n. 
The function D(t) is piecewise constant with discontinuities of the first kind at the points t, ec = 1, tp =e! /? = 5, 


t3 = e’™ =-1. By (78), we find that 


39 : 
In Dy = In) = In D> = In(1 +4) = Inv2+ ve 
In D3 =In(-1) = 77, In Dp = In D3 = zi, 
1 5 In2 3 
+16, =--, + id) = — +i—, +163 =-— -i——. 
V1 +001 a ea a a oe a a 


Since all yz are noninteger, all three discontinuity points are nonsingular. Then, according to (79), the canonical func- 
tion X3(z) of class h3 = A(1,2,—1) (i.e., the function bounded near all discontinuity points) has the form 
: ; In2 
X3(z) = (2 - 13/4 (z = 45/8449 (g 4 15/849 ip = 
T 


In order to obtain the canonical function Xo(z) of the widest class hg, one should divide X3(z) by (z- 1)(z -i)(z + 1); 
and to obtain the functionX(z) € h(1), one should divide X3(z) by (z —2)(z + 1), ete. 


14.3-13. Riemann Problem in the General Case. 


Let L be the union of finitely many smooth closed and open oriented curves with finitely many 
common points (L is a piecewise smooth line), and let D(t), H(t) be two functions on L that satisfy 
the Holder condition everywhere except for finitely many first kind discontinuity points, D(t) 4 0 
everywhere on L. Denote by ¢; the endpoints, the nodes, the angular points of the line L, and the 
discontinuity points of the function D(t). On the closed curves belonging to L, we chose arbitrary 
points regarded as the initial and the ending points of these curves and include these points into the 
set of tp. 

Let t1, t2,...,¢tm be all the above-specified points of the line L, which is split into finitely many 
oriented open arcs Lz by these points. On each arc, we fix a certain continuous branch of the 
logarithmic function In D(), so that if ¢; +0 is the initial point of some arc L;, then the value In D(¢) 
at that point is found by the formula (77). Then, at the ending point t; — 0 of that arc, we have 


In D(ty - 0) = In D(ty, + 0) + ifarg D@)Iz,. 


Note that one and the same ¢;, may happen to be the initial point of some arcs L; (one or more) 
and the ending point of other arcs. 
For each t;, we calculate the number 


ne eie= 5—7[Do in tte -0)- om Dite +0), Ae canting 


where the first sum is over all ¢;, — 0 that are the endpoints of the arcs ending at the point ¢;,, and the 
second sum is over all t;, + 0 that are the initial points of the arcs issuing from ¢,. For instance, if t;, 
is the initial point of the arc Ly, L2,..., Lm,, then the second sum has the form 


mi my 
In Dit = In Dt 7 li D(t). 
eS vee a (te) thEL; Ses ® 
JF JF 


Further, as in the previous subsection, the condition that +, is integer or noninteger determines 
singular and nonsingular nodes c; of the line L, after which the Riemann problem is formulated and 
solved as in Subsections 12.3-11 and 12.3-12. 
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Remark. One of the crucial steps when solving the Riemann problem is the construction of a 
canonical function of a given class. This function can be constructed in a simpler way. 

Suppose that the line L is split by the points ¢),t2,...,t¢, into (closed and open) curves 
Ly, L2,...,L,. For each L;, we can construct a canonical function X;(z) of the homogeneous 
Riemann problem Xj) = D()X; (0), t € L;, without taking care of its specific class. Then the 
function Xo(z) = X1(z)X2(z)...Xn(%) satisfies the homogeneous boundary condition (7) and near 
the points t, admits the representation 


Xo(z) ~ A(z —teyr*t"*, Ap =const¥0, k=1,2,...,m, 


where A; + ij, are certain numbers found on the basis of the behavior of the functions X;(z) in a 
neighborhood of t;. Knowing Ax, it is easy to determine singular and nonsingular points t;, and find 
the canonical function X (z) of a given class. This function has the form 


X(2)=][ Xj@[[@-tay*, 
jel k=l 
where w, are integers to be chosen such that X (z) should belong to the given class. 


Example 5. Let L consist of the segment L; = [—1; 1] on the real axis and the segment D2 = [0; 7] on the imaginary 
axis, and 


2i, t€ [-1;0), 
Dit)=¢ 2, t€€ (031), 
-l, te (0;%]. 
Let us construct the canonical function of the homogeneous Riemann problem with the coefficient D(t), requiring that this 
function is bounded near all endpoints of the line L and near the node t = 0. For the points t; = —1 (the initial point of the 


segment [—1; 0]), t2 = 0 (the ending point of the segment [—1; 0] and the initial point of the segments [0; 1], [0; 2]), t3 = 1 (the 
ending point of the segment [0; 1]) , t4 = 7 (the ending point of the segment [0; 2]), we find the numbers 


+46 t @jas ee $i = Ojo in| See 
iO, =— n(2t) = 4 . 162 = n(2t) -In2-In =--, 
TPES Nie RO ge eS See 4 


eri Pai pee 2S” 
163 = —— In2 =-i—, i64 = —— In(-l) = ~. 
ee Dia Di NE a 2 
Since 73 = 0, the point t3 = 1 is singular, while the rest of t, are nonsingular. The canonical function that is bounded 
near all endpoints is found by (79) and has the form 


X3(z) = (2 + 19/449 23/42 1g -al/2, 6s = 
Tv 


The canonical functions of the other classes are obtained from X3(z) by its division by z+ 1, z, z —7, all or some of 
these, depending on the class. 


14.3-14. Hilbert Boundary Value Problem. 


Let a simple smooth closed contour L and real Holder functions a(s), b(s), and c(s) of the arc length s 
on the contour be given. 
By the Hilbert boundary value problem we mean the following problem. Find a function 


f(@ = u(a, y) + iv(a, y) 
that is analytic on the domain {* and continuous on the contour for which the limit values of the 
real and the imaginary part on the contour satisfy the linear relation 


a(s)u(s) + b(s)v(s) = c(s). (81) 


For c(s) = 0 we obtain the homogeneous problem and, for nonzero c(s), a nonhomogeneous. 
The Hilbert boundary value problem can be reduced to the Riemann boundary value problem. The 
methods of this reduction can be found in the references cited at the end of the section. 


@) References for Section 14.3: FE. D. Gakhov (1977), N. I. Muskhelishvili (1992). 
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14.4. Singular Integral Equations of the First Kind 


Consider the singular integral equation of the first kind 
=) er a: (1) 
ED 


where L is a closed contour. Let us construct the solution. In this relation we replace the variable t 


1 d 
by 7, multiply by — a , integrate along the contour L, and change the order of integration 
TT - 


1 
according to the Poincaré—Bertrand formula (see Subsection 14.2-6). Then we obtain 


fy) 7 dn = vor f (rt) dr — — | (2) 
Tt G 


mi Jn T1- (m1 -t)\(T-71) 


Let us calculate the second integral on the right-hand side of (2): 
| dt 2 1 | dt f dt _ 1 
i(m-bdir-1) Tt tptm-t Jp; m1-T Ge 


IM | 


Lot = ne 


7 (in —in) = 


Thus, 


y(t) = (3) 


The last formula gives the solution of the singular integral equation of the first kind (1) for a closed 
contour L. 


14.4-2. Equation with Cauchy Kernel on the Real Axis. 


Consider the following singular integral equation of the first kind on the real axis: 


1 f* 


tt f(a), — -c0<4<oo. (4) 


TU Joo 


Equation (4) is a special case of the characteristic integral equation on the real axis (see Subsec- 
tion 15.2-3). In the class of functions vanishing at infinity, Eq. (4) has the solution 


* 10 4 


a ts -0O<4%< OM. (5) 


ow)=— | 


Denoting f(x) = F(z)i"!, we rewrite Eqs. (4) and (5) in the form 


i See HO RG. Ce ~f- 0 tt, -00 < £ < 00. (6) 


The two formulas (6) are called the Hilbert transform pair (see Subsection 9.6-5). 
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14.4-3. Equation of the First Kind on a Finite Interval. 


Consider the singular integral equation of the first kind 


if: LO t= FO, aszsb, (7) 


on a finite interval. Its solutions can be constructed by using the theory of the Riemann boundary 
value problem for a nonclosed contour (see Subsection 14.3-11). Let us present the final results. 


1°. A solution that is unbounded at both endpoints: 


ok Jez =a 5 
aa) = 2 = = ( i MO? fyarec), (8) 


where C is an arbitrary constant and 


b 
/ y(t) dt = C. (9) 


2°. A solution bounded at the endpoint a and unbounded at the endpoint b: 


Ta zi 
pay [8 fet (10) 


3°. A solution bounded at both endpoints: 


2 CC — fO at 


under the condition that 
°__ f@dt 
a Vib-a)(b-t) 


Solutions that have a singularity point s inside the interval [a, b] can also be constructed. These 
solutions have the following form: 


=0. (12) 


4°. A singular solution that is unbounded at both endpoints: 


ma! ” /-DO-H oe t) C2 
I ee , (13) 
T J(x- a zr) -s 
where C’, and C} are arbitrary constants. 
5°. A singular solution bounded at one endpoint: 
t C 
oa)=-t Vaan (ff! LO a+ 2), (14) 
a L-S 


where C is an arbitrary constant. 


6°. A singular solution bounded at both endpoints: 


ce 7 P f(t) dt A _ f' — f@®dt 
Pla) = —— + (@—a)(b—2) (/ at): A= f Gz ae) (15) 
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14.4-4. General Equation of the First Kind with Cauchy Kernel. 


Consider the general equation of the first kind with Cauchy kernel 
1 M(t,7) 
= [| Pamar= so. (16) 
mt Jr Tt 


where the integral is understood in the sense of the Cauchy principal value and is taken over a closed 

or nonclosed contour L. As usual, the functions a(t), f(t), and M(t, 7) on L are assumed to satisfy 

the Holder condition, where the last function satisfies this condition with respect to both variables. 
We perform the following manipulation with the kernel: 


Mit,r) _ M(t,7)-M@,t) " M(t, t) 


T-t T-t Tt 


and write iM M 
M(t,t) = b(t), = Ae K(t,7). (17) 


Tt 


We can rewrite Eq. (16) in the form 
oe) Of ee ale ae | K(t, re(r) dr = f(0. (18) 


It follows from formulas (17) that the function b(t) satisfies the Holder condition on the entire 
contour L and k(t, 7) satisfies this condition everywhere except for the points with 7 = ¢ at which 
this function satisfies the estimate 


A 
EGOS Tax ap OSsA<1. 
The general singular integral equation of the first kind with Cauchy kernel is frequently written in 
the form (18). 

The general singular integral equation of the first kind is a special case of the complete singular 
integral equation whose theory is treated in Chapter 15. In general, it cannot be solved in a closed 
form. However, there are some cases in which such a solution is possible. 

Let the function M(t, 7) in Eq. (16), which satisfies the Holder condition with respect to both 
variables on the smooth closed contour L by assumption, have an analytic continuation to the 
domain 22* with respect to each of the variables. If M(t, t) = 1, then the solution of Eq. (16) can 
be obtained by means of the Poincaré—Bertrand formula (see Subsection 14.2-6). This solution is 


given by the relation 
1 M(t,7) 
ab=— | fr) dr. (19) 
mt Jp TOT 


Equation (16) can be solved without the assumption that the function M(t,7) satisfies the 
condition M(t, t) = 1. Namely, assume that the function /(t, 7) has the analytic continuation to 0* 
with respect to each of the variables and that M/(z, z) #0 for z € (OF. In this case, the solution of 
Eq. (16) has the form 


1 M7) f@) 

Tt STITT t) 1, M(r,7) tT) T-t t 

In Section 14.5, a numerical method for solving a special case of the general equation of the first 
kind is given, which is of independent interest from the viewpoint of applications. 


p(t) = (20) 


Remark 1. The solutions of complete singular integral equations that are constructed in Sub- 
section 14.4-4 can also be applied for the case in which the contour L is a collection of finitely many 
disjoint smooth closed contours. 
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14.4-5. Equations of the First Kind with Hilbert Kernel. 


1°. Consider the simplest singular integral equation of the first kind with Hilbert kernel 


1 Qn _ 
=| cot( $5") y()dé= f(z),  O<a<2z, (21) 
Qn 0 2 
under the additional assumption 
Qn 
i: p(x) dx = 0. (22) 
0 


Equation (21) can have a solution only if a solvability condition is satisfied. This condition is 
obtained by integrating Eq. (21) with respect to x from zero to 27 and, with regard for the relation 


Qn 
i cot( $5") dx = 0, 
0 2 


Qn 
f(x) da = 0. (23) 


becomes 


0 


To construct a solution of Eq. (21), we apply the solution of the simplest singular integral 
equation of the first kind with Cauchy kernel by assuming that the contour L is the circle of unit 
radius centered at the origin (see Subsection 14.4-1). We rewrite the equation with Cauchy kernel 
and its solution in the form 


z if BND ae = fG), (24) 
wJp Tt 

1 
et)=—— f 2 ar, (25) 


which is obtained by substituting the function y(t) instead of y(t) and the function f,(t)i"! instead 
of f(¢) into the relations of 14.4-1. 

We set t = e*” andr = e* and find the relationship between the Cauchy kernel and the Hilbert 
kernel: 


A= 5 e0t( 5") aes 5 ae (26) 
T-t 2 


On substituting relation (26) into Eq. (24) and into solution (25), with regard to the change of 
variables v(x) = y; (t) and f(x) = f\(£) we obtain 


as ” ‘ Qn 
x cot( $5") des [ o@aé = fle) 27) 
0 T Jo 


1 Qn -¢ i Qn 
a= | cot( 45") f@ae- =] f@dé. 28) 
Equation (21), under the additional assumption (22), coincides with Eq. (27), and hence its 


solution is given by the expression (28). Taking into account the solvability conditions (23), on the 
basis of (28) we rewrite a solution of Eq. (21) in the form 


1 Qn a 
aa) =a [cot $S*) peat, (29) 


Formulas (21) and (29), together with conditions (22) and (23), are called the Hilbert inversion 
formula. 
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Remark 2. Equation (21) is a special case of the characteristic singular integral equation with 
Hilbert kernel (see Subsections 15.1-2 and 15.2-5). 


2°. Consider the general singular integral equation of the first kind with Hilbert kernel 


1 Qn € —-7 
= N(a, §) cot( $5") p(g) dg = f(x). (30) 
Tw Jo 2 
Let us represent its kernel in the form 
Nueces = 


= [N(z,8)- N(a,2)| cot 


+ N(a, x) cot 


€-2£ €-2£ 
2 2 


We introduce the notation 


N@,2) =-0@), s-[N@,O- N@,a)] cot $* = K.9, ais 
and rewrite Eq. (30) as follows: 
b an = Qn 
2) : cot(§ 5 *) p(E) dé + . K(a, €)(€) dé = f(a). (32) 


It follows from formulas (31) that the function b(x) satisfies the Holder condition, whereas the 
kernel K(x, &) satisfies the Holder condition everywhere except possibly for the points x = €, at 
which the following estimate holds: 


[K(a, |< os. A=const<oo, 0<A<1. 


The general singular integral equation of the first kind with Hilbert kernel is frequently written in 
the form (32). It is a special case of the complete singular integral equation with Hilbert kernel, 
which is treated in Subsections 15.1-2 and 15.4-8. 


@ References for Section 14.4: F. D. Gakhov (1977), F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Préssdorf 
(1986), N. I. Muskhelishvili (1992), I. K. Lifanov (1996). 


14.5. Multhopp—Kalandiya Method 


Consider a general singular integral equation of the first kind with Cauchy kernel on the finite interval 


[—-1, 1] of the form ‘ 1 
1 thdt 1 
‘i / moa | Kate dt = fla). (1) 


mJ) t-2 


This equation frequently occurs in applications, especially in aerodynamics and 2D elasticity. 
We present here a method of approximate solution of Eq. (1) under the assumption that this 
equation has a solution in the classes indicated below. 


14.5-1. Solution That is Unbounded at the Endpoints of the Interval. 


According to the general theory of singular integral equations (e.g., see N. I. Muskhelishvili (1992)), 
such a solution can be represented in the form 


p(x) = ual 
V1-x2” 


(2) 
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where ~(x) is a bounded function on [-1, 1]. Let us substitute the expression (2) into Eq. (1) and 
introduce new variables @ and 7 by the relations x = cos@ andt =cost,O0<@0<7,0<7<¢7. In 
this case, Eq. (1) becomes 


™ ab(cosT) dr 
m Jo costT—cosé 


+ = [ K(cos 6, cos T)y(cos T) dt = f(cos x). (3) 
0 


Let us construct the Lagrange interpolation polynomial for the desired function 7(a) with the 
Chebyshev nodes 


Lm = COSA, peceues.. m=l,...,n. 
2n 
This polynomial is known to have the form 
i cos né sin 0, 
In wv; cos 8) = — [yt 6,) ———_——. 4 
(3 cos 8) = — Dd i rey mreey) (4) 


Note that for each / the fraction on the right-hand side in (4) is an even trigonometric polynomial 
of degree < n — 1. We define the coefficients of this polynomial by means of the known relations 


Bf gcc EE | eee Oto (5) 
9 costT—cosé sin 8 
and rewrite (4) in the form 
n-l 
Ln; cos 8) = 3 y(cos 7) a cos m6; cos m6 — — Ds w(cos @)). (6) 


m=0 


On the basis of the above two relations we write out the following quadrature formula for the 
singular integral: 


n-l 


Lf ee Ae dt _ % w(cos 61) oy cos m6; sin m9. (7) 


— 


m=1 


This formula is exact for the case in which ~(¢£) is a polynomial of order < n — 1 int. 
To the second integral on the left-hand side of Eq. (1), we apply the formula 


P(x)d 
if tee Wee = Pleo (8) 


Vi-2 
which holds for any polynomial P(x) of degree < 2n — 1. In this case, by (8) we have 
= Lf K(a, t)yp(t) dt = Ds K(cos6, cos 6;)y(cos 61). (9) 
l=1 
On substituting relations (7) and (9) into Eq. (1), we obtain 


n-l 


3 y(cos 87) S- cos m6; sin mé + — =e K(cos6, cos 6;)~(cos 6;) = f(cos 6). (10) 


m=1 


nsin@ 
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By setting 0 = 6; (k = 1,...,n) and with regard to the formula 


n-l 

1 0, £8 
do cos my sin mb, = > cot S a (11) 
m=l 


where the sign “plus” is taken for the case in which |k — /| is even and “minus” if |& — l| odd, we 
obtain the following system of linear algebraic equations for the approximate values w; of the desired 
function 7(x) at the nodes: 


Sanit =f, fr=f(cosO,), k=1,...,n, 
l= (12) 


1 1 6, £0 
kl = — | ——— cot 8 Ay K(cos 6x, cos 0;)}. 
sin 6; 2 


After solving the system (12), the corresponding approximate solution to Eq. (1) can be found 
by formulas (2) and (4). 


14.5-2. Solution Bounded at One Endpoint of the Interval. 


In this case we set 
l-a« 
= : 13 
p(x) = 4/ lag o (13) 


where C(x) is a bounded function on [—1, 1]. 
We take the same interpolation nodes as in Subsection 14.5-1, replace ¢() by the polynomial 


n . 
cos né sin 0; 


Ln(¢s 008) = — S(-1)*1C(c0s 6) SOE, (14) 


a cos 8 —cos 0; 


and substitute the result into the singular integral that enters the expression (1). Just as above, we 
obtain the following quadrature formula: 


1 
af, EAs gious aes C(cos my Seosmn sinmd — — 7 Leo 0). (15) 


(=a 2 ae 


This formula is exact for the case in which ¢(¢) is a polynomial of order < n — 1 in t. 
The formula for the second summand on the left-hand side of the equation becomes 


if K(a, thyp(t) dt = — S71 = cos 819K (eos8, cos 0;)C(cos 4). (16) 


l=1 


This formula is exact if the integrand is a polynomial in t of degree < 2n — 2. 

On substituting relations (15) and (16) into Eq. (1) and on setting 6 = 0, (k = 1,...,n), with 
regard to formula (11), we obtain a system of linear algebraic equations for the approximate values ¢, 
of the desired function ¢(x) at the nodes: 


Se bails =f, fr=f(cosOz), k=1,...,n, 
=I (17) 


1 0 Ox 
br = lean a cot 


+0 0 
1 42sin? o K(cos 6x, cos 6;)}. 


After solving system (17), the corresponding approximate solution to Eq. (1) can be found by 
formulas (13) and (14). 
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14.5-3. Solution Bounded at Both Endpoints of the Interval. 
A solution of Eq. (1) that is bounded at the endpoints of the interval vanishes at the endpoints, 
gC) = y(-l) = 0. (18) 


Let us approximate the function y(x) by an even trigonometric polynomial of 6 constructed for the 
interpolation nodes that are the roots of the corresponding Chebyshev polynomial of the second kind: 


k 
Poi Pees pei op, (19) 
n+l 
This polynomial has the form 
M,,(y; cos #) = —— oe yp(cos 6;) 2 sin m6) sin mé. (20) 
m=1 
We thus obtain the following quadrature formula: 
t) dt 
if eon — Y Heondy Yin cost (21) 


This formula holds for any odd trigonometric polynomial y(x) of degree < n. 
To the regular integral in Eq. (1) we apply the formula 


1 n 
/ V1=«? P(x) dx = —— S~ sin’? 6; P(cos 6), (22) 
-| n+1 4 
whose accuracy coincides with that of formula (8). On the basis of (22), we have 
i eee 
— | K(z,ty(t) dt = —— S- sin 0; K(cos 0, cos 0;)p(cos 6). (23) 
wT Jy n+l Ass 


On substituting relations (21) and (23) into Eq. (1) and on setting 0 = 0, (k = 1,...,n), we 
obtain a system of linear algebraic equations in the form 


n 


S > ceiyr = fr | a Dae 1) 
(24) 


0 for even |k—l|, 
+ K(cos@z, cos91)|, Ex, = 
1 for odd |k — 1, 


sin 0, 2EKI 
Ckl = 


n+1 | cos 6, —cos 6, 


where f;, = f(cos 6;) and vy; are approximate values of the unknown function y() at the nodes. 
After solving system (24), the corresponding approximate solution is defined by formula (20). 
When solving a singular integral equation by the Multhopp—Kalandiya method, it is important 
that the desired solutions have a representation 


p(x) = (1-2)*(1 + 2)" x(a), (25) 


where a@ = 4, p= 4, and x(x) is a bounded function on the interval with well-defined values 
at the endpoints. If the representation (25) holds, then the method can be applied to the complete 
singular integral equation, which is treated in Chapter 15. 

In the literature cited below, some other methods of numerical solution of singular integral 
equations are discussed as well. 


@ References for Section 14.5: A. I. Kalandiya (1973), N. I. Muskhelishvili (1992), S. M. Belotserkovskii and I. K. Lifanov 
(1993), and I. K. Lifanov (1996). 
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14.6. Hypersingular Integral Equations 
14.6-1. Hypersingular Integral Equations with Cauchy- and Hilbert-Type Kernels. 


The simplest hypersingular integral equation of the first kind with Cauchy-type kernel on a finite 
interval has the form 
Lf? _e® 
tJ, (x-t? 


dt = fi (2), asazs<b, (1) 


where y(t) is the unknown function, is Cauchy-type kernel, f/x) is a function called the 


xt)? 
free term or the right-hand side of equation (1). The integral on the left-hand side exists only in the 
sense of Hadamard principal value (see Subsection 14.6-2). 

The general hypersingular equation of the first kind with Cauchy-type kernel on a finite interval 
has the form 


1 f? ft) 
T Sa (x ~ t)? 
Assume that the functions v(x), f(x) in equations (1), (2) are differentiable and K(z, t) is 


differentiable in both variables everywhere except at the points x = t, near which it satisfies the 
estimate 


b 
T da 


A 
EGOS Tan A=const < ©, O0<A<1. 
t- 


Remark 1. The notation in (1) and (2) is meant to emphasize the fact that these equations 
are obtained from equation (3) of Subsection 14.1-1 and equation (1) of Section 14.5 by their 
differentiation in x. 

The simplest hypersingular equation of the first kind with Hilbert-type kernel has the form 

Ll’ 
— sin 
An 0 

where y() is the unknown function, 1/ sin? | 5(é - x)] is Hilbert-type kernel, f(x) is a given 


right-hand side of the equation. 
The general hypersingular equation of the first kind with Hilbert-type kernel has the form 


= —2 
*)| y(E) dé = f(x), O<ax<2r, (3) 


1 QT - 2 1 b 
=f [sin( SF) odes Sf Kao d= fo, OSes2m, 


where v(x), f(x), and K(x, t) are functions with the properties specified above. 
If the right-hand sides of equations (1)—(4) are identically equal to zero, the equations are called 
homogeneous; otherwise, they are called nonhomogeneous. 


Remark 2. Note that there is a relation between hypersingular integral equations (3), (4) and 
singular integral equations (5) from Subsection 14.1-2 and (32) from Subsection 14.4-5: the latter 
are obtained from the former by the integration in €. 


14.6-2. Definition of Hypersingular Integrals. 


Hypersingular integrals in equations (1)—(4) exist neither in the sense of improper integrals nor in 
the sense of the Cauchy principal value. Taking as an example hypersingular integrals with the 
Cauchy-type kernel, consider some definitions of such integrals. 


1°. Hypersingular integral as the derivative of an integral in the sense of the Cauchy principal value: 


"op 4 4 f' 


= — dt. 
a («-ty? dz J, t-2 ©) 
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2°. Hypersingular integral in the sense of Hadamard principal value: 


” 9) i +f g(tdt — 2v(a) ‘és 
, we hs @-tP oe | 


3°. Hypersingular integral as an analytic continuation of the integral 


b 
if |x —t|" p(t) dt (7) 


understood in the sense of distributions, where a = —2. 


Example. Let us calculate the values of hypersingular integrals using formulas (5)-(7) for p(x) = 1. 


1°. Using the first definition, we have 


if dt d ve dt ad, (=) a-b 
= = n = : 
a (e«-t? deja t-x dx L-a (x -—a)(b- 2) 


2°. For the Hadamard principal value, we have 


ae es ae a-b 


a («-t)? = tim, |( rer eae er ~ (w@-ayb—2) 


3°. Using formula (3), for Re(a) >—I1 we get 


i x b _ g7\atl b- atl 
/ jee at = | =r ate | Gwetie= Bo 
& a x atl 


atl 


Analytic continuation of this function from the half-plane Re(@) > —1 for a = —2 yields 


[oo ao! m aad 7 a—b 
(2 - ar ay 


atl atl ~ (e-a\(b-2)" 

For a differentiable function y(x) on the segment (a, b) the above three definitions of hypersin- 
gular integrals are equivalent. 

The expression 


LE b ! 
v(t) - p(a) - y',(a\t= 2) a-b a = 
(/ +f Ane see =e) + y,,(x) In a 


which is equivalent to the right-hand side of (2), shows that for a differentiable v(x), x © (a,b), a 


finite value of the hypersingular integral a (yp(t)(a — t)? dt exists always, since this expression has 
a finite limit as e — +0. 


Remark 3. Hypersingular integrals with the Hilbert-type kernel can be defined by analogy with 
the above definitions in the case of integrals with the Cauchy-type kernel. Note also that equation (26) 
of Section 14.4 establishes a relation between the Cauchy and the Hilbert kernels. 


Remark 4. From definition of hypersingular integral in the sense of Hadamard principal value (6) 
we can see that 


o) 


ot) 9@) | oO | oe 


(c-t? a-a b-2 t-x 


which means that the right-hand side of this equation can be understood as a result of formal 
integration by parts. 
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14.6-3. Exact Solution of the Simplest Hypersingular Equation with Cauchy-Type Kernel. 


Consider the simplest hypersingular equation of the first kind with Cauchy-type kernel on a finite 
interval 
Lf? 
T a (x = t)? 
where (a) = y(b) = 0. Let us construct its solution by two methods. 


dt = fi (2), asxa<b, (8) 


1°. According to definition (5) from Subsection 14.6-2, this simplest equation can be written in the 
form 
1d [° yt)dt 
mn dx aq t-2# 
Integrating the last equation with respect to x, we obtain 


=f @), asaxsb. 


1 [208 fase, as<axsb, (9) 


where C is an arbitrary constant. A bounded solution of equation (9) has been obtained in Subsec- 
tion 14.4-3. This solution has the form 


1 -— f’__ fo dt A FO 
CO @ao—a | Ve-ano- t—2’ CS : Ve=aesn (10) 


2°. Integrating by parts equation (8)(see Remark 4), we get 


17 ya) b t) dt 
<|2 Oe: yr (t) nae FCN 
mla-x b-a J, t- 
Using this relation and the conditions y(a) = y(b) = 0, we core come to the equation 
1 a dt 
= ‘i ae = fia). (11) 
TJ t- 
Consider the solution of eee (11) given in Subsection 14.4-3: 
leet ayo—t P 
p(x) = SS ——— f(t) dt, i; y(t) dt = 0. (12) 
T= —s x) a 


Integrating (12) from a to x, we get 


ws VES ae VU SOOE Dey Gear 


eas —[ V(t SES T) 


Hence, changing the order of integration, we obtain 


p(x) = ah is SS 7 hove a)(b — t) dt. (13) 
The internal integral in (6) can be calculated by the formula 
dt 
Vr =ayb=7) 7-4 

- I ty eat UE + 7) = 0b = tr + VT = DO=TE= DOD 

2V(E-ab- x(a + b(t + 7)-ab-tr—-V(F-ab-T)E- a O-H 
1 | YO=DG=-®@ Vb6-T)E-a) 
~WE=DO=N /O=OG=ae VO) 


Thus, a solution of the simplest hypersingular equation with Cauchy-type kernel (8) can be obtained 


in the form 
eye 1 fin V(b-t)(x-a)— /(b— x(t — a) 
n= — EAA Rae OL ALS 
(b—t)(x—a)+/(b-—x)(t—-a) 
which, in contrast to (10), contains no singular integrals. 


|e dt, (14) 
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14.6-4. Exact Solution of the Simplest Hypersingular Equation with Hilbert-Type Kernel. 


Consider the simplest hypersingular integral equation of the first kind with Hilbert-type kernel on 
the finite interval 


+ 7 isin($5*)]° pede = fia), OSas2n (15) 


with the periodic conditions (0) = y(27). Let us construct its solution by two methods. 


1°. According to definition (1) from Subsection 14.2-1, this equation can be written in the form 


me a i - 
sot cot($5*) vl)dé = fila), OS r<2r. (16) 


Integrating (16), we reduce the problem of finding a solution of the hypersingular equation under 
consideration to that of finding a solution of the following singular integral equation with the Hilbert 
kernel: 
1 20 
2m Jo 


where C is an arbitrary constant. This equation is considered in Subsection 14.4-5. 


cot($5*) g(O)dé=flv)+C, 0S a<2n, (17) 


2°. Integrating (15) by parts, we obtain 


1 2a 


cot($5*) GO dé = file), OS @S2n. (18) 


2m Jp 


To find a solution of equation (18), let us use the result obtained in Subsection 14.4-5 for a singular 
integral equation of the first kind with the Hilbert kernel. We finally get 


eay=—4 [* fe insin( SS =) |ag+C, 


where C is an arbitrary constant. 


14.6-5. Numerical Methods for Hypersingular Equations. 


1°. Consider collocation method for the simplest equation (1). Let us partition the interval [a, i: into 
n equal segments of length h = (b- a)/n with endpoints at the nodes a = to, t), t2,...,tn,tn =, 
t=a+jh,7=0,1,...,n. Denote the midpoints of the segments [¢;_),t;] by x;. It is easy 6 see 
that x; =at+(¢-l/2)hfori=1,...,n 

Let us represent an approximate value of the integral from (1) as a finite sum. Then, for x = 2;, 
we have 


1 f° p(t)dt | n/a dt 
ees aa ace == f 3 
, (19) 
+2 Dow(— - a} OO) ear --——), 
jet egal Tj — Uj-1 


Now, let us replace the hypersingular integral equation under consideration by an approximate 
expression in the form of a system of linear algebraic equations: 


eee 1 1 ; 
— y yplt;) -~——— _ ]=f'(@,), i=1,...,n. (20) 
Y | ices Xi —t5 Xi, —t5-4 

j=l 
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It can be shown that for a fixed x = x; € (a, b), the difference of the solutions v(x) of system (20) 
and equation (19) tends to zero as n — &, 1.e., 


h . fm) 
L1)~ -—-V (a1 -a)\(b-x ee 
lor) ~ = Vwi — (b= 21) es CT Ce 
_ VaR=oe=z) f’ fo dt 
T a VE-MO—-b t-2" 
2°. By analogy with the above considerations, one can obtain an approximate solution of the general 


hypersingular integral equation (2) by a collocation method solving the following system of algebraic 
equations: 


se + eee Kent) p(t) = fi(vi), t= 1,...,n. 


jel vir tj vir tj-1 


3°. Consider the general hypersingular integral equation (2) of the first kind with the Cauchy-type 
kernel on a finite interval and write this equation in the form 


1? o® 
J, (e-tY 


b 
dt = f(a) - - / Ki (a, Dy(t) dt, asasb. (21) 


A bounded solution of equation (21) can be constructed by resolving this equation with respect to 
the right-hand side, and thereby reducing it to a Fredholm equation of the second kind. Indeed, 


b 
p(x) -| N(a, Hy(t) dt = F(x), asazs<b, 


where 


Ja-ab—-x) [?  K(r,t) dr 
JVa@—aw—-a) [° f dr 
- T a VirT-a)(b-T Tx 


The problem of solving Fredholm equations of the second kind is considered in detail in Chapter 13. 


N(a,t) = 


F(a) = 


© References for Section 14.6: N. I. Muskhelishvili (1968), A. I. Kalandia (1973), F. D. Gakhov (1977, 1990), F. D. Gakhov 
and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Prossdorf (1986), S. Prossdorf and B. Silbermann (1991), I. K. Lifanov 
(1996), S.G. Samko (2000), G. Iovane, I. K. Lifanov, and M. A. Sumbatyan (2003), M.A. I. K. Lifanov, L. N. Poltavskii, and 
G. M. Vainikko (2004). 


Chapter 15 


Methods for Solving Complete 
Singular Integral Equations 


15.1. Some Definitions and Remarks 


15.1-1. Integral Equations with Cauchy Kernel. 


A complete singular integral equation with Cauchy kernel has the form 


att)p(t) + = | ea p(r) dr = f(t), ?=-l, (1) 
mm Jp TA-t 

where the integral, which is understood in the sense of the Cauchy principal value, is taken over a 
closed or nonclosed contour L and ¢ and 7 are the complex coordinates of points of the contour. It is 
assumed that the functions a(t), f(t), and M(t, 7) given on FL and the unknown function ¢(t) satisfy 
the Holder condition (see Subsection 14.2-2), and M(t, 7) satisfies this condition with respect to 
both variables. 

The integral in Eq. (1) can also be written in a frequently used equivalent form. To this end, we 
consider the following transformation of the kernel: 


M(t7) _ Mi. )-MG,t) | M(t) 


T-t T-t Tt 


where we set 
1 Md,7)- M(t, t) 


M(t, t) = (4), - = K(t,T). (3) 
Tt T-t 
In this case Eq. (1), with regard to (2) and (3), becomes 
a(t)yp(t) + 9) i, a) dr + | Kt, y(t) dr = f). (4) 
Tt Jp THe L 


It follows from formulas (3) that the function 6(t) satisfies the Holder condition on the entire 
contour L and K(t, rT) satisfies the Holder condition everywhere except for the points 7 = t, at which 
one has the estimate 


A 
|K(t, T)| < tp’ A =const < oo, O<A<1. 
TO 


Naturally, Eq. (4) is also called a complete singular integral equation with Cauchy kernel. The 
functions a(t) and b(t) are called the coefficients of Eq. (4), 


; is called the Cauchy kernel, and 
ve — 
the known function f(¢£) is called the right-hand side of the equation. The first and the second terms 
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on the left-hand side of Eq. (4) form the characteristic part or the characteristic of the complete 
singular equation and the third summand is called the regular part, and the function k(t, 7) is called 
the kernel of the regular part. It follows from the above estimate for the kernel of the regular part 
that A(t, 7) is a Fredholm kernel. 

For Eqs. (1) and (4) we shall use the operator notation 


K[y@)] = fO, (5) 


where the operator K is called a singular operator. 


The equation 


b 
K[pole aye n+—O f SO ar = fey 6) 


is called the characteristic equation corresponding to the complete equation (4), and the operator K° 
is called the characteristic operator. 
For the regular part of the equation we introduce the notation 


K,[e()1= is K(t. ny(r) dr, 


where the operator K, is called a regular (Fredholm) operator, and we rewrite the complete singular 
equation in another operator form: 


K[y()] = K°[yO)] + Ky] = fO, (7) 


which will be used in what follows. 
The equation 


b(TW(7) 


T-t 


Z 1 
KPO] = ay — — poe dr + | K(1, tyr) dr = g(t), (8) 
L 
obtained from Eq. (4) by transposing the variables in the kernel, is said to be transposed to (4). The 
operator K* is said to be transposed to the operator K. 
In particular, the equation 


1 b(r 
K™ [YO] = av - = [- 29 (7) dr = g(t) (9) 


is the equation transposed to the characteristic equation (6). It should be noted that the operator K°* 
transposed to the characteristic operator K° differs from the operator K*° that is characteristic for 
the transposed equation (9). The latter is defined by the formula 


#0 vO) | 
K™[Y@)] = ay) - T. (10) 
i i ies as 
Throughout the following we assume that in the general case the contour L consists of m+ 1 
closed smooth curves L = Lo + L; +---+ L,. For equations with nonclosed contours, see, for 
example, the books by F. D. Gakhov (1977, 1990) and N. I. Muskhelishvili (1992). 


Remark 1. The above relationship between Eqs. (1) and (4) that involves the properties of these 
equations is violated if we modify the condition and assume that in Eq. (1) the function M(t, 7) 
satisfies the Holder condition everywhere on the contour except for finitely many points at which MW 
has jump discontinuities. In this case, the complete singular integral equation must be represented 
in the form (4) with separated characteristic and regular parts in some way that differs from the 
transformation (2) and (3) because the above transformation of Eq. (1) does not lead to the desired 
decomposition. For equations with discontinuous coefficients, see the cited books. 
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15.1-2. Integral Equations with Hilbert Kernel. 


A complete singular integral equation with Hilbert kernel has the form 


2a 


a(sx)p(a) + Ll RG £)cot Sa 
27 Jo 


2 


y(f) dg = f(a), (11) 


where the real functions a(x), f(x), and N(a, €) and the unknown function v(x) satisfy the Holder 
condition (see Subsection 14.2-2), with the function N(x, €) satisfying the condition with respect to 
both variables. 

The integral equation (11) can also be written in the following equivalent form, which is 
frequently used. We transform the kernel as follows: 


Ne, £)cot © 5 = = [N(a,)-N(a,2)] cot g = EN Goa et” 5 a (12) 
where we write 
N(a, x) = -b(x), a [N(a, £)- N(a,x)] cot <—* = K(a,&). (13) 
In this case, Eq. (11) with regard to (12) and (13) becomes 
ccargta)— 92 feo $4 weacs [” Kew. 98 = 100 (14) 


It follows from formulas (13) that the function b(x) satisfies the Holder condition, and the ker- 
nel K(z, €) satisfies the Holder condition everywhere except possibly for the points x = € at which 
the following estimate holds: 


|K(x, | < aoe. Az=const<oo, O<A<1. 

The equation in the form (14) is also called a complete singular integral equation with Hilbert 
kernel. The functions a(x) and 6(x) are called the coefficients of Eq. (14), cot| +(E - x)| is called the 
Hilbert kernel, and the known function f(z) is called the right-hand side of the equation. The first 
and second summands in Eq. (14) form the so-called characteristic part or the characteristic of the 
complete singular equation, and the third summand is called its regular part; the function K (z, €) is 
called the kernel of the regular part. 

The equation 
€-2 

2 


b ( x) 20 
als) p(a) - = cot p(f) dé = f(a) (15) 
T JO 
is called the characteristic equation corresponding to the complete equation (14). 
As usual, the above and the forthcoming equations whose right-hand sides are zero everywhere 
on their domains are said to be homogeneous, and otherwise they are said to be nonhomogeneous. 


15.1-3. Fredholm Equations of the Second Kind on a Contour. 


Fredholm theory and methods for solving Fredholm integral equations of the second kind presented 
in Chapter 13 remain valid if all functions and parameters in the equations are treated as complex ones 
and an interval of the real axis is replaced by a contour L. Here we present only some information 
and write the Fredholm integral equation of the second kind in the form that is convenient for the 
purposes of this chapter. 
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Consider the Fredholm integral equation 
ptt) + | K(t, r)p(r) dr = f(t), (16) 
L 


where L is a smooth contour, ¢ and 7 are complex coordinates of its points, y(t) is the desired 
function, f(t) is the right-hand side of the equation, and K(t, 7) is the kernel. 

If for some A, the homogeneous Fredholm equation has a nontrivial solution (or nontrivial 
solutions), then A is called a characteristic value, and the nontrivial solutions themselves are called 
eigenfunctions of the kernel k(t, 7) or of Eq. (16). 

The set of characteristic values of Eq. (16) is at most countable. If this set is infinite, then its 
only limit point is the point at infinity. To each characteristic value, there are corresponding finitely 
many linearly independent eigenfunctions. The set of characteristic values of an integral equation 
is called its spectrum. The spectrum of a Fredholm integral equation is a discrete set. 

If A does not coincide with any characteristic value (in this case the value ) is said to be regular), 
i.e., the homogeneous equation has only the trivial solution, then the nonhomogeneous equation (16) 
is solvable for any right-hand side f(t). 

The general solution is given by the formula 


p(t) = fey f Ren A) f(r) dr, (17) 


where the function R(t, 7; A) is called the resolvent of the equation or the resolvent of the kernel 
K(t, 7) and can be expressed via K(t, 7). 

If a value of the parameter \ is characteristic for Eq. (16), then the homogeneous integral 
equation 


y(t) + | K(t, r)p(1) dr = 0, (18) 
L 
as well as the transposed homogeneous equation 
w(t) + rf K(17,t)y(7) dr = 0, (19) 
L 


has nontrivial solutions, and the number of solutions of Eq. (18) is finite and is equal to the number 
of linearly independent solutions of Eq. (19). 
The general solution of the homogeneous equation can be represented in the form 


g(t) = 5° Cre), (20) 
k=l 
where ¢1(t), ..., Yn(t) is a (complete) finite set of linearly independent eigenfunctions that corre- 


spond to the characteristic value A, and C;, are arbitrary constants. 
If the homogeneous equation (18) is solvable, then the nonhomogeneous equation (16) is, in 
general, unsolvable. This equation is solvable if and only if the following conditions hold: 


| f@)vx(b dt = 0, (21) 
L 


where {w,(t)} (k = 1,...,) is a (complete) finite set of linearly independent eigenfunctions of the 
transposed equation that correspond to the characteristic value X. 
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If conditions (21) are satisfied, then the general solution of the nonhomogeneous equation (16) 
can be given by the formula (e.g., see Subsection 15.6-5) 


p(t) = ft) - | Rott 7; Nf dr + S° Cree), (22) 


k=1 


where R,(t, 7; A) is called the generalized resolvent and the sum on the right-hand side of (22) is 
the general solution of the corresponding homogeneous equation. 
Now we consider an equation of the second kind with weak singularity on the contour: 


Met 
p(t) + | ©) aeydr =f), (23) 
Lt IT-1 


where M(t, 7) is a continuous function and 0 < a < 1. By iterating we can reduce this equation 
to a Fredholm integral equation of the second kind (e.g., see Remark 1 in Section 13.3). It has all 
properties of a Fredholm equation. 

For the above reasons, in the theory of singular integral equations it is customary to make no 
difference between Fredholm equations and equations with weak singularity and use for them the 
same notation 


M(,7) 
|r —t|@ 


a+r f Kee) dr =O, K(G,T) = », OSsa<l. (24) 
L 
The integral equation (24) is called simply a Fredholm equation, and its kernel is called a Fredholm 
kernel. 

If in Eq. (24) the known functions satisfy the Holder condition, and M(t,7) satisfies this 
condition with respect to both variables, then each bounded integrable solution of Eq. (24) also 
satisfies the Holder condition. 


Remark 2. By the above estimates, the kernels of the regular parts of the above singular integral 
equations are Fredholm kernels. 


Remark 3. The complete and characteristic singular integral equations are sometimes called 
singular integral equations of the second kind. 


@) References for Section 15.1: F. D. Gakhov (1977, 1990), F. G. Tricomi (1985), S. G. Mikhlin and S. Préssdorf (1986), 
A. Dzhuraev (1992), N. I. Muskhelishvili (1992), I. K. Lifanov (1996), R. Estrada and R. P. Kanwal (1999), E. G. Ladopoulos 
(2000). 


15.2. Carleman Method for Characteristic Equations 


15.2-1. Characteristic Equation with Cauchy Kernel. 


Consider a characteristic equation with Cauchy kernel: 


b 
K°[y(t)] = a(t)o(t) + uaz) | calle eee f, (1) 
wt Jp Tt 


where the contour L consists of m+ 1 closed smooth curves L = Lp + Ly +--+: +Lm. 

Solving Eq. (1) can be reduced to solving a Riemann boundary value problem (see Subsec- 
tion 14.3-10), and the solution of the equation can be presented in a closed form. 

Let us introduce the piecewise analytic function given by the Cauchy integral whose density is 
the desired solution of the characteristic equation: 


ayo pacer ay (2) 
L 


271 T-z 
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According to the Sokhotski—Plemelj formulas (see Subsection 14.2-5), we have 


p(t) = &*(t)- & (0), 


! en) dr = ®*(t)+ O- (2). 2) 


1 a 


On substituting (3) into (1) and solving the resultant equation for ®*(t), we see that the piecewise 
analytic function ®(z) must be a solution of the Riemann boundary value problem 


Ot) = DHS () + HO, (4) 
ore ()- Wt) iO 
a — 
2 OF ae SOF a+ oO oe 


Since the function ®(z) is represented by a Cauchy type integral, it follows that this function must 
satisfy the additional condition 
® (co) = 0. (6) 


The index v of the coefficient D(t) of the Riemann problem (4) is called the index of the integral 
equation (1). On solving the boundary value problem (4), we find the solution of Eq. (1) by the first 
formula in (3). 

Thus, the integral equation (1) is reduced to the Riemann boundary value problem (4). To 
establish the equivalence of the equation to the boundary value problem we note that, conversely, 
the function y(¢) that is found by the above-mentioned method from the solution of the boundary 
value problem necessarily satisfies Eq. (1). 

We first consider the following normal (nonexceptional) case in which the coefficient D(t) of 
the Riemann problem (4) admits no zero or infinite values, which amounts to the condition 


a(t) + b(t) #0 (7) 


for Eq. (1). To simplify the subsequent formulas, we assume that the coefficients of Eq. (1) satisfy 
the condition 
a*(t)—b?(t) = 1. (8) 


This can always be achieved by dividing the equation by \/a?(t) — b2(t). 

Let us write out the solution of the Riemann boundary value problem (4) under the assumption 
v 2 0 and then use the Sokhotski—Plemelj formulas to find the limit values of the corresponding 
functions (see Subsections 14.2-5, 14.3-6, and 14.3-10): 


1H 
B= XH] 5 ae 


1 1 A 
+HO-FP0| »  PW=XH 5 ao 


1 
+¥O-F Pi], Q) 


where 
() 1 H(t) dr (10) 
: Qni J, X*(7) T-t : 


The arbitrary polynomial is taken in the form -$P,4 (t), which is convenient for the subsequent 
notation. 
Hence, by formula (3) we have 


_1f,. x@ . 


xX-(t) 


1 
- Sat Lv - 5P(0| : 
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Representing the coefficient of the Riemann problem in the form D(t) = X*(t)/X~(@ and replacing 
the function W(t) by the expression on the right-hand side in (10), we obtain 


1 1 . 1 1 H(t) dr 1 
y(t) = s[t+ pp ]Ho+x wll-5o| Ew Va 


Finally, on replacing X*(t) by the expression (62) in Subsection 14.3-10 and substituting the 
expressions for D(¢) and H(¢) given in (5), we obtain 


b(t) Z(t) ff) dr 


AW) = al {O-S fe ZS Gt WOZOP 0, (1) 


where 
G(t) 


Z(t) = [a(t) + (O)1X*( = [a(f) — (IX = ee 


T(t) = So(t-z4)"*, 


k=1 


(12) 


G(t) = a ‘| in|?) wa )5. 
‘ = 


a(T) + (7) 


and the coefficients a(t) and b(¢) satisfy condition (7). Here II(¢) = 1 for the case in which L is a 
simple contour enclosing a simply connected domain. Since the functions a(t), b(t), and f(t) satisfy 
the Holder condition, it follows from the properties of the limit values of the Cauchy type integral 
that the function y(t) also satisfies the Holder condition. 

The last term in formula (11) is the general solution of the homogeneous equation (f(t) = 0), 
and the first two terms form a particular solution of the nonhomogeneous equation. 

The particular solution of Eq. (1) can be represented in the form R[ f(t)], where R is the operator 
defined by 

b() Z(t) f(t) dr 


RIFO]= a®/O-—_— ZG 
a = 


In this case, the general solution of Eq. (1) becomes 


g(t) = RIFW1+ S— ceed), (13) 


k=1 


where yz (t) = b(t) Z (bt! (k = 1,2,...,v) are the linearly independent eigenfunctions of the 
characteristic equation. 
If v < 0, then the Riemann problem (4) is in general unsolvable. The solvability conditions 


A(T) 44 
dr = 2 ee 14 
deat T = 0, Gos rveg Uy (14) 


for problem (4) are the solvability conditions for Eq. (1) as well. 
Replacing H(r) and X*(r) by their expressions from (5) and (12), we can rewrite the solvability 
conditions in the form 


at dr=0,  k=1,2,...,-¥. (15) 


If the solvability conditions hold, then the solution of the nonhomogeneous equation (4) is given 
by formula (11) for P,_; = 0. 
1.° If v > 0, then the homogeneous equation K° [y(t)] = 0 has v linearly independent solutions 


yx(t) = Z(t", k=1,2,...,v. 


2.° If v < 0, then the homogeneous equation is unsolvable (has only the trivial solution). 
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3.° If vy 2 0, then the nonhomogeneous equation is solvable for an arbitrary right-hand side f(t), 
and its general solution linearly depends on v arbitrary constants. 

4.° If v < 0, then the nonhomogeneous equation is solvable if and only if its right-hand side f 
satisfies the —v conditions, 


tk-l 
Z(t) 


| VeOfOdt=0, de(H= (16) 


The above properties of characteristic singular integral equations are essentially different from 
the properties of Fredholm integral equations (see Subsection 15.1-3). With Fredholm equations, if 
the homogeneous equation is solvable, then the nonhomogeneous equation is in general unsolvable, 
and conversely, if the homogeneous equation is unsolvable, then the nonhomogeneous equation 
is solvable. However, for a singular equation, if the homogeneous equation is solvable, then 
the nonhomogeneous equation is unconditionally solvable, and if the homogeneous equation is 
unsolvable, then the nonhomogeneous equation is in general unsolvable as well. 

By analogy with the case of Fredholm equations, we introduce a parameter . into the kernel of 
the characteristic equation and consider the equation 


attyy(t) + 220 | 2 a <0, 
Td L 


T= 
Tt 
As shown above, the last equation is solvable if 


_ alt)—Ad(t) 
vy = Ind a(t) + ABE) >0. 


The index of a continuous function changes by jumps and only for the values of such that 
a(t) = Ab(t) = 0. If in the complex plane \ = A; +7A2 we draw the curves \ = +a(t)/b(t), then these 
curves divide the plane into domains in each of which the index is constant. Thus, the characteristic 
values of the characteristic integral equation occupy entire domains, and hence the spectrum is 
continuous, in contrast with the spectrum of a Fredholm equation. 


15.2-2. Transposed Equation of a Characteristic Equation. 


The equation 


1 b 
K°*[(O] = a(tu - — i: AOD ar = old 7) 


which is transposed to the characteristic equation K°[y(t)] = f(t), is not characteristic. However, 
the substitution 


b(t) w(t) = w(t) (18) 


reduces it to a characteristic equation for the function w(#): 


b 
a(t)w(t) “ a we dr = U(t)g(t). (19) 


From the last equation we find w(t), by the formula obtained by adding (17) to (18), and 
determine the desired function 7(#): 


- 1 1 wW(T) 
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Introducing the piecewise analytic function 


®,(z) = ao | ar. (20) 
L 


TO 
we arrive at the Riemann boundary value problem 


cy alt) +10) BUH gIt) 
2.0 = Tay O* G@D_0 


The coefficient of the boundary value problem (21) is the inverse of the coefficient of the Riemann 
problem (4) corresponding to the equation K°[y(t)] = f(t). Hence, 
a(t) + b(t) a(t) — b(t) 


y= Ine) 5G) =< ne yen) =-). (22) 


(21) 


Note that it follows from formulas (17) in Subsection 14.3-4 that the canonical function X *(z) for 
Eq. (21) and the canonical function X (z) for (4) are reciprocal: 


1 
X*(z)= =. 
X(z) 
By analogy with the reasoning in Subsection 15.2-1, we obtain a solution of the singular integral 
equation (17) for v* = —v = 0 in the form 


ov = a(t)gt) + 


ee 1 (t), (23) 


| “oe DH 4 
ZO) 


an 


where Z(t) is given by formula (12) and Q,+«_\(t) is a polynomial of degree at most v* — 1 with 
arbitrary coefficients. If v* = 0, then we must set Q,«_)(t) = 0. 
If v* =-v <0, then for the solvability of Eq. (17) it is necessary and sufficient that 


| b(t)Z(t)g(t)t* dt=0, k=1,2,...,-0%, (24) 
L 


and if these conditions hold, then the solution is given by formula (23), where we must set 
Qrv--1() = 0 

The results of simultaneous investigation of a characteristic equation and the transposed equation 
show another essential difference from the properties of Fredholm equations (see Subsection 15.1-3). 
Transposed homogeneous characteristic equations cannot be solvable simultaneously. Either they 
are both unsolvable (v = 0), or, for a nonzero index, only the equation with a positive index is 
solvable. 

We point out that the difference between the numbers of solutions of a characteristic homoge- 
neous equation and the transposed equation is equal to the index v. 

Assertions 1° and 2° and assertions 3° and 4° in Subsection 15.2-1 are called, respectively, 
the first Fredholm theorem and the second Fredholm theorem for a characteristic equation, and the 
relationship between the index of an equation and the number of solutions of the homogeneous 
equations K° [y(t)] = 0 and K°*[w(t)] = 0 is called the third Fredholm theorem. 


15.2-3. Characteristic Equation on the Real Axis. 


The theory of the Cauchy type integral (see Section 14.2) shows that if the density of the Cauchy 
type integral taken over an infinite curve vanishes at infinity, then the properties of the integral for 
the cases in which the contour is finite and infinite are essentially the same. Therefore, the theory 
of singular integral equations on an infinite contour in the class of functions that vanish at infinity 
coincides with the theory of equations on a finite contour. 
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Just as for the case of a finite contour, the characteristic integral equation 


ba) [* pr) 


alx)p(x) + — dr = f(x) (25) 
Tt Jigg T-2 
can be reduced by means of the Cauchy type integral 
1 Co 
H(z) = — ‘| OD a, (26) 
27% Jog T-Z% 


and the Sokhotski—Plemelj formulas (see Subsection 14.2-5), to the following Riemann boundary 
value problem for the real axis (see Subsection 14.3-8): 


+7.) _ x) — (2) 2 f(«) 
DO> aye Nea vey -00 <4%< OO. (27) 


We assume that 
a*(x) — b?(x) = 1, (28) 


because Eq. (25) can always be reduced to case (28) by the division by \/a2(t) — b(t). Note that the 
index v of the integral equation (25) is given by the formula 


nr a(x) — d(x) 


a(x) + B(x) oY 
In this case for v = 0 we obtain 
= b(x)Z(a) [°° f(r) dr Py(2) 
p(x) = a(x) f(x) - aa + (2) Z(x) +0” (30) 


where 


a 
G(x) = fom ii a(t) — (7) dr ; 
2TUN) 22 TH+4 a(t) + b(7) | T-2& 
For the case in which v < 0 we must set P,_;(x) = 0. For v < 0, we must also impose the solvability 
conditions 


-\ —v/2 
Z (a) = [a(a) + Wa) X*(a) = [a(e) - be) X(@) = (=) a 


° f(x) dx 
66. LAL) EO) 
For the solution of Eq. (25) in the class of functions bounded at infinity, see F. D. Gakhov (1977, 


1990). 
The analog of the characteristic equation on the real axis is the equation of the form 


=0, k=1,2,...,-v. (31) 


d(x) ~~ 2-29 YT) d 
Tt 


a(a)ip(a) + T= f(@), (32) 


65° T= 26. TL 


where 2 is a point that does not belong to the contour. For this equation, all qualitative results 
obtained for the characteristic equation with finite contour are still valid together with the formulas. 
In particular, the following inversion formulas for the Cauchy type integral hold: 


woes [HBO ar, a= | z= 2% WN) 4 (33) 


6 T-2T-2 1 T-%T-2& 
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15.2-4. Exceptional Case of a Characteristic Equation. 


In the study of the characteristic equation in Subsection 15.2-1, the case in which the functions 
a(t) + b(t) can vanish on the contour L was excluded. The reason was that the coefficient D(t) of 
the Riemann problem to which the characteristic equation can be reduced has in the exceptional 
case zeros and poles on the contour, and hence this problem is outside the framework of the general 
theory. Let us perform an investigation of the above exceptional case. 

We assume that the coefficients of the singular equations under consideration have properties 
that provide the additional differentiability requirements that were introduced in the consideration 
of exceptional cases of the Riemann problem (see 14.3-9). 

Consider a characteristic equation with Cauchy kernel (1) under the assumption that the functions 
a(t)—b(t) and a(t)+0(t) have zeros on the contour at the points a,..., a, and 3; ..., By, respectively, 
of integral orders, and hence are representable in the form 


bu 7 
a(t) — b(t) = []¢-ox)™*r(t), a(t) + 6) = | [(¢-8;)?* 8), 


k=l j=l 


where r(t) and s(t) vanish nowhere. We assume that all points a; and 3; are different. 
Assume that the coefficients of Eq. (1) satisfy the relation 


Le ” 
a(t) b(t) = | [@-ax)™ [ [e- 6;)”? = AoW). (34) 


k=l jel 


The equation under consideration can be reduced to the above case by dividing it by \/s(t)r(¢). 
In the exceptional case, by analogy with the case studied in Subsection 15.2-1, Eq. (1) can be 
reduced to the Riemann problem 


7) 
[[¢-ox)"™" 

&*(t) = ——____D (t)® (t) + eee (35) 
[[¢- 6)” [[¢-4)"'s® 
jel 


jl 


where D,(t) = r(t)/s(t). The solution of this problem in the class of functions that satisfy the 
condition ®(oo) = 0 is given by the formulas 


X* 
B(2) = <> 9 we) -U,@) + Ao@P,-p 1) 
[[@- 8)” 
jel 
: SC .o) 
©) = _ww)-U,) + A@P-pA@h 
[[@-e«)" 
k=1 
where i fn) d 
im T 
WO)= 5m | Ra Ta oe 


and U/,(z) is the Hermite interpolation polynomial (see Subsection 14.3-2) for the function V(z) 
of degree p = m+ p—1 with nodes at the points a; and 3;, respectively, and of the multiplicities 
My and p,;, respectively, where m = )> mx and p = 5° p,. 
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We regard the polynomial (/,(z) as an operator that maps the right-hand side f(t) of Eq. (1) to 
the polynomial that interpolates the Cauchy type integral (37) as above. Let us denote this operator 
by 

3TIF(O] =Up(2). (38) 


Here the coefficient 4 is taken for the convenience of the subsequent manipulations. 
Furthermore, by analogy with the normal case, from (36) we can find 


ges X*(t) 1 f@® 1 f@ dt 1 
&*(t) = ———~—_ tots ran cro aime ae 5 Aott) Py. rid}, 
[[¢- 6)” 
j=l 
X(t a= AD. 1 d 1 


[[@-e«)"" 
k=1 


We introduced the coefficient -5 in the last summands of these formulas using the fact that the 


coefficients of the polynomial P,_,_;(¢) are arbitrary. Hence, 


A d 
p(t) = 6*(H)-o-( = BOLO | aa] f oe TWA P.-p(0], (39) 


OX*H * s(T)X*(T)(T 
where 
XG XG Xt(t XAG 
Sips ORG, =O gO 
2][[¢-6)” 2], [e-ox)™ 2[[¢-6)” 2] [@-ax)™ 
j=l k=1 j= k=1 
We write 
Z(t) = s(t)X*(t) = r(t)X (6), (40) 


and, applying relation (34), represent formula (39) as follows: 


“ee f@) dr 
Lt 27) T 


p(t) = las (t)- eras COVA EA co + bOZOP, p10). 


1 
Ao(t) 


Let us introduce the operator Ri [f(t)] by the formula 


b(t)Z d 
RLFOl= ee [ango- PO f LO svnzerol|, av 
and finally obtain 
ott) = RiLFOL + (DZOPr-p 1. (42) 


Formula (42) gives a solution of Eq. (1) for the exceptional case in which y—p > 0. This 
solution linearly depends on v —p arbitrary constants. If 7 —p <0, then the solution exists only under 
p-—y special solvability conditions imposed on f(t), which follow from the solvability conditions 
for the Riemann problem (35) corresponding to this case. 
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15.2-5. Characteristic Equation with Hilbert Kernel. 


Consider the characteristic equation with Hilbert kernel 


b Qn 7 
a(ayg(a)~ [cot 5 pede = f(a. (43) 


T 


Just as the characteristic integral equation with Cauchy kernel is related to the Riemann boundary 
value problem, so the characteristic equation (43) with Hilbert kernel can be analytically reduced to 
a Hilbert problem in a straightforward manner. In turn, the Hilbert problem can be reduced to the 
Riemann problem (see Subsection 14.3-12), and hence the solution of Eq. (43) can be constructed 
in a closed form. 

For v > 0, the homogeneous equation (43) (f(x) = 0) has 2v linearly independent solutions, and 
the nonhomogeneous problem is unconditionally solvable and linearly depends on 2v real constants. 

For v < 0, the homogeneous equation is unsolvable, and the nonhomogeneous equation is 
solvable only under —2v real solvability conditions. 

Taking into account the fact that any complex parameter contains two real parameters, and 
a complex solvability condition is equivalent to two real conditions, we see that, for v 4 0, the 
qualitative results of investigating the characteristic equation with Hilbert kernel completely agree 
with the corresponding results for the characteristic equation with Cauchy kernel. 


15.2-6. Tricomi Equation. 


The singular integral Tricomi equation has the form 


ur a | 1 
ea)-a | (ogg) HOE = Fo. O<sasl. (44) 
, > = 


The kernel of this equation consists of two terms. The first term is the Cauchy kernel. The second 
term is continuous if at least one of the variables x and € varies strictly inside the interval [0, 1]; 
however, for x = € = 0 and for x = € = 1, this kernel becomes infinite and is nonintegrable in the 
square {0 <a7<1,0<S€< 1}. 

By using the function 


ee i a | 1 
w= 5, | (> - az) rOH, 


which is piecewise analytic in the upper and the lower half-plane, we can reduce Eq. (44) to the 
Riemann problem with boundary condition on the real axis. The solution of the Tricomi equation 
has the form 


1 
E(1—2)* (1 1 CU —2)8 
9 «%(1-§)% (-e) fe] ge? 


2 
a= —aretan(At) (-l<a<1), tan on = \r (-2<6 <0), 
Tv 


1 
y(@) = Tent io + 


where C is an arbitrary constant. 


@) References for Section 15.2: P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov (1977, 1990), F. G. Tricomi 
(1985), N. I. Muskhelishvili (1992). 
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15.3. Complete Singular Integral Equations Solvable 
in a Closed Form 


In contrast with characteristic equations and their transposed equations, complete singular integral 
equations cannot be solved in the closed form in general. However, there are some cases in which 
complete equations can be solved in a closed form. 


15.3-1. Closed-Form Solutions in the Case of Constant Coefficients. 


Consider the complete singular integral equation with Cauchy kernel in the form (see Subsec- 
tion 15.1-1) 


bt) f e) 


a(t)yp(t) + —= — dr +f Kt, Nyt) dr = f, (1) 
mm Jp Tt L 


where L is an arbitrary closed contour. Let us show that Eq. (1) can be solved in a closed form if 
a(t) =a and b(t) = b are constants and K(t, 7) is an arbitrary function that has an analytic continuation 
to the domain 1* with respect to each variable. 

Under the above assumptions, Eq. (1) has the form 


1 Mt, 
ay(t)+ — i: MAG) on) dr = FO, (2) 
mi Jp TAt 
where M(t, 7) = b+ 7i(t-7)K(t, 7), so that M(t, t) = b = const. Let b # 0. We write 
1 Mt, 
vO= | OD nar. (3) 
me Jr Tt 


According to Subsection 14.4-4, the function y(t) can be expressed via w(t) and w(t) can be 
expressed via y(t). Then we rewrite Eq. (2) as follows: 


ag(t) + byt) = f(b. (4) 
On applying the operation (3) to this equation, we obtain 

arp(t) + b(t) = wi), (5) 
where ‘ M 

w= oe [| SE? pear. 
bri Jy Tt 
By solving system (4), (5) we find y(t): 
aocd 1 M(t,7) 
ell) = 5 lore a | f(r) ar| (6) 


under the assumption that a # +. 

Thus, for a # +b and for a kernel K(¢, 7) that can be analytically continued, Eq. (1) or (2) is 
solvable and has the unique solution given by formula (6). 

Equation (1) was studied above for b # 0. This assumption is natural because, for b = 0, Eq. (1) 
is no longer singular. However, the Fredholm equation obtained for b = 0, that is, 


a(t) + i, Kt, Nyt) dr = f®, a = const, (7) 
L 


is solvable in a closed form for a kernel K(t, 7) that has analytic continuation. 
Let a function K(t, 7) have an analytic continuation to the domain (* with respect to each of 
the variables and continuous for t,7 € L. In this case, the following assertions hold. 
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1°. The function 


®*(t) = | K(t, T)y(r) dr 
L 


has an analytic continuation to the domain (* for any function y(t) satisfying the Holder condition. 


2°. Ifa function y*(t) satisfying the Holder condition has an analytic continuation to the domain *, 
then 


| Kit, ye" (7) dr = 0. (8) 
L 


This implies the relation 


| Kt, nf K(7,71)e(™) dq dr = 0 (9) 
L L 


for each function y(t) (satisfying the Holder condition). Therefore, it follows from (7) that 


af K(t, y(t) dr = | K(t, 7) f (7) dr, 
L L 


and hence 


1 
p(t) = 4 [ano [ Ke. T)£(7) ar]. (10) 


Therefore, if a kernel K(t,7) is analytic in the domain (* with respect to each of the variables 
and continuous for ¢,7 € L, then Eq. (7) is solvable for each right-hand side, and the solution is 
given by formula (10). 


15.3-2. Closed-Form Solutions in the General Case. 


Let us pass to the general case of the solvability of Eq. (1) in a closed form under the condition that 
a function K(t, r)[a(t) + b()]! is analytic with respect to 7 and meromorphic with respect to ¢ in 
the domain *. 

For brevity, we write 


K,[y~@)] = a Kt, r)p(7) dr 
and note that 
K,[y*()] =0 (11) 


for each function yt(t) that has an analytic continuation to the domain 0*. By setting y(t) = 
yt (t) — y () and with regard to (11), we reduce Eq. (1) to a relation similar to that of the Riemann 
problem: 


+ 1 — = — 
yp (t)- PCN and @®)]= DOoOy + AM), (12) 
nr (t)— b(t) f(t) 
a i 
DO eu Oat 


By assumption, we have 


KG,7) _ A*G@,7) 
a(t)+b(t) IF ’ 


I(t) = | [= 20)", (13) 


k=1 


where z, € Q* and mz, are positive integers and the function A*(t, 7) is analytic with respect to t 
and with respect to 7 on (2%. 
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Relation (12) becomes 
Og (+A ly O] = FP ODOr © + AOI, (14) 


where A®* is the integral operator with kernel A*(t,7). Since the function A*[y (¢)] is analytic 
on (*, it follows that the last relation is an ordinary Riemann problem for which the functions 
II*(t)y*(t) + A*[y (d)] and y(t) can be defined in a closed form, and hence the same holds for y(t). 
Namely, let us rewrite the function D(t) in the form D(t) = X*(t)/X(t), where X*(z) is the 
canonical function of the Riemann problem, and reduce relation (14) to the form in which the 
generalized Liouville theorem can be applied (see Subsection 14.3-1). We arrive at a polynomial 


of degree at most vy —1+ 7° m, with arbitrary coefficients (for the case in which vy + )> ms, > 0). 
k=1 k=1 
However, the presence of the factor II*(¢) (on y*(t)), which vanishes in Q* with total order of zeros 
n 


>> mx, clearly reduces the number of arbitrary constants in the general solution. 
k=l 

Remark 1. Following the lines of the discussion in Subsection 15.3-2 we can treat the case in 
which the kernel /¢(t,7) is meromorphic with respect to 7 as well. In this case, Eq. (1) can be 
reduced to a Riemann problem of the type (12) and a linear algebraic system. 


Remark 2. The solutions of a complete singular integral equation that are constructed in Sec- 
tion 15.3 can be applied for the case in which the contour L is a collection of finitely many disjoint 
smooth closed contours. 


Example 1. Consider the equation 


1 cos(t — t) 
roo +— | pir)dr = fib, (15) 
V0 OO el 
where L is an arbitrary closed contour. 
Note that the function M(t, 7) = cos(7 —t) has the property M(t, t) = 1. Therefore, it remains to apply formula (6), and 
thus for (15) we have 


_ ol abi cos(T — t) rr 
VO= sq aro-— [| f(r)dr}, A#+#L 


Example 2. Consider the equation 


rob +— | WO ooar = 10, (16) 
mi JL (T~-t) 


where L is an arbitrary closed contour. 
The function M(¢, rT) = sin(7 — t)/(7 — t) has the property M(t, t) = 1. Therefore, applying formula (6), for (16) we 
obtain 


bast ol 2 i sin(r — t) a 
y(t) = aI Aro Fr a bE f@drl, A#+1. 


© Reference for Section 15.3: F. D. Gakhov (1977, 1990). 


15.4. Regularization Method for Complete Singular 
Integral Equations 


15.4-1. Certain Properties of Singular Operators. 


Let K, and Kz be singular operators, 


1 M(t, 7) 

Ki [~@®] = ai@)yp@)+— | —-y¢(r)dr, (1) 
Tr T-t 

K3[w(t)] = a2(t)w(t) + a | MEET ie dr. (2) 
mi Jp TAt 


The operator K = KK, defined by the formula K[y(¢)] = Kz [Ki [ect)]] is called the composition 
or the product of the operators K, and Ko. 
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Let us form the expression for the operator K, 


1 Mit, 
K[p()] = KoKi le] = a(t) Goro tof 20m) ar| 
mt Jp Tt wi Jr TAT 


and select its characteristic part. To this end, we perform the following manipulations: 
| Mitt, SE” lr) dr = My (t, of 2 po) 2 ar MD EMNGD eae 
L L 


Pim TW-t 


a aoe T) po) ars [ a, (T)Mo(t, T) — a1 (1) M(t, t) (4) 
1 7 Tt L 


p(t) dr = a, (Mot, a : y(t) dr, 
TH 


| ter) dr _ ae (ri) dry =n? My(t, t)Mi(t, y(t) + | (ri) dry | ana 
L Tot L L Lb (m-T)(7T-b 


Here we applied the Poincaré—Bertrand formula (see Subsection 14.2-6). We can see that all kernels 
of the integrals of the last summands on the right-hand sides in (4) are Fredholm kernels. 
We write 
Mi(t,t) = bit), Matt, t) = b2(t) (5) 


and see that the characteristic operator K° of the composition (product) K of two singular operators 
K, and K, can be expressed by the formula 


ag(tbi(t) + bait) f pr) 


Tt 


K°[p@)] = (KK) [pO] = lax®ai(t) + obi Ole + 


dr. (6) 


Let us write out the operator K, and Kz in the form (3) with explicitly expressed characteristic 
parts: 


b 
Kio] = ay) + 22 ” LAN ee | lene: (7) 
via) L@T-t L 
Klw(t)] = x(t) + 22 / Ce are / enue: 8) 
am Jp T-t L 


Thus, the coefficients a(t) and b(t) of the characteristic part of the product of the operators K; 
and K> can be expressed by the formulas 


a(t) = az(t)ay(t) + b2(t)bi(t), — B(t) = aa(t)bit) + ba(ar(t). (9) 


These formulas do not contain regular kernels k; and kz and are symmetric with respect to the 
indices | and 2. This means that the characteristic part of the product of singular operators depends 
neither on their regular parts nor on the order of these operators in the product. 

Thus, any change of order of the factors, as well as a change of the regular parts of the factors, 
influences the regular part of the product of the operators only and preserves the characteristic part 
of the product. 

Let us calculate the coefficient of the Riemann problem that corresponds to the characteristic 
operator (K2K})°: 


_ alt)—b(t) _ [ar(t)— bo) lat) bi) 
P= arb) laa hOlinw sel oY 


where we denote by 


_ alt) —bi(t) _ aa(t)— batt) 
POS Ore ee) 
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the coefficients of the Riemann problems that correspond to the operators K? and KS. This means 
that the coefficient of the Riemann problem for the operator (K2Kj)° is equal to the product of 
the coefficients of the Riemann problems for the operators K? and K5, and hence the index of the 
product of singular operators is equal to the sum of indices of the factors: 


v= +1. (12) 
In its complete form, the operator K,K, is defined by the expression 


b 
K2K, [y(t)] = a(t)y(@) + a om) 


7 ar +f K(t, r)p(r) dr, 


where a(t) and b(t) are defined by formulas (9). For a regular kernel K(t,7), on the basis of 
formulas (4) we can write out the explicit expression. 

For a singular operator K and its transposed operator K* (see Subsection 15.1-1), the following 
relations hold: 


[ voxivora= [extend 
L L 
for any functions y(t) and 7(t) that satisfy the Holder condition, and 


(K2K,)* = K}K3. 


15.4-2. Regularizer. 


The regularization method is a reduction of a singular integral equation to a Fredholm equation. The 
reduction process itself is known as regularization. 

If a singular operator K> is such that the operator K2K, is regular (Fredholm), i.e., contains no 
singular integral (b(t) = 0), then Ko is called a regularizing operator with respect to the singular 
operator K, or, briefly, a regularizer. Note that if Kz is a regularizer, then the operator K; K2 is 
regular as well. 

Let us find the general form of a regularizer. By definition, the following relation must hold: 


b(t) = az(t)bi(t) + b2(t)ai(t) = 0, (13) 


which implies that 
az(t) = gt)ai(t), —ba(t) = —g(t)bi(t), (14) 


where g(¢) is an arbitrary function that vanishes nowhere and satisfies the Holder condition. 
Hence, if K is a singular operator, 


wo eo 


K[yp())] = ay) + — at +f K(t, r)p(7) dr, (15) 


then, in general, the regularizer K can be expressed as follows: 


gO [{[S w(T) 


K[w()] = g(Ha(t)w(t) - dt +f Kt, T)uw(T) dr, (16) 


where A(t, 7) is an arbitrary Fredholm kernel and g(t) is an arbitrary function satisfying the Hélder 
condition. 

Since the index of a regular operator (b(t) = 0) is clearly equal to zero, it follows from the 
property of the product of operators that the index of the regularizer has the same modulus as the 
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index of the original operator and the opposite sign. The same fact can be established directly by 
the form of a regularizer (16) from the formula 


a, a(t)— bt) _ at) +d@) 1 
OTOH ~ aD=—HH ~ DO’ 


Thus, for any singular operator with Cauchy kernel (15) of the normal type (a(t) + b(t) # 0), there 
exist infinitely many regularizers (16) whose characteristic part depends on an arbitrary function g(t) 
that contains an arbitrary regular kernel K(t, 7). 

Since the elements g(t) and K(t,7) are arbitrary, we can choose them so that the regularizer 
will satisfy some additional conditions. For instance, we can make the coefficient of y(t) in the 
regularized equation be normalized, i.e., equal to one. To this end we must set g(t) = [a2(t)—b?(t)] 1 
If no conditions are imposed, then it is natural to apply the simplest regularizers. These can be 
obtained by setting g(t) = 1 and K(t, rT) = 0 in formula (16), which gives the regularizer 


wn oO). WAT) 
K[w(t)] = K*°[w(t)] = aw(t) - Oo fe (17) 
or we can set g(t) = 1 and K(t, T)= de) and obtain 
TT T-t 
K[w(t)) = K*[w(t)) = a(t u(t) - = i BONEN (18) 
mt Jp oT At 


The simplest operators K*° and K°* are most frequently used as regularizers. 

Since the multiplication of operators is not generally commutative, one should distinguish two 
forms of regularization: left regularization, which gives the operator KK, and right regularization 
which leads to the operator KK. On the basis of the above remark we can claim that a right 
regularizer is simultaneously a left regularizer, and vice versa. Thus, the operation of regularization 
is commutative. 

If an operator K is a regularizer for an operator K, then, in turn, the operator K is a regularizer 
for the operator K. The operators K;K and KyK, can differ by a regular part only. 


15.4-3. Methods of Left and Right Regularization. 


Let a complete singular integral equation be given: 


wo pale, 


K[p(t)] = ay) + — at +f K(t, rer) dr = f(t). (19) 


Three methods of regularization are used. The first two methods are based on the composition 
of a given singular operator and its regularizer (left and right regularization). The third method 
differs essentially from the first two, namely, the elimination of the singular integral is performed 
by solving the corresponding characteristic equation. 


1°. Left regularization. Let us take the regularizer (16): 


K[w(t)] = g(t)a(t)w(t) — gO [2 w(T) 


dt + | K(t, r)w(r) dr. (20) 

On replacing the function w(t) in K[w(t)] with the expression K[y(t)] — f(t) we arrive at the 
integral equation 

KK[y(t)] = KI f(@)]. (21) 

By definition, KK is a Fredholm operator, because K is a regularizer. Hence, Eq. (21) is a Fredholm 
equation. Thus, we have transformed the singular integral equation (19) into the Fredholm integral 
equation (21) for the same unknown function y(¢). 

This is the first regularization method, which is called left regularization. 
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2°. Right Regularization. On replacing in Eq. (19) the desired function by the expression (20), 


v(t) = K[w(6)], (22) 
where w(t) is a new unknown function, we arrive at the integral equation 
KK[w(d)] = f(, (23) 


which is a Fredholm equation as well. Thus, from the singular integral equation (19) for the unknown 
function y(t) we passed to the Fredholm integral equation for the new unknown function w(f). 

On solving the Fredholm equation (23), we find a solution of the original equation (19) by 
formula (22). The application of formula (22) requires integration only (a proper integral and a 
singular integral must be found). 

This is the second method of the regularization, which is called right regularization. 


15.4-4. Problem of Equivalent Regularization. 


In the reduction of a singular integral equation to aregular one we perform a functional transformation 
over the corresponding equation. In general, this transformation can either introduce new irrelevant 
solutions that do not satisfy the original equation or imply a loss of some solutions. Therefore, in 
general, the resultant equation is not equivalent to the original equation. Consider the relationship 
between the solutions of these equations and find out in what cases these equations are equivalent. 


1°. Left Regularization. Consider a singular equation 


K[y@] = fO (24) 
and the corresponding regular equation 
KK[y(6)] = K(f). (25) 
Let us write out Eq. (25) in the form 
K[K[()] - f(] = 0. (26) 


Since the operator K is homogeneous, it follows that each solution of the original equation (24) 
(a function that vanishes the expression K[y(t)] — f(£)) satisfies Eq. (26) as well. Hence, the left 
regularization implies no loss of solutions. However, a solution of the regularized equation need not 
be a solution of the original equation. 

Consider the singular integral equation corresponding to the regularizer 


K[w(t)] = 0. (27) 


Let w(t), ..., Wp(t) be a complete system of its solutions, i.e., a maximal collection of linearly 
independent eigenfunctions of the regularizer K. 

We regard Eq. (26) as a singular equation of the form (27) with the unknown function w(t) = 
K[y(t)] — f@®. We obtain 


P 
Kly()1- f®) = S> ajwj(t), (28) 
jel 
where the a; are some constants. 
We see that the regularized equation is equivalent to Eq. (28) rather than the original equation (24). 
Thus, Eq. (25) is equivalent to Eq. (28) in which a; are arbitrary or definite constants. It may 
occur that Eq. (28) is solvable only under the assumption that all a; satisfy the condition a; = 0. 
In this case, Eq. (25) is equivalent to the original equation (24), and the regularizer defines an 
equivalent transformation. In particular, if the regularizer has no eigenfunctions, then the right-hand 
side of Eq. (28) is identically zero, and it must be equivalent. This operator certainly exists for 
v 2 0. For instance, we can take the regularizer K*°, which has no eigenfunctions for the case under 
consideration because the index of the regularizer K*° is equal to -v < 0. 
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2°. Right Regularization. Consider Eq. (24) and the corresponding regularized equation 
KK[w(d)] = f(, (29) 


which is obtained by substitution 
K[w(t)] = y(t). (30) 


If w;(¢) is a solution of Eq. (29), then formula (30) gives the corresponding solution of the original 
equation 
p(t) = Klw;(6)]. 


Hence, the right regularization cannot lead to irrelevant solutions. 
Conversely, assume that ¢;,(t) is a solution of the original equation. In this case a solution of the 
regularized equation (29) can be obtained as a solution of the nonhomogeneous singular equation 


K[w(t)] = ye (dt); 


however, this solution may be unsolvable. Thus, the right regularization can lead to loss of solutions. 
We have no loss of solutions if Eq. (30) is solvable for each right-hand side. In this case the operator K 
will be an equivalent right regularizer. 


3°. The Equivalent Regularization. The operator K = K*° is an equivalent regularizer for any index; 
for vy = 0, we must apply left regularization, while for v < 0 we must use right regularization. 

In the latter case we obtain an equation for a new function w(t), and if it is determined, then 
we can construct all solutions to the original equation in antiderivatives, and it follows from the 
properties of the right regularization that no irrelevant solutions can occur. 

For the other methods of equivalent regularization, see the references at the end of this section. 


15.4-5. Fredholm Theorems. 


Let a complete singular integral equation be given: 
K[y@)] = f@. (31) 


THEOREM 1. The number of solutions of the singular integral equation (31) is finite. 


THEOREM 2. A necessary and sufficient solvability condition for the singular equation (31) is 


[ fovwat=o, j=l,...,m, (32) 


where W(t), ..., Wm(t) is a maximal finite set of linearly independent solutions of the transposed 
homogeneous equation K*[w(t)] = 0. (Since the functions under consideration are complex, it 
follows that condition (32) is not the orthogonality condition for the functions f(t) and 7;(t).) 


THEOREM 3. The difference between the number n of linearly independent solutions of the 
singular equation K[p(t)] = 0 and the number m of linearly independent solutions of the transposed 
equation K*[~(t)] = 0 depends on the characteristic part of the operator K only and is equal to its 
index, 1.e., 

n-M=V. (33) 


Corollary. The number of linearly independent solutions of characteristic equations is minimal 
among all singular equations with given index v. 
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15.4-6. Carleman—Vekua Approach to the Regularization. 


Let us transfer the regular part of a singular equation to the right-hand side and rewrite the equation 
as follows: 


a(t)yp(t) + me) ‘; A), dr = f(t) -| K(t, Dyer) dr, (34) 
mt Jp Tt L 
or, in the operator form, 
K°[p@®] = f() -Kily@)]. (35) 


We regard the last equation as a characteristic one and solve it by temporarily assuming that the 
right-hand side is a known function. In this case (see Subsection 15.2-1) 


WZ) f fr) dr —— + 1) Z(OP,- 1) 
Tt Lt 2(T) T 


Moa 


p(t) = laws (t)- 


- lac z K(t, Nyt) dr - | K(m1, 7) p(7) ar|, (36) 


a 


where for v <0 we must set P,_;(¢) = 0. Let us reverse the order of integration in the iterated integral 
and rewrite the expression in the last parentheses as follows: 


b(t) Z(t) K(11,7) 
a lane T) = = « Zon -b an| p(T) dt. 


Since Z(t) satisfies the Holder condition (and hence is bounded) and does not vanish and since 
K(1,7) satisfies the estimate |K (7, 7)| < Alm; —T/? (with 0 < \ < 1) near the point 7; =7, we can 


see that the entire integral 
| K (1 > T) 
>——— dr 
Lt 2(m1)(1 -t) 


satisfies an estimate similar to that for (7,7). Hence, the kernel 


b(t) Z(t) K(11,7) 


Nt, 7) = at) Kt, 7) - Zana) TI (37) 
is a Fredholm kernel. On transferring the terms with y(¢) to the right-hand side, we obtain 
p(t) + i Nit, r) (7) dr = fi, (38) 
where N(t, 7) is the Fredholm kernel defined by formula (37) and f|(t) has the form 
ft) = a y- PZ f £0 7 oz, (39) 


Tt L Z(t) T- rt 


If the index of Eq. (34) v is negative, then the function must satisfy not only the Fredholm 
equation (38) but also the relations 


KGET) p4 _ 0.34 : 
[| 7 Zh) t at| pena = 70M dt, k= 1,2,...,—-V. (40) 


Thus, if 1 = 0, then the solution of a complete singular integral equation (34) is reduced to the 
solution of the Fredholm integral equation (38). If v < 0, then Eq. (34) can be reduced to Eq. (38) 
(where we must set P,_;(¢) = 0) together with conditions (40), which can be rewritten in the form 


| pr(T) (7) dr = fe, Re, 2 tue, 
L 


K(t, 7) pro f@® 
Z(t) zt Z(t) 


where the p;(7) are known functions and the f;, are known constants. 


(41) 


px(T) = ay feo | at ae, 
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Relations (41) are the solvability conditions for the regularized equation (38). However, they 
need not be the solvability conditions for the original singular integral equation (34). Some of them 
can be the equivalence conditions for these two equations. Let us select the conditions of these two 
types. 

Assume that among the functions p;(t) there are precisely h linearly independent functions. We 
can choose the numbering so that these are the functions /;(t), ..., p,(£). In this case we have 


[ evtretiat = fe k=1,2,...,h. (42) 
L 
Moreover, the following 7 = |v|— h linearly independent relations must hold: 


aj p(t) ++ ++ + Ag pp) = 0, P= i ers fe 


Let us multiply the relations in (40) successively by aj, ..., Qj),; and sum the products. Taking 
into account the last relations, we have 


lv| 


2 pipe et _ kel. _ 
[ fovjwat=o, P= Fey Dost : 7 Sp yeg (43) 


These relations, which do not involve the desired function y(t), are the necessary solvability 
conditions on the right-hand side f(t) for the original singular equation and the regularized equation 
to be solvable. Relations (42) are the equivalence conditions for the original singular equation and 
the regularized equation. The solution of the Fredholm equation (38) satisfies the original singular 
equation (34) if and only if it satisfies conditions (42). 

Thus, for v 2 0, the regularized equation (38) is equivalent to the original singular equation. 
For v < 0, the original equation is equivalent to the regularized equation (with common solvability 
conditions (43)) together with conditions (42). 


Remark 1. If the kernel of the regular part of a complete singular integral equation with Cauchy 
kernel is degenerate, then by the Carleman—Vekua regularization this equation can be reduced to the 
investigation of a system of linear algebraic equations (see, e.g., S. G. Mikhlin and K. L. Smolitskiy 
(1967)). 


Remark 2. The Carleman—Vekua regularization is sometimes called the regularization by solv- 
ing the characteristic equation. 


15.4-7. Regularization in Exceptional Cases. 


Consider the complete singular equation with Cauchy kernel 


Kit) = atpy(t) + 2 | IAD as | K(t. nyt) dr = f(t) (44) 
Re pp THE L 


under the same conditions on the functions a(t) + b(£) as above in Subsection 15.2-4. 
We represent this equation in the form 


K*[y(0)] = H0- | Keno dr, 


and apply the Carleman—Vekua regularization. In this case by formula (42) of Subsection 15.2-4 we 
obtain the equation 


p(t) +Ri | i K(t, 1) 97) ar| =RiLfO]+6OZOP,p10, (45) 
L 


where the operator R, is defined by formula (41) of Subsection 15.2-4. 
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In the expression for the second summand on the left-hand side in (45), the operation R; with 
respect to the variable t commutes with the operation of integration with respect to rt. Therefore, 
Eq. (45) can be rewritten in the form 


A+ | Ri[KU. A] elo) dr = RILfO}+ HOZOP. pil. (46) 


where the superscript t at the symbol of the operator R{ means that the operation is performed with 
respect to the variable t. 

Since the operator R,; is bounded, it follows that the resulting integral equation (46) is a Fredholm 
equation, and hence the regularization problem for the singular equation (44) is solved. 

It follows from the general theory of the regularization that Eq. (44) is equivalent to Eq. (46) for 
v —p = 0 and to Eq. (46) and a system of functional equations for v — p < 0. 

In conclusion we note that for the above cases of singular integral equations, the Fredholm 
theorems fail in general. 


Remark 3. Exceptional cases of singular integral equations with Cauchy kernel can be reduced 
to equations of the normal type. 


15.4-8. Complete Equation with Hilbert Kernel. 


Consider the complete singular integral equation with Hilbert kernel (see Subsection 15.1-2) 


20 20 
oceye(a) 92 [" cor( $5) rags [ Kengeerag= fee. 
mT JO 2 0 

Let us show that Eq. (47) can be reduced to a complete singular integral equation with a kernel 
of the Cauchy type, and in this connection, the theory of the latter equation can be directly extended 
to Eq. (47). Since the regular parts of these two types of equations have the same character, it 
follows that it suffices to apply the relationship between the Hilbert kernel and the Cauchy kernel 

(see Subsection 14.4-5): 


dt 1 E-2£ a 
Hence, 
1 €-2£ dt 1 dr 
seat( 2 )ae= 2-5. o 


where ¢ = e’” and 7 =e” are the complex coordinates of points of the contour L, that is, the unit 
circle. 

On replacing the Hilbert kernel in Eq. (47) with the expression (49) and on substituting x =-7 Int, 
€ =~ilnr, and dé =-i7"! dr, after obvious manipulations we reduce Eq. (47) to a complete singular 
integral equation with Cauchy kernel of the form 


ai(t)yi(t) — ao | PN) | Ky(t,r) dr = fib). (50) 


7 Tt 
The coefficient of the Riemann problem corresponding to Eq. (50) is 


Dit) = ay, (t) + 7b; (t) _ a(x) + iv(x) 


~ ay(t)—ibi() a(x) — ib(a)’ ON 


and the index is expressed by the formula 


Ind D(t) = 2 Ind[a(x) + ib(z)]. (52) 
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Example. Let us perform the regularization of the following singular integral equations in different ways: 


- 

K[e@] = t+ y(t) + a i) eee = ff +t yr +7 Yer) dr = 20, (53) 
Tt Ltt 2nt JL 

where L is the unit circle. 

The regular part of the kernel is degenerate. Therefore, in the same way as was applied in the solution of Fredholm 
equations with degenerate kernel (see Section 13.2), the equation can be reduced to the investigation of the characteristic 
equation and a linear algebraic equation, and hence it can be solved in a closed form. Thus, we need no regularization. 
However, the equation under consideration is useful in the illustration of general methods because all calculations can be 
performed to the very end. 

For convenience of the subsequent discussion, we first solve this equation. We write 


ae | (T+ 7 Yp(r) dr=A, (54) 
20% L 


and write out the equation in the characteristic form: 
t-¢1 
¢4+e yo) + ‘ LO op a2? + ASE), 
Tt LT-t 
For the corresponding Riemann boundary value problem 
D(H) =t°O (tH) +t+ 5A +t”), (55) 


we have the index v = —2, and the solvability conditions (see Subsection 15.2-1) hold for A = 0 only. In this case, ®*(z) = z 
and ®-(z) = 0. This gives a solution to Eq. (53) in the form y(t) = &t(t) - &-(t) = t. On substituting the last expression into 
Eq. (54) we see that this relation holds for A = 0. Hence, the given equation is solvable and has a unique solution of the form 


p(t) = t. 


1°. Left Regularization. Since the equation index v = —2 is negative, any regularizer of the equation has eigenfunctions (at 
least two linearly independent), and hence the left regularization leads, in general, to an equation that is not equivalent to the 
original one. 

We first consider the left regularization by means of the simplest regularizer K*°. Let us find the linearly independent 
eigenfunctions of the equation 


-1 
K*°[w(t)] = ¢ +t )w(t) - tees | BMD a=. 


TH pTt-t 


The corresponding Riemann boundary value problem 
&*(t) =O (t) 
now has the index v = 2. We can find the eigenfunctions of the operator K*° by the formulas of Subsection 15.2-1 and obtain 
wi(t)=1-t7?, wo(t)=t-tl. 


On the basis of the general theory (see Subsection 15.4-4), the regular equation K*° K[y(t)] = K*°[f(£)] is equivalent 
to the singular equation: 
K[pO] = f® + ari) + a2ar(t), (56) 
where a, and q@ are constants that can be either arbitrary or definite. Taking into account Eq. (54), we write out Eq. (56) in 
the form of a characteristic equation: 


+ty(t)+ tat! | LO ap 22 + A+ t) +010 —t2) + mt-P. 
TT Ltt 
The corresponding Riemann boundary value problem has the form 
O*(t) = 1° O (t+ t+ FA +t%) + Say(t! +¢%) + Fag(1-t”). 
Its solution can be represented as follows: 
®*(z)= 2+ 4A + 402, ®(z)= $27 az? + (ay — A)z? —ay2z}). 
The solvability conditions give a; = 0 and a2 = A. In this case, the solution of Eq. (56) is defined by the formula 
y(t) = &*(t)- OB (t) =t+ A. 


On substituting the above expression for y(t) into Eq. (54) we obtain the identity A = A. Hence, the constant a2 = A remains 
arbitrary, and the regularized equation is equivalent not to the original equation but to the equation 


K[y@] = f® + awa), 


which has the solution y(t) = t + A, where A is an arbitrary constant. The last function ¢ satisfies the original equation only 
for A =0. 
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2°. Right Regularization. For a right regularizer we take the simplest operator K*°. By setting 


TV 


t-¢! 
g(t) = K*°[w(t)] = (t+ wf) - —— | oO ar, (57) 
L 
we obtain the following Fredholm equation with respect to the function w(t): 
1 
KK*°[w(t)] = w(t) - oan ip [e(r? L477) + 2r 1 et l(r? 4.347%) - 2777 | Jur) dr = $0. (58) 
Te JL 


The last equation is degenerate. On solving it we obtain 
w(t) = 40 +a(t-t') + BU-t”), 
where q@ and @ are arbitrary constants. 


Thus, the regularized equation for w(t) has two linearly independent solutions, while the original equation (53) has a 
unique solution. On substituting the above expression for w(t) into formula (57) we obtain 


p(t) =K*° [SP +at-t!)+BU-t)] =t, 


where y(t) is the (unique) solution of the original singular equation. The result agrees with the general theory because, for a 
negative index, the right regularization by means of the operator K*° is an equivalent regularization. 


3°. The Carleman—Vekua Regularization. This method of regularization is performed by formulas (36)-(39). However, we 
must recall that these formulas can be applied only for an equation such that a(t) — b*(¢) = 1. Therefore, we must first divide 
Eq. (53) by two. In this case, we have 


a=4(t+t'), b=5¢-t'), f=, 


Kien =-zot rehire rh, Xt(z)=1, Z(t) =(a+b)X* =t, 


e (t-t yt f 7? dr 
t = serene | —— =1, 
AO = 7 ) 27% LT T-t 


1 1 t-t))t(r+7! +7) d 
Nici G4) Sta ee ee | EN Sea) 
2 Ani Qnt - Ari LT | -t 2nt 
The regularized equation has the form 
1 
a= so f er hecnar=t. (59) 
20% TE 


To this equation we must add conditions (41) for k = 1,2. This equation is degenerate, and on solving it we find the general 
solution y(t) = t + A, where A is an arbitrary constant. Let us write out conditions (42) and (43). Here we have 


Kt ed 
pxtr)= | OD) pt ge fase dt,  k=1,2, 
L Z(t) Ari L 


p(T) =0, pr(t)=-t(r +71), fa = 


The functions ;(t) and p2(t) are linearly dependent. The dependence a; pi (t) +--+ + Aji.) P|(t) = 0 (see Subsec- 
tion 15.4-6) has the form 


ay pi(t) + 0° po(t) = 0. 


Hence, the solvability condition (43) holds identically. The equivalence condition (42) 


[ eanemar=-} [rar tyr+ Arar =0 
L L 


holds for A = 0 only. Hence, among the solutions to the regularized equation, y(t) = t+ A, only the function y(t) = t satisfies 
the original equation. 


© References for Section 15.4: F. D. Gakhov (1977, 1990), S. G. Mikhlin and S. Prossdorf (1986), N. I. Muskhelishvili 
(1992). 
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15.5. Analysis of Solutions Singularities for Complete 
Integral Equations with Generalized Cauchy 
Kernels* 


15.5-1. Statement of the Problem and Preliminary Remarks. 


Consider a complete integral equation of the second kind in the form 


a(t)y(t) + “o psc as 


+f K,(t, T)(7) asf L(t, T)y(T) dr 
1 


“a Kenecdrs f Lit, T)e(7) dr = fd, -l<t<l, (1) 
=] =1 


where y(7) is an unknown function and ¢(r) is its complex conjugate; f(t) is a given continuous 
function on the closed interval [—-1, 1]; the functions a(t), b(t) and the kernels K(t,7), L(t, 7) are 
bounded and continuous (or satisfy the Holder condition in all their arguments), and the generalized 
kernels K,(t, 7), Lg(t, 7) have fixed singularities that are first-order poles at the endpoints of the 
integration interval, as the (real) parameters 7 and ¢ simultaneously tend to either endpoint of the 
interval [-1, 1] (7 = t — +1). The kernels of equation (1), as well as the functions a(t), b(t), f(t), 
may be either real- or complex-valued. Note that the method described below is suitable for the 
asymptotic analysis of equations of the second as well as first kind for a(t) = 0. 

Assume that the solution of equation (1) belongs to the class of functions that have, at the 
endpoints of the integration interval, integrable singularities (generally complex) of power type due 
to both a “movable” singularity of the integral in the sense of the principal value (the first integral 
in (1)) and fixed singularities of the kernels K,(t¢, 7) and L,(t, 7). This type of asymptotic behavior 
of the unknown function can be taken into account by the introduction of a special weight function 


w(t) =(1-7)°(1 +79, -l<7r<l, -l<Rea,ReG<0O, (2) 
which is present as a coefficient in the unknown function, i.e., 


p(T) = u(7)w(r). (3) 


Here, u(r) is a new unknown function satisfying the Holder condition and different from zero at 
the endpoints of the interval. The last requirement is connected with the fact that the sought weight 
function (2) should reflect the leading singular asymptotics of the unknown function (3). Note 
that the presence of fixed singularities in the kernels K,(t,7) and L,(t, 7) significantly effects the 
asymptotic behavior of the solution near the endpoints of the integration interval, which in this 
situation usually has the form (1 = T)*, -1 < Red < 0, 7 — +1 (A = 4,8), and Red # -1/2. 
(Sometimes the weight function may be bounded on one end of the integration interval, which 
corresponds to Re \ 2 0.) 
Assume that the generalized kernels can be represented in the form 


1 P(1 +t) 1-t)” 
Ky(t,7) = yy Ay = SEES ee Bi ar (4) 
PJsK Pr 5m,n,S : 
(aed say dary" =" 
Lt,7)= D> CxO Goaypa + os Die ayreet (5) 


D.Jjkr I,m,n, s 


* Section 15.5 was written by A. V. Andreev. 
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Here, the indices and the power exponents p, 7, k, 1, m,n, r, s take the values 0, 1, 2,... and vary 
independently in each sum; the quantities z* and z** depend on the variable t as follows (i? = -1): 


ze(t)=-1+(1+te", 0< 6, <2n; 


2"(t)=1+(1—-te™™, —-a1<0,<7. 


(6) 


It is also assumed that the functions A;(t), C,(t) and B,(t), Di(t) in (4)-(5) are finite and nonzero 
att =—-landt=+1. 

The geometrical meaning of expressions (6) is that for t — —1 (resp., ¢ — +1) the points z= 
(resp., z;*), on the complex plane, tend to —1 (resp., +1) along the ray obtained from the integration 
line by its rotation by the angle 6,. (resp., #;) about the point —1 (resp., +1). 


Remark. Note that in mathematical statements of some applied problems, the representations of 
zx(t) and z3*(t) in the form (6) may involve 6, <0 or 6, > 27. In view of the inequality 0 < 6, < 27 
indicating that the values of the angle 6, in (6) are counted counterclockwise from the positive 
direction of the axis Ox, one should replace 6, in each such case by a suitable equivalent value 
obtained by that rule. Similarly, if 6, > or 0, <—, this value of 6, should be replaced by a suitable 
acute angle. Such replacements ensure fixed signs in the formulas for z7(¢) and zj*(t), which appear 
in the generalized kernels (4) and (5). 


15.5-2. Auxiliary Results. 


Using (2) and (3), let us rewrite equation (1) in the equivalent form 
1 1 1 
u(t) lau a uy) / war +f K(t, T)w(7) ar| +i | L(t, T)w(7) dr 
mt Jy TH 4 -1 


1 
+ ie = =” + Kg(t, | uc) - uo} w(T) dt + : Lg(t, T)[u(T) — u(H|w(r) dr 
= -l 


Tm Tt 
1 I 
K(t, T)u(r) w(t) dr + i Lit, Tyu(r)w(7) dt = f(t), -l<t<1. (7) 
-1 -l 


It is easy to see from (7) that for Holder continuous u(r), the characteristic part of equation (1), 
which goes to infinity as £ — +1, has the form 


b(t) paul dt 


I,(t) = u(t) lau +— +[ Kg(t, T)w(7) ar| + 7 | Lg(t, ryw(r) dr. (8) 

The most general approach to solving an integral equation with conjugate unknown functions consists 

in regarding this equation as a system of equations for two unknown functions y(7) and y(rT), where 

the second equation of the system is obtained by passing from (1) to conjugate values. Let us write 

out the characteristic part of the equation conjugate to (1) (to be used in the sequel): 

b(t) [# a dt 
Tr 


1 
1, = ut) | Lg(t, T)w(T) dt + ult) Gong - +f Ky(t, T)w(7) ar], (9) 
I 


Let us examine the asymptotic behavior of the characteristic part (8) and its conjugate (9) ast > +1 
(zx — -1, zj* — +1). To that end, we obtain expressions for the leading terms of the integrals in 
the sense of the principal value and the integrals containing generalized kernels (4) , (5) ast > +1. 

In order to calculate the integrals in (8), we use the integral representation of the zero-order 
Jacobi function of the second kind ms, ) (z): 


a= 5 f = WO ar, 2 -LIL (10) 
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Using the representations of the Jacobi functions of the second kind in terms of the hypergeometric 


function F(a, b, c, 9), functional relations for this function, and the formula for the gamma function 
['(), we obtain from (10) the following formal expressions of the Cauchy integral: 


1 
[Po r= Re RD er (1-1-8 ) 
-1 


TO 2 (-1)8 sin(7) T(a+6+1) 2 
__ mw) ata L(a)E(G + 1) l-z 
7 Ebesncay — emer (1.-a- G10, 5 i: (11) 


where z ¢ [-1, 1]. Since F(a, b, c,0) = 1, the singularities of the Cauchy integral for z — +1 are 
completely determined by the first terms in the expressions (11). 

We fix the multivaluedness of (-1)* (A = a, 3) in (11) so that the resulting expressions correctly 
reflect the behavior of the Cauchy integral as z — +1 from the complex plane cut along the segment 
[—1, 1]. The leading terms of the asymptotic expansion of the Cauchy integral near the endpoints of 
the integration interval are obtained from (11): 


Y wr) _ 2%re™ . 
i, 0 ar} -] ~~ sin(B)~ sin(73) fa +2) ig eaee & ¢ [-1, 1); (2) 
1 
t/ 10 ar} = T-Bar 2 EEL (13) 
1 T-Z gal sin(7@) 


Here and in subsequent asymptotic formulas, we use the notation { F'(2)}2 4 = F'(2)|z—a, and only 
the leading term of the expansion is kept in the right-hand side. 

From (12) and (13), using the Sokhotski—Plemelj formula 26(x) = ©*(7)+®-(ax), we obtain the 
following asymptotic formulas for the leading part of the integral in the sense of the principal value: 


' w(t) z 
i. — dr - =-2%rcot(ma {+t}, (14) 


1 
/ wo ir} = 2° cot(ma){(1 —t)°}).41- (15) 
= = t+1 


Here, it has been taken into account that the power functions (1 + t)® and (1 —t)* acquire the 
coefficients e’"? and e?'*%, respectively, as one goes around the points —1 and +1. 
Taking into account the explicit formulas (6) and using (12), (13), we get 


1 w(T) _ 2g e-iTB eiOr 8 4 

i, T — 2n(t) wr} z = ie +t) Ve (16) 
: w(t) 2P re? 

‘1, fae} - . sin(7a) tl OM hoa (17) 


Note that when deriving the last expression, we have chosen the value e~'™® of the multi-valued 
quantity (—1)° like for (13) (see also (11)). 

The representation of the integrals in (8) of the terms of the kernels (4) and (5) with denominators 
of degree > | are obtained by differentiating the Cauchy integral in the parameter z: 


1 s—1 1 
| wrdr_ 1d fh WOM 8252S vs (18) 
-1 


1 (7-z)8  (s—1)! dz*! T-2Z 
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For the weight function (2) we introduce the notation 
w(r) = (1-r)°(1 +798 = wr), WD = w(7). (19) 


Consecutively differentiating relations (12), (13) and using (18), we obtain the following expressions 
for the leading terms of the expansions of the corresponding integrals (s = 2, 3, ...): 


1 we (7) dr 4 2% gem 6(3 -1)...(B—s +2) oo 
if (7 -2)5 ! sin) eer +2) "} yy 20) 
' w(9)(r) dr _ 2 re'™™ al(a—1)...(a—s +2) Sa 
ul. (T- 2) Ga. Gee ee FOU 


In view of (20) and (6), for the generic term of the first series in (4) (the second series is bounded 


for t — —1), we have 
1 j 1 
(+7)? +t? aay 7 | weFtP) (7) 
tf. An ) apparel yr wr) i} i {amon +t) Pesca dr se 


Bie GEG tes DeGoi 2) 


= pg ee ES ES j * B-j 

= —A,( Fate Gap {1+ t/(1 + 22) 2 ee 

a fe meth erPD (B+ p(B+p-1)..(8-j +1) 8 

= 2° Ag) — a a seas = {+t}, (22) 


In a similar way, using (21), we obtain an expression for the leading term of the integral of the 
generic term of the second series in (4) that goes to infinity as t > +1: 


: (=ry™1=-1)" (ag) 
if BOT aeripyrrt GT 


a8 (-1)" re (a+ mlatm-1)..(a—n+t 1) cists 
Sse aay sin(7a) (m+n)! 1S Drees 22) 


The expressions for the leading parts of the integrals of the generic terms of the series in (5) with 
the weight w(r) (see (8)) can be obtained by replacing a (3) by & (3) and Ax (B)) by Cx (D)) in 
(22) and (23): 


(1+7)?(1 +t) 4.8 
[ CO aya Penvarh ; 


re er B-) (8 + p(B +p—1)..(B-j + fa +0} 
sin(7) (p+)! to 


Tm - t)” we?) 
tf, Dy Ze*(pymrnad oar} s 


(-1)" re") (@ + m)(&+m-—1)..(a—n +1) 


sin(7a@) (m+n)! 


= -2°C;,(-1) ge 8) 


= 2° D,(41) Lda H* ce 5) 


It can be seen that representations (22)—(25) of the integrals of the generic terms of the series in 
(4) and (5) also cover the cases p = 7 = 0 and m = n = 0 (see (16) and (17)). Summation of these 
representations with respect to the parameters of the corresponding series in (4) and (5), together 
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with (14) and (15), allows us to obtain analytic formulas for the leading parts of all integrals in (8) 
and separate the factors that go to infinity as t — +1 (-1 < Rea,Re <0). 

Let us examine the representation of the conjugate characteristic part (9) of equation (1). The 
expression for the integral in the sense of principal value in (9) is easily obtained by the replacement 
of a with @ and ( with B in (14) and (15). In order to obtain representations for the integrals of 
the generalized kernels (4) and (5) in (9), one should perform similar transformations a «> @ and 
G3 <— B in (22)+(25). Moreover, it should be taken into account that passing to conjugates in these 
kernels is accompanied by the replacement of the coefficients A;, Bj, Cy, D, and the functions 
z,(t), z;*(t) by their conjugates (see (4) and (5)), the last operation, in view of (6), being equivalent 
to the replacement of 6,. by 27 — 6, and 6, by —0,. The final expressions will not be written out here, 
since the comparison of the representations obtained in the above way with (22)—(25) shows that the 
former can be obtained from the latter by formal passage to the conjugate quantities. 


15.5-3. Equations for the Exponents of Singularity of a Solution. 


In order to obtain an equation for the exponent (3, we write the expressions of the characteristic 
part (8) of equation (1) and its complex conjugate (9) for t — —-1: 


LQ) = 2A, B{A+H},, weD+2%Ay@{a+o?} — woo, 


~ : y E (26) 
TW) = 2° Ay (9) {1+}, , we +27ARD{A+H9) we, 
Here, 
Aj (8) = a(-1) + i cot(7A)b(-1) + 2° { Kg, i, ae 
Aj(8) = 2" {Lg, Oo}, (27) 


An (8) = Ajy(B) = 2° {Lov}, 
A5)(B) = Aj, (B = aCD - i cot(aB)bC-1) + 2 KG: iy ae 
where {K. 3 wh ,_,_, Stands for the coefficient of the leading term of the asymptotic expansion of 


the integral of kernel K,(¢,7) with weight w(7) as t — —1. In view of (4), this coefficient is a sum 
of bounded factors of expressions calculated on the basis of (22), i.e., 


eee i0,(a-j) (8 + PB +p-1)..8-j +) 
Ko}. =a > [Anche : (p+)! 


Djk, 7 


. (28) 
Using (24), we obtain a similar expression for the integral of the function L,(¢, 7)w(r) in (8): 


2emeinb . | Cellet) Car pant) (29) 


oD ae re Ga 


There is no need to write out the coefficients of the leading asymptotic terms of the integrals 
of generalized kernels in (9), because of the above-mentioned fact that these coefficients are the 
complex conjugates of the coefficients (28) and (29). This fact is reflected in the relation between 
the functions Aj) (h, q = 1,2) in (27). 

Let us rewrite the expression (26) in the form 


LO={a+yree} — freay@{asyime} we 
+2ALD{A+y ms} wD], 

Te={a+o} — [ean@{aroimeh — wet 
+2 AnD{a+y mel wD). 


D.jk, 7 
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It is easy to see that the first factors in the right-hand sides go to infinity as t — —1. Since the other 
terms of equations (7), not involved in (8), and the right-hand side of (7) are bounded for t — -1, it 
has to be required that the second factors (those in square brackets) be equal to zero. This brings us 
to a system of two homogeneous algebraic equations for the values u(—1) and u(-1): 


2°A(D{A+ tPF} w+ 279A, @{d+ Hy} wl 
2°A5(B) {A+ em} w(-1) + 2°AR(B {+P} uD 


wm 


(30) 


= 0, 
=0. 


According to the statement of the problem, the unknown function u(7) does not vanish at the ends 
of the interval [-1, 1] (see (3)), and therefore, in order to satisfy this system it is necessary to require 
that its determinant be equal to zero. Interpreting an ambiguity of the form x’*(x — 0), dividing 
by equal factors, and taking into account the relation between functions (27), we finally obtain the 
following transcendental equation for the singularity exponent of the solution of equation (1) at the 
left endpoint of the integration interval: 


Aj (9)A7, (8) — Aj2(8)A7, (8) = 0, (31) 


where 


Aj)(9) = a(-1) + i cot(7B)b(-1) 


mem 16,(3-3) (8 + PG +p—1)..(G-7 + 2| 
is Te OO) A | 32 
sin(B) > KDe (p+)! G2) 
ee nein 10-7) (8 + p(B +p 1)...(B -j +1) 
Ai(8) = =e) os Icicte ee | (33) 


Note that the relation between u(—1) and its conjugate u(—1) represented by either equation (30) is 
actually only seeming, since for complex (3 (Im (@ # 0) the limit {a +n)riim Oe does not exist. 

To obtain an equation for the singularity exponent a, one should write the expressions for the 
singular part (8) of equation (1) and its conjugate (9) for t — +1, and then argue as above. Omitting 
intermediate calculations, we obtain the following transcendental equation for a: 


Aj (At (a) - Ay, (@) AF (a) =0, (34) 
where 


Aj (a) = a(+1) — i cot(ra)b(+1) 


gna Ue soa) 
* Sintra) ome Bice Die Ee (35) 
ia) = —*~— —1)Metea-n) (A+ MING + m= 1). n+ D 
Aja) > sin(7a@) os [Dicey 1) e Cia t (36) 


Thus, the problem of finding the exponents of the asymptotic solution of equation (1) at the endpoints 
of the integration interval has been reduced to two independent transcendental equations (31) and (34) 
for these exponents. The roots of these equations lying in the strip —1 < Rea, Ref < 0, are the 
desired singularity exponents in the weight function (2), and the corresponding root with the minimal 
real part is the leading exponent of the singularity in the solution of equation (1) at a given endpoint 
of the integration interval. 
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15.5-4. Analysis of Equations for Singularity Exponents. 


Let us give a theoretical analysis of possible solutions of equations (31) and (34). For definiteness, 
consider equation (31). Using the relations between the terms involved in that equation, we can 
transform it to 


([A7,(8)| - [A ()1) (A711 + 1A72(4))) = 0. (37) 


It is easy to see that the left-hand side of the equation obtained is a real-valued function of the 
complex singularity exponent (3, and the zeroes of this function can be found by equating to zero its 
first and its second factors, which are also real-valued functions. 

Equating to zero the first factor in (37), we obtain the equation 


|A7,(8)| -|Aj2(8)| = 0, (38) 


which can be considered as an (implicit) equation g(x, y) = 0 of some curve on the plane zy, where 
x and y are, respectively, the real and the imaginary parts of the exponent 3 (a = Re 3, y = Im £). 
Therefore, if at least some part of this curve lies in the strip —1 <x <0, then equation (1) allows for the 
existence of infinitely many singularity exponents of its solution. In this situation, the quantity @ can 
be fixed only if the unique solvability of equation takes place only under an additional condition, and 
this condition, in its turn, imposes certain constraints on the singularity exponents. The solvability 
conditions occurring in applications impose no constraints of that kind (see the references at the end 
of this section), and the theory of equation (1) with generalized kernels, which might give a definite 
answer in regard to such a condition, has not been developed to a sufficient extent,* in spite of the 
fact that equations of type (1) quite often occur in problems of mechanics and mathematical physics. 
It is apparent from (33) (see also (5) and (7)), that it is the integral of the function L(t, T)p(7) in (1) 
that is responsible for the appearance of the term |A73()| in (38). If L,(t, 7) = 0, this term is absent 
and (38) reduces to the equation 


Aj, (8) = 9, (39) 


whose left-hand side is a complex-valued function. This means that in this case there is a system of 
two real equations 
Re [Aq + iy)| = h(x, y) = 0, 


40 
Im [Aj, (a + ty)| = p(x, y) = 0 ms 


for the real and the imaginary parts of the singularity exponent. Of course, in some special cases the 
curves h(x, y) = 0 and p(a, y) = 0 may have infinitely many common points (i.e., coincide on a finite 
arc L). However in actual applied problems as a rule, there are finitely many points of intersection of 
these curves, and therefore, finitely many solutions of system (40), which are admissible singularity 
exponents 3 = x + zy for solutions of equation (1). 

Thus, analysis of equation (38) shows that the integral (with generalized kernel) of the conjugate 
of the unknown function in equation (1) leads to a qualitatively new behavior of the singularity 
exponent: equation (31) defines infinitely many singularity exponents admissible for solutions of 
equation (1) (provided that a finite part of the curve g(x, y) = 0 associated with equation (38) belongs 
to the strip -1 < x < 0). 

Equating to zero the second factor in (37) brings us to the system of equations 


Aji,(8) =0, AjR(8) =0, (41) 


whose left-hand sides are complex-valued functions. This system is overdetermined, since it 
imposes four real conditions on two real unknown variables x and y (G = « + zy). Although (41) is 


* One of the rare publications in this area is the monograph by Duduchava (1979) that dealt with singular equations with 
generalized kernels not containing integrals of the conjugate of the unknown function. 
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an overdetermined system, it cannot be excluded that there exist / in the strip —1 < x < 0 satisfying 
(41), and this shows that the second factor on the left-hand side of (37) should be taken into account 
when solving specific problems. 

Going back to equation (31), we note that a more narrow class of its solutions can be obtained a 
priori by taking a real @ (Im @ = 0). In this case, equation (31) becomes 


Aj, (8)47 (8) — Aq2(B)A5,(9) = 0, (42) 


where the conjugation applies only to the functions (32) and (33), not to the parameter 3 (8 in (33) 
must be replaced by 3). This real equation serves to determine real singularity exponents admissible 
for equation (1). As a rule, there are finitely many such exponents. 

There is an important point that should be mentioned in connection with the a priori assumption 
of @ being real. By similarity with an algebraic equation with real coefficients, equation (42) may 
admit (mutually conjugate) complex roots, in particular. Of course, such roots should be excluded 
from consideration, since neither they nor their real parts satisfy the original equation (31), and, 
therefore, are inadmissible for equation (1). 

Selecting a root with the minimal real part (-1 < Re @ < 0) in the solutions of equations (37) 
and (42) allows us to determine the leading singularity exponent of the solution of equation (1) at 
the left endpoint of the integration interval. 

Prior to solving equation (31), it is convenient to perform a regularization by extracting the 
factors 1/ sin(7@) and 1/ sin(73) in (32) and (33), respectively. After the division of equation (31) 
by the factor 1/| sin(7@)|, which does not vanish in the strip —1 < Re 3 < 0, the left-hand side of 
the equation becomes an analytic function in a finite region of the complex plane x + iy = 3. This 
allows us to use the methods of the theory of analytic functions for solving the equations constructed 
above. 

Similar arguments and remarks are valid for equation (34) for the singularity exponent a. 

Table 10 summarizes the above analysis and other results known about exponents of singularity 
of solutions of singular integral equations of the form (1). 


TABLE 10 
Singularity exponents for solutions of different cases of integral equation (1) 


Functions involved in : : a ege xy 3 
equation (1) Singularity exponents Qualitative character of singularities 


a(t)=0, =B= Real singularity, 
K(t, T)=0, unique in the interval 
L(t, T)=0 =-G=+ -l<a, B<0 


Complex singularity, 
unique in the region 
1)-a(+1) -1<Rea, Re B<0 
(upper sign corresponds to the exponent a, 

lower corresponds to 3) 


K,(t, T)=0, Ser , 
L(t, 7)=0 Pg eee), 


are determined by the equations: Singularities are complex (in general) 
At (a)=0, A>,(3)=0 and form a discrete set, 
ul ee Rea, Re 3#-1/2 


. . Complex singularities 
are determined by the equations: have continuous distribution. 
Complete equation (1) Aj (AT (@) - Aj(Q)AT(G)=0, Under the a priori assumption 


Az, (BAZ (B) - Aj(BAz(B) =0 Im a=Im G=0, real singularities 
form a discrete set 


Remark. Singularity exponents a and @ are independent of the Fredholm kernels K(t,7) and L(t, 7) in the integral 
equation (1). 
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15.5-5. Application to an Equation Arising in Fracture Mechanics. 


As an application, we use the above approach to determine singularity exponents for an equation 
that arises in a two-dimensional elasticity problem for a rectilinear crack of unit half-length with a 
vertex on the interface between two materials with different elastic properties (Linkov, 1999). This 
problem can be reduced to the integral equation 


1 1 , 
/ g7) ar | K,(t, T)¢(7) ar | Lt, r)y(r) dr =f, -1<t<1, (43) 
- -1 1 


17-0 = 
where 
Ao Aj l+r (1+7)1+¢#) 
K,(t,7) = pa 
aft,7) T-2 T-2t "(ay : (7 - 2g) 
Ao = im, A, = Os Az = mg — e747, Az = 2ane™"7; 
l+r l+7 x2 ivy, 44 X2 ivy 24 
L,(t,T) = Co; _ + C1 —— Co =-S Ud - ee", Cy =-Sd-e ee"; 
gt, T) Gan  G=ay Cree 1 Bee 
2g =-14+(14+ He, 0<0)=2y<2n;  2¥=-14+(14+de™, 0 <0, =2(n-7) < 2m; 
_ Kopi — Ki ple _ _ 27H 
IS See a eee oe PD. 
M2 + Kf My + Ki p2 


p(t) = f(t)/m is a self-balanced load on the crack surface, «, = 3 — 4v, for the plane-strain state, 
and «,. = (3-v,)/(1+,-) for the plane-stress state; v,. is the Poisson ratio, ju, is the shear modulus 
(r = 1,2). The index 2 in the last expressions refers to the upper half-plane (i.e., j12 and 1 are its 
elastic constants), and the index | refers to the lower half-plane with the crack whose line forms 
angle y with the positive direction of the axis Ox associated with the interface (0 < y < 7). 

Equation (43) has a unique solution in the class of functions that may go to infinity at the 
endpoints of the integration interval, provided that an additional condition is satisfied. The condition 
is that the displacement jump at the endpoints of the crack is zero: 


1 
/ y(t) dr = 0. 


1 


Since the kernels in (43) are bounded for 7 = t — +1, the expression (36) and the last term in (35) 
are equal to zero, and from (34) we obtain the equation cot(7a@) = 0 (a(t) = 0). The solution of this 
equation with the minimal real part (Re a > —1) is the root a; = —1/2 corresponding to the common 
root singularity of the unknown function. 

Calculating the expressions (32) and (33) for the kernels in (43), we have 


Aji(B) = F(G){ cos) 
+en8 [ Ave’ + Aye’ + Are*?(3 + 1) + 5 Axel + 18] b (44) 
Aix(B) = Fe [Coe'FB + 1) + Cre(G +], 


where F'(3) = —1/ sin(7). 

The complex solution of equation (31) with the minimal real part was obtained with the help of 
graphical analysis and numerical methods (the Muller method, the chord method, and the golden 
section method). 

Figure 7 shows the dependence of the leading complex singularity exponent (7 on the angle y 
within the range 0 < y < 7/2 (G(7-4) = BO)) for 1; = 1% = 0.3 (plane strain) for two cases 
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—0.30 0.08 0.2 0.09 
Re B Im B Re Bl +Im B 
0.55 f 0 0.5 0.045 

—0.80 —0.08 —0.8 0 

0 7/4 y 2 0 7/4 y 7/2 
Figure 7. Dependence of the leading complex singular- Figure 8. Dependence of the leading singularity expo- 


ity exponent @ on the angle y resulting from Eq. (38). nent ( on the angle + resulting from Eq. (42). 


i/o = 0.1 and p41 /p2 = 10 (the respective exponents are labelled by 1 and (\9). Note that 
the function g(x, y) = 0 (see the interpretation of equation (38) in Section 15.5-4) has a kink at the 
point corresponding to the root with the minimal real part. Note also that for the parameters of the 
problem under consideration, numerical experiments have shown that the equation Aj, (3) = 0, the 
first equation in system (41), has suitable roots (with —1 < Re § < 0) and the equation Aj,(3) = 0 
has no roots. 

Figure 8 gives calculation results for the singularity exponent which were obtained using sim- 
plified equation (42) with the parameters of the problem being the same. The set of roots of this 
equation consists of two real values and, for some parameters of the problem, two complex-conjugate 
ones. The minimal real root is always greater than the corresponding real part of the complex root 
(Fig. 7), except for the points at which its imaginary part changes sign. 
© References for Section 15.5: F. E. Erdogan (1975), F. D. Gakhov (1977, 1990), R. Duduchava (1979), A. F. Nikiforov 


and V. B. Uvarov (1988), N. I. Muskhelishvili (1992), W. H. Press et al. (1992), M. P. Savruk et al. (1999), A. M. Linkov 
(2002), A. V. Andreev (2007). 


15.6. Direct Numerical Solution of Singular Integral 
Equations with Generalized Kernels* 


15.6-1. Preliminary Remarks. 


Below, we describe some approaches to the direct numerical solution of integral equations with 
generalized kernels of the Cauchy type (see Section 15.5). These approaches are based on the 
method of collocation and are more or less traditional, but due to the class of equations examined 
here have some specific features which require some special considerations. 

The first characteristic feature of the class of equations considered here is the presence of 
nontrivial (generally complex) singularities of the solution at the endpoints of the integration interval. 

In order to obtain integral (nonlocal) characteristics of solutions of equations with generalized 
kernels, one can adopt well-known numerical approaches that do not take into account the asymptotic 
behavior of a solution near its singular points at the ends of the integration interval. On the other 
hand, numerical experiments show that in some situations such methods (for instance, the method 
of discrete vortices) applied to integral equations with generalized kernels give inadequate results, 
even if used to find integral characteristics of a solution (see the next paragraph). Moreover, it is 
of special interest to obtain a fairly accurate local distribution of solution within the framework of 
the process of its numerical construction, which requires utilization of methods explicitly taking 


* Section 15.6 was written by A. V. Andreev. 


15.6. DIRECT NUMERICAL SOLUTION OF SINGULAR INTEGRAL EQUATIONS WITH GENERALIZED KERNELS 793 


into account asymptotic behavior of solutions. In particular, it is very important for construction of 
correct solution asymptotics near the endpoints of the integration interval. Thus, direct numerical 
solution of singular integral equations with generalized kernels presumes that one has to find a 
bounded function u(7)*, while the Jacobi weight function w(7) with singularities is supposed to be 
known from preliminary analysis, and its asymptotic behavior at the ends of the integration interval 
is explicitly taken into account in numerical approximations of integrals and other calculations. 

The second characteristic feature of equations with generalized kernels is that, as a rule, the 
analytic continuation of integral kernels (in the integration variable) has singularities outside the 
integration line, and this fact necessitates the application of high-precision quadrature methods for 
the numerical approximation of integrals with such kernels. In this connection, quadrature formulas 
of the highest algebraic accuracy (like the Gauss method) are used below, and quadrature formulas 
of interpolation type are used to ensure greater flexibility of the collocation method. 

The material presented below can be divided into two parts: first, in Sections 15.6-2 to 15.6-4 
we describe auxiliary numerical-analytical results, and then, in Sections 15.6-5, 15.6-6 we apply 
them to the construction of solutions to singular integral equations; in particular, we give examples 
of their numerical realization and compare its results with exact analytical solutions. 


15.6-2. Quadrature Formulas for Integrals with the Jacobi Weight Function. 


For the numerical approximation of a nonsingular integral with the weight function w(7) in the form 
of a sum we use the Gauss—Jacobi quadrature formula (of the highest algebraic precision): 


i u(T)w(T) dr = 2 W,u(tz), Rea, ReG>-l. (1) 
= k=l 
Hele (a8) (a8) 
oP = [ wenPiePer) Oy: _ Pn) me 
[Pn (te) 


and P‘*-9)(r) is the Jacobi polynomial defined by 


a - 


POD errs oa “(14 ayo ~[a- rere rh 


(3) 
=2" : CR OPS 1h eH)” 


Cy are binomial coefficients, and the nodes 7; of the quadrature formulas form the set of roots of 
this polynomial, 


POD) (7,) =0, k=1,2,..., 7. (4) 
Formula (1) is exact if w(7) is a polynomial of a degree < 2n — | (or briefly, u(7) € Ay). In 
formula (2) and below we use the notation [F'(7;)]’ = ae oar 


For Rea >-1, Re G>-1, and Ima=Im (@ =0, the roots of the Jacobi polynomial are simple and 
belong to the interval 7 € (—1, 1). The quadrature formula (1) remains valid in the case of complex 
values of a and /3, but in this case the roots of the Jacobi polynomial also turn out to be complex 
(Im 7; # 0) and lie near the interval 7 € (-1, 1). 


* Recall that a solution of a singular integral equation is sought in the form of the product 
p(T) = u(r)w(r), where w(7)=(—7)*(1+ rT), -l<7<l, Rea,ReG>-l 


(see formulas (2)—(3) in Subsection 15.5-1). 
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Note that the function ¢‘°-*)(t) can be easily expressed through the Jacobi function of the second 
kind Q‘@-°)(t) and the weight function w(r): 


gt) = wHQe), (5) 


and the zeroes of these functions coincide on the interval t € (-1, 1). 
For a singular integral with the Cauchy kernel, the following modification of the Gauss—Jacobi 
quadrature formula holds: 


— =m i u(t) aoe -l<t#%<1, Rea,Re@>-l. (6) 
-1 


This formula is exact if u(r) € Ap (i.e., u(r) is a polynomial of degree < 2n). 
For a discrete set of points f,,, such that (see (5)) 


QO Em) =0, tm # Ts (7) 
the quadrature formula (6) becomes similar to (1): 


‘uryw(r) , ox u(Th) 
a er aD SL eran, (8) 


k=1 


For the restoration of the values of the unknown function u(7) on the entire interval 7 © [-1, 1] 
from its values on the discrete set 7 (k = 1, 2,...,), one can use the Lagrange interpolation 
polynomial, which it is convenient to write in the following form (since the interpolation is with 
respect to the zeroes of the Jacobi polynomial): 


(Tr) 
(7) = POP (r) > 8 (9) 
os s - (r= POO 


This interpolation representation is exact if u(T) is a polynomial of a degree < n — 1. Note that the 
representation (9) may be useful for the approximation of the term outside the integral in a singular 
equation of the second kind. 

Moreover, on the basis of the approximation (9), one can construct quadrature formulas of 
interpolation type for a singular integral. Substituting (9) into (6), we obtain the following quadrature 
formula for the singular integral: 


1 n 
/ WOW tr = > WO ulTe) -l<t<l, Rea, Ref > -1, (10) 
-1 


T-t 
k=l 


which is precise for u(t) € H_1. Here, 


g(r) — q’ (4) 


1 P&-Pr, Vr, —B) if t # Tks 
WO — [ i “5 oO (Tk F ) al 1) 
[g(r] oa 
eS if t=7,. 
[Pn )V 


Note that the lower expression for the weight in (11) is obtained from the upper one by passing to 
the limit as t — 7; It can be seen that the quadrature formula (10) for the singular integral (unlike 
the similar formula (6)) holds also at t = 7. Moreover, formula (10) yields an expression which, in 
contrast to (6), is an approximation based only on the density values at the nodes of the quadrature 
formula (see also (8)). 
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15.6-3. Approximation of Solutions in Terms of a System of Orthogonal Polynomials. 


As mentioned in the previous subsection, for Im a # 0 or Im 3 #0, the roots of the Jacobi polynomial 
are complex (Im7; # 0). This is an obstacle to the utilization of the above quadrature formulas 
for the approximation of integrals, since it becomes necessary to find the unknown function of the 
integral equation outside its domain 7 € [-1, 1]. 

To construct a solution of an equation with complex asymptotics at the endpoints of the integra- 
tion interval, let us represent the unknown function u(r) in the form of expansion in terms of a finite 
system of Jacobi polynomials which are orthogonal on the segment [—1, 1] with weight function 
w(t): 


WSS EO e: (12) 


k=0 


Here, c,, are complex constants to be determined, and Pee (7) is a Jacobi polynomial of real argu- 
ment 7 with complex a and (3. Such a representation allows us to perform analytical integration of 
the singular integral in terms of special functions on the basis of the following integral representation 
of the Jacobi function of the second kind Q'°*”)(t) (see (2), (5): 


1 (a, 3) 
i cigs Bee ae whQem, -1<t<1. (13) 


1 T-t 


When using (12) for the approximation of a solution of an integral equation, one has to deal with 
integrals of the form 


1 
h(t) = / k(t, ryw(r)POO(r) dr, -1<t<1, (14) 
-1 


where k(t, 7) is a generalized kernel. In general, such a kernel (see, for instance, (4) and (5) in 
Section 15.5) is nonanalytic for 7 in a neighborhood of the segment 7 € [—1, 1] on the complex 
plane. At the same time, if for a specific kernel one can separate its poles from the region of the 
complex roots of the Jacobi polynomial, then a direct and fairly precise approach to the calculation 
of integrals (14) can be realized by the method of mechanical Gauss—Jacobi quadratures (1). If such 
an operation is impossible or entails very difficult calculations, the following technique can be used. 

Let us approximate the kernel k(t,7) by a degenerate kernel in the form of a polynomial of 
degree N with respect to T: 


N 


kt,7) = So e(t)r*, t€ Cl, 1). (15) 


s=0 


Obviously, the Jacobi polynomials can be represented in a similar form 


k 
POG =. oF (16) 
1=0 
Here, the superscript in the coefficients gq refers to the highest degree of the polynomial. 
Using (15) and (16), we obtain the following expression for the integral (14): 


N+k 


1 
hy(t) = as S- dt) i ri w(r) dr. (17) 
w(t) i d -1 
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Here, the coefficients dt) can be written in the form 
k ! k 
a Oa) eg". (18) 
s=0 
which is obtained on the basis of multiplication of the series (15) and (16). Note that in the sum 


(18), one should take c,(t) = 0 for s > N and ae =Oforj—-s>k. 
To calculate the integrals involved in (17), we use the identity 


1 1 54 14 
/ TI w(r) dr = ee art. | THEO i, (19) 
= -| T-t, -l Tt, 


Here and in what follows, —1 < t, < 1 is a fixed auxiliary parameter. The integrals in the right-hand 
side of the last expression can be calculated with the help of (13), which, in view of (16), can be 
represented in the form 


(aA) — gf alas 
Qin (ta) = se 


1 (m) w(t) ( 7, Tw(T) i T™ w(t) 
= —— |g” —_d ie —— d (m) —— dr}. 
w(ty) i p: Tt, ee 1 T-ts Te Om 4 Tate 3 


The last expression implies that the integrals of the form 


(te) Q(t) - s Gf Tplte HF (20) 


T= 
= =H 
a | T ts Gm p=0 


In(tx) = w(t Qt) 


can be calculated on the basis of the above recurrent relation (note that g? = = 1). 
Let us introduce the function 


Sm(ts) = 


Lint) _ : —.| 


(a8) (m) 
eS QO (ty) - or Splts IF (21) 


p=0 


SoH Or Ge): 


calculated on the basis of a similar recurrent relation. Substituting (19) into (17) and using (20), 
(21), we finally obtain 


h;(t) = y wls jai(ts) — te Si(t)], —-L<t<1. (22) 
j=0 


Note that the above approach to the calculation of integrals (14) based on the expansion of the 
generalized kernel in power series (15) might be especially convenient if the kernel k(t, 7) cannot 
be expressed explicitly and one has to use its representation as an integral. In such a situation, the 
representation (15) can be obtained with the help of the expansion of the integrand in power series 
with respect to 7 and subsequent analytical integration of that series. 
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15.6-4. Some Special Functions and Their Calculations. 


In order to implement the above methods for the approximation of integrals with the Jacobi weight 
function, it is necessary to calculate special functions and their roots with great precision and 
efficiency. Next, we sum up the results necessary for the implementation of the methods and 
approaches proposed above (see also the references at the end of this section). 

To calculate Jacobi polynomials and their set, as well as the corresponding functions of the 
second kind, it is convenient to use a single recurrent procedure based on the relation 


an VO (T) = (On + Cn TUS (7) = dn UOP(2), >) 
Qn = 2A(n+l)(n+at+B+lIQn+a+ f), 
bn = (2n+ a+ B+ 1a? - 6”), 
Cn = Qnt+at+ AQn+at+B+DQn+a+ +2), 
dy =2A(n+alnt+ B2Qn+a+ 8 +2). 


Here and henceforth in this subsection, we use the symbol W to denote the polynomial P and the 
function of the second kind Q if they satisfy identical relations. 

For the coefficients ie of a Jacobi polynomial of the form (16), one can construct recurrent 
relations that can be used for the determination of the coefficients of a polynomial of degree n + 1 
in terms of the coefficients of polynomials of smaller degrees n and n — 1. Thus, substituting (16) 


into (23) and equating the coefficients of equal powers of T, we obtain 
G0 SO Soave Lab ar SOOe . OE PSR a0. =O yale 4) 


Since the derivative of a Jacobi polynomial (function of the second kind) is expressed through 
two consecutive polynomials (functions) of the corresponding orders with the same parameters a, 
(6 and argument rT: 


(= LUO POY = Gn + but VOPO) + EVP (7); (25) 
_ n(a-f) 7 ~ _ Ant+aj(n+ f) 
"nearp = Ona B) ” ai 


its calculation reduces to the calculation of coefficients (26) and their substitution into (25) on the 
final stage of the recurrent procedure (23). 
As the initial values in (23), one can use the Jacobi polynomials of the zero and the first orders, 
POC) =1,  PIY?(r) = F(a-B)+42tat Ayr, 


and for a function of the second kind, use the initial values obtained from the explicit expression 


REO I 


l+r 
(a) 2 ep — 3: 
OW O=— cea as Bent atl, B)F(n+1, n-a-B,1-B;— ) 
7 TPO (7) or ees 
= ma went A+ La\F(n+1,-n-a-B,1-a; >"), (27) 


where B(x, y) is the beta function, F’(a, b,c; z) is the hypergeometric function, and -1 < 7 < 1. 
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For the calculation of the hypergeometric function for -—1 < z = (1+7)/2 < 1, one can use its 
representation as the Gauss series (see Supplement 11.10) 


KOLLER een re De are ae (28) 


(Om  m! 


Pahoa 14 See 


The beta function is related to the gamma function I(x) by B(a, y) = [(a)T'(y)/T (x + y), and the 
latter can be calculated quite accurately by the Lanczos approximation 


@4Cj=1/2)"/4 a seb 
T(@) = V2" —— ay sit D Seo)? 2FO SE Daa. (29) 


For m = 15, the coefficients of the approximation (29) have the form 


C; = 607/128, 8, = 0.999999999999997, 
82 = 57.15623566586292, 83 = —59.59796035547549, 
s4 = 14.13609797474174, 85 = —0.491913816097620, 


5 = 0.339946499848118x 104, — s7 = 0.465236289270485 x 104, 
sg = —0.983744753048795 x 10%, sy = 0.158088703224912 x 10°, 
S19 = -0.210264441724104 107, 51, = 0.217439618115212x 10°, 
$12 = 0.164318 106536763 x 10°, 513 = 0.844182239838527 x 107, 
S14 = -0.261908384015814x 104, 515 = 0.368991826595316 x 10>. 


Note that the above methods for the calculation of special functions are applicable for both real and 
complex parameters and arguments of these functions. 

Moreover, for real values one can obtain explicit expressions for the nodes and the weights 
in quadrature formulas. These expressions were obtained for large values of the discretization 
parameter, n >> 1. In this case, the Jacobi polynomials and the integral (2) can be written in terms 
of elementary functions: 


cos{ [n+ (a+ 8 + 1)/2]0-(2a + 1)r/4} 
mn (sin(9/2))°*!/2(cos(6/2))3+!/2 


(@A)(e96) = 2008, |% Sint [n+ (a+ 6+ 1)/2]6-Qat In/4} | A a2 
ay EOS) Se = (sin(@/Dy**(cos/Dyeae TO"). GY) 


P°P)(cos 6) = O(n”), 0<O<n, (30) 


On the basis of these results, one obtains the following approximate expressions for the nodes and 
the weights in the quadrature formulas: 


2a-1+4k 4 
Me COS MRS eae ee ee (32) 
W, ail 1-72(1-7) (1 + 74)? (33) 
= ————_—,/1-7, (1-7; Th). 
e” Intat B+ E : R 
Note that these expressions for the nodes and weights are precise for a = +1/2 and @ = +1/2 for 


any n. 

In the general case, the real roots 7, of a Jacobi polynomial (or function of the second kind) 
can be calculated by means of the following algorithm. Choosing a suitable initial approximation 
qh” for the kth root, its value can be found, quickly enough and with given accuracy, in an iteration 
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process based on the Newton method (of tangential lines), by consecutively refining the position of 
a root with the help of the expression (7 is the number of the iteration) 


(a) 
7D _ O _ VO Ge ) 


Se eed aE a Pee (34) 
(eG yy 


It is possible to choose initial approximations for (real) roots of Jacobi polynomials in the form 


(1 + a)[2.78/(4 +n”) + 0.768a/n?] 


1 
nee 1+ 1.48a/n + 0.963/n + 0.45202/n? + 0.83a3/n2’ 
a. CU-%)4.1+a) 0.06(n — 8)(1 + 0.12) 0.0121 + 0.25]al) 
2 = - | - n |r n ) 
1) 2 Hy (Hy 14028 [ : 927-8) 83 
; 1+0.370 n (6.28 + Bn? |’ 
) = 34,1 —3 7h + 743, 3<k<n-l, 
7 =F yg Fog) ht O58 Lene | ‘ ats] 
oe *"0.766 + 0.1198 1+0.71(n—4) (7.5 +a)n2 
Mises Ee OSTe mn a , 8a | 
: 1.67 + 0.288 (6.28 + a)n? 


Here, the quantities marked with tilde denote approximate values of the roots of the polynomial 
which were obtained as a result of previous iteration processes (as regards this process). 
Initial approximations for (real) roots of a function of the second kind may be chosen in the form 


Af) =1-n Pa 41/2Pd+n), a>-1/2; 


ED = (7+ Fe-1)/2, k= 2, By. cts ME (35) 
io, =-1-1 (8 41/2" C1+%),. 6 >-1/2. 


When calculating complex roots of Jacobi polynomials (Im a # 0 or Im ( # 0), one can take as 
the initial approximation 7 in (34) the roots of the real polynomial P®&° “8° 9)(7), which can be 
found from the equation P®&« Re A) =0,k=1,2,...,n. 


15.6-5. Numerical Solution of Singular Integral Equations. 


Consider a complete singular integral equation of the first kind 


1 1 
i p(T) a +/ k(t, rp(r) dr = f(t), -l<t<1. (36) 
=] -l 


T- 


Using approximations of the integrals (1) and (6), we write it in the form 


uj 


i nt + 3 Waid] 7 tke, m) =f(t), -l<t<1l, t#7%. (37) 


k=1 


Next, one can realize several versions of the construction of a complete system of algebraic equations 
for the values u(7;,) (k = 1, 2, ..., 1) on the basis of the collocation method. 
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If the function of the second kind Q(t) (see (5) and (7)) has = n zeroes on the interval 
t € (-l1, 1), then, using these zeroes as collocation points (see also (8)), one can construct the 
complete system of algebraic equations 


a Wound] : +k(tm,Tr)| = fim), m=1,2,..., 0. (38) 
kel Tk —tm 


This situation takes place in the case of a >—1/2 or G >—1/2 (see (35)). If neither of these conditions 
holds, then the function Qe) (t) has n—1 zeroes on the interval ¢ € (—1, 1), and one should use the 
following approaches. 

First of all, we note that in actual applied problems, equation (36) whose solution has singularities 
in the region —1 < a, 3 < —-1/2 as arule is accompanied by the condition 


1 
/ gp(r)dr=A (39) 


1 


(A being a known constant), whose quadrature analogue (see (1)) 


S- Wiu(te) = A (40) 


k=1 


allows us to complete the algebraic system of equations. 

At the same time, in cases not covered by this rule, one can use (9) for the interpolation of 
the unknown function in the first term in (37) and the construction of a complete system of linear 
equations on an arbitrary set of collocation points -1 <tm #7, <1(m=1, 2, ..., n). An equivalent 
approach is to use the quadrature formula (10) for the approximation of the singular integral in (36), 
and in the latter case, collocation points can be chosen coincident with the nodes of the quadrature 
formulas ty, = T, (m, k= 1, 2, ..., n): 


n 


S- u(Tk) len) +W,k(tm,Te)| =f(tm), k m=1,2,..., 7. (41) 
k=1 


The last approach is especially convenient in that the special functions necessary for its realization 
are calculated only for a single system of points, namely, for the nodes of the quadrature formulas. 
Note that an important feature of all approaches described above and realized in the framework 
of the collocation method is the utilization of a quadrature formula of the highest algebraic precision 
for the approximation of an integral containing a generalized kernel k(t, 7). 
Consider the complete singular integral equation of the second kind with generalized kernel 
k(t, 7): 


1 1 
a(t)p(t) + | canes +/ kt,ny@)dr=f®, -l<t<1. (42) 
mm Jy Tt I 


If the solution of this equation has real singularities at the ends of the integration interval, then a 
numerical approximate solution can be constructed by quadrature-collocation methods similar to 
those described above, with the interpolation polynomial (9) used for the term outside the integral. 
However, in many actual applied problems, singularities of a solution of equation (42) are complex, 
and this requires the approach described below. 

Using the approximation (12), from (13) and (42) we get: 


. b 
WO Ck lawrer@ 4 acy +hi(t)| =f), -l<t<1. (43) 
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To obtain a system of linear algebraic equations for the unknown coefficients cz (k = 0, 1, ..., 7), 
the expression (43) can be written for the corresponding number of collocation points t,-: 


~ . [ame 
w(tr) > Ck Jaca PY.) + = Ok Pt.) + hg(ty)| = Str), (44) 
r=0,1,...,n, -l<t,<l. 


If equation (42) is accompanied by a condition of the form (39), it is necessary to use a slightly 
modified approach. 
Using (12), let us rewrite the additional condition (39) in the form 


n 1 
Paes ‘ w(r)P'(7) dr = A. (45) 
k=0 =p 


From the orthogonality condition of the Jacobi polynomials on the interval 7 € [—1, 1] with the 
weight function w(T), we have 


/ “ w(r) PMD) dr = { 20+P+! Bia +1,6+1) if k=0, 
“1 i 0 if k>0. 


Thus, condition (45) immediately allows us to find one of the unknown constants: 


Q-1-a-B 


= Basiery my 


Co 


Therefore, in this situation it is necessary to take k = 1 in the lower limit of the sum (44), decrease 
the number of collocation points t,- by 1, and determine the unknown constant co from (46). 

Note that in calculating expressions (14) according to (22), when constructing system (44), it 
is convenient to choose the auxiliary point t, € (—1, 1), introduced in (19), to be coincident with 
one of the points t,. This allows us to reduce calculations by using in (21) the values Oe ty) 
(r=0, 1, ..., nm) obtained on the stage of calculations of the second term in the sum (44). Numerical 
experiments show that the accuracy of a solution is little affected by which point t,. is chosen as the 
auxiliary point. 

Thus, solving integral equations on the basis of the collocation method amounts to solving 
of systems of linear algebraic equations, which allows us to determine the coefficients of the 
approximation of the unknown function or its values on a discrete set of points. Note that the 
approaches described above can be directly extended to the case of an equation also containing 
an integral (with regular or generalized kernel) of the complex-conjugate of the unknown function 
(see (1) in Section 15.1). 


15.6-6. Numerical Solutions of Singular Integral Equations of Bueckner Type. 


Example 1. Consider a singular integral equation of Bueckner type (1966): 


1 1 
i; y(t) dr +/ pr)dt _ mhit), l<t<l. (47) 


1 T-t 1 TH+t+2 


This equation with generalized kernel k(t, 7) = 1/(7 + t + 2) has a unique solution, which, for h(t) = q = const, can be 
expressed in terms of elementary functions, 
1+T 


BONN enart (48) 
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It can be seen that in this case the weight function, which reflects the asymptotic behavior of the solution at the ends of the 
integration integral, has the form 


wr) = (1—7y!/2 +7). (49) 


Table 11 gives the results of numerical solution of equation (47) for h(t) = q = 1. This numerical solution was obtained 
in the framework of the quadrature-collocation approach (38) on the set of ten points 7; listed in the second column. The 
third column lists the values of the exact analytical solution (48) calculated at these points for g = 1. 


TABLE 11 
Comparison of exact and numerical solutions of the Bueckner equation (47) 


Fe 
Pe [-oseaerr | oana =i ais 
psf _-orsawig [mas 


As one can see from the table, the numerical solution is accurate to four or five significant digits for the first nine 7, 
even for only n = 10. Note that the relative error increases towards the left endpoint of the interval (—1, 1), where it reaches 
Emax = 0.83%. This increase is due to the fact that as t decreases, the pole of the function g(z) = 1/(z + t + 2) approaches 
the left endpoint of the interval, which worsens the quadrature approximation of the integrals. 


Example 2. Now consider a more general Bueckner equation 


1 1 
i coe +p | RENT eye oh Se (50) 


1 T-t 1 T+t4+2 


where D is a complex constant. 

Numerical experiments show that, as a rule, the roots of the Jacobi polynomial (4) for complex a and @ lie in the strip 
| Re 7;,| < 1 in a small neighborhood of the segment 7 € [—-1, 1] ({Im7;| < 1), and these roots approach this segment with 
the growth of n. Only if the imaginary parts of the singularity exponents are sufficiently large, the roots can lie outside the 
strip, but in this case the following estimate holds: |Re 7|< 1+¢, 0<¢ < 1. This justifies the utilization of the first method 
proposed in Subsection 15.6-2 for the calculation of integrals (14), since the (real) pole of the generalized kernel satisfies the 
inequality z,. <-l. 

Note that in order to obtain a unique solution of equation (50) for D # 1, an additional condition should be introduced: 


1 
/ uaret: (51) 


1 


For A(t) = q = const, the solution of equation (50) can be written in closed form, 


Ole aes) CE ae) 


where x = (1 + 7)/2 and 6 = arccos(—D)/7 is complex. 
We see that the asymptotic behavior of the solution near the left endpoint of the integration interval has the form p~° as 
p — O and at the right endpoint the solution has a root singularity. This corresponds to the weight function 


w(r)= (Ty +7). (53) 
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For the construction of a numerical solution of equation (50) we use two methods: (i) integrals (14) are calculated according 
to the Gauss—Jacobi quadrature formulas (1): 


3° Wake, Te) (Te), R(T) = 
k=1 


hy (t) = (54) 


w(t) T+t+2’ 


(ii) the method based on the expansion of this kernel into series (15). In case (ii), we use two types of polynomial 
approximation: Maclaurin series 


. Cb 
k(t, 7) = d att)", astt) = ar (55) 


and the expansion with respect to Chebyshev polynomials of the first kind T;, (7): 


go(t) N N+1 
k(t, 7) === + S71 gmOTm(7), 99(t) = DL Mets TIT (TH), (56) 
m=0 k=1 
2k-1l a7 2k-1 17 
re =00s( FF), Tyr) = 00s( FT), 


Note that the coefficients a;(t) in the expansion (15) can be obtained from the coefficients gm(t) (56) by the method used 
above for the derivation of (18). 
Astr (r =1, ..., 2) we use the uniform grid 


tr = (1 -6)[2(r — 1)/(n-1)- 1), 


where 0 <6 < 1 isa small parameter that fixes the position of the minimal and the maximal collocation points (mint; =-1+6, 
max t, = 1-6). 

Table 12 gives calculation results for equation (50) (with the additional condition (51)) obtained for the following 
parameter values: D = 0.5 + 0.5% in (72), q = 1 in (52), 6 = 0.2, n = 10 in (12), s = 10 in (54), N = 25 in (55) and (56). 
For the given D, we have 0 = 0.644 + 0.169 i, i-e., the solution has a sufficiently strong singularity near the endpoint 7 = —1 
(Re 3 < -1/2; see (53)). 


TABLE 12 
Comparison of exact and numerical solutions of the Bueckner 
equation (50). N.s. is shorthand notation for “numerical solution” 
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As one can see, all three calculation techniques provide quite good agreement between the numerical and exact analytical 
solution. 

A slightly lower accuracy (to 3 or 4 significant digits) is attained using the approximation (55), while the approximation 
(56), as well as the solution based on (54), provides a considerably higher accuracy (to 4 or 5 significant digits) for the same NV. 
This due to a higher accuracy of the approximation (56)—it is closer to the polynomial of best uniform approximation. In 
particular, the maximum relative error of the approximation (56) in the rectangle {mint, < ¢ < maxt,, -—1 <7 < 1} for 
the above calculation parameters is max E¢hebyshey = 0.09%, while that of the approximation (55) is max €mactaurin = 0.87%. 
The accuracy max Emactaurin ~ 0.1% can be attained using the calculations based on (55) by increasing N to N = 37, while 
the approximation (56) provides the same accuracy for N = 25. This means that it is not the technique but the accuracy of 
approximation of the kernel that makes the main effect on the error of calculation of (14) using (22). 

It is noteworthy also that the calculation error slightly increases towards the left endpoint of the integration interval. This 
is due to the reason mentioned in Example | and, possibly, to the presence of the second asymptotic term in the expansion 
near that endpoint. 

As one could expect, the quantity 6 has a considerable effect on the calculation error. This is because it is 6 that controls 
the position of the minimum and maximum points of collocation, and their positions determine the maximum error of the 
approximations (55) and (56) for t; € [mint,, max t,]. However, a large increase in 6 may result in ill-conditioning in the 
generated algebraic system. 


@ References for Section 15.6: H. F. Bueckner (1966), FE. E. Erdogan, G. D. Gupta and T. S. Cook (1973), P. S. Theocaris 
and N. I. Ioakimidis (1979), M. P. Savruk et al. (1989, 1999), W. H. Press, S. A. Teukolsky et al. (1992), N. G. Moiseyev and 
G. Ya. Popov (1994), S. M. Belotserkovskii and I. K. Lifanov (1993), A. M. Linkov (2002), A.V. Andreev (2005, 2006). 


Chapter 16 


Methods for Solving 
Nonlinear Integral Equations 


16.1. Some Definitions and Remarks 


16.1-1. Nonlinear Equations with Variable Limit of Integration (Volterra Equations). 


Nonlinear Volterra integral equations can be represented in the form 
i K (a, t,y(t)) dt = F(x, y(2)), (1) 


where Kr s t, y(t)) is the kernel of the integral equation and y(z) is the unknown function (a< xz <b). 
All functions in (1) are usually assumed to be continuous. 

The form (1) does not cover all possible forms of nonlinear Volterra integral equations; however, 
it includes the types of nonlinear equations which are most frequently used and studied. A nonlinear 
integral equation (1) is called a Volterra integral equation in the Urysohn form. 

In some cases, Eq. (1) can be rewritten in the form 


: K(a,t, y(t) dt = f(a). (2) 


Equation (2) is called a Volterra equation of the first kind in the Urysohn form. Similarly, the 
equation 


y(x) -| K (z,t, y() dt = f(a) (3) 


is called a Volterra equation of the second kind in the Urysohn form. 
By the substitution u(x) = y(x) — f(x), Eq. (3) can be reduced to the canonical form 


u(x) = [ K(z, t, u(t)) dt, (4) 


where KC (a t, u(t)) is the kernel* of the canonical integral equation. 
The kernel K (x, t, y(t) is said to be degenerate if 


n 
K (a,t.y@) = So ge(a)he(t,y@). 
k=1 
* There are other ways of reducing Eq. (3) to the form (4) for which the form of the function K may be different. 
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If in Eq. (1) the kernel is K (x, t, y(t)) = Q(a, t)®(t, y(t), where Q(z, t) and ®(t, y) are known 
functions, then we obtain the Volterra integral equation in the Hammerstein form: 


| Q(x, t) ®(t, yt) dt = F(x, y(a)). (5) 


In some cases Eq. (5) can be rewritten in the form 


, Q(x, t) ®(t, y(t) dt = f(a). (6) 


Equation (6) is called a Volterra equation of the first kind in the Hammerstein form. Similarly, an 
equation of the form 


yx) | Q(x, t) ®(t, y(®) dt = f(a), (7) 


is called a Volterra equation of the second kind in the Hammerstein form. 
It is possible to reduce Eq. (7) to the canonical form 


u(x) = / , Q(x, t) ®.(t, u(t) dt, (8) 


where u(x) = y(x) — f(x). 


Remark 1. Since a Volterra equation in the Hammerstein form is a special case of a Volterra 
equation in the Urysohn form, the methods discussed below for the latter are certainly applicable to 
the former. 


Remark 2. Some other types of nonlinear integral equations with variable limits of integration 
are considered in Chapters 5-6. 


16.1-2. Nonlinear Equations with Constant Integration Limits (Urysohn Equations). 


Nonlinear integral equations with constant integration limits can be represented in the form 


b 
i K(a,t,y@)) dt= F(a, ya), asxsf, (9) 


where I ee t, y(t)) is the kernel of the integral equation and y(x) is the unknown function. Usually, 
all functions in (9) are assumed to be continuous and the case of a = a and @ = b is considered. 
The form (9) does not cover all possible forms of nonlinear integral equations with constant 
integration limits; however, just as the form (1) for the Volterra equations, it includes the most 
frequently used and most studied types of these equations. A nonlinear integral equation (9) with 
constant limits of integration is called an integral equation of the Urysohn type. 
If Eq. (9) can be rewritten in the form 


b 
i K(a,t, y(t)) dt = f(a), (10) 


then (10) is called an Urysohn equation of the first kind. Similarly, the equation 


b 
yla) — | K (x,t, y(t) dt = f(a) (11) 


is called an Urysohn equation of the second kind. 
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An Urysohn equation of the second kind can be rewritten in the canonical form 


b 
u(x) = / K (a, t, u(t)) dt. (12) 


Remark 3. Conditions for existence and uniqueness of the solution of an Urysohn equation are 
discussed below in Section 16.6. 

If in Eq. (9) the kernel is K (x,t, y(t)) = Q(x, t)®(t, y(t), and Q(a, t) and ®(t, y) are given 
functions, then we obtain an integral equation of the Hammerstein type: 


b 
/ Q(x, t) ®(t, y(t) dt = F(x, y(2)), (13) 


where, as usual, all functions in the equation are assumed to be continuous. 
If Eq. (13) can be rewritten in the form 


b 
i Q(x, t) ®(t, yO) dt = f(a), (14) 


then (14) is called a Hammerstein equation of the first kind. Similarly, an equation of the form 


b 
Oe } Ql, t) B(t,y(t)) dt = f(a) (15) 


is called a Hammerstein equation of the second kind. 
A Hammerstein equation of the second kind can be rewritten in the canonical form 


b 
u(x) = / Q(a, t) ®. (t, u(t) dt. (16) 


The existence of the canonical forms (4), (8), (12), and (16) means that the distinction between 
the inhomogeneous and homogeneous nonlinear integral equations is unessential, unlike the case of 
linear equations. Another specific feature of a nonlinear equation is that it frequently has several 
solutions. 


Remark 4. Since a Hammerstein equation is a special case of an Urysohn equation, the methods 
discussed below for the latter are certainly applicable to the former. 


Remark 5. Some other types of nonlinear integral equations with constant limits of integration 
are considered in Chapters 7-8. 


16.1-3. Some Special Features of Nonlinear Integral Equations. 


Even simplest nonlinear equations, such as those of Volterra or Hammerstein, exhibit some new 
phenomena characteristic only of nonlinear equations and having no analogues in the theory of linear 
integral equations. 


Example 1. Consider the Volterra integral equation with power nonlinearity 
x 
yx) =a | y(t) dt + b, a>0, b20, n>0. (17) 
0 


By the differentiation in x, this equation is reduced to the Cauchy problem for the first-order ODE: 


yy =ay”, (0) =b. (18) 
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The solution of problem (18) depends on the parameter n and, for b > 0, is defined by the formulas 
1 
[ol +aQl-n)c]Tr if O<n<l, 
y(x) = 4 be** if n=1, (19) 
1 
[ol -—a(n-Da]Tr if n> 1. 


It is easy to see that for 0 < n < | the solution exists for all x = 0, and for 0 < n < | and large z, the function y has power 
growth, while for n = | it has exponential growth. For n > 1, a continuous solution exists only on the finite interval 


pl-n 


O<a<2, = ———. 
a(n — 1) 


Such a situation is not observed for linear Volterra equations. 
Now consider the limit case b = 0. Then for any 0 < n < co, 0 < a < ov, equation (17) has the trivial solution y(x) = 0. 
1 
Moreover, for 0 < n < 1, 0 < a < 06, equation (17) admits another real solution, y(x) = [a(1—n)x] Fn . 


Example 2. Consider the Hammerstein integral equation with a quadratic nonlinearity 


1 
y(x) = af x’ty’(t) dt, (20) 
0 
where J is a free parameter. 
Setting 
1 
A= | tide (21) 
0 
let us represent equation (20) in the form 
y(a) = Adz. 


Substituting this expression into (21), we obtain a quadratic equation for the determination of the constant A: 
Az Lary, (22) 
Its solutions are A, = 0 and Az = 6\~. Therefore, the original integral equation (20) has two solutions for any  # 0: 


6 4 
y(t) =0,  yo(a) = ak 


Note that the linear homogeneous integral equation 


1 
y(“) = af x ty(t) dt (23) 
0 


with the same kernel K (a, t) = at has a nontrivial solution only for a single value of A, namely, 4 = 4, which is a characteristic 
value of the kernel K (x,t). Therefore, if we follow the terminology of linear equations and say that \ is a characteristic 
value of a nonlinear equation if this equation has a nontrivial solution for that ., it turns out that equation (23) has infinite 
intervals of characteristic values (—oo, 0) and (0, 00). 


Example 3. Consider another integral equation of Hammerstein’s type with a quadratic nonlinearity 


1 
y(a) =r | y(t) dt +1. (24) 
0 
This equation can be written as 
y(a) = AX+1, (25) 
where ; 
As / y2(t) dt. (26) 
0 


Substituting (25) into (26), we obtain the quadratic equation 
A> 4+ (2A-1)A+1=0 


with the roots 


_ 1-2A4 VI=4\ 
- 22 : 


Thus, equation (24) has real solutions only for A < 1/4. It has two solutions for \ < 1/4 and one solution for \ = 1/4 
(for \ = 0 there is one bounded solution y(x) = 1). 


A 
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The corresponding equation with no free term 


1 
y(a) = i ty?(t) dt, 
0 


for any \ ¥ 0, admits the nontrivial solution y(2) = 1/. Obviously, this does not mean that equation (24) with a free term 
had infinitely many solutions. 


Example 4. Now consider an integral equation of Hammerstein’s type with a transcendental nonlinearity 


| . (yt) 
Oe | fa)g(t) sin 22) wo dt. (27) 


Its solutions are sought in the form y(x) = Af(x), where the constant A is determined from the transcendental equation* 
1 
1=dosin A, a= i f@®g@ at. (28) 
0 
For |A| < 1/|o|, equation (28), and therefore equation (27), has no real solutions (the case o = 0 is included). 


For any X satisfying the inequality |A| > 1/|c|, equation (28), and therefore equation (27), has infinitely many real 
solutions. 


@© References for Section 16.1: N. S. Smirnov (1951), M. A. Krasnosel’skii (1964), M. L. Krasnov, A. I. Kiselev, and 
G. I. Makarenko (1971), M. L. Krasnov (1975), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. G. Tricomi (1985), A. F. Verlan’ 
and V. S. Sizikov (1986). 


16.2. Exact Methods for Nonlinear Equations with 
Variable Limit of Integration 


16.2-1. Method of Integral Transforms. 


Consider a Volterra integral equation with quadratic nonlinearity 


py (a) — af ya — thy(t) dt = f(a). (1) 


This equation can be solved using the Laplace transform. In doing so, one applies the convolution 
theorem (see Section 9.2) to obtain a quadratic equation for the transform 7(p) = L{y(x)}: 


uG(p) — XG (p) = F(p). 


LE Ve = 4AF@) 


Spx ie PA 
U(p) = nr 


The inverse Laplace transform y(x) = L£'{G(p)}, if it exists, is a solution to Eq. (1). Note that for 
the two different signs in formula (2), there are two corresponding solutions of the original equation. 


This implies 


(2) 


Example. Consider the integral equation 
x 
i y(a —t)y(t) dt = Ax™, m>-l. 
0 


Applying the Laplace transform to this equation and taking into account the relation L2{2™} = (m+ 1p", we obtain 
P(p) = Am + Dp, 


where I'(m) is the Gamma function. Taking the square root of both sides of the equation, we obtain 


mt 


Gp) =+/VAT(m4+ Dp 2 


Applying the Laplace inversion formula, we obtain two solutions to the original integral equation 


VAT@et) met VATOne 1) mt 
yi@) =-—~ 5 2? y2(t) =~ t ? 
a) oe) 


* The trivial solution corresponding to A = 0 is not taken into account. 
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16.2-2. Method of Differentiation for Nonlinear Equations with Degenerate Kernel. 


Sometimes, differentiation (possibly multiple) of a nonlinear integral equation with subsequent 
elimination of the integral term using the original equation makes it possible to reduce this equation 
to a nonlinear ordinary differential equation. Listed below are some equations of this type. 


1°. The equation 


y(a) + | * f(tey(t)) dt = g(x) (3) 
can be reduced by differentiation to the nonlinear first-order equation 
Yr + f(x,y) — 9h (x) = 0 (4) 
with the initial condition y(a) = g(a). 
2°. The equation 2 
ya) + i (v-t)f (ty) dt = g(x) (5) 


can be reduced by double differentiation (with the subsequent elimination of the integral term using 
the original equation) to the nonlinear second-order equation: 


Yow + f(t. Y) — Gala) = 0. (6) 
The initial conditions for the function y = y(x) have the form 
y(a) = G(a),  Yp(a) = g(a). 
3°. The equation “ 
ya) + / eX@ F(t, y(t)) dt = g(a) (7) 
can be reduced by differentiation to the nonlinear first-order equation 
Yr + f(a, y)— Ay + Ag(a) — gp(a) = 0. (8) 


The desired function y = y(x) must satisfy the initial condition y(a) = g(a). 


Remark 1. A considerable number of exact solutions to the ordinary differential equations 
(4), (6), and (8) for various functions f(x, y) and g(x) can be found in the book by Polyanin and 
Zaitsev (2003). 


4°. Equations of the form 
ya) + i : cosh[\(x —t)] f(t, y(®) dt = g(a), 
ya) + | : sinh [A(x — £)] f(t, y@) dt = g(a), 
y(a) + | : cos[A(a — t)] f(t, y@) dt = g(a), 
y(x) + i, ; sin[A(a — 1)] f(t, yd) dt = g(a) 


can also be reduced to second-order ordinary differential equations by double differentiation. For 
these equations, see Section 6.8 in the first part of the book (Eqs. 20, 21, 22, and 23, respectively). 
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5°. Consider the nonlinear Volterra equation of the second kind with the general degenerate kernel 


y(2)— S> Ym(x) / I(t y(t) dt = g(x). (9) 


m=1 


Let us introduce the notation 
w; (2) - | f(t, yt) dt, ye bare (10) 


and rewrite Eq. (9) as follows: 


y(x) = g(t) +S > Om (e)Wm(2). (11) 


m=l1 


On differentiating the expressions (10) with regard to formula (11), we arrive at the following system 
of nonlinear differential equations for the functions w; = w(x): 


wh = f;(2, 92)+ > em@wm), FHL, 


m=1 
with the initial conditions 
w;(a) = 0, PS Vc ys 


Once a solution of this system is found, the corresponding solution of the original integral equation (9) 
is defined by formula (11). 


Remark 2. Equations (3), (5), and (7) are special cases of equation (9). The equations of Item 4° 
can be reduced to (9) using hyperbolic and trigonometric formulas (see the addition formulas in 
Supplements 1.4-7 and 1.2-7, respectively). 


0) References for Section 16.2: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), A. F. Verlan’ and V. S. Sizikov 
(1986), A. D. Polyanin and A. V. Manzhirov (1998). 


16.3. Approximate and Numerical Methods for Nonlinear 
Equations with Variable Limit of Integration 


16.3-1. Successive Approximation Method. 


1°. Inmany cases, the successive approximation method can be successfully applied to solve various 
types of integral equations. The principles of constructing the iteration process are the same as in 
the case of linear equations. For Volterra equations of the second kind in the Urysohn form 


y(2) -[ K (a, t, y(t) dt = f(a), a<axsb, (1) 


the corresponding recursive expression has the form 
x 


Ynsi(2) = f(x) +/ K(a, t; Yn(t)) dt, n=0,1,2,... (2) 


a 


It is customary to take the initial approximation either in the form yo(x) =0 or in the form yo(x) = f(x). 
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In contrast to the case of linear equations, the successive approximation method has a smaller 
domain of convergence. Let us present the convergence conditions for the iteration process (2), 
which are simultaneously the existence conditions for a solution of Eq. (1). To be specific, we 
assume that yo(x) = f(x). 

If for any z; and z2 the relations 


[A (a, t, 21) - K (x,t, za) S$ p(@, tz — Zal 


and 


< (a) 


i) : K (a, t, f(t)) dt 


hold, with 
x b x 
if w(t) dt < N°, / / y*(a, t) dt dx < M?, 


where N and MW are some constants, then the successive approximations converge to a unique 
solution of Eq. (1) almost everywhere absolutely and uniformly. 


Example 1. Let us apply the successive approximation method to solve the equation 
v1+y 
2) = ——— dt. 
oe | 1+¢? 


If yo(x) = 0, then 


Ge) f- dt ; 
2)= = arctan x, 
" 9 1l+t? 


® 1+ arctan’ t 1 3 
y2(x) = dt = arctan x + = arctan” x, 
2 3 
0 1l+t 


« | +arctant+ z arctan? t 1 
y3(x) = iz 2 dt = arctan x + = 


arctan? u+ — arctan? c+ + arctan’ x. 


On continuing this process, we can observe that y,(x) — tan(arctan x) = x as n — ov, ie., y(x) = x. This result is 
validated by substituting it into the original equation. 


Example 2. For the nonlinear equation 


y(x) = | [ty°(t) - 1] dt, 
0 


we wish to obtain the first three approximations. If we set yo(a) = 0, then 


n= | (-1) dt = -z, 


x 
inte) = [ (8 -l)dt=-a+ ta", 


w= | [t( tS SP +t?) 1] dt =-x+ at Daglt ty! 
0 
2°. Suppose that in the nonlinear Volterra equation 


y(@) = | K(a,t, y(t) dt, 


the function K(x, t, y) and its partial derivative Kv ys t, y) are continuous in the domain z,t 2 0, 
—oo < y < ov, and the following inequality holds: 


lK(2,t, ys ey), 
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where y(y) is a nondecreasing function on the half-line [0,00). If the Cauchy problem for the 
differential equation 
uy, = p(lul), u(0) = 0 


has a solution on the interval [0, w], then the above Volterra equation has a solution on [0, w]. For 
yo(x) = 0 as the initial function, the successive approximations 


Yn(X) = ‘i K (a, t, Yn_1(t)) dt (n=1,2,...) 
0 


are uniformly convergent on [0, w] to a solution of the Volterra equation. 
Note that all approximations do not abandon the domain —u(x) < y,(x) $ u(x) and satisfy the 
inequality 
M (£t)” 
lyn() — Yn) S = 


=1,2,...), 


n! 


where L and JV are constants such that 


|K(a,t,0)|< M for O<2,t<w, 
|\K(a,t,y)-K(2,t,y) Ss Llyi-y| for Os a2,t<w, -u(x%)< y1,y2 < ula). 


3°. The successive approximation method can be applied to solve other forms of nonlinear equations, 
for instance, equations of the form 


y(x) =F («. / ‘ K(a, t)y(t) ar) 


solved for y(x) in which the integral has x as the upper integration limit. This makes it possible to 
obtain a numerical solution by applying small steps with respect to x and by linearization at each 
step, which usually provides the uniqueness of the result of the iterations for an arbitrary initial 
approximation. 


4°. The initial approximation has a substantial effect on the number of iterations required to obtain 
the result with a prescribed accuracy. Therefore, when choosing this approximation, some additional 
arguments are usually applied. Namely, for the equation 


Ay(a) - i Q(x —t) ®(y(t)) dt = fle), 


where A is a constant, a good initial approximation yo(x) can sometimes be found from the solution 
of the following (in general, transcendental) equation for f(p): 


AGo(p) — Q(p) ® (Go(p)) = fp), 


where go(p), Q(p), and f(p) are the Laplace transforms of the respective functions. If Go(p) is 
defined, then the initial approximation can be found by applying the Laplace inversion formula: 


yo(x) = £'{Go(p)}. 


16.3-2. Newton—Kantorovich Method. 


A merit of the iteration methods when applied to Volterra linear equations of the second kind 
is their unconditional convergence under weak restrictions on the kernel and the right-hand side. 
When solving nonlinear equations, the applicability domain of the method of simple iterations is 
smaller, and if the process is still convergent, then, in many cases, the rate of convergence can be 
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very low. An effective method that makes it possible to overcome the indicated complications is the 
Newton—Kantorovich method. The main objective of this method is the solution of nonlinear integral 
equations of the second kind with constant limits of integration. Nevertheless, this method is useful 
in the solution of many problems for the Volterra equations and makes it possible to significantly 
increase the rate of convergence compared with the successive approximation method. 

Let us apply the Newton—Kantorovich method to solve a Volterra equation of the second kind 


in the Urysohn form 


Onion if K (2,t,y(t)) dt. 3) 


a 


We obtain the following iteration process: 


inl) =Yos@)+ Pra), WEL Donss (4) 
(on-i(t) = ens(a) + ‘ K? (art, Yn-1(€)) @n-s(t) at, (5) 
ena) = fa) + / K (2,t, Yo-s(#)) dt — Yn.1(2). 6) 


The algorithm is based on the solution of the linear integral equation (5) for the correction yp_i(x) 
with the kernel and right-hand side that vary from step to step. This process has a high rate of 
convergence, but it is rather complicated because we must solve a new equation at each step of 
iteration. To simplify the problem, we can replace Eq. (5) by the equation 


x 


Gn-altt) = nse) + / K! (r,t, yo(t)) n-s(t) at (7) 


a 


or by the equation 
x 


Gn-1(&) = En1(@) + / Kj, (a, t. ym(t)) Gn) dt, (8) 


a 


whose kernels do not vary. In Eq. (8), ™ is fixed and satisfies the condition m <n-1. 

It is reasonable to apply Eq. (7) with an appropriately chosen initial approximation. Otherwise 
we can stop at some mth approximation and, beginning with this approximation, apply the simplified 
equation (8). The iteration process thus obtained is the modified Newton—Kantorovich method. In 
principle, it converges somewhat slower than the original process (4)-(6); however, it is not so 
cumbersome in the calculations. 


Example 3. Let us apply the Newton—Kantorovich method to solve the equation 


x 
ya) = / [ty°(t) — 1] dt. 
0 
The derivative of the integrand with respect to y has the form 


Kj (ty®) = 2ty. 


For the zero approximation we take yo(x) = 0. According to (5) and (6) we obtain yo(a) = —x and y; (a) = —x. Furthermore, 
yo(x) = yi(x) + Y1(x). By (6) we have 


x 
€ (x) = | [tty - dt+x= ta". 
0 
The equation for the correction has the form 


% 1 
pix) = 2 f Ppt) dt + zu 
0 
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and can be solved by any of the known methods for Volterra linear equations of the second kind. In the case under 
consideration, we apply the successive approximation method, which leads to the following results (the number of the step 
is indicated in the superscript): 


0 1 
gy = at, 


x 
d)_ 1,4 1,6 21,4 1,7 
Yi qu 2 | qt dt qu ae’; 


x 
(2) _ 1,4 27144 127 Es S40 oF 4 CES 10 
YI qu 2 f (gt zu") dt qo! Sgt tage 


We restrict ourselves to the second approximation and obtain 


= 1a as A AO 
y2(x) =-x + 4x 


and then pass to the third iteration step of the Newton—Kantorovich method: 


y3(@) = yo(x) + po(X), 


10 22 


19 1 
+ To7800 > 


gly 


Lo 1 1 
1820 © 7840 9340 © 


x 


p2(@) = €2(ax) + ay (t+ $e - Be + Ft!) ow dt. 


1 
€2(2) = T60 x 


When solving the last equation, we restrict ourselves to the zero approximation and obtain 


= 1.4 1,7, 3,10 1.13 1 ,16, 1,19 1 7 
ys(@) =U + Guo — qye + 1820" ~~ Feo + y3G0% + Tors00% 


The application of the successive approximation method to the original equation leads to the same result at the fourth step. 


As usual, in the numerical solution the integral is replaced by a quadrature formula. The main 
difficulty of the implementation of the method in this case is in evaluating the derivative of the 
kernel. The problem can be simplified if the kernel is given as an analytic expression that can be 
differentiated in the analytic form. However, if the kernel is given by a table, then the evaluation 
must be performed numerically. 


16.3-3. Collocation Method. 


When applied to the solution of a Volterra equation of the first kind in the Urysohn form 


- K (a, t, y(t)) dt = f(x), asazs<b, (9) 


the collocation method is as follows. The interval [a, b] is divided into N parts on each of which the 
desired solution can be presented by a function of a certain form 


Wx) = P(x, A,. .., Am), (10) 


involving free parameters A;,i=1,...,m. 
On the (K+ 1)st part x, < @ < xp41, where k =0,1,..., N—1, the solution can be written in the 
form 


), K (a, t, 9d) dt = f(x) -V;,(2), (11) 


k 


where the integral 


wie f " K(2,t, G0) dt (12) 


can always be calculated for the approximate solution 9(x), which is known on the intervala< a7 <x, 
and was previously obtained for & — 1 parts. The initial value y(a) of the desired solution can be 
found by an auxiliary method or is assumed to be given. 
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To solve Eq. (11), representation (10) is applied, and the free parameters A; (4 = 1,...,7™m) can 
be defined from the condition that the residuals vanish: 
Uk5 
(Ai, tag) = / K (1uj.t, O(t, Ar,-..>Am)) dt — f(a g)— Vales), (13) 
rk 
where the x; (j = 1,..., 7) are the nodes that correspond to the partition of the interval [7p %p41] 
into m parts (subintervals). System (13) is a system of m equations for Aj,..., Am. 


For convenience of the calculations, it is reasonable to present the desired solution on any part 
as a polynomial 


G(x) = S~ Aipi(a), (14) 
i=l 
where the y;(x) are linearly independent coordinate functions. For the functions y;(x), power and 
trigonometric polynomials are frequently used; for instance, y;(x) = x*!. 
In applications, the concrete form of the functions y;(x) in formula (14), as well as the form of 
the functions ® in (10), can sometimes be given on the basis of physical reasoning or defined by the 
structure of the solution of a simpler model equation. 


16.3-4. Quadrature Method. 


To solve a nonlinear Volterra equation, we can apply the method based on the use of quadrature 
formulas. The procedure of constructing the approximate system of equations is the same as in the 
linear case (see Subsection 11.10-1). 


1°. We consider the nonlinear Volterra equation of the second kind in the Urysohn form 
yie)- [ K(at.y(b) dt= fo) (15) 


on an interval a < x < b. Assume that kr (a, t, y(t)) and f(a) are continuous functions. 
From Eq. (15) we find that y(a) = f(a). Let us choose a constant integration step h and consider 
the discrete set of points x; = a+ h(i—- 1), where i = 1,...,n. For x = x;, Eq. (15) becomes 


yon) | K (ai, t, y@®) dt = f(a). (16) 


Applying the quadrature formula (see Subsection 10.7-1) to the integral in (16), choosing x; 
(j =1,...,2) to be the nodes in t, and neglecting the truncation error, we arrive at the following 
system of nonlinear algebraic (or transcendental) equations: 


nah, w-> AgkuG@p=fe  t=2..0n, (17) 


jel 


where the A;; are the coefficients of the quadrature formula on the interval [a, x;], the y; are the 
approximate values of the solution y(x) at the nodes x;, f; = f(x;), and Ky; (y;) = K (xj, tj, yj). 
Relations (17) can be rewritten as a sequence of recursive nonlinear equations, 
i-l 
wef. y-AnKuty) = fit) AgKyy),  1=2,....0, (18) 
j=l 


for the approximate values of the desired solution at the nodes. 
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2°. When applied to the Volterra equation of the second kind in the Hammerstein form 


ios / Q(e, t) ®(t, y(t) dt = f(a), (19) 


the main relations of the quadrature method have the form (a; = a) 


me=fi, vi- >, Aig Qig®iys) = fi. 4=2,...,7, (20) 


j=l 


where Qi; = Q(a;,t;) and ®;(y;) = ®(t;, y;). These relations lead to the sequence of nonlinear 
recursive equations 


i-l 
y= fis yi — AQ Piys) = fit S— Aig Qi Bj (Yp) ¢=2,...,n, (21) 
jl 
whose solutions give approximate values of the desired function. 


Example 4. In the solution of the equation 
x 
y() -| e P(t) dt =e", O0<2#<01, 
0 
where Q(a, t) = e(?, H(t, y(t)) = y(t), and f(x) = e~”, the approximate expression has the form 


Li 
y(ai)— | iy (t) dt =e, 
0 


On applying the trapezoidal rule to evaluate the integral (with step h = 0.02) and finding the solution at the nodes x; = 0, 
0.02, 0.04, 0.06, 0.08, 0.1, we obtain, according to (21), the following system of computational relations: 


i-l 
mahi, yi-0.01 Quy = fi +)> 0.02 Quiz; 1=2,...,6. 
j=l 
Thus, to find an approximate solution, we must solve a quadratic equation for each value y;, which makes it possible to write 


out the answer 
i-l 


1/2 
yi = 50+ 50/1 - 0.04( fi >> 0020.04) | SDS 56: 
jal 


@© References for Section 16.3: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. P. Zabreyko, A. I. Koshelev, 
et al. (1975), A. F. Verlan’ and V. S. Sizikov (1986). 


16.4. Exact Methods for Nonlinear Equations with 
Constant Integration Limits 


16.4-1. Nonlinear Equations with Degenerate Kernels. 


1°. Consider a Hammerstein equation of the second kind in the canonical form 


b 
ya) = / Qa, t) ®(t, ylt)) dt, (1) 


where (a, t) and ®(t, y) are given functions and y(«) is the unknown function. 
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Let the kernel Q(z, t) be degenerate, i.e., 


Q(a, t) = S> gx(w)he(t). (2) 
k=1 
In this case Eq. (1) becomes 
m b 
y(«) = SS gx) if hy(t) ®(t, y@)) dt. (3) 
k=l @ 
We write ‘ 
Ak =i hy(t) O(t, yt) dt, = k=1,...,m, (4) 


where the constants A; are yet unknown. Then it follows from (3) that 
y(a) = S~ Aggy(a). (5) 
k=l 


On substituting the expression (5) for y(x) into relations (4), we obtain (in the general case) 
m transcendental equations of the form 


Ay =U; (Al,..., Am), k=1,...,m, (6) 


which contain m unknown numbers Ay,..., Am. 
For the case in which ®(¢, y) is a polynomial in y, i.e., 


D(t, y) = polt) + pity +--+ + Pn(t)y”, (7) 
where po(t), ..., Pn(t) are, for instance, continuous functions of t on the interval [a, b], system (6) 
becomes a system of nonlinear algebraic equations for Aj, ..., Am. 


The number of solutions of the integral equation (3) is equal to the number of solutions of 
system (6). Each solution of system (6) generates a solution (5) of the integral equation. 


2°. Consider the Urysohn equation of the second kind with the simplified degenerate kernel of the 
following form: 


b n 
yl) + / {> gn(x) fa (t. wo) } dt = h(x). (8) 
aS k=l 
Its solution has the form 
y(x) = h(x) +S Ange(a), (9) 
k=l 


where the constants A, can be defined by solving the algebraic (or transcendental) system of 
equations 


b n 
dm +f Jin (ts h(t) + >> Acgu(t) ) dt = 0, m=1,...,n. (10) 
a k=1 


To different roots of this system, there are different corresponding solutions of the nonlinear integral 
equation. It may happen that (real) solutions are absent. 
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A solution of an Urysohn equation of the second kind with degenerate kernel in the general form 


f(x, y(a)) + i 


a 


db n 
Ds gx (x, y(a)) he (t, wo) } dt =0 (11) 
k=1 


can be represented in the implicit form 


f(x, y(a)) + S> Angu(#, y(2)) = 0, (12) 


k=1 


where the parameters \;, are determined from the system of algebraic (or transcendental) equations: 


Me- HQ) =0, k= 1,...,n, 
3 b - (13) 
mG) = | hy (ty) dt, A= LAs ess An} 


Into system (13), we must substitute the function y(x) = y(a, »), which can be obtained by solving 
Eq. (12). 

The number of solutions of the integral equation is defined by the number of solutions obtained 
from (12) and (13). It can occur that there is no solution. 


Example 1. Let us solve the integral equation 


1 
y(x) = rf axty? (t) dt (14) 
0 
with parameter A. We write 
1 
A= i. ty? (t) dt. (15) 
0 
In this case, it follows from (14) that 
y(a) = AAz. (16) 


On substituting y(x) in the form (16) into relation (15), we obtain 
1 
A= | tr At dt. 
0 
Hence, bos 
A= 43.43, (17) 
For A > 0, Eq. (17) has three solutions: 


A, =0, A= (=). Ay --(4)"", 


Hence, the integral equation (14) also has three solutions for any > 0: 


For A < 0, Eq. (17) has only the trivial solution y(x) = 0. 


16.4-2. Method of Integral Transforms. 


1°. Consider the following nonlinear integral equation with quadratic nonlinearity on a semi-axis: 


1 
pyte)- fo Fu(Z) wae = Feo (18) 
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To solve this equation, the Mellin transform can be applied, which, with regard to the convolution 
theorem (see Section 9.3), leads to a quadratic equation for the transform {(s) = Nt{y(x)}: 


119(s) — 97(s) = f(s). 


wt y/ 2 -4df(s) 

————__—_———_. (19) 
2X 

The inverse transform y(x) = Mt L4G(s)} obtained by means of the Mellin inversion formula (if it 


exists) is a solution of Eq. (18). To different signs in the formula for the images (19), there are two 
corresponding solutions of the original equation. 


This implies 


ws) = 


2°. By applying the Mellin transform, one can solve nonlinear integral equations of the form 


y(x) — r [ t? y(at)y(t) dt = f(a). (20) 


The Mellin transform (see Table 3 in Section 9.3) reduces (20) to the following functional equation 
for the transform G(s) = Nt{y(x)}: 


G(s) — AG(8)HA - 8 + B) = fis). (21) 
On replacing s by 1 — s + 7 in (21), we obtain the relationship 
g(1—s + 3)—Ag(s)G—s + 8) = fU-s+ 8). (22) 


On eliminating the quadratic term from (21) and (22), we obtain 
Hs) - f(s) = 9 -s+8)- f(l-s+ 9). 
We express §(1 — s + 3) from this relation and substitute it into (21). We arrive at the quadratic 
equation 
AP (s) - [1+ f(s)- fU-s + B)] G(s) + f(s) = 0. 
On solving this equation for ¢(s), by means of the Mellin inversion formula we can find a solution 
of the original integral equation (20). 


16.4-3. Method of Differentiating for Integral Equations. 


1°. The nonlinear integral equation 


b 
y(a) + i |x —tlf (t, y(t) dt = g(x), a<asb (23) 


can be reduced to a nonlinear second-order equation by double differentiation. 
Let us remove the modulus in the integrand: 


x b 
y(a) + (w—t)f (t, y(t) dt + / (t-2)f (t.y(t)) at = g(a). (24) 


Differentiating (24) with respect to x yields 
b 


Yi.(@) + / f(t, y@) dt - / f(t y@) dt = g/,(2). (25) 
Differentiating (25), we arrive at a second-order ordinary differential equation for y = y(z): 


Ynw + 2f(2,Y) = Iee(2). (26) 


For the boundary conditions for this equation, see Section 8.8 in the first part of the book (Eq. 8.8.15). 
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2°. The equation 
b 
Mar— 
y(o) + / eMP-tlF (4, y(t) dt = g(x) (27) 
a 


can also be reduced to a nonlinear second-order equation by double differentiation (with subsequent 
elimination of the integral term by using the original equation): 


yn, + 2Af(x, y)— My = g"(x) — g(a). (28) 


For the boundary conditions for this equation, see Section 8.8 of the first part of the book (Eq. 8.8.16). 


Remark. A considerable number of exact solutions to ordinary differential equations (26) 
and (28) for various functions f(x, y) and g(x) can be found in the book by Polyanin and Zait- 
sev (2003). 


3°. The equations 
b 
y(x) + 7 sinh(Ala — tl) f(t, y() dt = g(a), 
b 
y(x) + ih sin(Alx — tl) f (t, y(t) dt = g(x), 


can also be reduced to second-order ordinary differential equations by means of the differentiation. 
For these equations, see Section 8.8 of the first part of the book (Eqs. 8.8.17 and 8.8.18). 


16.4-4. Method for Special Urysohn Equations of the First Kind. 


1°. Consider the linear integral equation of the first kind 


b 
i. K(a,t)Y () dt = f(x). (29) 


Suppose equation (29) can be solved for any f(x) from some class of functions DL. Let Y;(t) 
denote the corresponding solution. 
Now consider the more complex nonlinear Urysohn equation of the first kind 


b 
/ [K(a, thy) + p(x) Ut, yt))] dt = f(x) (30) 


with its kernel containing an additional nonlinear term y(x) V(t, y(t)). A solution to equation (30) 
will be sought in the form 
y(t) = Y(t) + AY, (@), (31) 


where Y,,(¢) is the solution to equation (29) in which f(x) must be replaced with y(x). Substituting 
(31) into (30) we have the following algebraic (transcendental) equation for the coefficient A: 


b 
A+ | Wit, Yp(t) + AY, (t)) dt = 0. (32) 


Formulas (31)-(32) can define one, several, or infinitely many solutions (or even none) to 
equation (30). In addition, the condition y(x) € Ly must be satisfied. 
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Example 2. The solution of the linear integral equation of the first kind 
co 
| sin(xt)Y (t) dt = f(x) (33) 
0 
is expressed as (see equation 3.5.8 in Section 3.5) 
2 co 
Y= — i sin(at) f(x) dx. (34) 
mT J0 


Up to constant factors, the function f(x) and the solution Y;(¢) in (33)—(34) are the Fourier sine transform pair. 
Now consider the more complex integral equation with quadratic nonlinearity 


i [sin(at)y(t) + playboy? ()] dt = f(a). (35) 
0 


In terms of equation (30), we have W(t, y(t)) = w(t)y*(d) in (35). The corresponding solution (34) to equation (33) with 
v(x) is written as 


Y(t) = = pe sin(xt)y(«) dx. (36) 


Hence, equation (35) has the two solutions 
yt) = ¥-() + Ai 2Yo, 


where Aj 9 are roots of the quadratic equation 
pA-+qAt+r=0, 
co co co 
p= i, wOY2) dt, q=142 | VOY OY pdt, r= | WOYPO at. 
0 0 0 
Here all integrals are supposed to converge. 


2°. The integral equation 
b n 
iE [Ree y(t) + S~ Pm()Um(t, wo) dt = f(x) (37) 
wh m=l1 


whose kernel is the sum of the kernel of equation (29) and an arbitrary degenerate nonlinear kernel 
can be solved in a similar manner. The solution is sought in the additive form 


yt) = ¥pQ)+ S> AmYon, O), (38) 
m=l 


where Y,,,, (x) is the solution to equation (29) in which f(a) must be replaced with p(x). Substi- 
tuting (38) into (37) results in the following algebraic (transcendental) system of equations for the 
coefficients A,,,: 


b n 
Am + [ ¥n(KYHO+ YD A%,0) dt=0, me=l,...,n. (39) 


jal 


16.4-5. Method for Special Urysohn Equations of the Second Kind. 


1°. Consider the linear equation of the second kind 


b 
Y(a)+ i. K(a,t)Y(t) dt = f(a). (40) 


Suppose equation (40) can be solved for any f(x) from some class of functions L. Let Y;(x) 
denote the corresponding solution. 
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Now consider the more complex nonlinear Urysohn equation of the second kind 


b 
ya) f [K(a, Hy + p(x) Ut, yt))] dt = f(x), (41) 


with its kernel containing an additional term y(x)W(t, y(t)). A solution to equation (41) will be 
sought in the form 
y(x) = Y7(a) + AY, (2), (42) 


where Y(,() is the solution to equation (40) in which f(x) must be replaced with y(x). Substituting 
(42) into (41) we have the following algebraic (transcendental) equation for the coefficient A: 


b 
A+ i Wt, ¥;(t) + AY, (t)) dt = 0. (43) 


Formulas (42)-(43) can define one, several, or infinitely many solutions (or even none) to 
equation (41). In addition, the condition y(x) € Ly must be satisfied. 


Example 3. The solution of the linear integral equation of the second kind 
oe. 1 
Y(r) +2 / et? (t) dt = f(a), \>--=, (44) 
as 2 
is expressed as (see equation 4.2.14 in Section 4.2) 


Y;(a) = f(x) - exp(-—V1+ 2A |x - tl) f de. (45) 


Fal 


Now consider the more complex integral equation with quadratic nonlinearity 
co 
y(a) + / [Ae y(t) + p(a~y?(W)] dt = f(a). (46) 
—0°o 
In terms of equation (41), we have W(t, y(t)) = w(t)y?(t) in (46). The corresponding solution (45) to equation (44) with 


v(x) is written as 


Y,(a) = exp(—V1 + 2A |a - tl) p(t) dt. 


p(x) - ie 
eet 

Hence, equation (46) has the two solutions 

y(t) = Yp(t) + Ai 2Yo(), 


where Aj 2 are roots of the quadratic equation 


pA-+qAt+r=0, 
= | - VOY 2) dt, q=1+2 | ' wOYHYe(t) dt, r= i, 4 WY, (t) dt. 
0 0 0 


2°. The integral equation 


b n 

y(a) + / Kee ty (t)+ S$ pm(x) Umit, wo) dt = f(a), (47) 
a m=1 

with its kernel being the sum of the kernel of equation (40) and an arbitrary degenerate nonlinear 

kernel, can be solved in a similar manner. The solution is sought in the additive form 


y(a) = ¥(2) +S” AmYy,, (2), (48) 
m=l1 
where Y,,,, (x) is the solution to equation (40) in which f(a) must be replaced with p(x). Substi- 
tuting (48) into (47) results in the following algebraic (transcendental) system of equations for the 
coefficients A,,, 


b n 
Am + f Yn (KYHO+D AX ) dt =0 me=1,...,n. (49) 
a jel 


Remark 1. Formulas (38)—(39) and (48)-(49), which define solutions to the special Urysohn 
equations of the first and second kind (37) and (47), respectively, are coincident (but the functions 
Y;(a) and Yj, (w) are different). 
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Remark 2. The method outlined may be used for approximate solution of nonlinear integral 
equations of the form 


b 
yx)+ f [K (x, Dy(t) + Ya, t, y)| dt = f(a) 


by appropriately selecting an approximation of the nonlinear part of the kernel, V(x, t, y(t)) = 


S> em()Um(t, y(t). 


m=1 


16.4-6. Some Generalizations. 


The method presented in Subsections 16.4-4 and 16.4-5 for the special Urysohn equations of the 
first and second kind admits generalizations. 
Consider an abstract nonlinear equation for the function y = y(z): 


Liyl+ ¥> Gm(Imly] = f(a), (50) 


m=1 
where L [y] is a linear operator (it can be integral, functional, differential,* or other) and J,,,[y] are 
some nonlinear functionals (i.e., numbers for any given y(x)). 


Examples of nonlinear functionals: 


b 
Tily] = ay°(0)+ by), fy] = max ya), fy] = / K(t,yO. yi), yi) dt. 


Osaxs1 
Suppose the truncated linear equation 
L{Y] = f(), (51) 


obtained from (50) by setting y,,(z) =0 (m=1,...,7), can be solved for any f(x) from some class 
of functions Lz. Let Y;(x) denote the corresponding solution. 

Let the conditions y,,(@) € L¢ (m= 1,..., 7) be satisfied. 

Solutions to the nonlinear equation (50) are sought in the form 


yx) = ¥¢(a) + $7 AmYoom (2), (52) 


m=1 


where Y,,,, (x) is the solution to equation (51) in which f(a) must be replaced with v(x). Substi- 
tuting (52) into (50) results in the following algebraic (transcendental) system of equations for the 
coefficients A,,,: 


ae oy fe pr + So 4s¥,,0), m=l1,...,n. (53) 
j=l 
Formulas (52)—(53) can define one, several, or infinitely many solutions (or even none) to equa- 


tion (50). 


* In this case, the equation must be supplemented with appropriate homogeneous boundary conditions. 
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Example 4. Consider the nonlinear functional integral equation 


y(a) + Ay(a— x) + pau, y@), ya-t) dt = f(z), AFL, 
0 


whereOSasa,0St<a. 
The truncated linear functional equations (54), with v(x) = 0, has the solution 


f(@)-Af@-z) 


Har 7252 


Therefore, solutions to the nonlinear equation (54) are sought in the form 


p(x) — Ap(a- 2) 
1-2 


> 


ya) = ¥p(@) + AYe(@),  Ye(a) = 
where the constant A is determined from the algebraic (transcendental) equation 
a 
A+ | Wt, ¥p() + AY, (t), Y¥¢(a- t) + AYp(a-t)) dt = 0. 
0 
Example 5. Consider the nonlinear integro-functional-differential equation 


n/2 
if [y(a sin t) + pa) VE, yO), y,(O)] dt = f(x). 
0 


825 


(54) 


(55) 


For v(x) = 0, it is the Schlomilch equation. Its solution is given in Subsection 3.5 (see Eq. 3.5.40). It should be noted 


that equation (50) contains the unknown function with different arguments, y(a sin t) and y(t). 
Following the method described above, we look for solutions to equation (55) in the form 


Ym(Z) = Y¥p (2) + AmYo(z), 


where 


y) n/2 ; 2 n/2 F ; 
y= = [70+ | fear], Yo(z) = [eo +e | eeear|, €=zsinr, 


TT 


and Aj are roots of the algebraic (transcendental) equation 


b 
A+ ‘ Wt, Y() + AY, (0), ¥/ © + AVL) dt = 0. 


Example 6. Consider a boundary value problem for the nonlinear integro-differential equation 


1 
oes + (a) | Vit, y(t) dt = fe) 
0 


with homogeneous boundary conditions 
yO) = y() =0. 
The solution of an auxiliary linear boundary value problem 
Yoo =f@;  Y@Q=Y()=0 
has the form 


1 
Yigys | Glo, &)f() dé, 


(€-lax forO<sa<sé<l, 


aen={ Ee for 0<€<a<l. 


(56) 


(57) 


(58) 


Therefore solutions of the original boundary value problem for nonlinear integro-differential equation (56) with boundary 


conditions (57) can be constructed in the form 


y(a) = Yp(x) + AYe(a), 


(59) 


where Y,(x) is determined by the right-hand side of formula (58), in which function f(x) is changed by function v(x). 


Substitution of (59) to (56) leads to the following algebraic (transcendental) equation for determining of A: 


b 
A +/ W(t, Y(t) + AYp(t)) dt = 0. 


(60) 


In particular case of f(x) = 0 and y(x) = 1 in formulas (59)-(60) it is necessary to set Yp(a) = 0, Yo(x) = tala -1). 
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Remark. In the case of inhomogeneous boundary conditions for integro-differential equation 
it is necessary to change variables using relation y(x) = y(x) + g(x), where g(x) is an arbitrary 
sufficiently smooth function that satisfies boundary conditions. Finally we obtain the problem 
with homogeneous boundary conditions. For example, for integro-differential equation (56) with 
inhomogeneous boundary conditions y(0) = a, y(1) = b one can take g(x) = a+ (b—a)z. 


@© References for Section 16.4: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), A. D. Polyanin and A. V. Manzhi- 
rov (1998), A. D. Polyanin and A. I. Zhurov (2007). 


16.5. Approximate and Numerical Methods for Nonlinear 
Equations with Constant Integration Limits 


16.5-1. Successive Approximation Method. 


Consider the nonlinear Urysohn integral equation in the canonical form: 


b 
y(x) = / K(a,t, yt) dt, asax<b. (1) 


The iteration process for this equation is constructed by the formula 


b 
yR(x) = if K (a, t, yx1@) dt, k=1,2,... (2) 


If the function K(a, t, y) is jointly continuous together with the derivative Ky (x, t, y) (with respect 
to the variables x, t, and p,a<a<b,a<t<b, and ly| < p) and if 


b b 
/ sup |K(x, t, y)| dt $ p, y sup |Ki,(a, t, yl dt < 8 <1, (3) 
a Yy a Yy 


then for any continuous function yo(x) of the initial approximation from the domain {|y|Sp, a<x<b}, 
the successive approximations (2) converge to a continuous solution y*(a), which lies in the same 
domain and is unique in this domain. The rate of convergence is defined by the inequality 

k 


1-6 


which gives an a priori estimate for the error of the kth approximation. The a posteriori estimate 
(which is, in general, more precise) has the form 


ly" (a) — yp(x)| S sup |yi(x) — yo(@)I, as«xsb, (4) 


ly"(x) — ye(@)I S 


1-g SP yx(@)—Yrai(e)) asad. (5) 


A solution of an equation of the form (1) with an additional term f(x) on the right-hand side 
can be constructed in a similar manner. 


Example 1. Let us apply the successive approximation method to solve the equation 


1 
yx) = | aty*(t) dt — pe +1. 
0 
The recursive formula has the form 
1 
Y(t) = i, atyz_\()dt- Sa+l, k=1,2,... 


For the initial approximation we take yo(x) = 1. The calculation yields 
yi (x) = 1+ 0.083 x, yo(x) = 1+0.142, y3(x~) = 1+0.18 2, 
yg(x) = 1+0.27 2, yo(x) = 1+0.262, yio(z) = 1+ 0.29 2, 
yio(v) = 140.3182, yi7(~)=14+0.321 2, yig(x) = 140.323 2, 
Thus, the approximations tend to the exact solution y(a) = 1 + ta. We see that the rate of convergence of the iteration 


process is fairly small. 
Note that in Subsection 16.5-2, the equation in question is solved by a more efficient method. 
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16.5-2. Newton—Kantorovich Method. 


The solution of nonlinear integral equations is a complicated problem of computational mathematics, 
which is related to difficulties of both a principal and computational character. In this connection, 
methods are developed that are especially designed for solving nonlinear equations, including the 
Newton—Kantorovich method, which makes it possible to provide and accelerate the convergence 
of iteration processes in many cases. 

We consider this method in connection with the Urysohn equation in the canonical form (1). 
The iteration process is constructed as follows: 


YR(L) = Yri(©) + Pri(2), k=1,2,..., (6) 
b 
pes@) = ens@)4 / KI (2, t, yo-s(€) Yu-s() at, (7) 
b 
Ae i K(2,t, yes) dt— yeaa). (8) 


At each step of the algorithm, a linear integral equation for the correction (px_1 (x) is solved. Under 
some conditions, the process (6) has high rate of convergence; however, it is rather complicated, 
because at each iteration we must obtain the new kernel Ky (a; t, Yk-1 (t)) for Eqs. (7). 

The algorithm can be simplified by using the equation 


b 
or-a(@) = eg-1(2t) + i KI (ct, t, yo(t)) ona) dt (9) 


instead of (7). If the initial approximation is chosen successfully, then the difference between the 
integral operators in (7) and (9) is small, and the kernel in (9) remains the same in the course of the 
solution. 

The successive approximation method that consists in the application of formulas (6), (8), and (9) 
is called the modified Newton—Kantorovich method. In principle, its rate of convergence is less than 
that of the original (unmodified) method; however, this version of the method is less complicated in 
calculations, and therefore it is frequently preferable. 

Let the function K(a,t, y) be jointly continuous together with the derivatives K,@, t, y) and 
Ky t, y) with respect to the variables x,t, y, wherea< x2 <banda<t<b, and let the following 
conditions hold: 


1°. For the initial approximation yo(x), the resolvent 7(z, t) of the linear integral equation (7) with 
the kernel SA (a, t, yo(t)) satisfies the condition 


b 
/ R(x, t)| dt < A <oo, asa<b. 
2°. The residual €9(x) of Eq. (8) for the approximation yo(x) satisfies the inequality 
b 
leo(a)| -| i K(x, t, yo(t)) dt — yo(a)|S B < ox. 
3°. In the domain |y(x) — yo(x)| < 2(1 + A)B, the following relation holds: 
b 
/ sup|K},,(a, t, y)| dt SD < oo. 
a sy 


4°. The constants A, B, and D satisfy the condition 


H=(1+AYBD<}. 
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In this case, under assumptions 1°—4°, the process (6) converges to a solution y* (x) of Eq. (1) in the 
domain 


Iy(x)— yo(a)| << (1-VI-2HE)H"(1- ADB, aS xb. 


This solution is unique in the domain 
ly(x) — yo(x)| $ 201 + A)B, asasb. 
The rate of convergence is determined by the estimate 
ly*(a) —yx(a)| $2! *QHY -A)B, = aS @Sb. 


Thus, the above conditions establish the convergence of the algorithm and the existence, the position, 
and the uniqueness domain of a solution of the nonlinear equation (1). These conditions impose 
certain restrictions on the initial approximation yo(x) whose choice is an important independent 
problem that has no unified approach. As usual, the initial approximation is determined either by 
more detailed a priori analysis of the equation under consideration or by physical reasoning implied 
by the essence of the problem described by this equation. Under a successful choice of the initial 
approximation, the Newton—Kantorovich method provides a high rate of convergence of the iteration 
process to obtain an approximate solution with given accuracy. 


Remark. Let the right-hand side of Eq. (1) contain an additional term f(x). Then such an 
equation can be represented in the form (1), where the integrand is kK is, t, y(t)) +(b-—a)' f(a). 


Example 2. Let us apply the Newton—Kantorovich method to solve the equation 
1 
ua)= | aty’(t)dt- a +1. (10) 
0 
For the initial approximation we take yo(x) = 1. According to (8), we find the residual 
1 1 
E0(x) =} atya(t) dt — aut 1— yo(x) ai tdt— aut 1-l= oe. 
0 0 


The y-derivative of the kernel K(x, t, y) = xty?(t), which is needed in the calculations, has the form Ky (x,t, y) = 2xty(t). 
According to (7), we form the following equation for yo(x): 


1 
gol) = Fea + 2x | tyo(yo(t) dt, 
0 


where the kernel turns out to be degenerate, which makes it possible to obtain the solution yo(x) = tr directly. 
Now we define the first approximation to the desired function: 


yi(a) = yo(a) + Yo(a) = 14 Fa. 


We continue the iteration process and obtain 


1 
ex(e)= | wt(1+ $1) a+ (1 $0) - (14 $2) = de. 
0 


The equation for 1 (a) has the form 


1 
yi (x) = get2e f t(1 + rt) dt + (1 x) (1 + 2), 
and the solution is yi (x) = pe. Hence, yo(x) = 1+ fa + He = 1+0.325 2. The maximal difference between the exact 


solution y(x) = 1+ ta and the approximate solution y2(a) is observed at x = | and is less than 0.5%. 

This solution is not unique. The other solution can be obtained by taking the function yo(a) = 1 + 0.8 x for the initial 
approximation. In this case we can repeat the above sequence of approximations and obtain the following results (the 
numerical coefficient of x is rounded): 


yy(vw) = 140.822, wley=1tl.i3a, y3(~)=14+0982, ..., 


and the subsequent approximations tend to the exact solution y(x) = 1+ a. 


16.5. APPROXIMATE METHODS FOR NONLINEAR EQUATIONS WITH CONSTANT INTEGRATION LIMITS 829 


We see that the rate of convergence of the iteration process performed by the Newton—Kantorovich method is significantly 
higher than that performed by the method of successive approximations (see Example | in Subsection 16.5-1). 

To estimate the rate of convergence of the performed iteration process, we can compare the above results with the 
realization of the modified Newton—Kantorovich method. In connection with the latter, for the above versions of the 
approximations we can obtain 


moctne LAL= eRe [ee [=] 
ro=tris To Taas [00s [ooo] ost foas oss [ose fas] 


The iteration process converges to the exact solution y(x) = 1+ 4a. 
We see that the modified Newton—Kantorovich method is less efficient than the Newton—Kantorovich method, but more 
efficient than the method of successive approximations (see Example 1| in Subsection 16.5-1). 


16.5-3. Quadrature Method. 


To solve an arbitrary nonlinear equation, we can apply the method based on the application of 
quadrature formulas. The procedure of composing the approximating system of equations is the 
same as in the linear case (see Subsection 13.19-1). We consider this procedure for an example of 
the Urysohn equation of the second kind: 


b 
ya)- | K (a, t, y(t) dt = f(a), a<axsb. (11) 
We set x = x; (i = 1,...,7). Then we obtain 
b 
yx) | K (ai, t, y@) dt = f(a), (= 1, c.g, (12) 


On applying the quadrature formula from Subsection 13.19-1 and neglecting the approximation 
error, we transform relations (12) into the system of nonlinear equations 


yi- > AKg)= fr t= 1,....7, (13) 
j=l 
for the approximate values y; of the solution y(x) at the nodes 71, ..., 2, where f; = f(x;) and 
Kij(yj) = K (xi, tj, yj), and A; are the coefficients of the quadrature formula. 
The solution of the nonlinear system (13) gives values y), ..., Yn for which by interpolation 


we find an approximate solution of the integral equation (11) on the entire interval [a, b]. For the 
analytic expression of an approximate solution, we can take the function 


Ga) = f@)+S7 AjK@, 2;,y))- (14) 


j=l 


16.5-4. Tikhonov Regularization Method. 


In connection with the nonlinear Urysohn integral equation of the first kind 


b 
/ K (a, t, yt) dt = f(a), c<as<d, (15) 
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where f(x) € L2(c, d) and y(t) € D(a, b), the Tikhonov regularization method leads to a regularized 
nonlinear integral equation in the form 


b 
AYo(2) +/ M(t,2, yal), Ya(x)) dt = F (2x, ya(2)), a<axs<b, (16) 
d 
M(t, x, y(t), y(x)) 7 / K(s, ts y(t)) ae (s, L, y(x)) ds, (17) 
d 
Ba, y(x)) = i i (t, x; y(x)) f@ dt, (18) 


where a is a regularization parameter. 

For instance, by applying the quadrature method on the basis of the trapezoidal rule, we can 
reduce Eq. (16) to a system of nonlinear algebraic equations. An approximate solution of (15) is 
constructed by the principle described above for linear equations (see Section 12.11). 


@) References for Section 16.5: N. S. Smirnov (1951), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. G. Tricomi (1985), 
A. F. Verlan’ and V. S. Sizikov (1986). 


16.6 Existence and Uniqueness Theorems for Nonlinear 
Equations 


16.6-1. Hammerstein Equations. 


1°. Consider the Hammerstein equation 


b 
y(x) = ') K (a, t) ®¢t, y(t)) dt, asas<b. (1) 
Assume that the function ®(¢, y) is continuous, and the kernel Kk (x, t) is positive definite, continuous, 
and symmetric, K(az,t) = K(t, x). 
THEOREM 1. Suppose that the inequality 
IDE, y)1 S Cilyl + C2 


holds with some positive constants C and C2 such that C) < 1, and , is the smallest characteristic 
value of the kernel K(a,t). Then the nonlinear integral equation (1) has at least one continuous 
solution. 


THEOREM 2. If for any fixed t € [a, b], the function ®(t, y) is nondecreasing with respect to y, 
then the nonlinear integral equation (1) has at most one solution. 


THEOREM 3. The nonlinear integral equation (1) has at most one solution if the function ®(t, y) 
satisfies the uniform Lipschitz condition 


IPC, yo) -— O, YS oly2 - vil, 
where 0 < o < 44, A, is the smallest characteristic value of the kernel K(x, t). 


THEOREM 4 (ON NONEXISTENCE OF SOLUTIONS). Suppose that K(x, t) 20, K(x, t) #0, and the 
eigenfunction y;(«) of the kernel k(x, t) corresponding to the smallest characteristic value , does 
not change sign in the domain a < x,t < b. Then the condition 


Gt, y(t)) > Ary) (for all t € [a, b]) 
ensures that equation (1) has no solutions. 


2°. Assume now that the kernel 1 (x, t) of equation (1) is continuous and positive definite (possibly, 
nonsymmetric, K(x, t) # K(t, x)), and the function ®(¢, y) is continuous. 
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THEOREM 5. Suppose that the inequality 


y 
[ eemdyszar+B  €O Iyl<o0) 2) 
0 


holds with a constant A < 1, where 2, is the smallest characteristic value of the kernel K(x, t). 
Then equation (1) has at least one continuous solution. 


Now consider the case of an unbounded positive-definite kernel K(x, t). Then the following 
result holds. 


THEOREM 6. Suppose that the kernel K(x, t) satisfies the condition 


b pb 
I |K (a, t)|? dx dt < co, p>2, 


and the function ®(t, y) satisfies the inequality (2) and the condition 
ID(t, yl < a + ful?! (as z,t<b, ly| <0). 


Then equation (1) has at least one solution. 


THEOREM 7. Let K(x, t) be positive and continuous in the domain a < x,t < b. Suppose that 
the function ®(¢, y) is continuous in the domaina <t < b, y > 0, nonnegative for y = 0 and strictly 
positive for y > 0 and almost all t. Suppose also that one of the following conditions holds: 


1) &(t,y) does not decrease in y, and y’®(t,y) does not increase in y, where 3 is a 
point from the interval (0, 1); 

2) &(t,y) does not increase in y, and y°®(t, y) increases in y, where 3 is a point from 
the interval. 
Then equation (1) has one and only one positive solution. This solution is the uniform limit 
of the successive approximations 


b 
Yn(2) ay, K(z,t) Ot, yni@)dt (n=1,2,...), 


where yo(x) is an arbitrary nonzero nonnegative initial function. 


3°. Consider a system of integral equations of Hammerstein’s type 


b 
yi(x) = Ki@,O0O:(¢,y1©,---,yn@)dé G@=1,...,n) (3) 
with continuous symmetric positive-definite kernels K;(x, t), where ®;(¢, y1,..., Yn) are continuous 
functions in all their arguments. 


THEOREM 8. Suppose that the functions ®;(t, y1,..., Yn) satisfy the inequality 
So yiPilts ys Yn) S A> ly +B, 
i=l i=l 


where A < Xo and Xo is the smallest characteristic value of the kernels K;(x,t). Then system (3) 
has at least one continuous solution. 
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16.6-2. Urysohn Equations. 


Consider the nonlinear Urysohn equation 


b 
Haya / K(e,t,y(t)) dt + f(a). (4) 


THEOREM 1. Let K(a,t,y) and f(x) be continuous functions of their arguments a < x,t < 6, 
—0o < y < ©, and suppose that K(x, t, y) satisfies the Lipschitz condition in y, 


|K(a, t, Y2) ~ K(a, t, yl s Lhy2 =, yi 
where L is a constant independent of y; and y2. Then the condition 


b-a 
L 


rA< 


ensures that equation (4) has one and only one continuous solution. This solution can be found by 
the method of successive approximations 


b 
unaila) =A f K(a, t, yn) dt + f(x), = OMI, os 


with an arbitrary continuous function yo(2). 


Remark. If the function (2, t, y) has a bounded partial derivative in y: 


OK 


<A (asa,t<b, -co<y<o), 
Oy 


then K (a, y, t) satisfies the Lipschitz condition in y with a constant [ < A. 
THEOREM 2. Let f(x) € L2(a, b) and suppose that 


lK(a,t,y)-K(@,t ys M(e,Olyi-yl  (asa,t<b, -00 <y< oo), 


where 


b pb 
/ / IM(x, t)’'dx dt = B? < oo. 


1 
Then, for  < zB’ equation (4) has one and only one solution in L(a, 6). 
THEOREM 3. Suppose that the function K(x, t, y) is continuous in y and satisfies the inequality 


|K(2,t, y)| < M(a, t)(A + Blul?) (as<a,t<b, -co<y<oo), 


b pb 
im [M (a, t)|?* da dt < oo. 


Then, for any sufficiently small || and any f(x) € Lpii(a, b), equation (4) has a solution y(x) € 
Lpii(a, 6). Ifp < 1, then a solution exists for any 4. 


where A, B, p > 0, and 


THEOREM 4. Suppose that the function K(x, t, y) is continuous in the domainQ = {a< «<b, 
asxt<b, |y| < p} and its partial derivative in y is bounded, 


OK 


<C (z,t,y €Q). 
Oy 
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Then the equation 
b 
ye) = i K(a,t, y(b)) dt, (5) 


where 
JAIC|b—a] < 1, 


b 
|A| max / max |K(z, t, y)| dt < p, 
qa lylSe 


asxsb 
has one and only one continuous solution y(a) (a < x < b) satisfying the inequality |y(x)| < p. 


If yo(x) is an arbitrary continuous function satisfying the inequality |yo(x)|< p (a<a<b), 
then the successive approximations 


b 
Yn+1 (©) = rf K(a,t,yn@)dt — (n=0,1,...) 


are uniformly convergent on [a,b] to this solution. 


THEOREM 5. Suppose that the function K (x,t, y) is continuous in the domainQ = {a<a<b, 
a<xt<b, ly| <p}. Then the condition 


p 


|A| < ———>_____ 
(b—a) max |K(a,t,y)) 
«x,tyEQ 


ensures that the integral equation (5) has at least one continuous solution satisfying the inequality 
Iya) S p. 


THEOREM 6. Let K(z, t, y) be continuous in the domainQ ={a<a<b, ast<b, -co<y<oo} 


and let 
g(r) = max | IK(a,t.h 


asa,tsb, ys 
ye 
A= sup —————. 
O<r<co (b ~ apr) 
Then, for |A| < A, the integral equation (5) has at least one continuous solution. 


In particular, if 
tim 20 - 


roo 7 


0, 


then the integral equation (5) has a solution for any 2. In this case, equation (4), too, has a solution 
for any 4 and any continuous f(x). 


THEOREM 7. Suppose a function K(x, t, y) is continuous in 7, t, y and satisfies the inequalities 
O0< K(a,t,y)< at L(a, thy (as<a,t<b, y=0), 


where L(x, t) is a nonnegative kernel the smallest characteristic value of which satisfies the condition 
A> 1. Then the equation 


b 
y(x) = / K (a, t, y(t) dt 
a 
has at least one continuous nonnegative solution. 


@© References for Section 16.6: M. A. Krasnosel’skii (1964), M. L. Krasnov (1975), P. P. Zabreyko, A. I. Koshelev, et 
al. (1975), R. Precup (2006). 
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16.7. Nonlinear Equations with a Parameter: 
Eigenfunctions, Eigenvalues, Bifurcation Points 


16.7-1. Eigenfunctions and Eigenvalues of Nonlinear Integral Equations. 


Consider a nonlinear integral equation 
y = AATy] (1) 


with a parameter A. An example of such an equation is provided by the Urysohn equation (5) from 
Subsection 16.6-2, which has a solution for sufficiently small . (this solution tends to zero as \ — 0). 
Of most importance for applications are nontrivial solutions corresponding to finite values of A. By 
analogy with the theory of linear integral equations, nontrivial solutions of the nonlinear equation 
(1) are called eigenfunctions of the corresponding nonlinear operator A (or eigenfunctions of the 
nonlinear equation (1)), and A for which such solutions exist are called characteristic values (and 
the numbers ps = 1/2 are called eigenvalues). 

For nonlinear integral equations (1) with a parameter (1), a typical situation is the existence 
of nontrivial solutions for all from some interval (a, () (thus, there is a continuous spectrum of 
characteristic values corresponding to a continuum of eigenfunctions; see Section 16.1-3 for relevant 
examples), which is in harsh contrast with the situation typical for linear integral equations with a 
discrete spectrum of characteristic values. 


THEOREM 1. Suppose that ®(t, y) is continuous and the kernel K (x, t) is continuous, symmetric, 
and positive definite. Then the Hammerstein equation 


b 
y(x) = af K (a, t) ®t, y(t)) dt, as<ax<b, (2) 


has a continuum of eigenfunctions. 


THEOREM 2. Let K (x,t) be symmetric, positive definite, and satisfying the inequality 


b pb 
a |K (a, t)\?dax dt < 0, p=2, 
and suppose that ®(¢, y) is continuous and satisfies the inequality 
IDC, ys Ci + Colyl?™. 


Then the Hammerstein equation (2) has a continuum of eigenfunctions. 


THEOREM 3. Suppose that the kernel K(x, t) is continuous, symmetric, and has finitely many 
negative characteristic values. Suppose also that ®(t, y) is continuous and satisfies the inequality 


y&(t, y) = Ay? —B (asa,t<b, -w~o<y< ov), 


for A > 0. Then the Hammerstein equation (2) has a continuum of eigenfunctions. 


THEOREM 4. Suppose that I (, t, y) is continuous and satisfies the inequality 
K(a,t, y) = L(a, thy (a<a,t<b, y>O0), 
where L(x, t) is a positive continuous kernel. Then the Urysohn equation 
b 
y(2) = af K(a, t, y)) dt 


has a continuum of eigenfunctions. 
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16.7-2. Local Solutions of a Nonlinear Integral Equation with a Parameter. 


Consider the Urysohn equation 


b 
y(2) = / K (a, t, y(t); A) dt (a<a<b) (3) 


with the integrand depending on the parameter \ in an arbitrary manner. Assume that a function 
yo(x) is a solution of equation (3) for A = Ao. It is important to know the conditions under which 
equation (3) has solutions y(x) close to yo(x) for A close to Ao. 


THEOREM. Suppose that the function K(x, t, y; ) and its partial derivative Ky@, t,y; A) are 
continuous in all their arguments and a continuous function yo(x) is a solution of equation (3) for 
A= Xo, 


b 
Oe : KGAVOowe Wweeet). (4) 


If A = 1 is not a characteristic value of the kernel Kk, @, t, yo(t); Ao), then equation (3) has one and 
only one continuous solution y = y(x, A) close to yo(x) for A close to Ao. 


Remark. The solution of equation (3) can be sought in the form of expansion in powers of 
(A= Xo): 
yx, A) = yo(x) + (A= Ao)yi(w) + A= do)’ y2(x) +++ - 


For y;,(x) one obtains the triangular system of linear integral equations 


b b 
mda) = [Kye ty: dont dt+ fFela.t.yo(te--struDerodt, B= 1200 


which can be solved in consecutive manner with yo(x) being the solution of equation (4). 


16.7-3. Bifurcation Points of Nonlinear Integral Equations. 


Here it is assumed that for all values of the parameter 4, the integral equation (3) admits the trivial 
solution y(x) = 0, i.e., K(a, t,0; A) = 0. 
A value \,, is called a bifurcation point for equation (3) if for any ¢ > 0 there is \ € (Ax. —€, Ax +€) 
for which the equation has a nontrivial solution y() = y(, A) that satisfies the inequality || y()|| <e. 
In simple words, the meaning of a bifurcation point .,, is that the number of solutions changes 
as A crosses that point. 


Example 1. Consider the linear integral equation with a continuous kernel 


b 
y(a) = » ‘| K(a, Hy dt. (5) 


For any A, this equation admits the trivial solution y(x) = 0. 

Let A = Ax be a characteristic value of equation (1) corresponding to a nontrivial solution y.(x). Since this solution is 
defined to within a constant coefficient, it can be made arbitrarily small in the norm of C(a, b), i.e., for any € > 0, there is a 
solution y(x) such that 


Ily(@)|| = max ly (@)| <€. 


Thus, for any € > 0 there is A € (Ax — €, Ax + €) (in this case A = Ax.) for which equation (5) has a nontrivial solution 
yx (x) satisfying the condition ||y.(a)|| < €. By definition, the characteristic value A, of the kernel K (a, t) is a bifurcation 
point of equation (5). 
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Example 2. Consider the Hammerstein equation with a degenerate kernel containing a quadratic nonlinearity: 


1 
y(a) = | at[y(t) + y?(t)] dt. (6) 
0 


For any value of the parameter A, equation (6) the trivial solution y(a) = 0. 
Denote 


A, = | ty(t)dt, Ao = 7 ty?(t) dt. (7) 
With this notation, equation (6) can be rewritten as 
y(t) = MA, + Ag)a. (8) 
Substituting (8) into (7), one obtains a second-order algebraic system for the determination of the coefficients A; and A): 
A, = =A, + Ad), 
Aj = $°(Ai + Ap)’. 
The solution of this system leads us to two solutions of the integral equation (6), one of which is trivial, y(x) = 0, and the 


other has the form 
_ 43-A) 


3X 


Let us show that A = 3 is a bifurcation point for equation (6). Indeed, for any ¢ > 0 there is A € (3 —€,3 + €) (for 
instance, any A # 3 from this interval) for which equation (6) has the nontrivial solution (9) satisfying the condition 


y(x) a. (9) 


4(3 - A) 
3A 


I|y(@)|| = max 


THEOREM 1. Let \, be a bifurcation point for the nonlinear integral equation (3). Then 1 
is a characteristic value of the kernel L(x, t) = Ky @, t,0;A.). (Ut is assumed that the integrand 
K (a, t, y; A) and its partial derivative K,@, t, y; A) are continuous in their arguments.) 


In other words, a necessary condition for the existence of a bifurcation point \ = 4, for equation 
(3) is the existence of a nontrivial solution of the homogeneous linear integral equation 


b 
u(x) = / Ki (a, t, 0; A,.)u(t) dt (a<a<b). (10) 


Theorem | suggests which values \ = , can be expected to be bifurcation points. 


THEOREM 2. Let 1 be a characteristic value of the kernel L(x, t) = A, t, 0; A,.) and let the 
multiplicity of this value be equal to 1 (is odd). Then 4, is a bifurcation point of the nonlinear 
integral equation (3). 


Example 3. Consider the Nekrasov equation 


2m K(a,t) sin y(t) 1 & sin(nz) sin(nt) 
= dt, K(a,t) = ; 
we / 1+ ih sin y(s) ds we 3 PB n 


n=l 


that describes waves on the surface of ideal incompressible fluid. For all values of the parameter , this equation admits the 
trivial solution y(x) = 0. Its bifurcation points correspond to the values A = A. for which waves are produced. 
The linearized equation (10) in this case can be written as 


Qn 
U(x) = Ax K(a, thu(t) dt. 
0 


Its characteristic values and the corresponding eigenfunctions have the form 
An =3n,  Un() = sin(nx). 


All characteristic values are simple, and therefore, these and only these are bifurcation points of the Nekrasov equation. 
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THEOREM 3. Let the kernel K(a,t) be continuous and positive definite and let the function 
®(t, y) and its derivative b(t, y) be continuous, with ®(t,0) = 0. Then the bifurcation points of 
the Hammerstein equation (2) with parameter \ coincide with the characteristic values of the kernel 
D(a, t) = K(a, Hot, 0). 


Example 4. For the Hammerstein equation with degenerate kernel (6), we have 
K(a,t)=at, Ot,ysyty, O(ty)=1+2y, O(¢,0)=0. 


Therefore, the assumptions of Theorem 3 hold. Since Gi (t, 0) = 1, we see that the bifurcation points of equation (6) coincide 
with the characteristic values of the kernel K (a, t) = at, 


1 
U(x) = Ax i atu(t) dt. 
0 


Substituting u(x) = AA, into this equation, we obtain the unique characteristic value \.. = 3, which is a bifurcation point 
of the Hammerstein equation. 


Remark. The bifurcation point ,. = 3 in Example 2 was obtained in a more difficult way, by 
direct examination of equation (6). 


© References for Section 16.7: M. A. Krasnosel’skii (1964), M. G. Krein (1972), M. L. Krasnov (1975), P. P. Zabreyko, 
A. I. Koshelev, et al. (1975), R. Precup (2006). 


Chapter 17 


Methods for Solving Multidimensional 
Mixed Integral Equations 


17.1. Some Definition and Remarks 


17.1-1. Basic Classes of Functions. 


Integral equations containing both the Volterra kernels (see Subsection 10.1-1) and the Fredholm 
kernels (see Subsections 12.1-1 and 12.1-2) are called mixed integral equations. Such integral 
equations arise in applications and are a fairly new object of mathematical studies. So far, no 
definite classification of such equations has been given, and such a classification is likely to be vast 
and ramified. Here, we consider some integral equations and related problems that have been studied 
in more detail. 

Mixed integral equations are multidimensional (at least two-dimensional). In the integral terms 
of such equations with Volterra kernels, the unknown function of several variables is integrated in 
the variable that has the meaning of the time; and in the integral terms with Fredholm kernels, the 
integration of the same unknown function is over some (one- or multi-dimensional) domain. 

Let us describe the main classes of multidimensional real-valued functions that appear in mixed 
integral equations. 

For a bounded closed domain 2 in R”, the set £2(Q) consists of all real-valued functions f (2) 
defined in 2 and having their squared absolute value |f(Z)|* integrable in Q. The set L2(Q) is a 
Hilbert space with the following scalar product and the norm (see Supplement 12.5-2): 


(f.9) = [ f@g@d%, |Wh=C.N2=4/ [ IF@P dQ, 


where # = (%,...,2n) € R”. 
Example. 


1°. Ifn =2 and Q is the ring w = {a<r<b, 0< p< 2r}, then 
b p2r 
IQ) = Low), f@)=f(r.9), i, = / = if | SO Satie 
2 w aJ0 


2°. The subspace of L2(w) consisting of functions that depend only on the radial coordinate r is denoted by Lo (w). In this 
case, 


b 
f@ = fr), J p@an= f fir)rdr dp = 2x f rf (r)dr, 
Q w a 


The space To (w) is a Hilbert space with the scalar product 
b 
(f.9) = anf f@r)g(r)yr dr. 
a 
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Frequently the space La(w) is considered as the space of functions of the form Fir) = V2 f(r) for which the scalar 
product has the like form but without factor 27, 


a be 
(f,9) - | f(r)g(r)r dr. 


In what follows we will use the latter definition of the scalar product. To simplify notation we will omit the hat symbol 
over functions. 

Let F(t) be a function of the real argument ¢ € [79, T’] with values in a Banach space B, i.e., 
F’: [1,7] — B. The function F'(¢) is called continuous on [70, T’] if for any t € [7, T’'], we have 


|F@O-Fa)\lgp 70 as t >t, 


where || - || is the norm in B. The space of such continuous functions is denoted by C([70, T], B). 

For example, if B = L(Q) with the above norm || - ||, we can consider a function y(Z, t) such 
that for each t € [79, T’] its value belongs to L2(Q). Regarded as a function of ¢ with values in L2(Q), 
such a function is called continuous in t on the interval [7, T'] if for any t € [70, T’], we have 


|y(@, 0) — y(@,t))|| 70 as t,t. 


Accordingly, the space of such functions is denoted by C([7, T'], Lo(Q)). 
For a function y(z, t) € C([7, T], L2(Q)), the following properties hold: 
1) the norm ||y(2, ¢)|| is continuous in t € [7, T]; 
2) for any f(Z) € L2(Q), the scalar product (y(%, t), f(Z)) is continuous in t € [7, 7); 
3) y(@, t) € Lo(OX (7, T)) if the interval (7, T) is finite. 
In what follows, we consider the cases of 2 being a finite interval, a circle, or an arbitrary closed 
bounded set. 


17.1-2. Mixed Equations on a Finite Interval. 


1°. For continuous functions of t € [7,7] with values in L[a, b], the mixed two-dimensional 
integral equation with symmetric Fredholm kernel has the form 


t b 
att)|u(est)- i Vict riya, dr] + i F(w, &y(Eé, t) dé 


t b 
-/ vat.r) | F(a, 2)y(€,7)dEdr = f(a, t), as<asb, mSt<T, (1) 


0 


where o(t) is a known continuous positive function; y(x,t) is the unknown function of class 
C([, T], Lola, b]); f(x, t) € C([7, T], Lola, b]) is a given function; V\ (¢, 7) and V2(t, 7) are Volterra 
kernels (see Subsection 10.1-1); and F(z, €) is a Fredholm kernel, so that 


b pb 
‘f F° (2, €) dx dé = B? < ow. 


Assume, in addition, that the kernel F'(a, €) is symmetric and positive definite. Such a kernel is also 
called a Hilbert-Schmiadt kernel (see also Subsection 13.6-2). 

2°. For functions of class C([7, T'], Lo[a, b]), a mixed two-dimensional integral equation with a 
Schmidt kernel has the form 


t b 
a(t) uc o- | Vit, T)y(@, 7) ar| +/ S(ax, S)y(&, t) df 


f (x, t) (2) 
h(x) 


t b 
7 / Valt,7) / Slo, OylE, 7) dé dr = 


FO, 8) 


S(a, §) = hay” 


asx<b, m<st<T, 
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where h(x) > 0 is a given function of class L[a, b], and the other quantities are similar to those 
introduced for equation (1). The kernel S(x, €) is called a Schmidt kernel. This kernel is nonsym- 
metric, but has all the properties of symmetric kernels. Equation (2) is often written in the following 
equivalent form: 


t b 
o(t)h(x) luce y- | Vit, T)y(@, 7) ar| +f F(a, &)y(&, t) dé 


t b 
-| vate) | F(a, &)y(€,7)dEdr = f(a, t), as<asb, mStsT. (3) 


0 


Together with equations (1), (2), we consider some problems that contain, in addition to (1) 
or (2), some auxiliary integral conditions on the unknown function. Such conditions are introduced 
in some cases if the right hand-side of the equation is not determined completely. Often, such 
conditions have the form 


b b 
b 
jf ueoa=mno, f (6-S)ucnae= sew. (4) 


17.1-3. Mixed Equation on a Ring-Shaped (Circular) Domain. 


1°. A mixed two-dimensional integral equation with Fredholm kernel for functions of class 
C(I, T], L2(w)) has the form 


t b 
att)| (rst) / Vict rbutrs7) dr + / Fur, pyylp,t)o dp 


0 


t b 
-/ Vat, nf Fir, py(p, Ip dpdr = f(r,t), as<rsb, mst<T, (5) 


0 


where w is the ring of internal radius a and external radius b (for a = 0, the domain w is the circle 
of radius b); a(t) is a given positive continuous function; y(r, t) is the unknown function of class 

C([n, wae L,(w)); f(r, t) is a given right-hand side of class C(I, sae L(w)); V(t, T) and V(t, 7) 
are Volterra kernels (see Subsection 10.1-1); and £,,(r, p) is a Fredholm kernel, so that 


b pb 
1 F°(r, p)rp dr dp = B?, < ow. 


Assume, in addition, that the kernel F.,,(r, p) is symmetric and positive definite (see also Subsec- 
tion 13.6-2), i.e., 


b pb 
RE ABO, / / F.(r, p)o(ro(p) dr dp 2 0, 


and the second relation holds as equality only for y(r) =0. As above, a symmetric positive Fredholm 
kernel will be called a Hilbert—Schmidt kernel. 


2°. A mixed two-dimensional integral equation with a Schmidt kernel for functions of class 
C([t0, T], Lo(w)) has the form 


t b 
att) u(r. { Victor) dr] + / Slt, py(,t)o dp 


f(r,t) (6) 
h(r) 


t b 
-| vate) | Sulr, p)y(p, T)p dp dr = 
F.(r, p) 


Sul’, p) = “RO” 


asr<b, m<t<T, 
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where h(r) > 0 is a given function in Low), and the other notations are similar to those introduced 
for equation (5). The kernel S,,(7, 9) is a Schmidt kernel, which possesses all the properties of 
Hilbert—Schmidt kernels. Equation (6) is often written in the following equivalent form: 


t b 
atoyh(r)| yor.) if Vitter) dr] F / Fi(r, py, )p-dp 


0 


t b 
-| Va(t, nf Fulr, py(p, Dp dpdtr = f(r,t), as<rsb, msts<T. (7) 


0 


Together with equations (5)—(7), we consider some problems with an auxiliary integral condition 
on the unknown function. Such conditions are introduced if there is not enough information about 
the right-hand side of the equation. For equations (5)-(7), this condition often has the form 


b 
if y(p, Dp dp = M(t). (8) 


17.1-4. Mixed Equations on a Closed Bounded Set. 


1°. A mixed multi-dimensional integral equation with a symmetric Fredholm kernel for functions 
of class C([10, I], £2(Q)) has the form 


o(t)\(1—V,)y(&, t) + I—- Va) Fy(Z,t) = f(b), ZEQ, mS<t<T, 


4 t (9) 
Fy(%, t) = i, Fo(@, Oy(& t) dQe, Vpy(%, t) = i] V(t, T)y(Z, T) dr, 
Q To 


where # = (21,...,%p) € R”; 2 is a closed bounded set in R”; o(t) is a continuous function of t 
on [70, 1]; y(#, t) € C([1, T], L2(Q)) is the unknown function; f(Z, t) € C([7, T], L2(Q)) is a given 
right-hand side of the equation; I is the identity operator; V, (p = 1, 2) are Volterra integral operators 
with continuous or polar kernels V,,(¢, 7); and F is a Fredholm integral operator, which is a compact 
operator from L2(Q) to L2(Q) (see Supplement 12.5-3). Its properties are determined by the kernel 
Fo(@, é), which is assumed to satisfy the condition 


[ FQ, €) dQ, dQ = BZ < co. (10) 
ada 


Relation (10) is a sufficient condition for the compactness of the integral operator F. 
If the kernel of an integral operator satisfies the relation 


Fo(2,® = Fol, ®), (11) 


then this operator is self-adjoint. 
If, moreover, 


[ il FalE,2)p@ pl dy dM = 0, (12) 
QIQ 


and (12) holds as equality only for y(#) = 0, then the integral operator is called positive definite. 
Compact self-adjoint positive definite operators are called Hilbert-Schmidt operators. 
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2°. A mixed multi-dimensional integral equation with a Schmidt operator for functions of class 
C((7, T], £2(Q)) has the form 


o(t)(I- Vy(@,t) + U- Vy Sy, t) = £ saz 
(Z) 
SD + FARE 
Sy(Z, t) = J ShG@ oye Wee S4G2= a (13) 
Q (Z) 


t 
Vpy(&, t) = / V(t T)y(Z, 7) dT, ZEQ, mst, 
TO 
where h(Z) > 0 is a given function in L2(Q); S is a Schmidt integral operator; and the other notations 
are similar to those introduced for equation (12). Equation (13) is often written in the following 
equivalent form: 


ot h(Z)I- Vi )y(@,t) + d- Vo) Fy@H= f@0, £E€0, mst<T, 


Pa : (14) 
FyG.t)= [| FoEByE)d% YpuE.n= f Vyttery@rar, 
Q TO 
Together with equations (9), (13), and (14), we consider some problems with auxiliary conditions 
on the unknown function. Such conditions are introduced if there is not enough information about 
the right-hand side of the equation. Such conditions usually have the form 


[ve t) fi(Z) dQ2 = Mi (0), BHT, 425, (15) 
Q 
where f;(Z) is a system of N linearly independent functions of class D2(Q). 
Remark 1. Any equation with a Schmidt kernel (integral operator) can always be reduced (by 


changing the variables) to an equation with a symmetric Hilbert-Schmidt kernel (self-adjoint integral 
operator). 


Remark 2. A compact operator is a generalization of a Fredholm integral operator. Equations 
with compact operators are studied in the framework of the Riesz—Schauder theory. 


Remark 3. A compact self-adjoint operator is a generalization of a Fredholm integral operator 
with a symmetric kernel. If its kernel is positive definite, then the corresponding operator is also 
positive definite (see Supplement 12.5-3). Equations with compact self-adjoint and positive definite 
operators are studied in the framework of the Hilbert—Schmidt theory. 

@) References for Section 17.1: E. Goursat (1923), F. Riesz and B. Sz.-Nagy (1955), V. S. Vladimirov (1981), V. M. Alek- 


sandrov and S. M. Mkhitaryan (1983), N. Kh. Arutynyan, A. V. Manzhirov, and V.E. Naumov (1991), A. N. Kolmogorov 
and S. V. Fomin (1999), A. V. Manzhirov (2001, 2005). 


17.2. Methods of Solution of Mixed Integral Equations 
on a Finite Interval 


17.2-1. Equation with a Hilbert-Schmidt Kernel and a Given Right-Hand Side. 


Consider the mixed integral equation (1) of Subsection 17.1-2 with a Hilbert-Schmidt kernel. By 
changing the variables, this equation can always be reduced to a similar equation with the parameters 
a=-lb=1,m= 1: 


t 1 
o(t) Ee f)- | Vit, Dy(a.7) ar| + ¥, F(w, yl, t) dé 
-1 


t 1 
-| Vater) | F(a, )y(€,7)dEdr = f(a,t), -lsasl1, I1stsT. (1) 
qT -l 


0 
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Suppose that the right-hand side f(a, t) of (1) is known and we have to find the function y(z, t). 
Here f(x, t) and y(z, t) are functions of class C([1, 7], Lo(-1, 1)). 
Let us seek a solution of equation (1) in the form of a series 


ya, t) = D> ye(ther(@), (2) 


k=1 


where y;,(a) are eigenfunctions of the kernel F'(x, €) corresponding to the eigenvalues ju;, > 0, i.e., 


1 
- F(a, €)pr(§) d€ = peyr(z), k=1,2,... (3) 


The representation of a solution in the form (2) is possible, since eigenfunctions of the kernel F(x, €) 
form a complete orthonormal system of functions in L2[-1, 1] (a basis in L2[—-1, 1]; see Subsec- 
tion 13.6-1 and Supplement 12.5-3). For the same reason, the right-hand side of the equation can 
be represented in the form 


ioe) 1 
f(z,t) = So fr(yr(a), Fit) =| F(x, Dyx(x) de. (4) 
-l 


k=1 


Substituting (2) into (1) and taking into account (3) and (4), we obtain the following sequence 
of Volterra equations for the unknown functions y;,(t): 


; f(t) 
mt) f Veltroys(r)dr = 5x0, 6446) = 3 (5) 
r a(t) + Ue 
Va SCO BOOTING pk jeg 6 (6) 


a(t) + pK 
where V;,(¢, 7) are Volterra kernels which belong to the same class of functions as the kernels V (¢, 7), 
Vx(t, T), since un — Oas k > oo. 
A solution of the infinite sequence of Volterra equations (5) can be constructed by analytical and 
numerical methods of Chapter 11. This solution can be written in the form 


t 
eer Or / Ryult,r)5x(r) dr, (7) 
1 


where R;,(t, T) is the resolvent of the kernel V;,.(¢, 7). 

Thus, the desired solution has been constructed. The series (2) converges in L2[—1, 1] uniformly 
int € [1, 7], and its sum is a continuous function of t € [1, 7] with values in L[-1, 1]. 

In order to justify the above method of constructing a solution, it remains to construct the 
eigenfunctions and calculate the eigenvalues of the Hilbert-Schmidt integral operator. Let us 
represent the kth eigenfunction as a series in terms of any basis p;(x) of L2[-1, 1]. For definiteness, 
we take the orthonormal Legendre polynomials P;* (x) as the basis. Then 


gra) => viaypi(z), pile) = Pi (a). (8) 


i=1 


Let us expand the Hilbert—Schmidt kernel in double series with respect to the chosen basis: 


FEO= 52) Fin @Ore®, 
m=l i=l (9) 


1 pl 
Einn = ab F(a, €)pPm(X)pn(E) dx d€, Fn = Fum- 
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Substituting (8) and (9) into (3), we obtain a linear system of algebraic equations for the determination 
of eigenvalues and eigenfunction expansion coefficients. This algebraic system has a symmetric 
matrix and can be written as follows: 


S > Finn'Pnik) =URPmk), Ma T2223 (10) 


n=l 


Of course, for practical calculations, one has to limit the number of expansion terms. For instance, 
taking N orthonormal Legendre polynomials, we obtain the Nth approximation of the solution. In 
this case, to construct eigenfunctions and eigenvalues of the Hilbert-Schmidt kernel, it is necessary 
to find eigenvalues and orthonormal eigenvectors of the matrix 


Fy Fig F3 a Fin 
Pin Fy F3 +++) Fon 

[Fyn]=| #3 #23 F330 ++: Fan (11) 
Fin Fon F3n -:: FENN 


Eigenvalues of the matrix (11) give approximate values of the first NV eigenvalues of the Hilbert— 
Schmidt kernel, and the components of orthonormal eigenvectors of the matrix give expansion 
coefficients of the first VV eigenfunctions of the Hilbert—Schmidt kernel with respect to N orthonormal 
Legendre polynomials. 


17.2-2. Equation with Hilbert-Schmidt Kernel and Auxiliary Conditions. 


Consider equation (1) with the right-hand side of the form f(z, t) = a;(¢) + a2(t)x — g(a, t) and two 
auxiliary integral conditions of the form (4) of Subsection 17.1-2. The problem is to find a solution 
of the mixed integral equation 


t 1 
att)| (ast) | Vittarbua, td] 4 ‘f F(a, Eyl, t) dé 
1 -l1 


t 1 (12) 
— [ vst.n f Pegug.n dgdr = ar(t) + an(t)e~ gla 
1 -1 
-—l<ae<l, 18t<T 
with the auxiliary conditions 
1 1 
| vena=mno, f evends= me, (13) 
-l -l 


regarding y(a,t), a;(t), and a2(t) as unknown. All other functions in (12) are assumed given 
and g(z, t) is of class C({1, T], L2[-1, 1)). 

Note that the Hilbert space L2[—1, 1] can be represented as the direct sum of its orthogonal 
subspaces, L>[-1, 1] = LS5[-1,1] ® L5[-1, 1] (see Supplement 12.5-3.), where LS5[-1, 1] is the 
Euclidean space with the basis p1(z) = P(x) = 1/V2, p2(a) = P(x) = \/3/22, and L3[-1, 1] is 
the Hilbert space with the basis pz(a) = Pe _,(x) (k = 3, 4, ...). 

Note also that the integrand and the right-hand side can be represented as a sum of functions 
continuous in t € [1, 7’] with values in L5[-1, 1] and L3[-1, 1], respectively, ie., 


y@,tH=y(a,)t+y"@,), f@o= fP@+f@,o, (14) 
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where 


POD=ROP@+Y¥Or), ywO=+MO, y= (3anw 


f(x, t) = [V2ault)— gO] puta) + [y/3 o2(0)- 80] p20), (15) 
PANDA, Het= Gat + 9", 9° (e.t)= gf Opi(e) + 93Opr(2), 


1 1 
nid = 5 | _gte.tde, 930 = Vf / “gto, de 


Note that in the representation (14) of y(, t), the term y°(, t) is known and is determined by 
the auxiliary conditions; and the term y*(z, t) is to be found. Conversely, for the right-hand side, 
f°(a, t) is the unknown and f*(2, t) is determined by the function g(x, t). These features allow us 
to classify the resulting problem as a special case of the general projection problem formulated and 
solved in Subsection 17.4-3. 

Applying the general method to the present case, we introduce an operator of orthogonal 
projection that maps L>[-1, 1] onto LS[-1, 1]: 


1 
P° f(a, t) = i" FE, )lpi@)pi(€) + pr(a)p2(§)] dg. (16) 


Obviously, P* = I — P° is the orthogonal projector of L2[-1, 1] onto L3[-1, 1]. Moreover, the 
following relations hold: 


P° x(x, t) = y°(z, t), P*y(x, t) = y*(2,0, 


° ° . « (17) 
Pf(z,=f°@,b, P* f(a, =f'@,d. 


Following the method of Section 17.4, let us apply the projection operator P* to equation (12). 
As aresult, for y* (x, t) we obtain an integral equation on the space L5[—1, 1] with a known right-hand 
side: 


t 
o(t) xc f)- / Vilt. Dy" (2,7) ar| 
1 


ih t 1 
é i F*(@, Oy", t dé - if Valt.7) / F*(x, Oy"(E,7) df dr 
| -l 


(18) 
1 t 1 
--e.0-f Preevrends f vater) | Fi e.QuGn ddr, 
-1 1 <1 
-l<a<l, 1stsT, 
where the kernel of the integral equation 
1 
F"(a, §) = F(a, §) -| F(s, €)[pi(x)pi(s) + p2(x)p2(s)] ds (19) 
-l 


is of Fredholm type and, moreover, is symmetric and positive definite. Let us construct a solution 
of equation (18) in the form of a series with eigenfunctions of the kernel (19). These eigenfunction 
form a basis in the Hilbert space L5[-1, 1]. We start, however, with the construction of the said 
eigenfunctions. 

Let yj,(x) be eigenfunctions and pz, the corresponding eigenvalues of the kernel F*(a, €). Then 


1 
/ POE = Hie), KEI, 4. (20) 
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Let us represent the eigenfunction y; (x) in the form of a series with respect to the basis p;(x) 
(2 2 3): 


gil@)= >  vigyp(2), pi(z)=Ph@), k=3,4,... (21) 
1=3 


Using (9) and (19), we obtain a double series expansion for the kernel F* (a, €): 


F*(@,€) = S°S0 FinnPm(t)Pn(6) + D> FinPn(@)pi() + > FanPn(w)pra(é). (22) 


m=3 n=3 n=3 n=3 


Note that the coefficients of the expansion of the kernel F’*(z, €) in (22) coincide with the coefficients 
of the expansion of the kernel F(z, €), which allows us to avoid recalculation of the coefficients of 
the new problem and use the already available data. 

Substituting (21) and (22) into (20), we obtain the following infinite system of algebraic equa- 
tions (with a symmetric matrix) for the determination of eigenvalues and eigenfunction expansion 


coefficients: 
[o.e) 


S > Finn Phin) = Me Pinay, =m =3,4,... (23) 


n=3 


Now, let us construct a solution of equation (18). For this purpose, we represent the func- 
tions y*(z, t) and g*(z, t) in the form of series with respect to eigenfunctions of the kernel F’*(, €): 


co co 1 
ye. = > yO), ga. => gKOL@), gO = / g(a, thpp(a)de, (24) 
k=3 =i 


k=3 


and substitute these into (18). Then, taking into account (15), (19)-(22), we obtain the following 
sequence of independent Volterra equations: 


a(tyVi(t, T) + My V2(t, 7) 


> 


t 
Oe | Vit. Dyt(r)dr = fi), Velt.7) = 


a(t) + uy 
1 2 t 2 
f,® = "20 ie lait + » Fi y; © -f Vo(t, T) » Fiay; ©) ar| ; (25) 
bys Yo nthe P2125 RS3 Apc 
n=3 


Resolving (25) with respect to y;(¢t) by the methods of Chapter 11, we obtain 


t 
yet) = felt) + | Re(t, Df f(r) dr, (26) 


where /2;,(t, T) is the resolvent of the kernel V,*(¢, T). 

Now, in view of (24)-(26), the function y*(x, t) has been determined, and therefore, the func- 
tion y(z, t) has also been found, since y°(a, t) is known by assumption (see (14) and (15)). 

Before passing to the determination of the other unknown quantities of the problem, we make 
some remarks that may be useful in practice. 

For practical calculations one should restrict the number of expansion terms. For instance, taking 
the orthonormal Legendre polynomials from the third to the Nth, we obtain the Nth approximation 
of the desired solution. In this case, for the construction of eigenvalues and eigenfunctions of the 
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Hilbert—Schmidt kernel F'*(zx, €) one should find the eigenvalues and orthonormal eigenvectors of 
the matrix 


Py30 Fyg 35 ++ FN 
Pye Fag yg ts Fan 

[Fewl=| 735 Fas B55 + bn |, OF) 
F3n Fin ESN ee Fun 


The eigenvalues of the matrix (27) give approximate values of the first N’ — 2 eigenvalues of the 
Fredholm operator, and the components of the orthonormal eigenvectors of this matrix give expansion 
coefficients for the first N — 2 eigenfunctions of the Hilgert-Schmidt operator with respect to the 
chosen orthonormal Legendre polynomials. Recall that the first two terms (i.e., two terms of y° (a, t)) 
of the function y(a, t) are known by assumption. Therefore, constructing the next N — 2 terms of 
the expansion, we obtain the Nth approximation. 

It is important to emphasize the relation between the matrices (11) and (27), which, in general, 
correspond to two different problems. The matrix (27) can be obtained from the matrix (11) by 
deleting its first two rows and columns. This allows us to construct the expansion of the original 
kernel only once, and then use that data for the examination of the new kernel arising in the problem 
with auxiliary conditions. 

Now, let us find the functions a ;(t) and a2(t). To that end, we apply the orthogonal projection 
operators P* to equation (12). As a result, we obtain the following formulas: 


1 t 
ay(t) = 5 {si +o luo f Vict, T)yT (7) ar| + Puy) + Frys ® 
1 


lore) t lo) 
+o Foto | Vi(t, 7) [Fiuyito)+ Faukir)+ > Foot) art, (28) 


k=3 k=3 


3 t 
a(t) = V3 {os + a(t) [uso f Vit, T)y2(7) ar| + Foy? (t) + Frys) 


oo t oo 
+> Rout- | Vit, 7) Fou?) + Fanugir + > For) ar. (29) 


k=3 k=3 


Thus, we have obtained a complete solution of the integral equation (12) with the auxiliary 
conditions (13). 


17.2-3. Equation with a Schmidt Kernel and a Given Right-Hand Side on an Interval. 


Consider a mixed integral equation of the form (17.1.3) with a Schmidt kernel. Changing the 
variables, we can always reduce this equation to the following equation with the parameters a = —-1, 
b= 1, To = 1: 


t 1 
o(t) ue t)- / Vit, Dyl@,7) ar| + / Se. ulG, tag 
1 as 


t 1 
t 
a Va(t, » | S(a, §)y(, 7) dé dr = iG: is (30) 
1 = h(x) 
F(a, &) 
h(x) ° 
Suppose that the right-hand side f(x, t) in (30) is known, and it is required to find the func- 


tion y(x,t). Here, f(x,t) and y(z,t) are functions of class C({1, 7], L2[-1, 1]); o(@) is a given 
positive continuous function; h(x) > 0 is a given function in Lo[a,b]; Vi(t,7) and Va(t,7) are 


S(ax, §) = 


-l<av<l, 18StST. 
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Volterra kernels; S(x,£) is a Schmidt kernel; F(a, ) is a symmetric positive definite Fredholm 
kernel. 

Let us transform the equation with the Schmidt kernel to a Hilbert—Schmidt equation. To that 
end, we multiply (30) by /h(@) and change the variables as follows: 


S(a, E)Vh(2) F(a, &) 

=aWVh ), F(a, 6) = Se =§ —— =. 31 
q(x, t) (x)y(a, t) (x, €) 7G) CONIA (31) 
Then we have 


t 1 
att)|a(a.0)- i) Vict rae.) + i) F(w, €)q(€,t) dé 
1 -l 


f(a, t) 
Viay) 


where q(x, t) and f(x, t)/./h(2) are functions of class C([1, 7], L2[-1, 1); F(a, €) is a symmetric 
positive definite kernel of Hilbert-Schmidt type (due to the properties of Schmidt kernels); and the 
other functions have been specified above. 

Suppose that the right-hand side of equation (32) is known, and it is required to find the 
function q(2, f). 

Let us seek a solution of the mixed equation (32) in the form or a series 


1<t<T, (32) 


‘i 1 
2 | Valt,7) i F(x, Oq(€,7) dé dr = 
T) -l 


g(x,t) = S> qn(tpk(a), (33) 


k=1 


where ph(a) are eigenfunctions of the kernel F’"(, €) corresponding to eigenvalues De > 0, Le., 


1 
i, Phe. Oeh@ds=wteh@, — k=12,.., (34) 


The representation of a solution in the form (33) is possible, since the system of eigenfunctions of 
the kernel F(z, €) forms a basis in L2[-1, 1]. 
Here, in contrast to the above case, we construct the basis functions in the form 


Di (a) 


hem) — = 
with an explicit function h(x), where 
: 1 BPC)OPE) 1 fori=9 
h h 2 i epee Js 
0 pi ()p; (§) age f ne) dé = i; = c fonts. (36) 


In order to construct such eigenfunctions, we first construct a certain basis p,(x) in L2[-1, 1] 
for which 


/ PMOpO dé = 63, ph(a) = P@ Te G7) 
Pi SIP; =0ij,  D,\t) = ——— Tea ly 25 ah) 
4 : : Via) 
Such a basis can be constructed with the help of the formulas 
Jo Jy one Jp 
Ji Jn Int 
P(x) = ss P"(z) = eee Dos, : 
0 af JO. n VAniAn : : : ; > 
Ina In +++ dant 
1 Doves gh? (38) 
Jo Si cts In 
Ji - Inet Ign 
A,=1, Ag= Ness cele slp —— dé. 
1=1, Ao=4o, ; | © € 
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Note that for h(a) = 1, the basis functions of the Hilbert space L2[-1, 1] obtained from (37) and (38) 
coincide with orthonormal Legendre polynomials. 
Let us represent the kth eigenfunction as a series in terms of the basis p; h(x) of L2[-1, 1]. Then 


hta)= Yelper pha) = es OMe) = So gly Ph). (39) 


a=1 


Expanding the Hilbert-Schmidt kernel F’"(, €) as a double series in terms of the chosen basis, we 
can write 


F°G, =>" > Flap.) 
at i=1 (40) 
= / / F(a, Oph (apt dedé, Fh, = Fh. 
-lJ-1 


Substituting (39) and (40) into (34), we obtain the following infinite system of linear algebraic 
equations (with a symmetric matrix) for the determination of the eigenvalues and the eigenfunction 
expansion coefficients: 


SR ee = ieee aA, Daa (41) 
n=l 


To calculate approximations of N eigenvalues and eigenfunctions of the Hilbert-Schmidt kernel, 
one should find the eigenvalues and orthonormal eigenvectors of the matrix 


Fi Fis Fis Fiy 
fy ee Fos tee Fon 

(Fewl= | ia “Bog Pag ee Ee [es (42) 
Fin Fin Fin -- Fw 


The eigenvalues of the matrix (42) give approximate values of the first N eigenvalues of the Hilbert— 
Schmidt kernel, and the components of its orthonormal eigenvectors give the coefficients in the 
expansion of the first N eigenfunctions of that kernel in terms of N orthonormal functions of the 
basis. 

Now, let us expand the right-hand side of equation (32) into the following series: 


(a, t) oP < 
aa =" shbohte) = » hoFe ) 
k=1 (43) 

' f(a, t) h ' f(a, t) h 

(x) dz = @7 (x) dx. 
1 Vita) ane. 

Substituting (33) and (43) into (32) and taking into account (34), we obtain the following 
sequence of Volterra equations for the unknown functions q;,(¢t): 


ffO= 


t 
t 
Rye | Vit, Dae(r) dr = 6R(t), R(t) = SUES (44) 
Vier) =< POV + HVT) pg re 
ke, aT mT =H 1,2,..-, 


a(t) + ph 


where VEG T) are Volterra kernels belonging to the same class as the kernels V(t, 7) and V2(t, 7), 
since pt > 0ask > oo. 
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A solution of the infinite system of Volterra equations (44) can be constructed by analytical and 
numerical methods of Chapter 11. This solution can be written in the form 


t 
gut) = 6p (t) + i RR, T)6R (7) dr, (46) 
1 


where REC, T) is the resolvent of the kernel VEG, T). 

The series (33) converges in L2[-1, 1] uniformly in ¢ € [1,7], and its sum is a continuous 
function of ¢ € [1, 7] with values in L[-1, 1]. 

Inserting (45) into (33) and taking into account (43), one can also represent the solution in the 
form 


q(x, t) = 7h, RRA, FRG) dr pha). 


Finally, in view of the transformation of the variable (31) and the formula for eigenfunctions (35), 
we have 


y(a, t) = s gu(ty Of (a). (47) 


7 ) 

Note that the solution (47) involves the ation h(a) in an explicit manner, which allows us to 
solve equation (30) with great accuracy by preserving a small number of terms. In the case of a 
strongly oscillating function h(a), the other known methods can hardly be used for the construction 
of solutions. 


17.2-4. Equation with a Schmidt Kernel and Auxiliary Conditions. 


Consider equation (30) with the right-hand side of the form f(z, t) = a) (t) + a2(t)x — g(a, t) and two 
auxiliary integral conditions of the form (17.1.4) on the unknown function y(z, t). The problem is 
to find a solution of the mixed integral equation 


t 1 
a(t) uc o- | Vit, T)Y(@, T) ar| +f S(ax, E)y(&, t) dg 
1 = 


: ? ait) anlt)e— g(a, t) a 
-| V2(t, T) I S(a, Hy(€, 7) dé dr = Tay. + Ae er (48) 
Sie.) = 8, -l<xr<l, 1<t<T 


with the auxiliary conditions 


1 1 
[ y(g,t) dé = Mj (t), [ Ey(E, t) d& = M2(t), (49) 


the unknown functions being y(z, t), a1 (t), and a2(t). The other functions in (48) are assumed 
given, and g(x, t) is a continuous function of ¢ € [1, 7] with values in Z2[-1, 1]. 

Let us transform the equation with the Schmidt kernel to an equation with a Hilbert-Schmidt 
kernel by changing the variables as in (31). As aresult, equation (48) and the auxiliary conditions (49) 
become 


t 1 
att)|a(a.t)- | Vict rdace, 7) i : F(a, €)q(é, t) dé 


ai(t) , aie g(a, t) 


Vita) Via) Via)’ 


gg, t) [ qf, t) 
d&é=M d& = Ma(t -l<a<l, 1<¢tS<T. 51 
[ Vn) €= it )s e TREY € = 2( )s x ( ) 


-[ Valt.7) a F(x, €)q(é,7) dé dr = 
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In order to construct a solution of the mixed integral equation (48) with the auxiliary condi- 
tions (49), we use the basis p(x) in Lo[-1, 1] (see (37) and (38)) and note that the space L2[-1, 1] 
can be represented as a direct sum of its orthogonal subspaces, L2[-1, 1] = i [-1,1]® Les [-1, 1] 
(see Supplement 12.5-3), where inke [—1, 1] is the Euclidean space with the basis pi (a) and p(x), 
and Le [-1, 1] is the Hilbert space with the basis phi(a) (k = 3,4, ...). It can be seen that the 
integrand and the right-hand side can be represented as a sum of continuous functions of ¢ € [1, T] 
with values in LES {-1, 1] and Le [-1, 1], respectively, i.e, 


fo) * f(a, t) ° * 
aa, H=q(a,Ht+q(et), a= = file. + fred, (52) 
he } 
and the following representations hold: 
M(t) JoMo(t) — A1Mi(t) 


(x, t) = q2(t)p” St)ph(z), g?h=— =, EWM= 
PED = HOP) + GOH. aO=—T a0 = “ae 
ft) _ ad) , Ge WG) GD _ sore 4) 4 gX(a,0), (53) 


Jha) Vila) Vale) Vata) Vala) 


J \/ Jou: ay 7 
fe(a,t) = | Vaud + Fro -o(d] pha) + Foe -s ph(a), 


fi@t) =-gi(a), gf (a, t) = gi? (dp h(x) + gh? Oph (a), 


1 1 
° _ g(a, t) h ° -| g(a, t) h 
g(t) = i, Thode, go= | SO h@ae. 


Note that in the representation (52) for q(x, t), the function q°(z, t) is known as determined 
by the auxiliary conditions, and the term q*(z, t) should be found. Conversely, for the right-hand 
side, f(a, t) should be found and f;‘(x, t) is determined by the function g(x, t)//h(x). The facts 
mentioned above allow us to classify the resulting problem as a special case of the general projection 
problem whose solution is given in Subsection 17.4-3. 

According to the general method, in the present case one can introduce an operator of orthogonal 
projection that maps the space L>[-1, 1] onto Lhe [-1, 1]: 


1 
© ia, t) = | HE, OIpeayph () + pha) dé. (54) 
-l 


Obviously, the projector P; = I- P?, maps L[-1, 1] onto L'*[-1,1]. Moreover, the following 
relations hold: 
Praz.H=(a,t), Prq@t=q' (a,b), 


ice pa. (55) 
Pa gay ~The). Pa Titay | Hd: 


According to Subsections 17.4-2 and 17.4-3, let us apply the projection operator P?, to equation (50). 
Then, for the determination of q*(, £), we obtain the following integral equation in Le (-1, 1] with 
a known right-hand side: 


t 
a(t) Ge t)- / Vict, T)q"(a, 7) ar| 
1 


1 t 1 
+ i Fi(w, Og" (Et) dé / Valt,7) / Fi(w, €)q"(E,7) dé dr 
a 7 “4 (56) 


1 t 1 
=-gt(@,#)= / Few, 89° (é. dé + | Valt,7) i Fila, 60°67) dé dr, 
-| = 


-l<av<l, 1st<T, 
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where the kernel of the integral equation 


1 
F(a, €) = F*(a, €)- | F"(s, ©)[pt wp} (s) + p3 (w)ph(s)] ds (57) 


is a Hilbert-Schmidt kernel. A solution of equation (56) can be constructed in the form of a series 
in terms of eigenfunctions of the kernel (57). These form a basis in the Hilbert space LP [-1, 1]. 
Let us construct a system of these eigenfunctions. 

For an eigenfunction ph*(z), let we be the corresponding eigenvalue of the kernel F(x, €). 
Then 


1 
:) Fi(a, \ph* (© dé = up pe (2),  k=3,4,... (58) 


Let us represent the eigenfunction y; h* (x) as a series in terms of the basis functions D; h(t) G23): 


y= > Crp Oy R= 84)... (59) 
1=3 


The double series expansion of the kernel F(x, €) is obtained with the help of (40) and (57): 


F@o=> >) Frito) + YF IPr(@)P MOLE InPr(e)pz(E). (60) 


m=3 n=3 n=3 


Note that the coefficients of the expansion of the kernel F;‘(x, €) in (60) coincide with coefficients 
of the expansion of the kernel F(x, €), which allows us to avoid recalculation of the coefficients of 
the new problem and use the existing data. 

Substituting (59) and (60) into (58), we obtain the following infinite system of linear algebraic 
equations (with a symmetric matrix) for the eigenvalues and the eigenfunction expansion coefficients: 


CO 
SF ohty = ue oy, m=3, 4, ... (61) 


n=3 


Now, let us construct a solution of equation (56). To that end, we represent the functions q* (z, t) 
and g7,(x, t) as series in terms of eigenfunctions of the kernel Fy‘ (2, €): 


q*(a,t) = Sato “(@), gi(@.t) = Sat "Oger (a), gk" = iF gla, tip (x) dx. (62) 


k=3 k=3 


Substituting these into (56) and taking into account (53), (57)—(60), we obtain the following sequence 
of independent Volterra equations of the second kind: 


o(t)Vi(t, 7) + wp* Volt, 7) 
22 + ue 


5 


(t)- Tue "(ngg(r) dr = 5h"), Ve(t,7) = 


: 1 
On (t) = “so eae |% ot “(+ 3 Fo ®- is Va(t. 7) 3 FG) ar|, (63) 


i=l t=1 


h h he 
Fry = So Fem: 1=1,2, k=3,4,... 
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Resolving (63) with respect to q7(¢) by the methods of Chapter 11, we obtain 


t 
Git) =ferO+ | RE it Df @ dr, (64) 


where R(t, T) is the resolvent of the kernel Vir, T). 

Now, in view of (62)—(64), the function q*(x, t) has been determined, and therefore, we easily 
find q(x, t), since q°(x, t) is known by assumption (see (52) and (53)). 

In practical calculations, the number of expansion terms is naturally limited. For instance, 
taking the basis functions p;, hr) for k = 3,...,.N, we obtain the Nth approximation of the desired 
solution. In this case, for the construction of eigenvalues and eigenfunctions of the Hilbert-Schmidt 
kernel F(x, €), one should find the eigenvalues and orthonormal eigenvectors of the matrix 


Fis Fi Fis Fi 
Py Eas Fas Fan 

(eg | Ba5r ag PSS  P oe (65) 
Fey Fiy Fly > Fit 


The eigenvalues of the matrix (65) give approximations for the first V —2 eigenvalues if the Hilbert— 
Schmidt operator and the components of the orthonormal eigenvectors of the matrix give expansion 
coefficients of the first N — 2 eigenfunctions of this operator in terms of the chosen orthonormal 
Legendre polynomials. Recall that the first two terms of the expansion (i.e., two terms of q°(z, t)) 
of the function q(x, t) are known by assumption. Therefore, constructing the next N — 2 terms of 
the expansion, we obtain the Nth approximation of the solution. 

It is important to keep in mind the relation between the matrices (42) and (65). The matrix (65) 
can be obtained from (42) by deleting its first two rows and columns. This allows us to construct 
the expansion of the original series only once, and then use this information for studying the new 
kernel in the problem with auxiliary conditions. 

Now, let us find the functions a(t), and a2(t). To this end, we apply the projection operator P), 
to equation (56). As a result, we obtain the following formulas: 


an) = {9 O- no an(t) + o(t)|af()- [ Vict, Nahr) dr] + Flight) 


THis 
Vi 
FsOHY A -f' Vitter) Phas rieP has (r+ Flas] ar}. 66) 
k=3 


J 
a [ viennoar] + rbato 


FE g(t) So Ahanito f Vi(t, | [Fbar(r) + Pha) 4) Finat)] ark. (67) 
k=3 


Note that relations (66) and (67) form a system of two linear algebraic equations (with a triangular 
matrix) for the determination of the unknown quantities a;(t) and a(t). 

Thus, we have constructed a solution of the integral equation (48) with the auxiliary condi- 
tions (49). 


@ References for Section 17.2: E. Goursat (1923), G. Szego (1975), V. M. Aleksandrov and S. M. Mkhitaryan (1983), 
V. M. Aleksandrov and A. V. Manzhirov (1987), A. V. Manzhirov (2001, 2005), A. V. Manzhirov and K. E. Kazakov (2006). 
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17.3. Methods of Solving Mixed Integral Equations on a 
Ring-Shaped Domain 


17.3-1. Equation with a Hilbert-Schmidt Kernel and a Given Right-Hand Side. 


Consider a mixed integral equation with a Hilbert-Schmidt kernel on a ring-shape domain (see 
Subsection 17.1-3). By a suitable transformation of the variables, this equation can be reduced to a 
similar equation with the parameters a = 0, b = 1, 7 = 1:approximation of the solution 


t i 
a [ur.)- [ Vieruirniar] + [Ger rule dede 


t 1 
-| vat.r) | G(r, p)y(p, pdpdr = f(r,t), Os<rsl1, 1St<T. (1) 
1 0 


Suppose that the right-hand side f(r, t) of equation (1) is known and it is required to find the 
function y(r,t). Here, f(r,t), y(r,t) are supposed to be continuous functions of ¢t € [1,7] with 
values in Esl): 

Let us seek a solution of equation (1) in the form of a series 


ya, t) = D> ye(be(r), (2) 


k=1 


where w;,(r) are eigenfunctions of the kernel F'(r, p) corresponding to eigenvalues 1, > 0, i.e., 


1 
| G(r, p)be(p)p dp = Vebr(r), k=1,2,... (3) 


The representation (2) is justified by the fact that the system of eigenfunctions of the kernel F'(r, p) 
forms a complete orthonormal system in L2(w), in other words, an orthonormal basis in L2(w) (see 
Subsection 13.6-1 and Supplement 12.5-3). This fact also allows us to represent the right-hand side 
of the equation in the form 


ioe) 1 
f(r,t)= Se Feeder), — fr(t) = i f(p, Dvr (p) p dp. (4) 
) 


k=1 


Substituting (2) into (1) and taking into account (3) and (4), we obtain the following sequence 
of Volterra equations of the second kind for the unknown functions y;(#): 


t 
t 
HOE i Vis ume. woe a. (5) 
Vi (t, T) = COVA 1) + Ve VO2ET) k= 1, 2, ee (6) 


o(t)+Vz 


where V,’ (t, 7) are Volterra kernels of the same class as V(t, 7) and V2(t, T), since vp — Oas k — ov. 
A solution of the sequence of Volterra equations (5) can be constructed by analytical and 
numerical methods of Chapter 11. This solution can be written in the form 


t 
y(t) = ye(t) + i Ryan, TVK(T) ar, (6) 


where R(t, T) is the resolvent of the kernel V;,(¢, 7). 
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Thus, we have found a solution of equation (1). The series (2) converges in Lo(w) uniformly in 
t € [1, 7], and its sum is a continuous function of ¢ with values in D2(w). 

Now, let us construct eigenfunctions and eigenvalues of the Hilbert-Schmidt kernel. We rep- 
resent the Ath eigenfunction as a series in terms of any orthonormal basis z;(r) in Td), For 
definiteness, we take 


zy(r) = V4k+2Pepi01-2r*), k=1,2,..., (7) 


where P,,(x) are the Legendre polynomials. Now we can represent the eigenfunctions of the 
kernel G(r, p) in the form of a series 


der) = So diayzi(r),  k=1,2,... (8) 


i=1 


We write a double series expansion (in terns of the chosen basis) for the kernel of the equation: 


G(r, p) = Ss ye Gmn2m()Zn(p), 
meal i=l (9) 


1 pl 
= [ [ G(r, p)Zm(T)zn(p)rp dr dp, Gmn = Gnm.- 
0 40 


Substituting (8) and (9) into (3), we obtain an infinite system of linear algebraic equations (with a 
symmetric matrix) for the determination of the eigenfunctions. This system has the form 


Co 

Gran Vn e, WLW 2, si (10) 

n=l 
Naturally, in practical calculations one has to limit the number of expansion terms. For instance, 
taking N orthonormal Legendre polynomials, we obtain the Nth approximation of the solution. 
And in order to construct the eigenvalues and eigenfunctions of the Hilbert—Schmidt kernel, in this 
case, one should find the eigenvalues and orthonormal eigenvectors of the matrix 


Gu Gir G3 -:: Gin 
Gi Gy G3 ++: Gon 

[Gyn]=| Gis G23 Gs3 ++: Gow |, (11) 
Gin Gon G3n -:: Gnwn 


Eigenvalues of the matrix (11) give approximations for the first NV eigenvalues of the Hilbert-Schmidt 
kernel, and the components of its orthonormal eigenvectors give the coefficients in the expansion 
of the first N’ eigenfunctions of the Hilbert-Schmidt kernel in terms of N orthonormal Legendre 
polynomials. 


17.3-2. Equation with a Hilbert-Schmidt Kernel and Auxiliary Conditions. 


Consider equation (1) with the right-hand side of the form f(r, t) = G() — w(r, t) and an auxiliary 
condition of the form (8) of Subsection 17.1-3 for the unknown function y(r, t). The problem is to 
find a solution of the mixed integral equation 


t 1 
att) [urs / Vidterdu(rs7) + i Gtr, pylo,t)p do 
1 


t 1 (12) 
‘ ; Vite) [ CE Dili ded: 2B 0G: 
1 


Osrsl, IlstsT 
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with the auxiliary condition 
1 
| y(p, tp dp = M(t), (13) 
0 


the unknown functions being y(r,t) and ((¢t). All other functions in (12) are assumed known, and 
w(r, t) is a continuous function | of t € [1, 7] with values in Low). 

Note that the Hilbert space L>(w) can be represented as the direct sum of its orthogonal subspaces: 
L2(w) = L3(w) ® L3(w) (see > Supplement 12.5-3), where Ee (w) is the Euclidean space with the basis 


2(r) = V2P(r) = V3 and L%(w) is the Hilbert space with the basis z,(r) (k = 2, 3, ...). Note that 
the integrand and the right-hand side can be represented as a sum of functions that are continuous in 
t € [1, 7] and take values in L3(w) and L3(w), respectively. Thus, we can write 


yr D=a=yroOr+yerd, frd=f£o.o+ fC,d, (14) 
and the following expansions hold: 


y(r,D=yPOalr), yft=V2MO, 
Peps oe -w% r00| a(r), f*(r,t)=-w* (r,t), (15) 


1 
wa,th=wi(a,t)t+u*(2,t}, w(ab=wrHar), w= v3 f w(p, tp dp. 
0 


Note that in the representation (14) for y(r,t), the term y°(r, t) is known (as defined by the 
auxiliary conditions), and the term y*(r, t) should be found. Conversely, for the right-hand side, one 
should find f°(r, t) and the term f*(r, t) is determined by the function w(r, t). These considerations 
allow us to classify the problem as a special case of the general projection problem examined in 
Subsection 17.4-3. 

According to the general method, in the present case we can introduce an operator of orthogonal 
projection that maps the space Low) onto TS): 


1 1 
QV f(r, = i} fle. Hzi(r)z1(p)p dp = 2 i f(p, tp dp. (16) 


Obviously, the orthogonal projector Q* = I- Q° maps the space L2w) onto is (w). Moreover, the 
following relations hold: 


WyrH=y°r,, QWyr, =y* (rb), 


° ° ‘ , (17) 
Wfrod=f/O), Wf = fC, o. 


Following Section 17.4, we apply the projection operator Q* to equation (12). As a result, we 
obtain an integral equation for y*(r, t) in the space L5(w) with a known right-hand side: 


t 
o(t) xe )- if Vit. Dy"(r.7) ar| 
1 


1 t 1 
+ | GG", py"(o, Do dp— / Valt.7) i) Gr, py", Dp dp dr 
0 1 0 (18) 


1 t 1 
re | G(r, p)y(o. Dp dp + / Valt.7) i: G(r, pyy°(p, Tp doar, 
0 1 0 


O<srsl, 1st<T, 
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where the kernel of the integral equation 


1 
G"(r, p) = G(r, p) — a} G(r, p)r dr (19) 
0 


is of Hilbert-Schmidt type. 

Let us construct a solution of equation (18) in the form of a series in terms of eigenfunctions of 
the kernel (19). These eigenfunctions form a basis in the Hilbert space Ls (w). Let us construct the 
system of these eigenfunctions. 

For an eigenfunction 7); (r) of the kernel G*(r, p), let vi be the corresponding eigenvalue. Then, 


1 
i G(r, pwi—pdp =VEUEO), = 2,3, --. (20) 
0 


Let us represent the eigenfunction 77 (r) as a series with respect to the basis z,(r) (2 2 2): 


GO=> Vga, b=2.3).. (21) 
i=2 
For the kernel G*(r, p), we construct a double series expansion with the help of (9) and (19): 


G(r, p) = 9) 3) Gimnzm(ren(p) + >, V2Gin2n(r). (22) 


m=2 n=2 n=2 


Note that the coefficients in the expansion of the kernel G*(r, p) in (22) coincide with those in the 
expansion of G(r, p), and this allows us to avoid recalculating the coefficients of the new problem 
and use the available information. 

Substituting (21) and (22) into (20), we obtain an infinite system of linear algebraic equations for 
the eigenvalues and the eigenfunction expansion coefficients. This system has a symmetric matrix 
and can be written as follows: 


Gant =e M273) (23) 


n=2 


Now let us construct a solution of equation (18). For this purpose, we represent the func- 
tions y*(r, t) and w*(r, t) in the form of series in terns of eigenfunctions of the kernel G*(r, p): 


ioe) co 1 
ye = ROVE), wt) = S > wkOvE), wiO = | wr, Due) pdp. (24) 
k=2 


k=2 


Substituting these into (18) and taking into account (15), (19)-(22), we obtain the following sequence 
of independent Volterra equations: 


a(t) V(t, T) + 17, V2(t, T) 
a(t) +z 


> 


t 
VE (t) - View) (t, Tie (7) dt = Vk (t), View) (t, T) = 
1 


t 
y(t) =- w(t) + Gry; (b) -| Va(t, Gey} (7) dt}, (25) 
1 


cord 
a(t) +z 


Gua! Gutie, Rati Aue: 


n=l 


17.3. METHODS OF SOLVING MIXED INTEGRAL EQUATIONS ON A RING-SHAPED DOMAIN 859 


Resolving (25) with respect to y;(t) by the methods of Chapter 11, we get 


t 
yi =%O+ i Rhyy(t Ty7k(r) dr, (26) 
1 


where Riayts T) is the resolvent of the kernel View) (t, T). 

Thus, in view of (24)-(26), the function y*(r, t) has been determined, and we easily find y(r, t), 
since y°(r, t) is known by assumption (see (14) and (15)). 

Before we go on to find the other unknown quantities of the problem, we make some practical 
recommendations. Naturally, in practical calculations the number of expansion terms should be 
limited. For instance, taking the Legendre polynomials from the second to the Nth, we obtain 
the Nth approximation of the desired solution. In this case, for the construction of eigenvalues 
and eigenfunctions of the Hilbert-Schmidt kernel G*(r, p), one should find the eigenvalues and the 
orthonormal eigenvectors of the matrix 


Gy. Gr3 Gog +++) Gon 
Gy3 G33 Gy ++: Gan 

[Guwl=| Gra Gsa Gag +--+ Gan |. (27) 
Goy G3n Gan +--+ Gnn 


The eigenvalues of the matrix (27) give approximations of the first VV eigenvalues of the Hilbert— 
Schmidt kernel, and the components of its eigenvectors give the coefficients in the expansion of the 
first N — 1 eigenfunctions of that kernel in terms of the chosen Legendre polynomials. Recall that 
the first term y°(x, t) of the expansion of y(z, t) is known by assumption. Therefore, constructing 
the next N — 1 terms of the expansion, we obtain the Nth approximation. 

Note that the matrix (27) can be obtained from the matrix (11) by deleting its first two rows and 
columns. This allows us to construct the expansion of the original kernel only once and then use 
that data for the examination of the new kernel arising in the problem with auxiliary conditions. 

Now, let us find the function ((¢t). To that end, we apply the orthogonal projection operator Q* 
to equation (12). As a result we obtain the following formula: 


t 
Bt) = vA wie + a(t) luico f Vit, Typ (7) ar| + Guy ® 


foe) t foe) 
+>- Ganyi®- i; Vit.7) lenuicr +>) Gruitr| ar\. (28) 


k=2 k=2 


Thus, we have obtained a complete solution of the integral equation (12) with the auxiliary 
conditions (13). 


17.3-3. Equation with a Schmidt Kernel and a Given Right-Hand Side. 


Consider a mixed integral equation of the form (6) from Subsection 17.1-3 with a Schmidt ker- 
nel. Changing the variables, we can easily transform this equation to a similar equation with the 
parameters a = 0,b= 1,7) =1: 


t 1 
at)|ucr.)— | Vitteroutp.rydr] + [Sr pulo. Bede 


t 1 
if Va(t, 7) | Solr, ule. redp dr = LOD (29) 
1 0 


h(r) ’ 
G(r, p) 
h(r) ? 


Sul(r, p) = O<r<l, 1<t<T. 
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Suppose that the right-hand side f(r, t)/h(r) of (29) is known, and it is required to find the 
function y(r, t). Here, f(r, t) and y(r, t) are continuous functions of t € [1, T] with values in Low): 
o(t) is a given positive continuous function, h(r) > 0 is a given function in Lo(w); Vi (t, 7) and V(t, 7) 
are Volterra kernels; S.,,(r, p) is a Schmidt kernel; G(r, p) is a symmetric positive definite Fredholm 
kernel. 

Let us transform the equation with the Schmidt kernel to a an equation with Hilbert-Schmidt 
kernel. To this end, we multiply equation (28) by /h(r) and change the variables as follows: 


Sr, p)Vhr) _ G(r, p) 


H=aVh ay. sa Gep)Ss ae 
qr, t) (r)y(r, t) (r, p) Vip) h(ryncp) 


(30) 


Then, we have 


t 1 
at)fairt)— [Vit natrridr] + [Ge pate. tpap 
1 


Vir)’ 


where q(r, t) and f(r, t)/./h(r) are continuous functions of t € [1, T] with values in Lo(w); Grr, p) 
is a symmetric positive definite Hilbert-Schmidt kernel; and the other functions are the same as 
above. 

Suppose that the right hand side of equation (31) is known and it is required to find the 
function q(r, f). 

Let us seek a solution of the mixed equation (31) in the form of a series 


t 1 
-| vat) | G"(r, p)q(p, T)p dp dr = O<r<l, 1<t<T, G1) 
1 0 


g(r, t) = S> an(t)en(r), (32) 


k=1 


where yh (r) are eigenfunctions of the kernel G(r, p) corresponding to eigenvalues vb > 0, Le., 


1 
i Gr, pkOpdp=vpWk), k= 1,2... (33) 
0 


The representation (33) is possible, since the system of eigenfunctions of the kernel G(r, p) forms 
a basis in Lo(w). 
Here, in contrast to the above cases, we construct the basis in the form 


VRC) 
Vh(r) 


with explicit dependence on the function h(r), where 


1 1 wh wr a Co 
i who (pp dp = | ae pap = 6y = to rey on 


Per) = 


k=1,2,... (34) 


h(p) if «#7. 
In order to construct such eigenfunctions, we first construct a basis 2h (r) in Low) for which 


fx \z!(p)p do = 6;; hp) = Sas) n=1,2 (36) 
Se RUSS eine ies n ~ /RCrY ” Ba ERS 
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Such a basis can be constructed by the formulas 


fh tk Tn 
1 1 i ob Int 
Or) ==. Wor) =—— 
. VIo 7 V DraDn . 
In In Lon-1 
Ji. <9? asl (37) 
Ip qi In 
I I date Tn. 1 2n41 
Det, Dai Deel. HS car i= f ph 
: : *, : o Alp) 
In In+1 Bee lon 


Let us represent the kth eigenfunction as a series in terms of the basis 2°) in Low). Then 


On (r) 


h = h h — 
PEO) = Dios (r),  2?(r) Thay” 


WR) = So vay Qhier). (38) 
i=1 


For the Hilbert-Schmidt kernel Q’(r, p) we use the double series expansion with respect to the 
chosen basis: 


Q"(r, p) = So 2 (r)zh(p), 
m=1 i=l (39) 


1 pl 
on = | i Q*(r, em(r)zn (erp dr dp, Qian = Qian 
0 Jo 
Substituting (38) and (39) into (33), we obtain an infinite system of linear algebraic equations for 


the determination of the eigenvalues and the eigenfunction expansion coefficients. This system has 
a symmetric matrix and can be written in the form 


be Man Prk) = YE Vinci)» m=1,2,... (40) 


n=l 


In order to calculate approximations for N eigenvalues and eigenfunctions of the Hilbert— 
Schmidt kernel, it is necessary to find the eigenvalues and orthonormal eigenvectors of the matrix 


Gi, Gh Go Gy 
h h Re iste h 
12 22 23 2N 
[(Gewl= GR, Gy, Gy ++: Gyn |. (41) 
Gin Gin Gy GN 


The eigenvalues of the matrix (41) give approximations of the first VV eigenvalues of the Hilbert— 
Schmidt kernel, and the components of its orthonormal eigenvectors give the coefficients in the 
expansion of the first N eigenfunctions of this kernel in terms of N orthonormal basis functions of 
the space L,(w). 

Now, consider the expansion of the right-hand side of equation (31) into the following series: 


wh 
£09 5 pheowte = yi one — 
JSh(r) = (42) 


h f(p, #) " f(p.) h 
= Ww dp. 
fy) [ Ticay Be ppd, Ge) £(p)p dp 
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Substituting (32), (42) into (31) and taking into account (33), we obtain the following sequence 
of Volterra equations for the unknown functions q;(¢): 


LEO 


o(t) + ve oa) 


A 
ax(t)- / Vint Dadr=k®, okO= 
1 
o(t)V\(t, 7) + vPVatt, T) 


h 
Vents 7) = o(t) + uw 


SEAS Bese: (44) 


where Viens T) are Volterra kernels of the same class as Vi(t,7) and V(t, 7), since vp — 0 


as k — oo. 
A solution of the sequence of Volterra equations (44) can be constructed by analytical and 
numerical methods of Chapter 11. This solution can be written in the form 


t 
gist) = y(t) + | Ret DRC) dr, (45) 


where Rit. T) is the resolvent of the kernel Vit (t, T). 


The series (32) converges in Lo(w) uniformly with respect to t € [1,7], and its sum is a 
continuous function of ¢ € [1, 7’] with values in D(w). 

Finally, in view of the transformation of the variables (30) and formula (34) for the eigenfunc- 
tions, we have 


ee h 
wrd= TS 2, HOVE) (46) 


Note that the solution (46) explicitly depends on the function h(r), which allows us to solve 
equation (29) with great accuracy by keeping a small number of terms of the series. In the case 
of a strongly oscillating function h(r), it is hardly possible to construct a solution by other known 
methods. 


17.3-4. Equation with a Schmidt Kernel and Auxiliary Conditions on Ring-Shaped Domain. 


Consider equation (29) with the right-hand side of the form f(r, t) = G(t) — w(, t) and an integral 
condition of the form (8) from Subsection 17.1-3 on the unknown function y(r, t). The problem is 
to find a solution of the mixed integral equation 


t 1 
o(t) Lue | Vidterdu(rs7) + ’. Salt, Oyo, tp do 


t 1 
Bt) — w(r,t) 
— | Vat, Sis, T)p dp dr = ——~ — ; (47) 
[ ven | sc. pue.npdpar = 5 
Stipe! pepe were? 
A(r) 
with the auxiliary condition 
1 
| y(p,t)p dp = M(t), (48) 
0 


where the unknown functions are the following: y(r, t), G(t). All the other functions in ( (47) and (48) 
are assumed known, and w(r, t) is a continuous function of t € [1,7] with values in L2(w). 
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Let us transform the equation with the Schmidt kernel to an equation with a Hilbert—Schmidt ker- 


nel by changing the variables according to (30). Then, equation (47) and the auxiliary conditions (48) 
become 


t 1 
att) |a(r.0- | Vidtar)a0r 7) dr] + ‘| Gr, palp,t)p dp 


t 1 t t 
a aS of CO Dike paar 7a * waa ee 
1 
if TED pap = MU, O<r<l, 1<t<T. (50) 
p 


To construct a solution of the mixed integral equation (47) with the auxiliary conditions (48), 
we use the basis BPR) of L2(w) (see (36) and (37) and note that the space L2(w) can be represented 
as a direct sum of its orthogonal subspaces: Low) = = LP°(w) ® L*(w) (see Supplement 12.5-3), 
where D3 (w) i is the Euclidean space with the basis z} hr), and Lh) i is the Hilbert space with the 
basis py hr) (k = 2, 3, ...). Note also that the jnteenand and the right-hand side can be represented 
as a sum of continuous easton. of t € [1, TZ] with values in LE (w) and Li (w), respectively, i.e., 


gr,t) =@°(r,t)+q°(r, 6), ae Sr + fr 0, (51) 
where the following representations hold: 
Mt 
PD =GORO, gO =P. 
fo) 6O we) WO _ vem ya wterd, fai 


Vary Var) Va) VR) 
ford = [Vb - wi] 22), fir t) =-wy(r,t), 


wer, t) = whr(zr(r), wre) = pe. 2{'(p)p dp. 


Note that in the representation (52) for q(r, t), the term q°(r, t) is known (as determined by the 
auxiliary conditions), and the term q*(r, t) is to be found. For the right-hand side, the term f? (r, t) 
should be found and f;‘(r, t) is given by g(r, t)//h(r). Thus, we have come to a special case of the 
general projection problem whose solution is constructed in Subsection 17.4-3. 

According to the general method, in this case, one can introduce an operator of orthogonal 
projection that maps Low) onto Lhe (w): 


1 
Q2 (r,t) = i Hp, t)zhr)zh(p)p dp. (53) 


Obviously, the orthogonal projector Q7, = I-Q/, maps L2(w) onto LP*(@), Moreover, the following 
relations hold: 
Qrar.D= P(r, Qa, =4"(r, 0), 
° f(r, t) f(r,t) (54) 
TG) = fr (7.0), Qe far, 0). 
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Following Section 17.4, we apply the projection operator Qj, to equation (49) and obtain an 
integral equation in the space L#*(w) with a known right-hand side. This is the equation for the 
determination of q* (x, t): 


t 
o(t) fe t) - | Vit Dg"(rs7) ar| 
il 


1 t 1 
+ i Gi(r, p)a*(p, t)p dp - i; Va(t, T) if Gir, pq" (p, T)p dp dr 
0 1 0 


(55) 
1 t 1 
= — 97 (7, t) - / Gir, PT (p, Dp dp + | Vo(t, 7) | Grr, pa (p, T)p dp dr, 
0 1 0 
O<sr<l, 1stsT, 
where the kernel of the integral equation 
1 
Gi (r, p) = G(r, p) - i G(s, p)zi(r)z}'(s)s ds (56) 
0 


is of Hilbert-Schmidt type. 

Let us construct a solution of equation (55) in the form of a series with respect to eigenfunctions 
of the kernel (56). These eigenfunctions form a basis in the Hilbert space LP*(w). Let us construct 
a system of these functions. 

Let wh*(r) be eigenfunctions and hed the corresponding eigenvalues of the kernel G7(r, p), i.e., 


1 
[ Gir, PUR (p)pdp = ue UR (r), kh =2,3,... (57) 
0 


Let us represent the eigenfunction wr (r) in the form of a series with respect to the basis zr) 
(4 = 2): 


as (r) = d pe z(r), zh (r) = a, U(r) = » pe Pi). (58) 


Using (39) and (56), we obtain a double series expansion for the kernel G7 (r, p): 


Giz.) = 5) SY) GR, zh )zh(p) + 9° GR, 2h) zh (p). (59) 


m=2 n=2 n=2 


Note that the coefficients of the expansion of G(r, p) in (59) coincide with those of the expansion 
of Gr (r, p), which allows us to avoid recalculation of the coefficients of the new problem and use 
the available data. 

Substituting (58) and (59) into (57), we obtain an infinite system of linear algebraic equations 
for the determination of the eigenvalues and eigenfunction expansion coefficients. This system has 
a symmetric matrix and can be written as follows: 


lo) 
h h h h 

S- Gis th = Ve Wink)» WM. = 25.3364 (60) 

n=2 
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Now, let us construct a solution of equation (55). For this purpose, we represent the functions 
q*(r, t) and w7,(r, t) in the form of series with eigenfunctions of the kernel G?,(r, p): 


oe) co 1 
COD = GOVE), wrt) = So oP OVE), wk O = | wrlp, Owe" (p)p dp, (61) 


k=2 k=2 


and substitute these into (55). Then, taking into account (52), (56)-(59), we obtain a sequence of 
independent Volterra equations of the second kind: 


a(t)Vi(t, 7) + Up* Vat, 7) 
a(t) + vb 


gk(t)- [ Viet nak dr =r), Ven) = 


> 


1 
Osa “H+ Gra [ Vat, NGRaIC) ar |, (62) 


h hy = 
G = Soot Bes EDs Sines 
Resolving (62) with respect to q7(t) by the methods of Chapter 11, we get 


t 
Gilt) = f(t) + | RR, rk (r) dr, (63) 


where Rents T) is the resolvent of the kernel V, Vien, T). 
Now, in view of (61)—(63), the function g*(r, t) has been found, as well as the function q(r, t), 
since q°(r, t) is known by assumption (see (51) and (52)). Hence, using (30), we finally obtain 


ete 1 Ee 


io | Te 0) * 2 di pow): (64) 
Note that the function h(r) enters solution (64) explicitly, which allows us to solve equation (47) 
with high accuracy by keeping a relatively small number of terms of the series even in the case of a 
rapidly oscillating h(r). 

In peatica calculations, the number of terms in the series is taken finite. For instance, taking 
the functions z;’ (r) of the basis with k = 2,...,.N, we obtain the Nth approximation of the desired 
solution. In this case, for the construction of sipenvallies and eigenfunctions of the Hilbert-Schmidt 
kernel G7, (r, p) one should find the eigenvalues and the orthonormal eigenfunctions of the matrix 


Gi Gy G4 Ghy 
Ge Ga Gages. Gly 

[Ge w=) C& “CR Gee GR |, (65) 
Gay Gly Gy -- Gi 


The eigenvalues of the matrix (65) give approximations for the first NV — 1 eigenvalues of the 
Hilbert—Schmidt operator, and the components of its orthonormal eigenvectors give the expansion 
coefficients for the first NV — 1 eigenfunctions of that operator. Recall that the first term q°(r, t) in 
the expansion of q(r,t) is known by assumption. Therefore, constructing the next N — | terms of 
the expansion, we obtain the Nth approximation of the solution. 

It is important to keep in mind the relation between the matrices (41) and (65). The matrix (64) 
is obtained from the matrix (41) by deleting its first row and column. This allows us to construct 
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an expansion of the original kernel only once and then use this data for the examination of the new 
kernel arising in the problem with auxiliary conditions. 

Now, let us find the function G(t). To this end, we apply the projection operator Q? to 
equation (55). As a result, we obtain the following formulas: 


1 t 
Bt) = Th {whew +a(t) lane - | Vict, T)gh (7) ar| +Ghiag® 


oe) t lo-e) 
+) Ga - | Va(t, 7) [ohare +>) Chaicn| ar}. (66) 
k=3 k=2 


Thus, we have constructed a complete solution of the integral equation (47) with the auxiliary 
conditions (48). 


@© References for Section 17.3: E. Goursat (1923), G. Szego (1975), A. V. Manzhirov (1985, 2005), N. Kh. Arutynyan, 
A. V. Manzhirov, and V.E. Naumov (1991), N. Kh. Arutynyan, A. V. Manzhirov (1999), A. V. Manzhirov and K. E. Kaza- 
kov (2006). 


17.4. Projection Method for Solving Mixed Equations on 
a Bounded Set 


Consider a mixed multi-dimensional equation of the form (10) of Subsection 17.1-4 with integral 
operators of Volterra and Schmidt types: 


o(t)(I—Vi)y(@, t) + (I Wa)Sy(@, t) = — 
@ 
ee ~ F(#,é 
Sy(i,t) = / 5, OyEt)d%, 9,8 = FE®, (1) 
Q h(@) 


t 
Vpy(&, t) = / Voit nyZ,7T)dt, £EQ, mst. 
7 


In this section, we consider some general questions of the theory of mixed equations. For this 
reason we do not single out equations with the Hilbert-Schmidt integral operator of the form (9) 
from Subsection 17.1-4 and only mention that this equation is a special case of equation (1) with the 
Schmidt integral operator with h(Z) = 1. 

Let the right-hand side f(%,t)/h(@) of equation (1) be known. It is required to find the 
function y(Z, t). Here, f (2, t) and y(2, t) are continuous functions of t € [1, 7] with values in L2(Q); 
a(t) is a given positive continuous function; h(Z) > 0 is a given function of class L2(Q); F'(%, £) is 
a symmetric positive definite Fredholm kernel; V, and V2 are Volterra operators; and S is a Schmidt 
operator. 

Let us transform the equation with the Schmidt operator to an equation with a Hilbert-Schmidt 
operator. To this end, we multiply (1) by /h(Z) and change the variables as follows: 


S@OVI@ FRO) 


qt) = JB) y@,t), FME,Q = A = (2) 
vy hé) Vy (BA) 
Then f@.t) 
=> h > = xz, 
ot)A— Vidg@, ) + L- W)F'a@, #) = Te, ‘ 


F"'¢(Z, t) = if F°@OgEt)d%, ZEQ, m<tST. 
Q 
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where q(Z, t) and f(z, t)/.\/h(@) are continuous functions of t € [79, 7] with values in the Hilbert 

space L7(Q); F” is a Hilbert-Schmidt operator; and the other functions have been specified above. 
Suppose that the right-hand side of equation (3) is known and we have to find the function q(Z, t). 
Let us seek a solution of the mixed equation (3) in the form of a series 


Ut) = S> anee@), (4) 
k=l 
where y/?(z’) are eigenfunctions of the operator F” corresponding to eigenvalues ji}? > 0, i.e., 


F* yh (@) dé = week), k= 1,2,... (5) 


The representation (4) is possible, since the system of eigenfunctions of the operator F” forms a 
basis in L2(Q). 
Let us construct the functions of the basis in the form 


hoy — 2¢@) 


_ ? os) 6 
with explicit dependence on the function h(Z), where 
| yh (@\ph(&) dO - | HOMO ao =85={ 4 POL a= Js (7) 
oa ‘. : Q h(é) akc O forz #7. 
In order to construct such eigenfunctions, we first construct a basis ph (a) i in L2(Q) for which 
ee Pz) 
h h hos n 
ph@p® dM =5:;, ph@ =, n= 1,2... (8) 
[ : or oe Tia) 
Such a basis can be constructed by the formulas 
Ay, Ay ... Hin 
z 1 sal sal we. Aon 
P@) = fi@) , Ph@)s _| 21 mR: an | 
V Ay An-1 An i : : : 
A@, f@ ... fr@ ie 
Ay, Hy ... Ain 
AL vat ... Hoy F 
est pete: KS ? 2 2 Hs glace LOGO ao is 
3 8 h(é) 
An) An2 tee Ann 


where f;(Z) is an arbitrary complete system of linearly independent function in L2(Q). 
Let us represent the kth eigenfunction in the form of a series with respect to the basis p/(2) 
of L2(Q). We have 


PH) 
A(z) 


, BR@=> > oy P?@. (10) 


1=1 


[oe) 
G@= > cyph@, ph@= 


a=1 


The Hilbert-Schmidt kernel F'”"(#, é) can be expanded into double series with respect to the 
chosen basis: 


MG = > Fina @pa©s 
m=1 n=1 qd 1) 
- i if F*@,Oph@p'©@ dQ, dM, F,, = Fh. 
Q 
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Substituting (10) and (11) into (5), we obtain an infinite system of linear algebraic equations for the 
determination of the eigenvalues and the eigenfunction expansion coefficients. This system has a 
symmetric matrix and can be written as follows: 


Co 
h ooh hh 
So Fn Pree) = LEP m(k)> m= 1 2, ee (12) 
n=l 
In order to calculate approximations for N eigenvalues and eigenfunctions of the Hilbert— 
Schmidt operator F”, it is necessary to find the eigenvalues and orthonormal eigenvectors of the 
matrix 


Fi Fi, Fis ots Fi 
ae Fy Tp vee Fon 

[Fe yl= |S 2 ae 2 (13) 
Fiy Ely Fiy -- FNw 


The eigenvalues of the matrix (13) give approximations for the first N eigenvalues of the Hilbert— 
Schmidt operator, and the components of its orthonormal eigenvectors give approximate values of 
the expansion coefficients for the first N eigenfunctions of that series with NV orthonormal functions 
of the basis. 

Let us write the right-hand side of equation (3) in the form 


T,t coon 
a > SLOPL® = 2 fe OT — 


sho [ IS2 ope ane» sa, i \de. 
né) aie 


Substituting (4), (14) into (3) and taking into account (5), we obtain the following sequence of 
Volterra equations for the unknown functions q;(t): 


(14) 


h _ sh h = fh® 
(I- Vi, )ax(t) a O, (t), 3, (0) a a(t) + pe : 
h t 
vp = ONSEN vEne = [ veanioar, (15) 
k To 
vib = COMET FAVED peg 
a(t) + pz 


where all operators vi are of Volterra type, just as the operators V; and V2, since up — O0ask— oo. 
A solution of the sequence of Volterra equations (15) can be constructed by analytical and 
numerical methods of Chapter 11. This solution can be written in the form 


t 
q(t) = (1+ RA ORO, U-Vey'=+R), RESO = / Rear f(rdr, (16) 


where RP is the resolvent operator for Vv", and R;(t, 7) is the resolvent of the kernel VEC T). The 
series (13) converges in L2(Q) uniformly in ¢ € [79, t], and its sum is a continuous function of ¢ with 
values in L2(Q). 

Finally, taking into account (2), (4), and (6), (16), we find that 


y@, t) = ya + RE) Op OSL). (17) 


a 


Note that the function h(Z) enters the solution (17) in explicit form, which allows us to solve 
equation (1) with high accuracy, even for a rapidly oscillating function h(Z). 
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17.4-2. Mixed Operator Equations with Auxiliary Conditions. 


Consider equation (1) with the right-hand side f(z, t) = 9 a,(t) f;(Z) — g(%,t) and N auxiliary 
integral conditions (of the form (12) from Subsection 17.1 4) on the unknown function y(a, t). The 


problem is to find a solution of the operator equation 


N 


o()U-Viulé.t) +A WS) = Yay EO - $20 


ZEQ, mstsT (18) 


oa COTE) EY” 
with the auxiliary conditions 
[ug nn ao = M;(6), tS) cdg (19) 
Q 
regarding y(2, t) and a(t), ..., a(t) as unknown functions. All other functions in (18) are assumed 


given, and g(%, t) is a continuous function of ¢ with values in L2(Q); f;(Z) is a system of N linearly 
independent functions in D(Q). 

Let us transform the equation with the Schmidt operator to an equation with a Hilbert-Schmidt 
operator by changing the variables as in (2). Then, equation (18) and the auxiliary conditions (19) 
become 


N = = 
o(\—Via(z, t) + (VF *a@,t) = J a(t) HE - 229 


ES ; 20 
= VA) Va eo) 

£E., |] <t<T, 
fe pj fil) dQ, = M(t), i=1,...,N. (21) 


Q h(€) 


In order to construct a solution of the mixed integral equation (18) with the auxiliary condi- 
tions (19), we construct a special basis in L2(Q) with explicit dependence on the function 1 / JSh(@). 
To this end, we complement the system of N linearly independent functions f;(Z), so as to obtain a 
complete system in L2(Q), and then use formulas (8) and (9). As a result, we obtain a basis po (2) 
in D2(Q) for which (in view of (8)and (9)) the following expansion holds: 


. PRA QO fk@® 
h at 4 = P = 
pi (Z) = AG a Cin Ty ia wore (22) 


Resolving the system of algebraic equations (22), we obtain 


fil@) os 
Wea >» bieph(@), i=1,...,N, (23) 


the matrix of system (23) being the inverse of the matrix corresponding to system (22). 
Let us represent the Hilbert space D2((Q) as the direct sum of its orthogonal subspaces: 


L2(Q) = £3(Q) @ L3(Q), (24) 


where L$(Q) is the Euclidean space with the basis p;(Z),..., pn (Z), and L3(Q) is the Hilbert space 
with the basis {p,(Z)} (k= N+1, N+2,...). 
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Note that any continuous function of t with values in L2(Q) can be represented as a sum of 
continuous functions of ¢ with values in [5(Q) and £3(Q). Let us write such a representation for 
the integrand: 


N 
dE, )=PEH+TE1), C4H= >> &Opr@. (25) 
n=l 
Using the auxiliary conditions (21), together with (23) and (25), we obtain the following system 
of equations: 
SS bahO®=M@, 1=1,...,N. (26) 
k=l 
The solution of this system determines the coefficients of the first term in the expansion (25) 
of q°(%, t): 
GO= >i aineMe®,  1=1,...,N. (27) 
k=l 


In view of (23), the right-hand side of the equation can be written in the form 


f(@,t) -Yre me so a g(, t) = fe(z,t)+ fr(% 0), 


Vh(x) — VAG) 


fut) = y Ylasttn — ght pR@,  fK@t) = -9h@,0, 
- i k=1 i=k P ieee 
vi =9,2@,0+9,4,0, g,@0= pan gh (t)ph (2), 


dew = [ Ht) peed,  k=1,...,.N. 
h(é) 


Note that in the representations (25)—(28) for q(Z, t), the function q° (2, t) is known (as determined 
by the auxiliary conditions), and the term q*(Z, t) is to be found. Conversely, for the right-hand side, 
we should find f?(Z, t), and f(Z, t) is given by g(Z, t)/ V/h(@). The facts mentioned above allow 
us to classify the resulting problem as a special case of the general projection problem considered 
in Subsection 17.4-3. 


According to the general method, in the present case, one can introduce an operator of orthogonal 
projection that maps the space L2(Q) onto L2°(Q): 


N 
Pif@= [© YL phaphG aoe. (29) 


Obviously, the orthogonal projector P? = I-— P?, maps L2((Q) onto Lh*(Q). Moreover, the 
following relations hold: 


7,9(%, t) = q° (2, t), nga, t) = q"(Z,t), 
t t 30 
P;, oe fr), Pj, se f,(Z, 0. mo 
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Following Section 17.4, we apply the projection operator P;, to equation (20) and obtain an 
integral equation in Li (Q) (with a known right-hand side) for the determination of q*(Z, t): 


o(t)(I— Vi)q* (2, t) + I- Va) PAF" @" (&, t) = -9*(&, t) — I- Va) PAF" (&, 0), 


P*E" 6(Z, t) = ¥) FeZO¢E, Dd, ZEN, mStST, 
Q (31) 


N 
PAGO = MED - [ MGB S~ ph@yph@) dx. 


i=l 


The operator PyF? is a Hilbert-Schmidt operator from LQ) to Le). Let us construct a 
solution of equation (31) in the form of a series with respect to its eigenfunctions that form a basis 
in Ly (Q). Let us construct the system of these functions. 

Let ph* (2) be eigenfunctions of the operator P*R and pe the corresponding eigenvalues. We 
have 


PFE’ (2%) = uP op" (2), k=N+1,N+42,... (32) 


Let us represent the eigenfunction ph (#) as a series with respect to the basis ph (2) G@2=N+1): 


PE@) 
A(z) 


» S@= So oy Ph@. (33) 
i=N+1 


foe) 
oP @= >> ckiph@, pi@= 
i=N+1 


Using (11) and (31), we obtain the following double series expansion for the kernel F7* (2, & ): 


fore) love) N fore) 
FR@O= So SO Fv @phO©+ >> YS) Fhph@ph ©. (34) 


m=N+1 n=N+1 i=l n=N+4+1 


Note that the coefficients in the expansion of the kernel F(Z, £) in (34) coincide with those in the 
expansion of the kernel Fh, & ), and this allows us to use the available data instead of recalculating 
the coefficients of the new problem. 

Substituting (33) and (34) into (32), we obtain an infinite system of linear algebraic equations 
for the determination of the eigenvalues and the eigenfunction expansion coefficients. This system 
has a symmetric matrix and can be written in the form 


foe) 
SS FR otty =e ey, m=N+1,N+2,... (35) 
n=N+1 


Now, let us construct a solution of equation (31). To this end, we represent the functions q* (2, t) 
and g7,(%, t) in the form of series with eigenfunctions of the operator PeF": 


CO 


PEH= So gov? @, 


k=N+1 


co 1 
KED= DY er @ gw= f Eoel"G ae 
k=N+1 al 


(36) 
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and substitute these into (31). Then, taking into account (25)-(28) and (30)-(34), we obtain the 
following sequence of independent Volterra equations of the second kind: 


o(t)V, + Ue, 
a(t) + ue* 


r) 


I-Vi ag) = oe"), Ve = 


o(t)Vi(t, 7) + wpe* Volt, 7) 
o(t) + is 


> 


t 
Vit f(b) = i Vieinfrdr, VP*(t.7) = 


(37) 


N 
op () =— gh’ (t) +=) > Fon) 
i=l 


1 
a(t) + puh* | 


Fly = >> Fhehty, t21,..,N, k=N+1,N42,... 
n=N+1 


Resolving (37) with respect to q(t) by the methods of Chapter 11, we get 
t 
ge) = (+ Re) ORO, U-Vey'=(+Re), RESO= / RE f(r)dr, G8) 
TO 


where rial T) is the resolvent of the kernel Vier T). 

We see that in view of (35)—-(38) the function g*(Z,t) has been determined, and it is easy to 
find q(2, t), since q°(Z, t) is known by assumption (see (25)-(27)). Hence, taking into account the 
transformation of the variables (2), we finally obtain 


I N n love) 
VED = Fae [DD Doane Me OPLA|+ Y> akeyr@]. (39) 
n=l k=1 k=N+1 


The solution (39) depends on the function A(x) in explicit manner, and this allows us to solve 
equation (48) with high accuracy by keeping a relatively small number of terms in the series even 
for a rapidly oscillating h(z). 

In practical calculations, the number of terms in the expansions has to be limited. For instance, 
taking the basis functions ph(z) with k = N +1,...,M, we obtain the Mth approximation of 
the desired solution. In this case, for the construction of eigenvalues and eigenfunctions of the 
Hilbert-Schmidt operator PeR one should find the eigenvalues and orthonormal eigenvectors of 
the matrix 


h h h h 
FNeiNs1 FNsins2 Js se Nei 
ENsiN42 PNw2N42 Pw2N43 — PNM 
h nae 
[Fel=| Pneines Frienas Fasnas FNa3m |. (40) 
h h h h 
PNaim PNw2M PNa3M ne ava 


The eigenvalues of the matrix (65) give approximations of the first 1/—N eigenvalues of the Hilbert— 
Schmidt operator, and the components of its orthonormal eigenvectors approximate the coefficients 
in the expansion of the first 14 —N eigenfunctions of this operator. Recall that the first VV terms of the 
expansion (25) of q°(Z, t) of the function q(2, t) are known by assumption. Therefore, constructing 
the next M/ — N terms of the expansion (36) of q*(Z, t), we obtain the Mth approximation of the 
solution q(Z, t) (see (25)). 

It is important to observe that the matrix (40) can be obtained from the matrix (13) by deleting its 
first N rows and columns. This allows us to construct an expansion of the original kernel only once 
and then use these data for the examination of the new kernel arising in the problem with auxiliary 
conditions. 
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Now, in order to find the functions a;(t) (¢ = 1,...,.N), we apply the projection operator P;, to 
equation (31). As a result, we get 


N a 
a(t) = S- Qik {ato + a(t) om Vi) SS QimMm(t) 


i=k m=l1 


N 9 love) 
+ (I- Vp) bs FES \ ajmMm)+ >> Foss] \ (41) 
j=l m=1 


j=N+1 


Note that relations (41) form a system of N linear algebraic equations (with a triangular matrix) for 
the determination of the unknown quantities a;(t),...,ay(t). 

Thus, we have constructed a complete solution of the integral equation (18) with the auxiliary 
conditions (19). 


17.4-3. General Projection Problem for Operator Equation. 


Consider the equation 
c(t) — Vi y(t) + I- Va)Fy@ = FO, (42) 


where y(t) and f(t) are continuous functions of ¢ with values in an abstract Hilbert space H; c(t) >0 
is a continuous scalar function of t; I is the identity operator; F is a compact self-adjoint positive 
operator from H to H; V; and V> are Volterra operators (with respect to t) such that the operators 
(I- V,), (— V2), and (I - («1 (£)V; + w2(t)V2)) and their inverse operators preserve the class of 
continuous functions, provided that w,(¢) and w2(t) are continuous in ¢. 

Let us represent the Hilbert space H as a sum of its orthogonal subspaces H = H° ® H*. For 
continuous functions of t with values in 7 the following representations hold: 


O=LPO+FO, yOrrO+yO, (43) 


where f(t)°, y(t)° are continuous functions of ¢ with values in H°, and f(t)*, y(t)* are continuous 
functions of ¢ with values in H%*. 

Consider the operator P° of orthogonal projection from H onto H°. The operator P* = I- P° 
projects H onto H*. Obviously, 


PfO=afO°, PAO=fO", PPyD=yO*, P*yH=yO". (44) 
General projection problem. Let y(t) and f(t) satisfy equation (42). For given y°(t) and 
f*(), it is required to find the unknown y*(t) and f°(t). 


Let us apply the operator P* to equation (42). As a result, we obtain a new equation which, after 
simple transformations, can be written in the form 


e(t)(I— Vi jy" (t) + — Va) P* Fy") = f°) — 1 - V2)P* Fy? . (45) 


THEOREM 1. The operator P*F is compact, self-adjoint, and positive definite as an operator 
from H* to H*. 


Let vy; be eigenfunctions of the operator P*F corresponding to its eigenvalues j1;, 1.e., 
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All these eigenfunctions form a basis in H*. Then, for continuous functions of ¢ with values in H* 
the following representations hold: 


YO= dade, O=Y fOv 


(47) 
g* (t) = (I-V2)P*Fy*(t) = So gilt). 
where a;(t), fi(t), gi(t) are continuous in ¢. 
Substituting (47) into (45) and taking into account (46), we get 
; : t 7 
(-Viai)= 4,0, vi= SA 
tyetoe (48) 


fit) — gi) 


PHD c(t) + a; 


, a(t)= (+R), 


where R? is the resolvent Volterra operator for V’. 

Note that V’ and ©,(t) are always defined since c(t) > 0, a; > 0, and a; > 0, V' > V, asi — 00 
(see Supplement 12.5-3). Due to the conditions imposed on the functions and the operators, the 
series (47) for y*(¢) converges in H uniformly with respect to t, and its sum is a continuous function 
of t with values in H*. Equation (45) is linear and for f*(t) = 0, y°(t) = 0 has the trivial solutions. 


THEOREM 2. In the above classes of continuous functions, equation (45) has one and only one 
solution. 


Thus, we have found y*(¢). In order to find f°(t), let us apply the operator P° to equation (42). 
Then 


f°) = cHA- Vy?) + U- V2) PPF(y°@®) +"), (49) 


which immediately yields an expression for f°(t), since y°(t) is given and y*(t) has been found. 
The question about the existence and the uniqueness of the solution f°(t) is solved simultaneously 
with that of the existence and the uniqueness of the solution y*(¢). 

For the justification of this method the following theorem is needed. 


THEOREM 3. Functions y(t) and f(t) satisfy equation (42) for given projections P°y(t) and 
P* f(t) if and only if relations (45) and (49) hold. 


THEOREM 4. A solution of equation (42) for given y°(t) and f*(t) exists and is unique if and 
only if equation (45) has one and only one solution. 


Remark 1. For P* = I, the above projection problem reduces to the classical problem for an 
equation with a given right-hand side. Thus, the problem considered here is a generalization of the 
classical approach to more complex cases of equations with auxiliary conditions. 


Remark 2. The projection method considered here can be regarded as an extension of the 
Hilbert—Schmidt method to multidimensional equations with auxiliary conditions. 


Remark 3. For given auxiliary conditions, the basic operator of the problem is P*F and not F, 
which makes the problem considered here essentially different from the problem with a given 
right-hand side. 


Remark 4. Eigenfunctions and eigenvalues of the kernels and operators can be found by various 
methods described in literature, and not only those represented in Chapter 17. 


© References for Section 17.4: E. Goursat (1923), F. Riesz and B. Sz.-Nagy (1955), G. Szegé (1975), V. S. Vladimirov 
(1981), A. N. Kolmogorov and S. V. Fomin (1999), A. V. Manzhirov (2005). 


Chapter 18 


Application of Integral Equations for the 
Investigation of Differential Equations 


> Preliminary remarks. Integral equations play an important role in the theory of ordinary 
and partial differential equations and boundary value problems. The reduction of boundary value 
problems to integral equations allows for the application of iteration and finite-difference methods 
of solving integral equations. These methods are, as a rule, substantially simpler than those used 
for solving differential equations. Moreover, many delicate proofs and qualitative results of the 
theory of differential equations have been obtained by the investigation of the corresponding integral 
equations. 


18.1. Reduction of the Cauchy Problem for ODEs to 
Integral Equations 


18.1-1. Cauchy Problem for First-Order ODEs. Uniqueness and Existence Theorems. 


The Cauchy problem: find a solution of the equation 


Y, = f(x,y) (1) 


that satisfies the initial condition 


Y(Xo) = Yo (2) 


for given yo and xo. 
Geometrical meaning of the Cauchy problem: find an integral curve of equation (1) passing 
through the point (Zo, yo). 


THEOREM (EXISTENCE, PEANO). Let the function f(«,y) be continuous in an open domain D 
of the xy-plane. Then there is at least one integral curve of equation (1) that passes through each 
point (xo, yo) € D; each of these curves can be extended at both ends up to the boundary of any 
closed domain Dp C D such that (a0, yo) belongs to the interior of Do. 


THEOREM (UNIQUENESS). Let the function f(x,y) be continuous in an open domain D and have 
a bounded partial derivative in D with respect to y (or satisfy the Lipschitz condition: |f (x,y) —- 
f(a, z)| < My -z|, where M > 0 is a constant). Then there is a unique solution of equation (1) 
satisfying condition (2). 
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18.1-2. Cauchy Problem for First-Order ODEs. Method of Successive Approximations. 


The method of successive approximations (the Picard method) consists of two stages. On the first 
stage, the Cauchy problem (1)—(2) is reduced to the equivalent integral equation: 


ya) =yo+ [Flt y(®) at. 3) 
x0 
Then a solution of equation (3) is sought using the formula of successive approximations: 
yni() =yo+ | ftsyn@®)dt; n= 0,1, 2. 
xo 


The initial approximation yo(x) can be chosen arbitrarily; the simplest way is to take yo a con- 
stant. The iterative process converges as n — oo, provided the assumptions of the theorems in 
Subsection 18.1-1 are satisfied. 


18.1-3. Cauchy Problem for Second-Order ODEs. Method of Successive Approximations. 


The method of successive approximations is implemented in two steps. First, the Cauchy problem 


Vex = JOU) (equation), 
y(%o) = yo, y/o) = yo (initial conditions) 


is reduced to an equivalent system of integral equations by the introduction of the new variable 
u(x) = y/,. These integral equations have the form 


wa)=oht [f(y @,ult) dt, y(x)=yo+ [ uctyat. (4) 


Then the solution of system (4) is sought by means of successive approximations defined by the 
following recurrence formulas: 


Un+i(L) = yy + i f(tyn@, Un(t)) dt, Ynsi(x) = yo + i; un@)de = 0,1, 2)... 


As the initial approximation, one can take yo(x) = yo and uo(x) = yj. The iterative process converges 
as m — oo, under assumptions similar to those formulated in the theorems of Subsection 18.1-1. 


Remark. Ina similar way, the Cauchy problem for an nth order ODE can be reduced to a system 
of integral equations. 


18.1-4. Cauchy Problem for a Special n-Order Linear ODE. 


Consider the Cauchy problem for the following linear nth order ODE: 
IE? + fra@yy ? +++ fi@ ye + fola)y = g(a) (5) 
with the homogeneous initial conditions at the point x = a: 
yla) = y,(a) = ++ = yg" P(a) = 0. (6) 


Introducing a new unknown function by 


y(x) = | (a —t)”"'u(t) dt (7) 


<a 
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and differentiating (7) n times, we get 


(k) =-_——; n-k-l _ yk 
Yo (2X) Ge — [we t) u(t) dt, k=1,...,n-1; 


yf (a) = u(z). 


(8) 


Obviously, the function (7) satisfies the initial conditions (6). Substituting (8) into the left-hand side 
of equation (5), we obtain 


u(x) + a K (a, t)u(t) dt = g(x), (9) 


where 


-t -t)rt 
K (at) = fest) + foal) 40+ + fol (10) 


Thus, the Cauchy problem (5)—(6) has been reduced to the integral equation (9)—-(10), which is 
a Volterra equation of the second kind. Finding the function u(x) from (9) and using formula (7) we 
obtain the desired solution y(x). 


Remark. The Cauchy problem for equation (5) with nonhomogeneous boundary conditions 


y(a)=bo, yi(a=bi, ..., ya) = bra 


can be reduced to a Cauchy problem with homogeneous boundary conditions for another function 
w(x) with the help of the substitution 


n-l _ k 
y(x) = w(x) + ys be @ . 


k=1 


@) References for Section 18.1: W. V. Lovitt (1950), E. Kamke (1977), R. P. Kanwal (1996), A. D. Polyanin and A. V. Manzhi- 
rov (2007). 


18.2. Reduction of Boundary Value Problems for ODEs 
to Volterra Integral Equations. Calculation of 
Eigenvalues 


18.2-1. Reduction of Differential Equations to Volterra Integral Equations. 


1°. Consider a linear nonhomogeneous ODE for the function y = y(«): 


Lilyl=h(t)  (a<a<b), (1) 
where 
Lnlyl = 3 flay, f(x) #0. (2) 
Let yi(x), ..., Yn(x) be a fundamental system of solutions of the truncated homogeneous 
equation 


Lyly] = 0. (3) 
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Denote by W(x) its Wronskian determinant 


y(t) ++ G(x) 
(AC) rn C2) 
W(a)=| : ‘e 2 Me 
gra). pra) 
pra) --- pee) 


and by W,(a) the determinant obtained from W() by replacing the vth column by 0, ..., 0, A(z). 
The general solution of equation (1) can be written in the form 


Wi) - 
= V vPv > 4 
y(n) = dv) f Fen ft Loew (4) 


where the first sum is a particular solution of equation (1), the second sum is the general solution of 
the homogeneous equation (3), and C‘, are arbitrary constants. 

For boundary value problems, the constants C), are found from the corresponding boundary 
conditions, and for the Cauchy problem, C,, are obtained from the initial conditions. 


2°. Consider the linear ODE for the function y = y(x) with a parameter A: 
Lrlyl=h(x)-Ag@y (a<a<b), (5) 


where L,, is the differential operator (2). Equation (5) differs from (1) only by an additional term in 
the right-hand side. Therefore, replacing the function h(x) by h(a) — Ag(x)y(a) in the solution (4) 
and performing simple transformations, we come to the Volterra integral equation 


y(v) + if K(x, \y(© dé = F(a), (6) 
where 
g(€) i: h(E) - 
K(a, £) = 4 —D F > D(x, £) d CLy(a), (7 
(x, €) AGLUG (2,6), F(x)= AGUAG (x, €) so yx), (7) 
and 
yilé) ++ Oal€) 
(A) cn 
D@,Q=} Rs ell (8) 
PPO -- oO 
eee “+ On (a) 


The Volterra integral equation (6)—(8) is equivalent to the differential equation (5). 


3°. In a similar way, one can approach nonlinear ODEs of the form 


Lylyl=h(a,y) (a< x<b) (9) 


with the same differential operator (2). This equation can be reduced to the nonlinear Volterra 
integral equation 


* hg, y)) 
a In(E)W(E) 


where the function D(z, €) is defined by (8). 
Note that both sides of equation (9) may depend on the spectral parameter A. The linear equation 
corresponds to the right-hand side h(x, y) = hi(x)y + ho(2). 


Dea, 6) dé +S) Crp), (10) 


v=l 


y(X) = 
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18.2-2. Application of Volterra Equations to the Calculation of Eigenvalues. 


1°. The Volterra integral equation (6) can be used for the calculation of the smallest eigenvalue 
and the corresponding eigenfunction of various boundary value problems for the ODE (5). For this 
purpose, one utilizes the method of successive approximations: the first term y(x) of the integral 
equation is replaced by y,(x), and y(€) in the integrand is replaced by yn_1(€). On each step, the 
parameter A is chosen such that the function y,,(x) would satisfy the boundary conditions. This 
procedure can be illustrated by the following example. 


Example 1. Consider the equation 
yt, tAg@)y=0 O<«x<]) (11) 
with the homogeneous boundary conditions of the first kind 
yO) = y() = 0. (12) 


Equation (11) is a special case of (5) for n = 2, Lo[y] = yf, h(x) =0,a = 0, b=0. 
The fundamental system of solutions of the truncated equation L2[y] = 0 has the form 


pi@y=1,  po(a)=a. (13) 


Simple transformations with the help of (8) yield 


Wa) = pi@Mlp@l, - ple @li, = 1, (14) 
D(a, §) = pilS)ya(x) — pi(w)ya(€) = x - €. 


Substituting (13)-(14) into (6)-(7), we come to the Volterra equation 


ula) =O +e | (a — Eg(ylO) dé. (15) 


From the first boundary condition in (12), we get C; = 0. Since eigenfunctions are defined to within a constant coefficient, 
we can take C’) = 1 in (15). As a result we get 


ye) = 0-2 i; “(e- Og (y(é) dé. (16) 


This equation can be solved by the method of successive approximations based on the formula 


yn(e)=a-d f (@-OoOuniOde n=12... (17) 


Next, consider more closely the simplest case g(x) = 1. As the zero approximation, we take yo = | and find that 
£ 1 
yy (x) =2-d/ (a -€)d€ =x - x. 
0 


From the second boundary condition in (12), we get y;(1) = 0, and therefore, A = A; = 2. It follows that 


yi(v) = 2@ ap 


Let us insert this function into the right-hand side of (17), where g(x) = 1. We have 


een de OEP) dé = 2 A(z" se). 
0 


Satisfying the second boundary condition in (12), i.e., y2(1) = 0, we obtain 


X= 12, ywl(x)=2 -2a7 +24. 


In a similar way, we find that 
5 1 
3 = 10, y(@) = aw Fa +34? — sa, (18) 


2 


The exact smallest eigenvalue for g(x) = 1 is equal to A = 1~ = 9.87, and the corresponding eigenfunction has the form 


1 
y(x) = — sin(7x) = x - 1.6x7? + 0.82. 
7 
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In the case under consideration, the choice of the initial approximation, yo(x) = 1, was not quite 
good, since both boundary conditions in (12) do not hold for this function. The convergence rate 
may be increased by taking the initial approximation of the form yo(x) = 2 — x”, in which case both 
boundary conditions in (12) are satisfied. 

For an arbitrary continuous function g(x), in the absence of information about eigenfunctions, 
it is convenient to take the initial approximation in (17) of the form 


2 


1 
Yyo(x) = x-2 or Yyo(x) = m sin(7x), 


since these functions satisfy the boundary conditions (12). In the special case of g(x) = 1, the first 
initial function ensures fast convergence of the expression (17) to the exact result, and the second 
yields the exact result immediately. 


2°. The Volterra integral equation (6) can be used for obtaining asymptotic expansions of eigenvalues 
and eigenfunctions of the corresponding boundary value problems for the ODE (5) for large \. Note 
that in this situation, various cases are possible; for instance, the operator L,,[y] may involve the 
spectral parameter , while the right-hand side of the differential equation is independent on ). 


Example 2. Consider the equation 
Yen +Uf(a)+’ly=0  (a<a<bd) (19) 
with the homogeneous boundary condition of the first kind 
y(a) = y(b) = 0. (20) 


The function f(x) is assumed continuous on the finite segment [a, b]. 
Let us write equation (19), using the notation from (9). As the differential operator and the right-hand side of the 
equation we take 


Loly] = yew + vy, (21) 
h(w, y) = —f(@)y(2). 
The fundamental system of solutions of the truncated equation Lz[y] = 0 has the form 
Y, =cos(Ax), Y2 = sin(Az). (22) 
After elementary calculations with the help of (8), we get 
Wa) = gi@lyr@lt - poly @)It =>, 
D(a, &) = pilg)yr(x) — pi(w)pa(€) = sin[A(a — §)]. 


Substituting the second expression from (21), as well as (22) and (23), into (10), we come to the Volterra integral 
equation 


(23) 


1 of Fs ; 
y(@) = a4 : sin[A(x — €)1 f(E)y(€) d€ + Cy cos(Ax) + C2 sin(Az). 

a 
The first boundary condition in (20) yields C, cos(Aa) + C sin(Aa) = 0. Therefore, 

C; cos(Ax) + Cz sin(Ax) = C sin[A(x — a)]. 
Since eigenfunctions are defined to within an arbitrary constant coefficient, we come to the integral equation 

1 x 
ox) = sin ae— a) - | sinter —S)1 FEU a. (24) 
a 


It is easy to see that the functions y(a) are uniformly bounded for sufficiently small A > 0. From the second boundary 
condition in (20), using (24), we find that 


b 
sap)! = + / sin[ a — O)1f Ol) dé = O ( =) (25) 


a 


Hence, we obtain the following asymptotic formula for the eigenvalues A = An: 


‘foetal +0(5) = a +0(=), (26) 
b-a Xr b-a n 
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where n is a large positive integer. The corresponding eigenfunctions are obtained by substituting the values (26) into (24): 


yn(x) = sin[An (x — a)] + o(5) = sin[An (a — a)] + o(-) ; 
Xr n 


Inserting this function into (25), one can refine the asymptotic formula (26), etc. 
A similar approach can be taken with regard to other boundary conditions for equation (19). 


@ References for Section 18.2: E. Kamke (1977), A. D. Polyanin and V. F. Zaitsev (2003). 


18.3. Reduction of Boundary Value Problems for ODEs 
to Fredholm Integral Equations with the Help of the 
Green’s Function 


18.3-1. Linear Ordinary Differential Equations. Fundamental Solutions. 


Consider a homogeneous linear ordinary differential equation 


Liyl= So fr@y =0  (a<a<d), (1) 
k=0 

where f;,(a) are continuous functions on the segment a < x < band f,(x) # 0. 

A fundamental solution of the differential equation (1) is a function of two variables g(2, &) 
defined on the square a < x, € < b and having the following properties: 

(a) in each of the trianglesa <x <€<banda<sé&<-2< 8, the function g(a, €) has partial 
derivatives in x of the orders < n, and these derivatives are continuous in x and € in each triangle; 

(b) g(a, €), as a function of x, satisfies equation (1) in each of the triangles; 

(c) on the entire square a < x, € < b, the function g(x, €) is continuous and has partial derivative 
in x up to the order (n — 2), and these derivatives are continuous in x and € on that square; 

(d) for a < € < b, the following relation holds: 


an'g¢ J an” all (2) 
Ox" le=e10 Ox"! lene fn(€) 
Fundamental solutions exist always. For instance, one can take 
yi) ++ YE) yi(®) t+ Yn) 
te) ee ~ BE) Gays ye) 
sign(x — €) : . : : . 
g(x, §) = 2aAOWO : " : » Wa)= : oa : » (3) 
a yD). yO) ya) ++ yl (a) 
yi(@) + Yn(a) gies) meme ai C2) 
where y)(x), ..., Yn(x) is a fundamental system of solutions of equation (1), and W(z) is its 


Wronskian determinant. This special fundamental solution has the following property: 
9,6) = GEO = = 9 EO =0. 
The set of all fundamental solutions can be described by the sum 
Gx, §) + Ci(E)yi(@) +++ + Cn(Q)yn(2), 


where C;,(€) are arbitrary continuous functions. 
Fundamental solutions play an important role in the theory of linear differential equations, since 
the function 


b 
yix)= [gar 6) dé 
is a particular solution of the nonhomogeneous linear ODE 


Lly] = ya). 
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18.3-2. Boundary Value Problems for nth Order Differential Equations. Green’s Function. 


Consider a homogeneous linear boundary value problem for equation (1) with the boundary condition 
nly] = 9, me=l1,...,n. (4) 


Assume that the functions f;,(2) are continuous on the segment [a, b] and the left-hand sides of the 
boundary conditions have the form 


Tnly] = Pmaly] so Tmolyl, (5) 


where [aly] and l',,,[y] are linear differential forms of an order < n-1 calculated at the endpoints 
x=aandxr=b. 

A function G(x, €) defined on the square a < x,€ < b is called the Green’s function or the 
influence function for problem (1), (4) if it is a fundamental solution of equation (1) and for any 
fixed € (a < € < b) satisfies boundary conditions (4) as a function of x. 

If the boundary value problem (1), (4) admits only the trivial solution y = 0, then there is only 


one Green’s function for this problem. Knowing a fundamental system of solutions y; (2), ..., Yn() 
of equation (1), one can construct the Green’s function as follows. For each € (a < € < b), we finda 
solution c; = c)(€), ..., Cn = Cn(€) of the system of linear algebraic equations 


Yaroze, o =0,...,n-2, 


v=1 
” 1 
d = Fe 
and then a solution b; = b)(€), ..., bn = bp (€) of another system 


n 


Sita eal med 
v=l 


v=1 


The Green’s function can be defined by the formula 


y av(S)y(“z) forasasé<b, 
CO Han 5. (6) 
S bye) for as€<ax<b, 


v=l 


where a,,() = by() — cv (é). 
The Green’s function can be expressed in terms of a fundamental system of solutions y;(~), ..., 
Yn(x) of equation (1), the fundamental solution g(a, €), and the differential forms (4): 


gr,§)  yi@) + Yn) 

T T - Tiflun 
seguce®, Za, €) = a ni ; Bie 7) 

Pralg] Pralml «++ Prlynl 


where A stands for the determinant 


A=dealE iy og Sic: 
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Remark. For € = a and € = J, the representation (7), is not valid, in general. However, in this 
case the following limit relations hold: 


G(a, a) = ae G(z,§), G(ax,b)= mae G(a, &). 


The Green’s function plays an important role in the theory of linear boundary value problems, 
since the function 


b 
i= / G(x. Oo(6) dé 


is a solution of the linear nonhomogeneous differential equation L[y] = y(x) with the homogeneous 
boundary conditions (4). 
A nonlinear boundary value problem for a nonlinear ODE of the form 


SS fray = O(a,y)  (a< a <b), (8) 
k=0 


with the boundary conditions (4) can be reduced, with the help of the Green’s function, to the 
nonlinear integral equation 


b 

yix)= | Ge. 9¥E, venus, 0) 
whose investigation is, as a rule, much simpler than that of the original boundary value problem (8), 
(4). 


Remark. In applications, one often has to deal with linear eigenvalue problems in which equation 
(8) is considered with 


O(ax, y) = Ap(z)y, 


where \ is a spectral parameter. 


18.3-3. Boundary Value Problems for Second-Order Differential Equations. Green’s Function. 


The Green’s function for the boundary value problem for the linear second-order equation 


fret A@Y re + foxy = 0 (10) 
with the homogeneous boundary conditions 


ky+s,y=0 at xv=a, 
kay, t+2y=O0 at x=), 


can be written as (x)y2(E) 
Yilr)y2 ; 
a if as<asé<bd, 
Cegar oe 7 
WOW if gegencs 
pOWe: oo 


where y;(x) is any nontrivial solution of equation (10) satisfying the first boundary condition in 
(11), and y2(x) is any nontrivial solution of equation (10) satisfying the second boundary condition 
in (11); W(2) = yi (x) y5(x) — y} (x) y2(x) is the Wronskian determinant. 

The Green’s function (12) can be used for constructing solutions of nonhomogeneous linear or 
nonlinear boundary value problems for second-order ODEs. 
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Example. Consider the boundary value problem for the nonlinear second-order equation 


Vana = O(a, y(e)) (13) 
with the homogeneous boundary conditions of the first kind 
yO)=0, yl) =0. (14) 
Let us construct the Green’s function for the linear equation 
Yrw =0 (15) 


with boundary conditions (14). Taking into account that the general solution of equation (15) has the form y = C) + Coa, 
we take in (12) the solutions y; (x) = x, y2(a) = 1 — x [each of these satisfies one of the boundary conditions from (14)] and 
fo(x) = 1, W(x) =-1,a =0, b= 1. Asa result, we get 


(€-la if O<sas€E<l, 


Gees) if O<€<a@Sl. 


Regarding the right-hand side of equation (13) as known, we obtain 


1 
y(e) = i Gla, NOE, WO) a€. 


Thus, solving the boundary value problem (13)-(14) amounts to solving a nonlinear integral equation of Hammerstein type 
with the kernel being the Green’s function for problem (15), (14). 

Table 13 contains simplest examples of Green’s functions G(x, €) for some linear boundary value 
problems for ODEs. In all these examples, G(az, £) = G(€, x), and therefore the Green’s function is 
specified only in the domain x < €. For equations with the operator L[y] =-[f(x)y/,]/,, it is assumed 


that f(a) > 0 and q(x) = e a 


18.3-4. Nonlinear Problem of Nonisothermal Flow in Plane Channel. 


Itis known that the dynamic viscosity of a fluid js essentially depends on temperature T (yu decreases 
as T increases) and the other physical parameters of the fluid have small variation. For high-viscosity 
fluids (like glycerol, liquid oil, or petroleum) it is common to assume the exponential dependence 


l= po exp[-G(L’ — To)], (16) 


where [Uo, 2, and Ty are empirical constants. 
Stationary nonisothermal flows of viscous incompressible fluid are described by the following 
system of equations: 


3 
Ou; 1 Opis \ _ cae - Ou; — Ou; - . 
(waa) =O py =-05y +u( Se + Se), i=1,2,3; (17) 


Ou, Our 0uz3 


Gal ch ee 1 

I Oe Oe oe 

2 oT OT “ OT (19) 
POX OKs. MONE. ORE ONO: ORD) 


Here u, are fluid velocity components, X; are Cartesian coordinates, p is density, p is pressure, o is 
1 for i=J, 

O for 74 7. 

Stationary rectilinear flows in a plane channel correspond to solutions of the form 


the heat transfer coefficient, and 6;; = 


up=wm=0, w=ux), p=p(x,Z), T=T(X,Z), (20) 


where Z = X3 is the longitudinal coordinate in the channel and X =X, is the transverse coordinate. 
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TABLE 13 
Green’s function for some boundary value problems for linear ODEs L[y] = 0 


Differential [Serene Ly] Ls oe ee | conditions Green’s function, G(x, Io Se ll 


——— | yWO=v@=0 | = Ve (a) = 


| = ya=0 | | = ya=0 | ee SS 


| ae | 
ka) sin[ kd - sin(ka) sin[kC — §)] 
_pi 0) = y(1) = sin( 
h(k2) sinh[k(1 - €)] 
ay"! 2 0) =7(1)=0 sin 
You t key y(0) = y(Q1) phe 


2 > n n 
ary), + Ry yO) #00, yla) = 0 =(=) - = 
_ daa) 


a ae yO) = y,(a) = Pe 


Lay, y(0) = 0, kyi(a) + y(a) = q(a)- a (k>0) 
mt (0) ”,(0) = “J 
ais (eb 6 228 osha 28+ 38)? 
mn y(0) = = = ¥2(0) = = Le = 


Substituting expressions (20) into equations (17)—(19) and letting u’, = du/dX, we obtain the 
following three equations: 


SP gh, PS uly, (21) 
2 2 
ux oe -o( 54+ az) (22) 
Using differentiation, we eliminate the pressure p from (21) and obtain 
(= : sar) unt 26 23) 
The general solution of equation (23) can be written in the form 
pu'y = O(Z + X)+ W(Z—-X), (24) 


where ® and W are arbitrary functions. 
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Let X = 0 correspond to the middle line of the plane channel of width 2h, i.e., -h< X <h. On 
the walls we have the conditions of adhesion 


u=0 for X=+h. (25) 


Moreover, assume that the temperature has linear variation on the channel walls, 


T=Tp-EZ_ for = +h. (26) 


Instead of the domain —h < X < h, we can consider its half 0 <_X < h with the symmetry condition 
on the middle line: 
uy =Txy =0 for X=0. (27) 


Equations (22) and (24) (with the viscosity defined by (16)) and the boundary conditions (25), 
(26) (for x = h), and (27) can be satisfied if one seeks a solution in the form 


(6) =-Ae®"S, (6) = Ae?™5,  u=u(X), T=To-EZ+ = HX). (28) 


As aresult, we obtain a system of ODEs, 


uy =-— exo( 0) [ere eres 
iio (29) 
u=Opy 


Eliminating u from these equations and taking into account (25)—(26), (28), we come to the following 
nonlinear boundary value problem for the excessive temperature: 


Ware = ye" sinh(ex), (30) 
,=0) for #2=0, w=0° for 2 =1, (=). tor oS, (31) 
where we have set ae 
xX E0 2Ah?BE 
Lr=—, pees ie Ee = BEh. 
h or C10 


The last boundary condition in (31) has been derived by passing to the limit for X — h in the second 
equation in (29) with the adhesion condition (25) on the walls taken into account. 
Note that the volume rate of flow @ is calculated in terms of the heat flow on the walls by the 
formula 
Q = -26',(h) = -20(GEh)y'wi/,(1). 


Let us prove that for sufficiently large y > 0, the boundary value problem (30)-(31) has no 
solutions. 

It is not difficult to show that the Green’s function for the linear boundary value problem 
(30)-(31) with 7 = 0 (see Subsection 18.3-2) has the form 


E-4(2? +&) for OS a1, 


2 
€-2& for O<€<a<l. oe 


G(a, €) = { 


Therefore, the nonlinear boundary value problem (30)—(31) is equivalent to the nonlinear integral 
equation 


1 
w(x) = I G(x, €)e" sinh(eé) dé. (33) 
0 
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Since G(a, £) 2 0, it follows that for 7 > 0 we have w(x) > 0. This inequality has a clear physical 
meaning: if the walls are cooled by the environment, the temperature in the channel is larger than 
that of the walls. 

Consider an auxiliary linear boundary value problem for eigenvalues: 


” =—Xsinh(ex)y, (34) 


Youn 


te =O tor -=0, y= 0. for wads (35) 


x 


y=0 for x=0, 7] 


This problem is equivalent to the linear Fredholm integral equation 


1 
soon if GUE, a)y(é) sinh(e€) dé. (36) 


Here the Green’s function G(€, x) corresponds to the transposition of the variables x and € in (32). 

Since the kernel of the integral operator (33) is positive, the generalized Jentzch theorem implies 
that the smallest eigenvalue is positive, Ag > 0, and the corresponding eigenfunction yo(x) does not 
change sign on the interval [0, 1]. Let us multiply both sides of equation (30) by yo(x) and integrate 
the resulting expression in x from 0 to 1. Taking into account the relations 


Ww Nt / /\/ iN 1s UE 
YWWere = (YoWre x (YorWx)x + (Your) x —VoraxrW> 


Vere = —ro sinh(ex)yo, 


and the boundary conditions (31) and (35) for the functions w and yo, we come to the relation 


1 
yy __f, w@em© sinh(es) ag 


~s-t : (37) 
Tf vote wt) sinh(eg) ae 


Since w= 0, we have e” > ew. This inequality, together with (37), implies the estimate Ao /72 e. 
Therefore, for 
7 >Ao/e, 


the boundary value problem (30)-(31) has no solutions, and for the critical value y, we have 
Ye < do / ex 


Remark. It can be shown that for 0 < y < ¥,, the boundary value problem (30)—(31) has two 
solutions (one stable and another unstable). For 7 = +,., there is only one solution. 


© References for Section 18.3: P. P. Zabreyko, A. I. Koshelev, et al. (1975), E. Kamke (1977), V. I. Naidenov and 
A. D. Polyanin (1990), R. P. Agarwal, D. O’Regan, and P. J. Y. Wong (1998), A. D. Polyanin and V. F. Zaitsev (2003). 


18.4. Reduction of PDEs with Boundary Conditions of 
the Third Kind to Integral Equations 


18.4-1. Usage of Particular Solutions of PDEs for the Construction of Other Solutions. 


Let 
L[w] =0 (1) 


be an arbitrary homogeneous linear partial differential equation of any order in the variables x, t 
with sufficiently smooth coefficients (¢ may stand for the time or a spatial variable). 
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There is an effective way to construct solutions of this equation. Suppose that equation (1) has 
a particular solution 


W(x, t; 11) (2) 


depending on a parameter py, and the coefficients of the linear differential operator L are independent 
of yw. Multiplying the particular solution (2) by an arbitrary function y(y) and integrating the result 
with respect to js over some interval [a, 3], we obtain the new function 


8 
ih / w(x, ts mpl) du, (3) 


which is also a solution of the original homogeneous linear equation (1). 

Let us mention some useful facts applied for the construction of solutions of boundary value 
problems with the help of integral representations like (3). 

1. The domain of integration in (3) usually coincides with the domain of one of the independent 
variables of the PDEs under consideration (in particular, if t is the time, one often takes a = 0 and 
B=0oo). 

2. Let w(x, t) be a particular solution of equation (1) with the coefficients independent of t. 
Then, for any constant pu, the function w(, t — 1) is also a solution of equation (1). 

3. Suppose that the particular solution (2) satisfies one or several initial or boundary conditions 
of the form 

w=0 for t=0, wz=0 for t=0, 


w=0 for xv=a, w,=O0 for xr=b. 


(4) 


Then the function (3) also satisfies equation (1) with the same initial or boundary conditions. 
Consider a boundary value problem for equation (1). Suppose that one of the boundary conditions 
has the form (generalized boundary conditions of the third kind) 


w, =F(t,w) for «x =0, (5) 


and the other boundary and initial conditions are homogeneous and have the form (4). 

Suppose that the special solution (2) of equation (1) satisfies all the homogeneous initial and 
boundary conditions except (5). Let us seek a solution of the corresponding boundary value problem 
in the form of the integral (3). Substituting this integral into the boundary condition (5), we obtain 
an integral equation for the function y(jz). It is important to make a proper choice of the particular 
solution (2). As an illustration, consider the following example. 


18.4-2. Mass Transfer to a Particle in Fluid Flow Complicated by a Surface Reaction. 


Consider steady-state diffusion to a particle in laminar viscous incompressible fluid flow. Assume 
that on the surface of the particle a chemical reaction occurs with rate ,(C), where C is the mass 
concentration of a reactant. In particular, for a reaction of order n we have 


LOAKC, (6) 


where K is the reaction rate coefficient. 

It is assumed that the velocity field in the fluid is known from the solution of the corresponding 
hydrodynamic problem and can be specified in terms of a flow function ~ (a flow function can 
be introduced, for instance, for plane and axisymmetric flows). In the diffusion boundary layer 
approximation, the dimensionless equation of stationary convective diffusion and the boundary 


18.4. REDUCTION OF PDES WITH BOUNDARY CONDITIONS OF THE THIRD KIND TO INTEGRAL EQUATIONS 889 


conditions in curvilinear orthogonal coordinates €, 7, ¢ associated with the body surface € = €, and 
the lines of flow have the form 


1 (dv dw _ db dw) _ 1 Ow (7) 
VG \ OE On An OE) Pe OE’ 
cles Fw) for €=&, w—-0 for €-o, (8) 
Og 
where 

w=(E-E)"fM, GF = 9M) = GeeInngeole=é,» 
_Ceo-C _ aU _ aF(C) 

cman’: ame > Ree F(w) = DCs’ 


ais the characteristic size of the particle (radius), C’,, is concentration far away from the particle, U 
is the characteristic flow velocity (far away from the particle), D is the diffusion coefficient, Pe is the 
Peclet number, and ge¢g, Jn» Jcc are the metric tensor components; the value m = | corresponds to 
drops or bubbles and m = 2 corresponds to solid particles. In the problem stated in terms of (7)-(8), 
the boundary condition for 7 = 0 has been dropped [for f(0) = 0, one imposes the condition that the 
solution is bounded for 7 = 0]. When writing equation (7) and the first boundary condition in (8), 
it has been assumed that the coordinate € near the surface € = &, is chosen such that the difference 
€—€, determines the distance between the point (€,, 77) on the surface of the body and the point (€, 7) 
in the flow (i.e., it is assumed that ge¢lese, = 1). 
For a reaction of order n (6), the dimensionless rate of surface chemical reaction is described by 
the expression 
F(w)=kd-w)", k=akC%"/D. (9) 


Further, it is assumed that the domain under consideration is specified by the inequalities 
€, SE < 00, 0S 7 S$ No, and also that the inequality f(7) > 0 holds for 0 < 7 < 7, and f(0) = 0. 
Introducing the new variables 


1 1 2: 
t=t(n)=— ji PPM g@MI72dn, x = ——Pel/2yyb/2r), (10) 
n Jo n+l 


we reduce (7)—(8) to the following boundary value problem for the unknown function w(z, t): 


Ow _ Ow 1-2 dw 


“Ot. Ox? = x Ox’ i) 
w=0 for t=0, w—->0 as tM, (12) 
ie Ys perwy2h, Fw) =0 for +=0, (13) 


Ox 


where 
v=(ntly', a, =f/"(Q). 


The function h,,(¢) in the boundary condition on the particle surface (13) is found from the parametric 
relations h, = fy "(), t = t(m) (see the first formula in (10)). 
Simple verification shows that equation (11) admits the particular solution 


fort > yp, (14) 
fort < yu. 


v-1 a 
He,t = 4 HC-# op aa 
0 


Note that for v = 4 equation (11) turns into the classical heat transfer equation. In this case, the 
function (14) for »=0 and A= tn > coincides with the fundamental solution of the heat equation. 
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Let us seek a solution of problem (11)—(13) in the form of the integral (3) (for a = 0 and 3 = 00), 
into which the function (14) should be inserted. As a result, we obtain 
2 


92v-1 t = r 
w(a,t) = Ta-» if (t— 1)" exp = plus) du, (15) 


where ['(v) is the gamma function (here, for the sake of definiteness, we have taken a specific value 
of the constant A). Obviously, the function (15) satisfies the initial and the boundary conditions (12). 
As shown by Sutton (1943), the function (15) has the following limit properties: 


. ee : v-1 . 1-2v Ow 
lim w = rao f (t— 1)" (pu) du, lim (« =) =—p(t). (16) 


x0 


Substituting (15) into the boundary condition (13) and taking into account (16), we come to the 
integral equation for the function y(t): 


2v-1 t 
At) = PMO! HOF (a | e-1)""eundn). (17) 
Td -v) Jo 
The replacement 
y(t) = Pe” (2v)'” h (OF (0) 


reduces equation (17) to a more common form (it is assumed that the function F' is invertible) 


2v-lp, —v t 
wt) = i (t—u)""h, QF (Ww) dp. (18) 


After solving equation (17) or (18), formulas (10), (15) can be used to obtain the distribution of 
concentration in the diffusive boundary layer of the particle. 


18.4-3. Integral Equations for Surface Concentration and Diffusion Flux. 


Instead of equation (17) for the function y, it is convenient to consider directly the equations for 
surface concentration or local diffusion flux—the quantities with a clear physical meaning (in most 
practical problems these two are the desired quantities). 

In view of (10) and (15), surface concentration is determined by the expression 


92v-1 t 
Ws = ws(t) = w(O, t) = Td) i (t= u)” p(w) dus = ALO, t) * yt). (19) 


Note that the operator A,,(0, t) coincides, to within a constant coefficient, with an integral of fractional 
order v (see Subsection 10.5-1). Applying the operator A,,(0, t) to both terms of equation (17) and 
using (17), we obtain the equation for surface concentration: 


Ws = Pe (2v)' "A, 0, t) * [An@®)F(ws)], ws = ws(t). (20) 


Applying the inverse operator A7! (0, t) to both sides of this equation, we come to the following 
equivalent equation: 


Jott’ E(t) * w(t) = Fws(), EO) = PW)27 14710, 8) (21) 
_ eae spel BON fae) oy 
Ew+20= 5 f aA\(t— AY" dd = T+ eer (t-Ay" dd, 
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where Joo = Joo(t) is the local diffusion flux corresponding to the diffusion mode of the reaction on 
the surface (i.e., the boundary condition w = 1 for € = €,): 


foot) = VY [DW] "Pe" hy (HEY = v7" [LV] 'Pe” f(t” (n). (22) 
From equation (20), combined with the formula 
j = F(ws) (23) 
and the identity (VY). — v) = 7/ sin(ztv), we obtain a relation between surface concentration and 
local diffusion flux: 


sin(rv) [' jd) 
as 0 Joo(A) 


ws(t) = it Ay’ lady. (24) 


Substituting (24) into the right-hand side of (23), we obtain an integral equation for local 
diffusion flux on the particle surface: 


‘ t - 
_P ( sin(7V) JA) 


NY (t-rA)” dd J. 25 
s ierarey (t— A) ) (25) 


It is not difficult to show that if the limit local diffusion flux on a part of the body is constant, 
Joo(t) = Joo = const (0<t< to), (26) 


then the solution of the nonlinear integral equation (25) reduces to the solution of the algebraic 
(transcendental) equation 
J=FG/Joo)  (OStS to). (27) 


In view of (23), (27), surface concentration, under the condition (26), is also determined by solving 
an algebraic equation, 
Ws = joo F (ws). (28) 


In the general case, for joo = Joo(t) # 0, it is impossible to obtain an exact analytical solution of 
integral equations for surface concentration and local diffusion flux (21)—(22) and (25). Therefore, 
one has to resort to the methods of numerical or approximate integration of these equations. 

In engineering, approximations of surface concentration and local flux are sometimes constructed 
by the method of equidistant surface. The essence of this method can be described as follows. First, 
formula (22) is used to determine the limit local diffusion flux 7 = j..(t), and then this expression is 
inserted into equations (27) and (28), i.e., instead of the original integral equations (21) and (25), one 
solves algebraic (transcendental) equations. Comparison of the approximate results obtained by this 
method with those of numerical analysis for many typical cases shows that the method of equidistant 
surface is fairly accurate (for relatively simple reactions, the error does not exceed 20%; see the 
references at the end of this section). Therefore, when using iteration methods for solving integral 
equations, it is reasonable to take a solution obtained by the said method as the initial approximation. 


18.4-4. Method of Numerical Integration of the Equation for Surface Concentration. 


Consider more closely a method of numerical integration of the equation for surface concentration 
(21)-(22); local diffusion flux in this case is found with the help of (23). Let us represent equation 
(21) in the form 


t 
0) 0) +e | we ayran| = F(w,(2)). (29) 
0 
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Numerical integration of equation (29) is carried out as follows. First, the segment [0, to], 
to = t(o), is split into M equal parts 


[(G-DAt, iAt]  (@=1,...,M) 


of length At = to/M and equation (29) is transformed to 


ws(0) + (mAt)” = a Om eae (30) 


G-lDAt Joo(mAt) j 


Then, the derivative dw, /dX should be approximated on every segment ( — 1)At < \ < iAt by the 
expression 


dw(A)__ 1 
a = Fy lwsGAd—w(é- DA], 


and then one integrates equation (30). After suitable transformations, one obtains 


m-1 
A wx(0)—waO){m*” (mF + SoG Ans 


l-v F(w,(mAt)) 


= —w,(mAt) + =1,...,M-1, 31 
ws(mAt) + =a m (31) 
1 
v=—, A, =-2m'”’4+(m41)!"4+(m-1)!™”. 
n+l 
The algebraic equation (31) is solved for m = 1, 2, 3, ... with respect to surface concentration 


ws(mAt), which corresponds to t = mAt. The left-hand side of (31) contains the values of w,(iAt) 
for 1 <2 < m-—1, which have already been calculated, while the right-hand side of (31) contains 
the unknown quantity w,(mAt). Numerical integration of equation (31) starts with preliminary 
determination of surface concentration w,(0) at the point of diffusion boundary layer initiation (for 
t = 0) by solving the auxiliary equation 


ws(0) = j5,(0)F (ws(0)), (32) 


which coincides with (28) for t = 0. If 7..(0) = o0, then w,(0) = 0 (this situation occurs at the front 
critical point of a plate streamlined by fluid). Then the solution procedure goes on in successive 
order for m = 1, 2, 3, ..., and this process is direct in the sense that no repeated calculations are 
needed. Naturally, the precision of these calculations depends on the value of At. 


Remark. The algebraic (transcendental) equation (32) may have several roots, depending on the 
structure of the function F'(w) (thus, there may exist several stationary regimes of reaction on the 
particle surface). In this case, one has to examine the stability of the solutions. 


@) References for Section 18.4: W. G. L. Sutton (1943), A. Acrivos and P. L. Shambre (1957), A. D. Polyanin and 
Yu. A. Sergeev (1980), D. A. Frank-Kamenetskii (1987), Yu. P. Gupalo, A. D. Polyanin, and Yu. S. Ryazantsev (1985). 


18.5. Representation of Linear Boundary Value Problems 
in Terms of Potentials 


18.5-1. Basic Types of Potentials for the Laplace Equation and Their Properties. 


1°. Let S be a smooth closed surface in the n-dimensional Euclidean space R” (n 2 2) that 
coincides with the boundary of a finite domain G = G*, and let G™ be the exterior infinite domain 
(GUSUG =R"). 
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Consider the n-dimensional Laplace equation 


Awe= — -0. (1) 


The fundamental solution of equation (1) has the form 


1 1 
—————_ —— if n2=3 
Qn(n —2) |e — yl? , 
Fay =EFle-W=. Po (2) 
— In —— if n=2, 
2n |x—yl 
where ’ 
n 1/2 
Ir/2 
2 
-yl= - Qn =o, 
Ie-yl pa 7) rand 
|x —y| is the distance between points x = (x1,...,%) and y = (y1,.--, Yn), Qn is the area of the unit 


sphere in R”, and I’(z) is the gamma function. 
Three integrals depending on x as a parameter define different potentials: 


V(x) = i, p(y) E(x, y) dSy (single layer potential), 
S 
W(2)= | yejes A(x, y)dSy (double layer potential), (3) 
Ss Ony 
Z(x“) = | ply) A(x, y) dy (volume potential). 
G 


Here n, is the direction of the outward (with respect to G*) normal to the surface S at the point 
y € S. The functions p(y), v(y), and p(y) are called densities of the respective potentials. In what 
follows, these densities are always assumed absolutely integrable on S or G. 


2°. Let u(y) € C'(S). The single layer potential V(x) is a harmonic function [i.e., a function 
satisfying the Laplace equation (1)] for x € S, and 


V(a) ‘| 
lim =M,, M,= dSy; 
Inco E(x, 0) ; ; s Hy) 
in particular, | im V(x) =0 for n = 3, but : ae V(x) =0 for n = 2, if and only if fg u(y) dSy = 0. 


The single layer potential is continuous everywhere in R”. Moreover, V(a) and its tangential 
derivatives are continuous across the surface S. The normal derivative of the single layer potential 
has a jump across the surface S: 


ov\" 1 OV OV\Y 1 OV 
( ) = Zuo, ( ) =-Zues (4) 


One One One Ong 


Here the superscripts + and — in the left-hand sides mark the limit values of the normal derivatives 
from the direction of G* and G’, respectively, i.e., 


ON s gia 2 OV Spee 20 
One ~ a’, 2’ eG One : Onz 7 a! a, c'€G Ong ; 
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And in the right-hand sides of (4), the normal derivative is calculated directly on the surface S, i.e., 


ae - | iy" -Pewda. wes: 
Onz rst Onz 


which is a continuous function of x € S, and the kernel has a weak singularity on S: 
const 
Sri MES, 
Jv — yl" 


3°. Let v(y) € C'(S). The double layer potential W(2) is a harmonic function of x ¢ 5S and 


0 
nase y) 


| lim Qylal”!W (2) = Mo, Mo = | Wy) dSy. 
L|— CO Ss 
Across the surface S, the double layer potential has a jump: 
1 1 
W*(x) = —3(2) +W(r), Wii(a)= 5U@) +W(a), «ES, (5) 


where W*(a) and W~() are the limit values of the double layer potential in the directions from G* 
and G, i.e., 
Wt(2)= lim Wa’), Wi (x)= lim W(z’). 
a’! 2, x'E€Gt a'—a, c'€G- 


The right-hand sides of (5) involve the direct value of the double layer potential on the surface S, 
3) 
W(2) = | VUy)—Z(a,y)dS,, «eS, 
s Ony 


which is a continuous function of x € S, and the kernel has a weak singularity on S: 


0 
on 


const 
xyes. 


< Wa) ae De? 

jz — yl”? 
The tangential derivatives of the double layer potential also have a jump across the surface S,, but its 
normal derivative preserves its value across S: 


Ow\_ (aw\ Jog 
One)  \ Anz)’ 7 ; 


In the case of constant density v = 1, the Gauss formula 


a 1 if rE G", 
- ' =— Hay) dS, =a) = 4 1/2 if eS, (6) 
su 0 if rEeG 


holds for the double layer potential. The integral on the left is interpreted as the solid angle, divided 
by Q,(n — 2), under which the surface S is seen from the point x. 


4°. For p(y) € C'(G U 8S), the volume potential and its first-order derivatives are continuous 
everywhere in R” and can be calculated by the differentiation under the sign of the integral. Thus, 
Z € C!(R”). Moreover, 
; 4(x) 
Pa Fad) ~ M3, M3= [mw dy. 
Its second-order derivatives are continuous outside S, but have a jump on S. In the interior domain 
G* the Poisson equation holds 


AZ = (2), rec", 
and in the exterior domain G™ the volume potential satisfies the Laplace equation 
AZ =0, reEeG. 
For a finite domain G in R” with the boundary $, = OG, of class C', the Gauss formula for 


the volume potential holds: 
OZ 
i 5 dS x --| ply) dy. 
Ss, ONa GNG, 


The integration in the first integral is over the variable x. 
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18.5-2. Integral Identities. Green’s Formula. 


Let (2) be a function of class C?(G U S$), where S' is a surface of class C?. Then the following 
integral identity, called the Green’s formula, holds: 


- f seweanay+ [] 5% = F(x, y)- 2W)Z- Be y)| Sy = q(a)@(a). (7) 


Here q(x) is the function defined by (6). Formula (7) implies that in the domain G the function ®(x) 
can be represented as the sum of a single layer potential, a double layer potential, and a volume 
potential with the respective densities 


I®(y) 


L(y) = “aa vy) =—-®(y), p(y) = -A®(y). 
Ny 


For a function u(x) which is harmonic in the domain G and belongs to the class C!(G US), the 
following identity holds: 


a 0 
i, | ee K(x, y)- wy)5— F(a, y) dSy = q(x)w(2), (8) 
s Ny ny 


and thus, w(x) can be represented in G as the sum of a single layer potential and a double layer 
potential with the respective densities 


L(y) = | V(y) = —wy). 
Ny 


However, the densities in (8) cannot be chosen arbitrary on S, because they are related by the integral 
identity obtained from (8) for x € G*. 


18.5-3. Reduction of Interior Dirichlet and Neumann Problems to Integral Equations. 


1°. Interior Dirichlet problem (first boundary value problem): find a function w(x) that satisfies 
equation (1) in G* and the boundary condition 


wa)=y*(2) for re S, (9) 


where y*(x) is a given continuous function on S. 
Problem (1), (9) has a solution.* This solution is unique and can be represented in the form of 
the double layer potential 


wes . vy) ma y) dS, 


with density v(y) which is found as the unique eigen of the following Fredholm integral equation 
of the second kind: 


1 0 7, 
—3 Ma) + a AD ac y) dSy = p(x), res. 


2°. Interior Neumann problem (second boundary value problem): find a function w(z) that satisfies 
equation (1) in G* and the boundary condition 
Ow(2) 


om =u'(z) for xe S, (10) 


* In Subsections 18.5-3 and 18.5-4 it is assumed that the surface S is sufficiently smooth. 
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where v*(z) is a given continuous function on S. This problem has a solution if and only if the 
function 7*(«) satisfies the compatibility condition 


| w* (x) dSy =0. (11) 
S 
A solution of problem (1), (10) with the condition (11) is defined to within an additive constant, 


w(x) = V(x) +C, 


where 


VG@)= i, uy)E(a, y) dSy 


is the single layer potential with density ~: found by solving the Fredholm integral equation of the 
second kind 


1 0 
52) + | MY) Z— F(a, y) dS, = * (x), res. (12) 
S Ne 


The corresponding homogeneous equation (with 7)* (a) = 0) has a nontrivial solution jzo(x), and the 
nonhomogeneous equation (12) has a solution if the condition (11) is satisfied. The general solution 
of equation (12) has the form pu(x) + Ajio(x), where A is an arbitrary constant. 


18.5-4. Reduction of Exterior Dirichlet and Neumann Problems to Integral Equations. 


1°. Exterior Dirichlet problem (first boundary value problem): find a function w(x) that satisfies 
equation (1) in G’ (0 € G’) and the boundary condition 


wia)=y (x) for rES, (13) 
where y (x) is a given continuous function on S, and it is also required that the following regularity 
condition holds at infinity: 


| lim |x|" w(x) = const. (14) 


This problem has a solution; this solution is unique and can be represented in the form 
A () 
w(z)=W(2)+—5, Wia)= VUy)— E(2, y) dSy, 
Jz|"- g Ony 


where A is a constant, W(x) is a double layer potential, v(y) its density, which is found by solving 
the Fredholm integral equation of the second kind: 


jx[?-2 z 


Le i HN eater Ges. wes (15) 
2 S Ony 


The corresponding homogeneous equation has the nontrivial solution 7 = 1. For suitable A, the 
solution of the nonhomogeneous equation (15) has the form 


Vy =U (Y)+C, 


where C’ is an arbitrary constant, v~(y) is a particular solution of equation (15). The constant A is 
chosen of the form 


A=- | Y (x)vo(x) dSz, 
S 
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where the auxiliary density vo(x) should satisfy the normalization condition 


voly) 
OY dSy = 1. (16) 
s lyl 
The density v(x) is a nontrivial solution of the integral equation (12) for the interior Neumann 
problem with the Neumann boundary values ~*(x) = 0, x € S, and this density satisfies the 


following normalization condition equivalent to (16) for n 2 3: 
Vata) = | oi Fa.w) dS, =1, rEeGus. 
Ss 


The single layer potential Vo(~) with density v(x) is called the equilibrium potential or the Roben 
potential. The density (x) yields the solution of the Roben electrostatic problem for charge 
distribution in a conductor S that produces an equilibrium potential which is constant in the domain 
G*. A certain complexity of the solution of the external Dirichlet problem is due to the fact that a 
harmonic function w(x) satisfying the regularity condition at infinity generally has a slower decay 
rate (as |x| — oo) than the double layer potential. Therefore, in the general case, w(x) cannot be 
represented merely in terms of the double layer potential. 
2°. External Neumann problem (second boundary value problem): find a function w(2) that satisfies 
equation (1) in G” (0 € G’) and the boundary condition 
Ow(2) 
Ong 

where y (x) is a given continuous function on S, and it is also required that the regularity condition 
(14) hold at infinity. 

For n 2 3, a solution of this problem exists and is unique. For n = 2, a solution exists if and only 
if the function ~ (x) satisfies the compatibility condition 


[ro dSz = 0; (17) 


and the solution is defined to within an arbitrary additive constant. The solution of the external 
Neumann problem can be represented as the single layer potential 


w(a) = y: uy)E(a, y) dSy 


whose density j(y) is determined by solving the Fredholm integral equation of the second kind: 


1 0 
—ZH@) +/ Ley) 5 S(x,y) dSy = Y (a), res. (18) 
S Ne 


For n 2 3, this equation has one and only one solution. For n = 2, the corresponding homoge- 
neous integral equation (with w(x) = 0) admits the nontrivial solution jo(x), and therefore, the 
nonhomogeneous equation (18), with the solvability condition (17), has a unique solution ju(2) such 
that 


=w (x) for xeES, 


[ tteras. =o. 
Ss 
and its general solution has the form 
[(a) = p(x) + cpio(), 
where c is an arbitrary constant. 
Remark. Ina similar way, potentials can be introduced for the heat equation and other equations 


of mathematical physics. These potentials can also be used for the reduction of the corresponding 
stationary and nonstationary linear problems to integral equations. 
@) References for Section 18.5: S. G. Mikhlin (1967), P. P. Zabreyko, A. I. Koshelev et al. (1975), R. Courant and D. Hilbert 


(1989), A. N. Tikhonov and A. A. Samarskii (1990), I. G. Petrovsky (1991), R. B. Guenther and J. W. Lee (1996), W. McLean 
(2000). 
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18.6. Representation of Solutions of Nonlinear PDEs in 
Terms of Solutions of Linear Integral Equations 
(Inverse Scattering) 


18.6-1. Description of the Zakharov—Shabat Method. 


Solutions of some nonlinear PDEs can be expressed through solutions of linear integral equations. 
Below we outline an approach based on the application of linear integral equations of the form* 


Key= Foyt | Ka,2Nasz.pde y2u, (1) 


where the functions Ff’, N, and kK may depend on some additional parameters other than the 
specified arguments. In each specific case, the function N is explicitly expressed through F’, and 
both functions F' and WN are solutions of some linear PDEs. 


Define an operator A, by 
~ f(2N(a3z,y)dz if y>x, 
awa {te f eae 
0 if y<a 


and assume that for each chosen JN, it is possible to prove that the operator I— A, is invertible 
and its inverse, (I— A,,)!, is continuous, where I is the identity operator. The following three 
steps represent an algorithm for finding a nonlinear equation that can then be solved by the inverse 
scattering method. 


1°. A specific structure is chosen for the integral equation (1). To that end, one prescribes a relation 
between the functions N and F (N is expressed through F’). 


2°. Two suitable linear differential (ordinary or partial) equations are introduced for the function F’: 


Lg 20, aie 1,2: (2) 
3°. The function Kx is related to F’ by equation (1), which can be rewritten as 
(-A,)K =F. (3) 


Applying the operators L,,, involved in (2) to equation (3), we obtain 
Lynd-Az)K =0, m=1, 2. 
This equation can be rewritten in the form 
U-Az)\(LmkK)=Rm, m=t1, 2, 


where R,,, contains all nonzero terms of the commutator [L,,, I-—A,.)]. Moreover, (1) and (2) should 
be chosen so that R,, could be represented in the form 


Rm = (U-Az)Mm(K), m= 1, 2, 


where M,,,(/‘) is a nonlinear functional of K. But the operator I— A, is invertible, and therefore, 
the function K satisfies the nonlinear differential equations 


Lyk -MmUk)=0, m=1,2. (4) 
It follows that each solution of the linear integral equation (1) is a solution of nonlinear differential 


equations (4). Of most interest, as a rule, are special cases of one of the equations in (4) or equations 
derived from (4). 


Remark. The first two steps of the algorithm are fundamental and most difficult. Linear differ- 
ential equations (2) usually correspond to a linear eigenvalue problem (for m = 1) and a problem of 
time-evolution of eigenfunctions (for m = 2). 


* Such equations are called integral equations of the Gel’ fand—Levitan—Marchenko type. 
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18.6-2. Korteweg-de Vries Equation and Other Nonlinear Equations. 


To clarify basic features of the above algorithm, consider some examples. 


Example 1. Let us consider the integral equation 
co 
K(x, y) = Fey) | K(a, z) F(z, y) dz 
x 
and write out some identities to be used in the sequel, 
co co 
an f K(a, z) F(z, y) dz =| F(z, y)0? K(a, z)dz+An, 
ea 7 co 
/ K (a, z)O” F(z, y) dz = con f F(z, y)0? K(a,z)dz+ Bn, 
x x 
where A, are defined by the recurrence relations 


Ay =-K(2,2)F(z,y), An = (Anta — F(a, yn! K (a, Deco, 


and 
B, =-K(a,x)F(2,y), By =-K(a,x)0z F(x, y) + [02 K (a, 2) z= F(a, y), 


Let us introduce an operator L, and require that F’ satisfy the linear equation 
LF = (0; -0,)F(@,y) = 0. 
Applying the operator L to (5) and taking into account (6), (7), we obtain 
a d 
(07, - 05) K (a, y) = / F(a, z)(02 - 0,)K (a, z) dz -2F (a, Wz Ke, x). 
x 4 
Using the equation F’ = (I— A,,)K and taking into account that the operator I— Az is invertible, we finally get 
(0; - 05) K (a, y) + wa) K (a, y) = 0, 


where the function u(x) is defined by 


d 
u(x) = 2— K (a, 2). 
dx 
Let us require that F’ satisfy the linear equation 
Lo F =(&% + (Oz + Oy) )F =0 


and apply the operator L2 to (5). We thus obtain 
(O¢ + (Ox + Oy)*) K(x, y) = (Ot + (Ox + Oy)?) ‘| K(a, z)F(z,y) dz. 


A procedure similar to the above calculations for the operator LD, yields 


Kt + (Or + Oy) K + 3u(Ox + Oy)K =0. 
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(5) 


(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 


For the characteristic y = x, equation (12) can be rewritten in terms of u = 2(d/dx)K (x, x). Differentiating (12) with respect 


to x and rearranging terms, we arrive at the Korteweg-de Vries equation 


ut + 6uuz + Urer = 0. 


Any function F' satisfying the linear equations (8), (11) and rapidly decaying as x — +00 generates a solution of the 
Korteweg-de Vries equation. To this end, one should solve the linear integral equation (5) for the function K and express u 


through K by (10). 


Example 2. Consider the integral equation 


o co co 
K(a,y) = F(a,y)+ </ / K(a, z) F(z, u)F(u, y) dz du, (13) 
zx zx 
where o = +1. Here and in what follows, the coefficients are chosen with a view to simplifying the calculations. Let the 
operator L; have the form 
LiF = (Oy ~0y)F =0, (14) 


900 APPLICATION OF INTEGRAL EQUATIONS FOR THE INVESTIGATION OF DIFFERENTIAL EQUATIONS 


which implies that 


_ u+y 
F(a,y)= F( 5 Me 
Shifting the lower limit of integration to zero, we rewrite equation (13) in the form 
Z at+y [oly f 2a+C+n at+nt+y 
Kew =F(4) +3 f | K@,2+0F(—") r(—*) d¢ dn, (15) 


or, equivalently, 


[(d-oAx)K Ka, y) = r(=*), 


where the operator Az, is defined by 


Astw=zf f° sor =) r(F 2) aca, 


2 2 


Introducing the function 


Ka(e,2)= f~ K@2+Or(S**) de, (16) 
we can rewrite equation (13) as 
Kew=F(S4) +2 f° Kiee+nr(H EY") dn. (17) 


Applying the operator L, of (14) to equation (17), and the operator Oz + Oz to (16), and taking into account the invertibility 
of I- oAz, we find, after appropriate calculations, that 


(Ox + Oy) K(x, y) = -2K (a, x) K (a, y), (18) 
(Ox — Oy)K (a, y) = 2K, x) K(a, y). (19) 

Applying the operator 0; + Oy to (15), we get 
F! ( <**) = (I-oAz) [Ge + Oy)K (a, y) + 5 Kola, x)K(a,y)) . (20) 


Let us require that the function F' satisfy the second linear equation 
LoF = (0: + Ox + Oy)F = 0. (21) 


Applying the operator L2 to equation (15) and taking into account the above auxiliary relations (18)-(20), we ultimately find 
that 
[Ot + (On + Oy 1K (a, y) = 30K (a, a) K (x, Or K(x, x) + 30 K(x, «(Ox + Oy) K (a, y) (22) 


for y 2 x. Now, by setting q(x, t) = K (a, x; t), we rewrite equation (22), for y = x, in terms of the dependent variable q to 
obtain the modified Korteweg-de Vries equation 


dt + dxzxx = 60¢ de. (23) 


Thus, each solution of the equations L; F' = 0, i = 1, 2, with a sufficiently fast decay rate as x — oo determines a solution of 
equation (23). Note that we have to solve the linear integral equation (13) at an intermediate step. 


Example 3. Consider the Boussinesg equation 
wit + (WWa)e + Weeee = 0. 


This equation arises in several physical applications: propagation of long waves in shallow water, one-dimensional nonlinear 
lattice-waves, vibrations in a nonlinear string, and ion sound waves in plasma. 

It can be shown that any rapidly decaying (as x — +00) function F = F(a, y;t), which simultaneously satisfies the 
following two linear partial differential equations: 


F, + V3(Fea — Fyy) = 0, 
Fyre + Fyyy = 0, 


generates a solution 
d 
w = 12— K(a, 2; t) 
dx 
of the Boussinesq equation, where K (a, y; t) is a solution of the linear Gel’ fand—Levitan—Marchenko integral equation 


K(x, y;t) + F(x, y; t) +/ K(a,s;t)F(s, y; t) ds = 0. 


Time t appears here as a parameter. 
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Example 4. Consider the Kadomtsev—Petviashvili equation 
(wt + Were —6WWe)e + 3awyy = 0. 


It can be shown that any rapidly decaying (as x — +00) function F' = F(a, z;y,t), which simultaneously satisfies the 
following two linear partial differential equations: 

Ja Fy + Fro — Fez =0, 

Ft t+4Fror +4F zzz =0, 
generates a solution 


d 
w =-2— K(a, 2; y, t) 
dx 


of the Kadomtsev—Petviashvili equation, where K = K(x, z; y, t) is a solution of the linear Gel’ fand—Levitan—Marchenko 
integral equation 


foe) 
K(a,z3y,t)+ F(a, zy, t) + i K(a,s;y, )F(s, z; y, t) ds = 0. 
x 


Here the variables y and t are regarded as parameters. 


© References for Section 18.6: V. E. Zakharov and A. B. Shabat (1974), S. P. Novikov, S. V. Manakov, L. B. Pitaevskii, 
and V. E. Zakharov (1984), M. J. Ablowitz and P. A. Clarkson (1991), A. D. Polyanin and V. F. Zaitsev (2004). 


Supplements 


Supplement 1 


Elementary Functions 
and Their Properties 


> Throughout Supplement 1 it is assumed that n is a positive integer, unless otherwise specified. 


1.1. Power, Exponential, and Logarithmic Functions 


1.1-1. Properties of the Power Function. 


Basic properties of the power function: 
ete? =P (aya) = ata%, (2%) = 0%, 


for any a and (3, where x > 0, x; > 0, x2 > 0. 
Differentiation and integration formulas: 


gor ; 
(2°)! =ar%!, ies dx = wer +C if a#-l, 
Injelt+C if a@=-1. 


The Taylor series expansion in a neighborhood of an arbitrary point: 


fae S- Cray "(x@-2x0)” for |x —-xol < |zxol, 
n=0 
a(a—1)...(a-n+1) 


are binomial coefficients. 
n! 


where CZ = 


1.1-2. Properties of the Exponential Function. 


Basic properties of the exponential function: 


at! q® = Qo. at bh” = (ab)”, (a!) a gue 


where a > 0 andb>0. 
Number e, base of natural (Napierian) logarithms, and the function e”: 


oie (1+ =)" =2.718281..., reine (1+=)", 
n 


n—-oo noo n 
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The formula for passing from an arbitrary base a to the base e of natural logarithms: 


qt = ering 
The inequality 
rm>a@ ifa>tl 
at! > q® 1 2 ; > 
a<a if O<a<il. 
The limit relations for any a > 1 and b > 0: 
x 
im —=0o, lim a*|z|’ =0. 
L—-+00 |x| L—--00 


Differentiation and integration formulas: 


(e”) =e”, [edmeee: 
a™ 
(a*) =a" Ina, a” dx = +C. 
Ina 
The expansion in power series: 
a goes ine y 
fy ee The pe Bi nl : 
k=0 


1.1-3. Properties of the Logarithmic Function. 


By definition, the logarithmic function is the inverse of the exponential function. The following 
equivalence relation holds: 


y=log,2 = we=da’, 
wherea>0,a#l. 
Basic properties of the logarithmic function: 
q8a® = x, log, (@1%2) = log, x1 + log, Xo, 
1 
log,(x") =klog,x, log, «= = ; ; 


where x > 0,2; > 0,22 >0,a>0,a41,b>0,b0#1. 
The simplest inequality: 


>a ifa>rti, 


log, 21 > log, x2 <2 ree if O<a<l. 


For any b > 0, the following limit relations hold: 
=0, lim 2? log, 2 =0. 
x—>+c0 OL xr—+0 


The logarithmic function with the base e (base of natural logarithms or Napierian base) is 
denoted by 
log, x =Ina, 


tice a (1 + =). = 2.718281... 
n 


n—oCo 


1.2. TRIGONOMETRIC FUNCTIONS 


Formulas for passing from an arbitrary base a to the Napierian base e: 


Ina 
log, © = 
Ina 


Differentiation and integration formulas: 


1 
(nz) =-, Jinede=cing-240. 
x 


Expansion in power series: 


x x xt ak 
In( + = ~— +2 -— te eh) ape 
a 2 3 4 2 ) kb? 


1 
SON va 
es 


x+1 2 2; 2 
In =—+—~+—~Ht 
x-1 x 3x3 52° 
k=l 
2) fore) 
x-1 1 xa-1 
ied ——— 
)+ yer ers 


(1) 2( , 2(=1 
Inz =2 += += 

xt+1 3\a+l S\at+l 
1.2. Trigonometric Functions 


1.2-1. Simplest Relations. 


sin? x + cos? x = 1, 


sin(—x) = —sinz, 
sin x 

tanz = 5 
cos x 


tan(-x) = —-tanz, 


1+tan? x = 


cos? x’ 


1.2-2. Reduction Formulas. 


sin(x + 2n7) = sina, 


sin(x + nz) = (-1)” sin z, 


sin (« a 


sin (x pu 


2nt+1 


Tv 


2 


) 


r) = +(-1)”" cos z, 


2 
= 7 (sins + cos 2), 


tan(@ + nz) = tana, 


tan (« a 


where n = 1, 2,... 


4 
2n+1 ) : 
7) =—-cotr 
2 > 
T\ tanzx+1 


~ 1+tanz’ 


tanzcotz = 1, 
cos(—2) = cos 2, 


COS © 
cotx = 


sina’ 
cot(—x) = —cotx, 


l+cot? x= 


sin? x 


cos(x + 2n7) = cos 2, 


cos(x + nz) = (-1)”" cos z, 


2nt+1 
2 


Cos (x ae 


COs (« ze 


cot(x + nm) = cotz, 
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|x| < 1; 


|x| > 1; 


2k-1 
) , «>QO0. 


r) = +(-1)"sinz, 


v2 ; 
“a kGO8 x + sin2z), 


2n+1 
cot (x om r) =-—tanz, 
2 
( ) cotz += 1 
co + —) = ——— 
a 4 1+cotz’ 
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1.2-3. Relations Between Trigonometric Functions of Single Argument. 


tan xz 1 
sinz = +V1-cos? x = +_-—————_—. = + —______., 
V1 +tan? x V1+cot? x 


1 cotz 
cos x = +V1-sin? x = +_———————. = og 
V1+tan? x V14+cot? x 


sin x vV1-cos? x 1 


tan 2 = = ————————_- = ] — = ; 
V1—sin2 x cos x cotzx 
V1-sin? x COs & 1 
cotxr els oe ee eee 


sin x ~V/1—coszx tanx 


The sign before the radical is determined by the quarter in which the argument takes its values. 


1.2-4. Addition and Subtraction of Trigonometric Functions. 


+ i 
sin + siny = 2sin(——*) cos(= “), 


sin siny = 2sin(——*) cos 


xt 
cos x + cos y = 2cos 


+ a 
cos. —cosy = -2sin(= *) sin 2 *), 
2: 2 
sin? x — sin? y= cos” yr cos’ x = sin(x + y) sin(x — y), 


2 


sin? x — cos” y =—cos(x + y) cos(x — y), 


sin(a + sin(y + x 
aha ee eles 
COS X COS Y 


acosx+bsing =rsin(a+y) =rcos(a—-y). 


Here r = Va? +b’, siny=a/r, cosy=b/r, sinw =b/r, and cosw=a/r. 


1.2-5. Products of Trigonometric Functions. 


sin x sin y = 4[cos(x —y)-—cos(x + y)], 
COS COS y = 4[cos(x —y)+cos(x + y)], 


sin xz cosy = 4[sin(x —y)+sin(x + y)]. 


1.2-6. Powers of Trigonometric Functions. 


2 1 


cos v= 4cos2r+ 4, sin xr =-45 cos2x+ 5, 

cos’ z = +.cos 3a + 3 cos x, sin’ x = -+ sin 3a + 3 sin x, 

cost = t cos4x + 4 cos2x + 3, sin’ x = £cos4a— 4 cos2zx + 2, 
ee =e 5 qe eg eu Gy 3g 

cos? x = 7 cosSax + Fz cos 3x + | COS 7, sin’ x = ze Sin5x — 7 sin3x + | sina, 
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n-l 
I 1 
cos’ 2 = a5 2 Con cosl2(nr— ka] + 55, Fn 
1 n 
conte = a 5 Cf, cos[(2n — 2k + 1a], 
k=0 


n- 


1 
: 2n 1 n- 1 n 
sin?” x = yrs s (-1) hon: cos[2(n — k)a] + Fin C2n» 


k=0 
— Re Sage 
sin2”*! 7 = oA Ke) kO® ., sin[(2n-2k + 1)z]. 
k=0 
! 
Here n = 1, 2,... and Gk ae Le are binomial coefficients (0! = 1). 
k!(m—k)! 


1.2-7. Addition Formulas. 


sin(a + y)=sinxcosy+cosxsiny,  cos(x+ y)=cosxcosy F sinzsiny, 
1 Ftanxtany 


t xt 
tan(x + y) = ——— 


cot(@ + y) 


+ tanztany’ tana +tany © 
1.2-8. Trigonometric Functions of Multiple Arguments. 
cos 2x7 = 2cos?x—1=1-2sin’ 2, sin 2x = 2sinxcosz, 
cos 3x =—3cosx +4 cos? vr, sin 3x =3sina—4sin° x, 
cos 4x = 1-8 cos’ x + 8cos* z, sin 4x = 4cos x (sina -2 sin? x), 


cos 5x = 5cosx —20cos* x + 16cos> x, sind5x=S5sinzx—20 sin’ x + 16 sin? x, 


te n2(n2-1)...[n?-(k-1)7] 
cos(2nz) = 1+ S (-1)* AF sin?® x, 
» (2k)! 
n 2_ 2_ 22 as _1)2 
cos[(2n+1)x] =cosx {See eee High De lela ee sin?* oh, 
= (2k)! 
n 2 2_ 42 2_ 42 
. 7 . p(n —1)(n*- 2°)... (n° - Fk). on 
sin(2nz) = 2ncosx |sinxz + S-4) === opie =o S sin x|, 
k=l 
: - 4 s oa [(2n+1)?-1][(2n+1)*-37] ... [(2n+1)?-(2k-1)7]_. kel 
inf 2+1)r}=Cnet {sin oD 1) Ok+I! sin De: 
ane 2 tan x end 3 tan x —tan? x faa 4tana —4 tan? x 
xr = ——_, = ¢ = ——___,___—__, 
1 —tan? x 1-3tan* x 1-6 tan? x + tan* x 


where n = 1, 2,... 


1.2-9. Trigonometric Functions of Half Argument. 


.29@ 1-cose >x I1+cosz 
sin” — = ————_., ao. 
2 2 2 2 
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x sin x 
tan — = ————_- 
2 1+cosz 
f 2 tan + 
sie = ——_—_ 3 
1+ tan = 


1.2-10. Differentiation Formulas. 


dsinx 
=coszx 
dx > 


dcosx 
dx 


1.2-11. Integration Formulas. 


J sinzae =-cose +, 


l-—cosz x sin x 
= ———., cot—= 
sin x 2 l-—cosz 
1 tan? = 
cos x= a tanz = 
1+ tan s 
dtan x 1 
—sin x 
: dx cos2 
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[eosnar=sine +, 


[near =-In}oosa|+C, [cote de = njsina +, 


where C is an arbitrary constant. 


1.2-12. Expansion in Power Series. 


2 4 6 2n 
cosm=1- +7 + ce orn (|x| < co), 
3 a gy ‘ 2n+1 
snz=2- 3 Fey a --+(-l1) Gn+ Dh (|x| < 00), 
eo 2a 172! PRO Big 3c5 
t 2 eS SNS TENE nl 2n- 2 
anx=r«+— 5 + 5 +— 315 + On)! x + (\x| < 2/2), 
1 2" Bon 
ne: erie eer ak -) (0 <|z| <7), 
2 1 -1)" Fon 
Sp ee 5x4 di 612° CI)" Fan oan + (|x| < 7/2), 
cos x 2: 24 720 (2n)! 
1 1 @ 723 yr 2 1) Boss <aye4 
sng 2. 6 360 (2n)! gem wee 


where B,, and FE, are Bernoulli and Euler numbers (see Supplements 11.1-3 and 11.1-4). 


1.2-13. Representation in the Form of Infinite Products. 


2 
sine = e(1-5) 0-45 
TT 
4 
cos x = (-+) (1- 
TT 


x x x 

a) (1 a) ee) 

w= )(1- ) (1- 4x? ) 
On 2572 J (2n4+1)?n? J} 7° 
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1.2-14. Euler and de Moivre Formulas. Relationship with Hyperbolic Functions. 


eY*' = eY(cosx+isinz), (cosx+isinz)” =cos(nz)+isin(nz), i? =-1, 


sinix)=isinhz, cos(tx)=coshz, tan(ix)=iztanhz, cot(tx) =-7cothz. 


1.3. Inverse Trigonometric Functions 


1.3-1. Definitions of Inverse Trigonometric Functions. 


Inverse trigonometric functions (arc functions) are the functions that are inverse to the trigonometric 
functions. Since the trigonometric functions sin x, cos x, tan x, cot x are periodic, the correspond- 
ing inverse functions, denoted by Arcsinz, Arccosx, Arctanx, Arccotz, are multi-valued. The 
following relations define the multi-valued inverse trigonometric functions: 


sin (Arcsin x) =i; cos (Arccos x) ="; 

tan(Arctan x) =f, cot(Arccot x) =2. 
These functions admit the following verbal definitions: Arcsin x is the angle whose sine is equal 
to x; Arccos x is the angle whose cosine is equal to x; Arctan x is the angle whose tangent is equal 


to x; Arccotz is the angle whose cotangent is equal to x. 
The principal (single-valued) branches of the inverse trigonometric functions are denoted by 


arcsinz =sin!a  (arcsine is the inverse of sine), 


arccosz =cos!« (arccosine is the inverse of cosine), 
arctanaz =tan! 2 (arctangent is the inverse of tangent), 


arccotz =cot! a2  (arccotangent is the inverse of cotangent) 
and are determined by the inequalities 


0 <arccos” <7 (-l<a< 1); 


0 <arccotr <7 (-0o0 < & < 00). 


<arcsing < 


< arctan x < 


a: 
2° 
a 
2°? 


NIA v/a 


The following equivalent relations can be taken as definitions of single-valued inverse trigono- 
metric functions: 


y=aresing, -l<sa<l — %wre=siny, -SSyS5; 
y=arecosz, -lsa<l <— %w=cosy, OS ys; 
y=aretanz, -co<x<+o <=> w=tany, -5<y<ss 
y=arecotz, -oo<x%<+o <= g=coty, O<yK<rT. 


The multi-valued and the single-valued inverse trigonometric functions are related by the for- 


mulas 
Arcsin x = (-1)” arcsin x + 71, 


Arccos x = £arccos x + 27n, 
Arctan x = arctanx +77, 


Arccot x = arccot x + 77, 


where n = 0, +1, +2,... 


912 ELEMENTARY FUNCTIONS AND THEIR PROPERTIES 


1.3-2. Simplest Formulas. 


sin(arcsinz) = 2,  cos(arccos x) = x, 


tan(arctanx)=2, cot(arccotx) = 2. 


1.3-3. Some Properties. 


arcsin(—x) = —arcsin x, arccos(—x) = 7 —arccos x, 
arctan(—7) = —arctan x, arccot(—7) = 7 — arccot 2, 


2 —2n0 if 2Qnr— > Se Snr s, 


arcsin(sin x) = ee Dr if Qn+lr-S<a<An+ Dre, 


a—2n0 if 2na<a2< (2n+4+1)z, 


AECEOS COS) = { -¢+2(n+1)n if Qn+l)r <2 <2n+4 1), 


arctan(tanz)=x-na if nm-><a<nn+F, 


arccot(cotr)=a-na if na<a<(n4+1)z. 


1.3-4. Relations Between Inverse Trigonometric Functions. 


arcsin 7+arccos x = F, arctan x+arccot x = 4; 
arccos V 1—x? if O<2<1, arcsin V 1—x? if O<2<1l, 
—arccos V 1-2? if -l<2z<0, m—arcsin V1l—-2? if -l<2x <0, 
Xx 2 2 
inz = ~ arctan ——— if -l<a<l = vVl-x . 
oores 1-72 aici arctan ———— if O<a2<l, 
x 
1-x? x f 
arccot ———-a if -l<« <0; arccot === — if -l<x< I; 
x 2 Vv 1-«? 
, x 1 
on for any <x, arcsin ———— if x >0, 
V1l+ax 1+72 
1 : 1 
arCcos Wie if x 20, 7 —arcsin 7~—— if «<0, 
arctan x = iG arccot x = ; l+az 
COS aa: if 2 $0, arctan — if x >0, 
l+ax x 
1 : 1 , 
arccot — if x >0; 7 +arctan — if «<0. 
x x 


1.3-5. Addition and Subtraction of Inverse Trigonometric Functions. 


arcsin x + arcsin y = arcsin(a/1—y? + yV 1-2?) for 2’ +y’ <1, 


arccos x + arccos y = + arccos|ay F \/(1-2?)1-y?)] for rty20, 


ty 


x 
arctan x + arctan y = arctan for zy<l, 
l-zy 
r-Y 
arctan x — arctan y = arctan for xzy>-l. 


l+ay 


1.4. HYPERBOLIC FUNCTIONS 


1.3-6. Differentiation Formulas. 


d : 
— arcsinr = 
dx 


1 
V1l—2- 


1422’ 


t 
— arctan = 
dx 


1.3-7. Integration Formulas. 
[ wesin eae =xarcsine + V1-—22+C, 


1 
[ eetane de = varctan x — 5 In(1 + x’) +C, 


where C is an arbitrary constant. 


1.3-8. Expansion in Power Series. 


12 


; 1x3x5 2! 
arcsin © = %+— 


1x3 2° 


re 


3 5 7 


1 1 1 
+++ 4+(-1)” 


7 
arctanz = ~-—+7>>- 
x 323 5x5 


— st YH 
23 2x45 2x4x6 7 
g2n-! 
arctan 2 = ~—-—— + —--— +.--+(-1)”!——_ +... . 

2n-1 
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1 
V1—-22" 
1 


d 
— arccos © = — 
dx 


d 
— arccotx = -——_... 
dx 1422 


arccos x dx = xarccosx — V1 —2?+C, 
1 2 
arccot x dx = x arccot x + 5 In. +27) +C, 


/ 
/ 


1X3x--x(2n—1) a2ntl 
2x4x---x(2n) 2ntl 


tees la] < 1), 


(ja| < 1), 


1 
(jz| > 1). 


The expansions for arccos x and arccot x can be obtained from the relations arccos x = + —arcsin x 


and arccot x = 7 — arctan x. 


1.4. Hyperbolic Functions 


1.4-1. Definitions of Hyperbolic Functions. 


Hyperbolic functions are defined in terms of the exponential functions as follows: 


xt coat Hd 
. e* -e€ 
sinh x = . 
2 


x 


ae 

ev -e 
tanh zx = ————_,, 

CP ert 


1.4-2. Simplest Relations. 


cosh? x — sinh? x = 1, 
sinh(—x) = —sinh x, 


sinh x 
tanh z = 


cosh x’ 
tanh(—x) = —tanhz, 
1 


b 
cosh? x 


1 —tanh? x = 


ev+e” 
cosh z = 5 
zx —x 
ev +e 
cothz = ; 
ev —e* 


tanh z cothz = 1, 


cosh(—x) = cosh x, 


cosh x 
cothz = — : 
sinh x 
coth(—x) = —cothz, 
1 
coth? «-1 = pt 
sinh’ x 
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1.4-3. Relations Between Hyperbolic Functions of Single Argument (x 2 0). 


tanh 1 
sinh x = V cosh? x—1 = eo Ns 2 


V1 —tanh? x Veoth? x—1- 
coth x 


1 
cosha = V sinh? 7 + | = ———————. = —————_, 
V1—tanh?x vVcoth?x-1 


(each sinh x Vv cosh? x — 1 1 
7 ————— rr ; 
V sinh? 7 + 1 cosh x cothx 
ne V sinh? x + 1 cosh x 1 
cothaz = ——c“c— zr —_—_— = : 
sinh « Veosher—] tanh 


1.4-4. Addition and Subtraction of Hyperbolic Functions. 


+ = 
sinh x + sinh y = 2sinh(= 5 *) cosh(—*), 


sinh x — sinh y = 2sinh( cosh 
y 


H ie 


cosh x + cosh y = 2 cosh( 


cosh x — cosh y = 2sinh(= : *) sinh(—*), 


2 


sinh’ x — sinh” y= cosh? a — cosh? y = sinh(x + y) sinh(x — y), 


sinh? x + cosh” y = cosh(a + y) cosh(x — y), 


(coshx + sinh x)” = cosh(nz) + sinh(nz), 


sinh(x eis y) 


tanh x + tanh y = ——————_, 
cosh x cosh y 


where n = 0, 


— 


Denis 


1.4-5. Products of Hyperbolic Functions. 


cothz + cothy =4 


B sinh(x =o y) 


~ sinh sinh y’ 


sinh x sinh y = 4[cosh(x + y) —cosh(z — y)], 
cosh x cosh y = 4 [cosh(a + y)+cosh(x — y)], 


sinh x cosh y = $[sinh(x + y) + sinh(x — y)]. 


1.4-6. Powers of Hyperbolic Functions. 


1 


cosh? x= +4 cosh2x+ oe 


cosh? x =+ cosh 3x+2 cosh ts, 


a 
2 
a 
4 4 

ee 1 3 
cosh” x= 4 cosh4x+ 5 cosh2xr+¢4, 


cosh? x= 4 cosh 52+ = cosh 327+ 2 cosh x, 


sinh? x= 4 cosh 2x7 — i, 

13. 1G 3G 

sinh x= sinh3x—F sinh x, 
1 


sinh* z= gz cosh 4x-4 cosh 27+ 3, 


sinh’ «= 4 sinh 52—~ sinh 3+ 3 sinha, 
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n-l 

1 
S° Cy, cosh[2(n—k)a]+ Fn Ons 
k=0 


1 


2n ,, 
cosh o= et 


1 n 
cosh?”*! 7 = ae > Ck. ,, cosh[(2n-2k+ la], 
k=0 
n-1 
(-1)” 


abn 1 n 
sinh?” 7 = aa S7CD Cy, cosh[2(n—k)x]+ Fn Ci 
k=0 


SOCD Chat sinh[(2n-2k+ lz]. 
k=0 


1 


sinh?"*! ¢ = — 
Q2n 


Here n = 1, 2,... and Ce are binomial coefficients. 


1.4-7. Addition Formulas. 


sinh(z + y) = sinha coshy + sinhycoshz,  cosh(x + y) = coshaxcoshy + sinh sinh y, 


tanh x + tanh th thy + 1 
tanh(x + y) = Pies ieee coth(x + y) = ila teen Beek e 
1 + tanh x tanhy coth y + cothx 
1.4-8. Hyperbolic Functions of Multiple Argument. 
cosh 2x =2 cosh? x— 1, sinh 2x7 =2 sinh x cosh z, 
cosh 3x =—3 cosh x +4 cosh® a, sinh 3x = 3 sinh +4 sinh? a, 
cosh 4a = 1-8 cosh? x +8 cosh’ x, sinh 4a = 4 cosh x(sinh x +2 sinh’ 2), 


cosh 5z =5coshzx—20cosh?x+16cosh> x, sinh5z2 =5sinhx+20 sinh’ r+ 16 sinh? z. 


7 A [n/2] (-1)*#! a Pee oe 
cosh(nx) =2”" cosh” 7+ — Cae? — (cosh x)" 2 
2 ar k+1 
[(n-1)/2] 
sinh(nx)=sinha S* 2” *'C% , ,(cosha)” 7". 
k=0 


Here C*, are binomial coefficients and [A] stands for the integer part of the number A. 


1.4-9. Hyperbolic Functions of Half Argument. 


epee : coshz — 1 pes coshz + 1 
sin 7 = Sign ay! 5 : cos 7 =\ 5 : 


x sinh x coshz-— 1 x sinh x coshz +1 


tanh — = —————_- = : es 
2 coshzx+1 sinh x 2  coshx—-1 sinh x 
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1.4-10. Differentiation Formulas. 


dsinh x dcosh x . 
=coshz, = sinhz, 
dx dx 
dtanh x 7 1 dcoth x = 1 
dx cosh?'x’ dx sink? x 


1.4-11. Integration Formulas. 


[ sinne dx =coshzx+C, [cosherde = sinhxa+C, 
[oth dx = I|n|sinha|+C, 


jf sanh.cae = Incoshx+C, 


where C is an arbitrary constant. 


1.4-12. Expansion in Power Series. 


2 4 6 2n 
CORES hee ee eS (la) 2:86): 
2! 4! 6! (2n)! 
73 fm gl ntl 
sinh x = v7 + — + — + — + - +$ ——— +: - - (\a| < 00), 
3! 5! 7! (2n+1)! 
3 2 5 17 7 g2n 92n _4 Bon 2n-1 
tan 22 2 gt OPI at caf, 
3. 15315 Qn)! 
a ee 221 B,,|22"-! 
coth x Bop SO es oe re eel an|x Hag (\x| < 7), 
3. 45° 945 Qn)! 
1 ge See Gla Be vs 
= == —— wee a cere 2 
cosh & 2° oA 920 °°" Qn)!” (|x| < 1/2), 
1 Li oe Si? MOV Bin. oy 
=—-— 4+ ong at Ay EE eS bos 0 : 
sinhe x 6 360 15120~ Qn! + (0<|a| <7) 


where B,, and FE, are Bernoulli and Euler numbers (see Supplements 11.1-3 and 11.1-4). 


1.4-13. Representation in the Form of Infinite Products. 


x x x x 
sinh = (14) (145) (145)... (14 35)... 
Aa? 4a? 4a? Aa? 
esr (2 fe a Pye Ae 
a On 2572 (2n + 1)?7? 


1.4-14. Relationship with Trigonometric Functions. 


sinh(iz)=izsinz, cosh(iz)=cosz, tanh(ixz)=itanz, coth(ixz) = -icotz, ?=-1. 
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1.5. Inverse Hyperbolic Functions 


1.5-1. Definitions of Inverse Hyperbolic Functions. 


Inverse hyperbolic functions are the functions that are inverse to hyperbolic functions. The following 
notation is used for inverse hyperbolic functions: 


arcsinha = sinh! 2 (inverse of hyperbolic sine), 
arccosha =cosh' x (inverse of hyperbolic cosine), 
arctanha =tanh'« (inverse of hyperbolic tangent), 


arecotha =coth'«z (inverse of hyperbolic cotangent). 


Inverse hyperbolic functions can be expressed in terms of logarithmic functions: 


arcsinh x =In(ax+ a +1) (x is any); arccosh x = In(a + a?-1) (x = 1); 
1 l+az 1 «+l 

arctanh x = — In (|x| < 1); arccoth x = ~ In (|x| > 1). 
2 1-2 2 «a-1 


Here only one (principal) branch of the function arccosh z is listed, the function itself being double- 
valued. In order to write out both branches of arccosh x, the symbol + should be placed before the 
logarithm on the right-hand side of the formula. 


1.5-2. Simplest Relations. 


arcsinh(—x) =—arcsinhz, arctanh(-7)=—arctanhz,  arccoth(—x) = —arccothz. 


1.5-3. Relations Between Inverse Hyperbolic Functions. 


: £ 
arcsinh x = arccosh Vx? + 1 = arctanh Wwe, 
z+ 


: ‘i Va2—-1 
arccosh x = arcsinh V x* — | = arctanh ‘ 
x 


; x 1 1 
arctanh x = arcsinh ———— = arccosh ———— = arccoth —. 
x 


V1l—22 V1l-x2? 


1.5-4. Addition and Subtraction of Inverse Hyperbolic Functions. 
arcsinh x + arcsinh y = arcsinh (2/1 + y? + yV1+27) 
) 


arccosh x + arccosh y = arccosh [zy + VJ (a? -1)Q2-1 i 
arcsinh x + arccosh y = arcsinh [zy + J (a? + I(y? - 1)] : 
a oa aS 1 
arctanh x + arctanh y = arctanh — y , arctanh x + arccoth y = arctanh a 
1.5-5. Differentiation Formulas. 
1 d 1 

— arcsinhxz = ————.,, — arccoshxz = : 
dx x2 +1 dx x? -1 
d 1 9 d 1 > 
aE arctanh x = a (2* <1), in arccoth x = i-7 (a* > 1). 
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1.5-6. Integration Formulas. 


[ sxesinn dx = xarcsinha —-V1+ 2740, 
[ sxccosh dx = xarccoshz — V22-1+0C, 
1 2 
arctanh x dx = x arctanh x + 5 Ini —2*)+C, 


1 
/ arccoth x dx = x arccoth x + 5 In(a? -1)4+C, 


where C is an arbitrary constant. 


1.5-7. Expansion in Power Series. 


le? 1x32 1X3X-+-+»x(2n-1) 27"! 
sich Le ee ee) id (|x| < 1), 
irae 2x45 2x4x---x(2n) 2n+1 
: 1 1 1x3 1 1x3x---xQn-1) 1 
hz = In(2 Es Ts a gg it Ne 1 
arcs = Int) + 5 9 * 2x4 dat? Ox4K--xOn) Ine orn 
1 1 1x3 1 1x3x---x(2Qn-1 1 
seep ine c ne ase a) aes nl (Iz| > 1), 
2202 2x4 4a4 2x4x---x(2n) 2nwx2r 
3 5 A: 2n+1 
arctanhe = + $b ttt (|x| < 1), 
1 1 1 1 1 
arco SV gent ses. ar OME (\xz| > 1). 


© References for Supplement 1: M. Abramowitz and I. A. Stegun (1964), A. P. Prudnikov, Yu. A. Brychkov, and 
O. I. Marichev (1986), D. G. Zill and J. M. Dewar (1990), M. Kline (1998), R. Courant and F. John (1999), I. S. Gradshteyn 
and I. M. Ryzhik (2000), G. A. Korn and T. M. Korn (2000), C. H. Edwards and D. Penney (2002), D. Zwillinger (2002), 
E. W. Weisstein (2003), I. N. Bronshtein and K. A. Semendyayev (2004), M. Sullivan (2004), H. Anton, I. Bivens, and 
S. Davis (2005), R. Adams (2006). 


Supplement 2 


Finite Sums and Infinite Series 


2.1. Finite Numerical Sums 


2.1-1. Progressions. 


eae progression: 
Th -1 
Ye +bk)=an meee ) 
Gees progression: 
n nm 1 
2. fed Seg 
» aq a i=l 


Arithmetic-geometric progression: 


n-l 
~_ l-q")-b(n-1)q” | bq -¢™") 
3. Deron a =e = aera : 


2.1-2. Sums of Powers of Natural Numbers Having the Form >> k”™. 


“ nn+l) 


pn S- k= ann 1)(2n +1). 


k=1 


3. Ley nin 1°. 
4. ye = apnint 1)(2n + Dn? +3n-1). 
5. re = arint 1)?(2n? +2n-1). 


met m 


Fi 
6 See Pee stot Ba 4103 Byun 4 LOS Ben 4... 
mi. 2. 2? aoe 6" 


Here the ce are binomial coefficients and the 62, are Bernoulli numbers (see Supplement 1 1.1-3); 


the last term in the sum contains n or n?. 
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2.1-3. Alternating Sums of Powers of Natural Numbers, > (-1)¥k™. 


“ 21 
1. SoCp*k = (-1)” | ; [mJ] stands for the integer part of m. 
k=l 


= Eo 2 ag nre 1) 
2. Ke) k? =(-1) =o 


k=1 


3. Soke? = sll + (-1)"(4n? + 6n? - 1)]. 
k=1 
4. Ee = CI sant +2n3—n). 


5. Sop tre = aH + (-1)"(2n? + 54 -5n? + DJ. 
k=1 


2.1-4. Other Sums Containing Integers. 


1 SOQk+)=(n+ 1’. 


k=0 


2. S°Qk+1) = x(n +1)(2n+1)(2n +3). 
k=0 


3. S- k(k+1)= sin 1)(n+2). 
k=1 


4. Sok +a)(k+b)= ann + 1)2n+1+3a+3b)+ nab. 
k=l 


5. Sokkle(n+I)!-1. 
k=1 


6. S7CD* 2k +1) =C)D"n+1). 
k=0 


ja S "CDE 2k +1) =2(-1)"(n+ 1) - 5 [1+(-1)”]. 
k=0 


2.1-5. Sums Containing Binomial Coefficients. 


> Throughout Supplement 2.1-5, it is assumed that m= 1, 2, 3,... 


kan 
i Sco 
k=0 
n 
m _ nym 
2. ) mt+k — Or emal® 
k=0 


3. SoCbD*Ck = C1)"Ch.. 


k=0 


11. 


12. 


13. 


2.1. FINITE NUMERICAL SUMS 


Sok+ DCE = 2"\(n +2). 


k=0 
S 7D kCR = 0. 

k=l 

n (1)! 7 n 1 
S- (a 
k=l k ee 


ee ee ee ia 
Deen n+1- 


2 qk! ck : (at 1)! —] 
k+l ™ n+l ~ 


P 
) ckor-* = CP,,; mand pare natural numbers. 


k=0 
n-p 
(2n)! 

Co = —— 

» we (n—p)!(n+p)! 
(Cry = Ch, 

k=0 

2n 

SSCDMCH, = CD" Ch. 

k=0 

2n+1 

SOEDChra? = 0. 

k=0 

” py. (2n-1)! 

2 KCn) © (n=! P 


2.1-6. Other Numerical Sums. 


Ssin =o Z 
sin — = cot — 
2n 
k=l 
n 
Tk n 
y sin?” Spoplom tae ote 
= 2n 22m 2 


S “(1 cos™ ™ = sit-cy"", m=0,1,...,n-1. 
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2.2. Finite Functional Sums 


n-l : 
=i h(nx /2 
LS sinh(kr+ a) = sinh( Pr 4 a) SPL 


k=0 sinh(x/2) ° 
- sinh(na /2) 
2. » cosh(kax + a) = cosh( "+ c+) ee mee 
n-l _ 
3: ee sinh(ka + a) = 5 Scone s inh («= >) +(-1)” sinh (= + a) 
n-l 
4. dy cosh(ka + a) = SoHETS cosh (a - 5) +(-1)” cosh( = : trea)]. 


n-l 


5. So ksinh(ka +a) =- {n sinh[(n — 1a +a] —(n— 1) sinh(nz + a) — sinh al. 
k=1 


1 
sinh? (2/2) 


n-l 
6. S kcosh(ka +a) =- {n cosh[(n — 1)a + a] -(n - 1) cosh(na + a) — cosh al. 


1 
sinh? (2/2) 
n-l 


7. S°(-D*ksinh(ka + a) = 


k=1 


Ce {cp™n sinh[(n— 1a + a] 


n-l 


8. S°(-1*kcosh(ke + a) = 
k=1 


1 
ae {cp™in coshlin- De +a] 


9. oS CF sinh(kax + a) = 2” cosh” 5 sinh (= + a) . 
k=0 
10. Ss CF cosh(ka + a) = 2” cosh” 5 cosh (= + a) ; 


n-l 


[1 S- a* sinh(kzx) = 


k=1 


asinha — a” sinh(nz) + a”*! sinh[(n — Dal 
1-—2acoshz + a? 


n-l 


12, 2” cosh(kx) = 


k=0 


—acoshz — a” cosh(nz) + a”*! cosh[(n — 1)z] 
1-—2acoshz + a? : 


n-1 
14. S- 2" tanh(2"x) = 2” coth(2”x) — coth x. 
k=0 


2.2-2. Sums Involving Trigonometric Functions. 


S- sin(2kx) = sin[(n + 1)a] sin(nx) cosec x. 
k=l 


Sep Ge Dsahoe ea) Ssinh ah. 


+ (-1)"""(n— 1) cosh(na + a) — cosh al. 


10. 


15. 


16. 


2.2. FINITE FUNCTIONAL SUMS 


S- cos(2k2z) = sin[(n + 1)x] cos(nx) cosec x. 
k=0 


S- sin[(2k — 1)a] = sin2(nx) cosec x. 
k=1 


cos[(2k — 1)a] = sin(nx) cos(nx) cosec x. 


S| sin(ka + a) = sin DED pie, sin —~ cosec — 
7 2 2 2: 


es n—-I1 ne x 
S- cos(kx + a) = cos x +a ) sin — cosec —. 
2 2 2 
k=0 
2n-1 

2n-1 
S7cp* cos(kx + a) = sin( s xt a) sin(nx) sec a 


k=0 


Soe sin[(2k — 1)r] = (pyre Sinn) 


k=1 


2cosx ~ 


cos[(2n + 1)ax] 
2cosz 


S7ept cos(2kx) = 5 + (-1)” 


k=1 
uae ™ = cos[(n + 1a] sin(nz) 
k= - 2 , 


2sin x 


3 n  cos[(n + 1)a] sin(nz) 


2: 
pee 
COs) ga ane 


ene ee eee 

= 4 sin? x Isin x 

3 kcos(2kx) = lease) = date) 
2sinx 4 sin? x 


3 Peas asing —a” sin(nx) + a”*! sin[(n — 1)z] 
1-2acosx + a? 


ntl 


n-l 

k 1l—acosx-—a”" cos(nx) +a 
y a’ cos(kx) = 5 
a 1-2acosxz+a 


S- CF sin(ka + a) = 2” cos” 5 sin (= + «). 
k=0 


sy C* cos(ka + a) = 2” cos” 5 cos (= + «). 
k=0 


S "(CI *CE sin(ka + a) = (-2)" sin” 5 sin (= elle a). 
k=0 


S-CD*CE cos(ka + a) = (-2)" sin” 5 cos (= ghee a) 
k=0 


cos[(n — 1)a] 
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2.3. Infinite Numerical Series 


2.3-1. Progressions. 


a 
L Ke 1 
So aq Tag’ (Wai< 
k=0 
2 ere ef ld <1 
a 1 (1-q)’ 


— (-1)” 

1. =1n2. 
aaa 
n=0 
 (-1" 

2. S =— 
per 


a acne ; 
n=l 
a Dear: = 


12. 


17. 


18. 


20. 


2.4. INFINITE FUNCTIONAL SERIES 


ye, d is cot(7a) + : 
——— = -— cot(ma) + —. 
n2 — a? 2a 2a? 


1 92n-1 2n 
S- — = fT Bal: the 62, are Bernoulli numbers (see Supplement 11.1-3). 
ken (2n)! 


ce (-1)**! (22r-1 a 1)7?2” ; 
5 eS Gy Ban: the B,,, are Bernoulli numbers. 
me n)! 


1 92n-1 a | 2n 
S- Oko 1>* = Bak the B>,, are Bernoulli numbers. 
—1)-" n)! 


1 
) yar = 1n2. 
k= 


yo 
= nek n2z4d’ 


el 
DL yy =o = 271828... 
k=0 


2.4. Infinite Functional Series 


2.4-1. Power Series. 


1. 


So ea Z a1 +42 +27) 
(l-zj ° 


i | 
£1)*k" a2 = ( x— i: 
»| ) (-<) =p ikl< 
e% k 


= =-In(l-a), -l<a<l. 
k=l 


xl <1. 


CoO ak 
S (DP! = In(l +2), la] <1. 
k=1 


l+az 
=—In 
2k-1 2 1-2’ 


Ix] <1. 
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lx] < 1. 


x is any number. 


the Bo, are Bernoulli numbers, |x| < 7/2. 


the Bo, are Bernoulli numbers, |x| < 7/2. 


the Bo, are Bernoulli numbers, 0 < |x| < 7. 


the Bo, are Bernoulli numbers, |z| < 7. 


sd 2k-l 
9. DO ree | = arctan x, |x] <1. 
k=l 
. ” In(l-t 
10. a--/ BUS) of. ie 
k2 ‘ t 
k= 
2 kt! 
i. RK =e+(1-a)In(l-2), [als 1. 
22 k+2 
x ££ 1 
12. — 1 - In - 
2 ED) De eg ey 
13 e le =e”, «x is any number. 
cs k! — ’ y : 
2k 
14. —— =coshz, 2 is any number. 
5 (2k)! y 
, ah 
15. (-1)"—— =cosz, «is any number. 
» (2k)! 
oD g2ktl 
16. 2D Oka)! =sinhz, 2 is any number. 
“2. 2ktl 
17. dy Qk+ 1)! =sinz, «x is any number. 
£2. kt! 
#8; X ki(k+ =e"—1, a is any number. 
ee ap kt2 
19. » Klk+D ~ (x—l)e*+1, a is any number. 
ee. gtk+! a 
20. dey klQk+D = ae erfx, x is any number. 
21. de eat = Ea exp(at + xe") 10 
k=0 = 
iad g2k 2k 4 Bor 
p90. eal oe as 
= (2k)! 
27k (27 — 1)1Box 
kl 2k-1 ; 
23. Le 1) — Qe! = tanhz; 
~ 27*| Box| 2k-1 
24. > “OR: = —cotz; 
— fie Biel eA 1 
25. Le 1) Oh! ——4 = cotha ——; 


2.4. INFINITE FUNCTIONAL SERIES 


2.4-2. Trigonometric Series in One Variable Involving Sine. 


11. 


12. 


13. 


14. 


15. 


16. 


=a] 1 
Dee sin(ka) = 5(m-2), O<a<2n. 


(1! 1 
S- oe) sin(kx) = zh —T<U<T. 


k 
k=l 
ae a asin x 
S > = sin(kx) = arctan ———, O<a<2z, |al< 1. 
k l-—acosz 
k=l 
2 : sin(kx) = = cos 5 sin = In cot — O<xa<20 
2k+1 2 2 r ‘ : 
k=0 
= (-1)* 1 
Me ae sin(kx) = 60s $ In( cot oat) -Fsin —T<XU<T. 


co 1 xz 

S —_ ae Z 

- 72 sin(kx) = In (2 sin 5) dt, OSa<rm. 

CDS : 

y 72 sin(kx) = — In 2cos 5 —)dt, -~™<a<n. 
0 


es 1 
S- at sin(e) = (x2) sin? ¢sinzin(2sin ), O<a<2r. 


( 
( 


S- ) sin(kx) = —x cos” ae +sin xIn{ 2 cos = 5 —mSausn. 
a kk +1) 2 2 
yo : = sin(ke) = en) sinh[a(r-2)], O<a<2n 
es Re+a sinh(7ra) ; ' 
yep : sin(kx) = — sinh(ax), —-~7<a2<T. 
k2 + a2 2 sinh(7a) , 


k 
Ye ink) = Sa sinfa(r—a)], O<a<2r. 


k 
ay: Pag sin(kax) = ae sin(ax), —-7<2<T7. 
k 
ae Re 7 Sin(ka) = — q sine + 5% cosz, —-™<2“<T7. 


1 : (-1)""(2r)?rt! r 
S- Fama Sin(ker) = One br 2m! on 5 where 0 < x < 27 forn = 1, 2: wate S 


0<2<2nforn= 0; and the B,,(x) are Bernoulli polynomials (see Supplement 11.18-1). 


co (-1)* sin(k ya ea yr lagyent! e+rT 
La jane aS DOR 8 OE A Oe 


the B,,(a) are Bernoulli polynomials. 


S- ti sin(kx) = exp(cos x) sin(sinx), 2 is any number. 
ka * 7 


), where -7 <x <7 forn=0,1,... 
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—1)* 
S- ( il sin(kx) =—exp(—cos x) sin(sinx), x is any number. 


[oe) 


1 
19. > a sin(ka) = sin (sin +) sinh (cos =) , «#18 any number. 


20. ee = ares =—sin (cos +) sinh (sin +) , «1s any number. 
a® 
21. > Ty Sin(ka) = exp(k cos x) sin(ksin«), fal $1, & is any number. 
k=0 " 


22. > a® sin(kx) = 


asin x ; 
ne ee Jal < 1, x 1S any number. 


a(1—a?) sina 


(=2accs# 402” Jal < 1, xis any number. 


23. oy ka® sin(kx) = 
k= 


1 1 
24. a z sin(ka + a) = $(r—2)cosa-In(2 sin 5) sina, O<a<2rn. 
k= 


> (Det k me! il oes \e 
5. Ss i sin( t+a)=>a£c0sa +n cos 5 sina, -™<2“<T7. 


3 sin[((2k-1)rz] 7 


26. Who ar O<2<T7. 
k= 
oo _, sin[(2k — 1)a] 1 nL eT T 7 
27. gy MENA) a ita ee eee 
wey 2k—1 FB aye) a 
aa in[(2k —1 1 2asi 
28. es os eae —. O0<a<2n7, lal<1. 
= _) op sin(2k-1)z] 1. 142asinz +a? 
29. _pye gt Sml@k= Del _ 1) ee 0 RST ole, 
Leva 2k-1 4. Dasa es tala 


a sink+ Dae] 2 
30. Le 1) Re), = sin x 5 tl + cos 2) sin x In 


x 
2cos =}. 
cos 5 


a(1 +a?) sin x 


2k+1 o: = 
31. Soa SINR WY) Srey come? 


k=0 


la] < 1, x is any number. 


a(1—a?)sinx 


k 2k+1 os = 
32. DCD fa! sink + Del = Ga aante’ 


k=0 
S\ sin[2(k + 1)z] 
oe ye k(k + 1) 


Jal < 1, x is any number. 


= sin(2x) — (7-2) sin? x—-sinzcoszIn(4sin? x), O<a<r7. 
= 1 


,Sinf(2k+ Da] _ f dra if 
34, Ye 1 Ra De -{ ‘ 


2.4-3. Trigonometric Series in One Variable Involving Cosine. 


Co 


1 
1 So = cos(ket) = -in(2 sin 5). O<a2<2n. 


k=1 


10. 


2.4. INFINITE FUNCTIONAL SERIES 


OO 7 1\k-l 
‘4 D cos(kx) = In(2c0s), —T<U<T. 


k 
k=l 
ae 1 
S > = cos(kar) = In ———_——., 0<2<2r, lal< 1. 
a k V1-2acosz + a? 
| 
S- cox(kir) = sin 5 +.e08 5 In( coe *), O<a<2r. 
se 2k+1 4 2 2. 4 


— (1)* 1 
S- ye cos(kx) = -— zsin$ in( cor? = 


=U 1 
S- re cos(kx) = br -6rx+2n*), O<a<2r. 


SS (-1)" 1 
S- ( ~ cos(kax) = 30" -w), —m<as<n. 


oS 1 1 
S- cox(kt) = p(e—n)sine ~2sin? Fn(2sin S41, O<a<2r. 


— k(k + 1) 2 

— (1 Waa sce x 

a _ = — —7T<7r< 

» kk+D cos(k2) 5 o sin x 2 cos an ZOOS, +1, 1 a 
3 L Se6hgiee——" —— eote i=s OS ee 

<— he + a? ~ 2a sinh(ra) Dae) wea eee 

3 Lei ee. Oe 

k2 — a? ~ 2a sin(7ra) 2a?’ wr, 


SS (-1)* are | 1 
ye ) cos(kx) = ~—-—cosx—=xsinz, -7<aKn7. 
- 2 4 2 


= 
wv 
— 


k 1 1 a 
Yo ap eon) =F =F c08.r— cos rIn(2sin Z ), O<a<2n. 


1 (-1)""(2r)?” x 
an =) — < < — if 
2 jam cos(kx) = On)! Bon, ore where 0 < x < 27 forn=1, 2,...; 


the B,,(x) are Bernoulli polynomials (see Supplement 11.18-1). 


a 2(2n)! 2a 

the B,,(x) are Bernoulli polynomials. 

a Pay cos(kx) = exp(cos x) cos(sinx), x is any number. 
k=0 °° 


k 
ee C = cos(kx) = exp(—cos x) cos(sinx), «x is any number. 
k=0 


1 
S- Op! cos(kx) = cos (si >) cosh (cos >) , «is any number. 
k=0 : 


S- oa cos(kx) = cos (cos +) cosh (si +) , «1s any number. 
k=0 : 


me iY: _jyr-(2 2n 
3 3 cos(kx) = Cp es (+). where -7 <x <7 forn=1,2,...; 
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20. 


21. 


22: 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


3h 


32. 


33. 
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© Uk 

a : F 
S> Tr cos(kx) = exp(acosx)cos(asinz), |a|<1, x is any number. 
k=0 


co 
l-acosxz F 
y ak cos(kx) = oo la] < 1, x is any number. 
a 1-2acosx+a 


~ 1+? —2a? 
a ka® cos(kx) = oe. la| <1, x is any number. 


| 1 
DoF cosh + a) = 3(e—n)sina—In(2sin 5 ) cosa, O<a<2r. 
k= 


ae eB he 1 
S- a cos(ka + a) = —5t sina +In (2 cos >) cosa, —-™<2<T. 


Seale ie, ries 
hol oe) nco * L<T. 


—, O<a4<T. 


1g COS[(2k- La] _ x 
aaa a 


k= 


3 54-1 coS[(2k-1)z]_ «1, «1 +2acosx +a? 
a aS ea a ae 


ey (iia Qn, lal <1. 

2k 1 A eee 

= 2k-1 1 p 

Soya?! SOR ET = 5 arctan >. O<a<n, lal< 1. 
- -—a 


© cosl(2k- Nal a (m 
=F (F-). mrs a<n. 


pees eae a sinx —(1+cos x) In 
A Meee 


) x 
cos —]. 
2 


a(1—a?)cosx 


2k+1 = 
S62"! cos[(2k + Da] = (1+ a2)? —4a2 cos? x’ 


la] < 1, x is any number. 


k=0 

~ k2ke+l = a(1+a?)cosx ; 

a) a * cos[(2k fh 1)z] = (4+ @) —4e2 sin? 2’ Jal ss 1, x 1S any number. 
oS Ak+1 

ye ie = cos(2t) — (5 S r) sinQx)+sin2aIn(4sin? x), O<2<r7. 


k=1 


2.4-4. Trigonometric Series in Two Variables. 


. of 
sin 


S- : in(ka) sin(ky) = Sin 


+y oy 
Pi 2 


5) cosec , ety#0, 27, 47,... 


(-b* 
k 


a+ 4 ld 
Y sec a 


cos 


1 
sin(ka) sin(ky) = 7 In 3 MEY Ay ST OTS was 


1 4a(m-y) if -y<a<y, 


2 Here 0<y<z7. 


sin(ka) sin(ky) = 


lu(n—a) if ySaS2n-y. 
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co Cy! ; ; 1 s 
4. S- 72 sin(ka) sin(ky) = zey Jct y| <7. 


4a sin?[(x + y)/2] + (a— 1)? 


GeviG=eeae oO 


= 1 
5. $>< sin(ka) sin(ky) = qin 


cae | 1 
6. S- — sin?(kx) sin?(ky) = zm OSaSys 


1 1 
7. S- 73 cos(kx) cos(ky) = = In|2(cos x —cosy)|, wty#0, 27, 47, ... 


k=l 
8 > GUE cos(kx) cos(ky) = au In|2(cos x + cos ) vty, 32, 5a 
; 2 ; y 5 y)|, ty#T, 3m, 5r,... 
oy -+ if O<ax<y, 
a z Sinker) cos(ky) = d(m-2y) if c=y, Here 0<y <7. 
k=l 


4(m-2) if y<a2<T. 


10 »S aie a ee 
Ge 4 By +3(e@-mP 1] if y<asn. 
Here 0<y<mT. 
( ~ cos(kx) cos(ky) = 
k=1 


Here 0<y<m7. 


4 [32 +y?)-1?] if (n-y) Sx <r-y, 


b [3(a-1)? +3(y-7)°—17 | if r-ySausmty. 


11. 


© References for Supplement 2: H. B. Dwight (1961), V. Mangulis (1965), E. R. Hansen (1975), I. S. Gradshteyn and 
I. M. Ryzhik (2000), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1986), D. Zwillinger (2002). 


Supplement 3 


Tables of Indefinite Integrals 


> Throughout Supplement 3, the integration constant C' is omitted for brevity. 


3.1. Integrals Involving Rational Functions 


3.1-1. Integrals Involving a+ bz. 


d 1 
‘ = —InJa + bal. 


at+bx 0b 


2s Jo + bx)" dx = 


atbr b 


(a+ bx)"*! 
b(n + 1) 


n#-l. 


d 1 
/ — = = (a+ br -aln|a+ bal). 


at+bz 12 


ad 1 yl 
/- 2 =| (a + bx)? —2a(a + bx) +a” Inja + ba] |. 


i dx 1 a+bx 
= =-= In| . 
x(a + bx) a x 


/ dx = toh fs b in| "| 
x(atbr) ax a el 
adxz eal (1 ee a ) 
(atbry & eRe ar TY 
x? dx 1 a2 
Ga bae = pe (tt br -2ainla+ bol -———). 


dx 7 1 
/—> ~ a(atbr) a2 ss 
1 a 
at bx Tare 


10. —— = 


x dx 1 
(at+bz)> b 


1 je 
ml 


3.1-2. Integrals Involving a+ x and b+ 2. 


it [= [ee eee eee 


b+ux 
1 


dx 
me /o—rese" 


Supplement 3.1-1. 
x dx 22k 
(atxz\(b+x2) a-—b 


b 
| aiid , a#b. Fora=6, see Integral 2 with n = —2 in 


atx 
(alnja+2|—bIn|b+2\). 
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_ 1 i 1 . a+ 
(a+z\b+zy  (b-alb+x) (a-b? |lb+arl 
x dx < b a ned 
(a+z\b+zy  (a—bib+x) (a—-b? lbtal 
cle OR A a Pe mec 
(a+ayb+aye  (b-alb+a) (a—-be (bay os 
= set 1 —(— 1 1 )+ 2 = nf Se) 
(a+ 2x)*(b+2) (a—b)?* \a+z re (a—b) b+2x 
x dx 1 a b a+b atx 
(ataV(b+a?  (a- acne aes ey Ce Mn eal 
x dx _ 1 eS a? b? )+ 2ab 2 anne 
(at+aPr(b+ae  (a—bPe\ata a hae (a-b8 lb+al 


3.1-3. Integrals Involving a? + 2”. 
/ dx 1 x 
1. —— = —arctan—. 

aa . a a a 

fos x z , x 

= ——.—_ + —~ arctan — 

(a2 +22)2 a 2a2(a2 +27) 2a a 

Ja x z 3x : 
a 5 fp arc an— — 
(a2 + a 4a2(a2+27)? 8at*(a2 + By 8a> 


(=== x , an 1 <> 12 
; n= a 
(a2 + a2)r41 + 77)n+1 ~ Inara? + 22)" + DP “Ina2 (a2 +22)" + ae > are 
d. 1 
ee = —In(a? +22). 


az+a2 2 
cde 1 
a dx _ 1 


aera x dx 1 no 
area NMeHl,2Z4,... 
(a2 + 22)r41 + 77)n+1 2n(a2 + x2)" 
i x? dx x 
9. —— = £- aarctan —. 
a 


a? + x? 
10 a dx x > ‘ x 
: Waa? ~~ Hadagh 9g wetn TS 
(a2+22)2 2(a2+ By 


LL. Ja a? dx x rs x 1 ; x 
Ee arc an — = 
(a2+22)3  4(a24+22)2  8a2(a2 + By ca 8a3 

a? dx x 

12. = ———________ +. — ai ae Sd De ts 

= (a2 + 22) g2ynt 2n(a? + x2)” 7 2n J (a2 +22)’ pier: 


eda a ar Ao 
13. [ FS-F-Fne +27). 


x dx a’ 1 ee) 
14. los (aa 2p = Mae eae) + 3 In(a + 2X ). 


x dx 1 a? 
1 ee. BE Ri 
2: = @+al ~"Wn-e@eray Ines 2 


16 / dx 1 \ x 
: ———- = = In. 
x(a? + x7) ~ Qa at + a 


3.1. INTEGRALS INVOLVING RATIONAL FUNCTIONS 


/ dx 1 1 2 
oes = Sos tr 
xvla2+x7)? 2a2(a2 +27) 2a4 a +2? 


Tae ao Seen ee 
e+e) 4a(a+e2 2ai(a2+22) 2a° a2+a2 


dx 1 1 es 
/ w2(a2 + 22) = ae ae. arctan re 
dx 1 * 3 ‘ 
i= Pigs Dae) Dare ae 
sae ee ee ee ee 
x3 (a2 + x)? Qa4x2 2a4*(a2 + 22) a6 pea 
dx 1 re 77 15 - 
eccees “ir aye BRE) Bak ae 
see Se de 
w(a? + 2*)? 2a°x? a®(at+a7) 4at(a2t+a?) 2a8 a? +220 


3.1-4. Integrals Involving a? — 2. 


1. 


/ dx = =n) 27) 
Hage De | Gane li 
a x 1 atz 
[wo mes tel 
= 3x 3 at+2 
| ama aR aF Ba * Tos Mah 


[woe peers te | oe? 
an ee rere ee ee 
(a? = 2) ~ Inar(a2— a2)” —22)" na? (a2 — a 
d 1 
/ ede Vg 


a2 — x? 2 
cde 1 
o> ~ (a2 — 22)" 
x dx 1 


@-2F ea 
x dx 1 
fo @-a)"! ~ Ine —eyr? WH 15 2d4 2 
a? da Qa, |atz 
[eer ssl 
feu xv? dx =~ in| S*2 | 
(@-22)  2(a2-22) 4a la-azl 


= x? dx 7m x x 1 n[-*=| 
(@-2)3 42-22) 8a2(a2— 22) _ ie ard 


cea oe - SHS 
(a@2—22)"*! ~ In(a2=22)"— 2n a n=1,2,... 


xa dx ec a a 
oa pg eI 
ar — x 2 2 


[oS xv dx = a2 i rae 
(a2 —22)2 = a2 — my nila -2z# 
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a ee x? dx 1 z a 3 
= ————___.—_.— + ——————_;_ n= 2, 3,... 
(a2 —22)r4 qn Wn —1)(a2— 22)" * In(a2— x2)” 
dx 1 x 
16. ———- = — 1 |. 
facss a2 | ae? 
dx 1 1 x 
17. Be Se Se a 
/ a(a2-—2)2 2a2(a2-x?) = 2a4 a ere 


18 i dx 1 i 1 “ 1 1 | x | 
4 = s+} ++ —__Jn)| —__]. 
a(a2-2?)3  4a2(a2-#?)2—- 2at(a2- x?) = 2a® | a2 - 2? 


3.1-5. Integrals Involving a? + 2°. 


1 [e-ae oS : ay 
, at+a> 6a a@—-art+2% 2/3 a3 
dx a x 2 dx 
i (a3 +23)? 3a3(a3 + 73) - a foo 
3 / x dx 1 rete tan ZU 
: a+x> 6a (atx)? aV3 aV/3- 
cdo x 1 x dx 
(a3 +23)? 3a3(a3 + 73) ? sa f aoe 


2de I 
5. | Gil eo 


e+e 3 


dx 1 x 

if te 

x(ae+a3) 303) las t+23 
/ dx 1 1 x 

ee ee In |. 
x(ae+a3) 3a3(a3 +23) 3a 1a3 +23 

g / dx sal 1 i x dx 

: (+e) ax @f @GB+x3° 


9 / dx a él x 4 i. x dx 
. (e+e? aoe 3a%(a3+23) 3a° J ad +23" 


3.1-6. Integrals Involving a? — 2°. 


1 / dx 1 a+axt+a2 . ‘ +a 
: = = — > In —  —— + — arctan : 
ae — ra 6a2 (a—x)? a2/3 a3 


x 2 dx 
(a3 — ooo 5 3a3(a3 — ra sa) ae aa 


3. a x dx lege +ax+x* ti es SO 
a—-x 6a (a-2x) aV3 a3 
x dx x 1 x dx 
(a3 — x3)? e 3a3(a3 — x3) ‘: w/a 


2 
1 
5. / So a atioe | 


aa —x 3 

7 dx 1 x 
See in|]. 
x(ae—23) 303) lax 


| dx 7 1 " 1 in| x | 
x(a3 —23)23a3(a3 — 23) 3a® Oars | 
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8 dx 1 1 adx 
; ee = ee eee eee 
x?(a3 — x3) ax a ae —x3 


9 / dx : 1 x a 4 / xadx 
: r(a—2) aoe 3a%a3—23) | 3a° J a3 — 23" 


3.1-7. Integrals Involving a* + 


1 f dx 1 1 a + arV/2 + 2? if 1 ‘ Ne 
! ——$— = —— In — arc an — : 
at + a4 oe a-arV2+22 2a3V2 — x 
x dx _ x 
ers = 55 arctan — Poy 
x? dx 1 a + axn/2+ 2? 1 axV2 
aT haere Raa oe 
ar+ux ae 2_grJ/2+22 2aV2 a -2x 
m rs dx In| “*=| 4 1 : x 
= —~ arctan —. 
at — xt = a-2x 2a3 a 
x dx 7 a +a? 
2 Paes =n], 
[S aoe ata 1 x 
6. = aa) |= 5 arctan =. 
at — at a-zl 2a a 


3.2. Integrals Involving Irrational Functions 


3.2-1. Integrals Involving «!/?. 


g'/? dx _2 1/2 2a ba!/2 
[ae = ye age SLAMS ee 
elrde 2039/2 2aa!/2 203 ba!/2 
a 
gp /2 dx gl /2 1 bal/2 
Se eee on (a2 + bay , ~ R(a2 + 22x) % abs ee a 
x !? dx 2473/2 3a2a!/? 3a ba!/2 
oe eee (a2 + bax = b2(a2 + b2x) % b(a2+bx) wD aan : 


dx 2 Lye 
/ (@avor? RD = ae arctan — 


da ee 
(a2 + bax)ax3/2 a2! /2 ape , 
dx gl/? : be! /2 
(a2 + b2x)2¢!/2 5 a*(a2 Pa) ao 
| x'/? dx 2 1/2 2a ota 
ee =r? + = In| ———_ |. 
—-bar b2 b3 a—ba!/2 
a3/? dx _203/? Qael/2 at ba!/2 
fs pe ae Or, ae | a 


\ x'/? dx gil? 1 i a+ ba/2 
0: [= @-Pay BPa@—b2)  2ab3 al ark 


938 TABLES OF INDEFINITE INTEGRALS 


n [os a/? dx _ 3a2g!/? — 26?23/? 3a hese | 
(a — ba)? 


a O(a Rx) 2S Z a—bgl/2 
1 a+ ba!/2 
i acsar ~ ab nl a —ba}/2 } 
is foe ee SE 
: (a2 — b2x)x3/2 aal/2 a | a—bal/2 7 
dx gil? 1 a+ ba!/2 
Gapaee Bea ua aaa 


3.2-2. Integrals Involving (a + bx)?/?. 


2 
Jo + bax)?!? dx = (a + bx) P*?)/2, 
Wp +2) 
2 / a(a+ bax)?/? da = oi 2 li Cal aes bey? 
i b2 pt+4 pt+2 
F / Ce 2G Daarwyer F a?(a + bx) ®*)/2 
; 3 pt+6 pt+4 pt+2 i 


3.2-3. Integrals Involving (x? + a)!/?. 
a 
1. [oererar=s sue +92)/2 4 >. —In [z+ (2° +a7)'/?], 


1 
2. few + a?)'/? dx = z@ + xyl?. 


1S) 


1 
fe + a)3/? dx = que + xy /? + aaa? + x’)! /? + =a! In|a + (x? + aye 


; 2 2y1/2 
[pee ee? de = 42)' arn] =O 
av 


x 


x 
5. [sS- x+(a* +a’)'/?], 
Va? +a? | 
x dx 
6. el te) 
Var+a2 
7. fe + ay? dx =a? a(x? + eye: 


3.2-4. Integrals Involving (x? —a?)!/2. 
1 
fe-a" dz = 5? x(a? —a?)!/2 — © info + (0? - aye 
2. fe@-ayr dx = xray? 
2 23/2 | 0 a n3f2 Soo i) Sa 2 1/2 
(2° —a‘y’* dx = que -a‘) =e a(a* —a*) Hae In| + (x -a‘) |. 


1 
4. —(2? Jay? da = (2? ageyile - aarecos| =|, 
x x 
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dx 
5. a = In| t (a? - 07)! 
Vax? —a? 
x dx 
6. ——— = 
1/92 ge 
ih [oe ~@ 3! de =-a? 2(a? - 0 /?, 


(a? —a’)!/?, 


3.2-5. Integrals Involving (a? — x?)!/2. 
2 .2y)1/2 Le 2 pan1/2 a rad 
1. (a° —a*)/* dx = ~ax(a* — x*) /* + —arcsin—. 
2 2 a 
1 
2: po@-2? dx =-3(@-2)??, 
1 
3. fe -2 yl? dx = que -2°y/? + aaa? —2°)!/? + =a! arcsin a 
a 


Ds = gD) 1/2. 
4. [pe -2 1 de = (2 -2)1?—aIn at(a‘-—2x yi/ 
x 


x 
5 / ag = arcsin = 
of eae. a 
a dx 
6. eee (oa 
a/ G2 =e 
He KG - yer dx =a*a(a? - gy, 


3.2-6. Integrals Involving Arbitrary Powers. Reduction Formulas. 


/ dx 1 x” 
i ieee — In| ——_]. 
x(az" +b) bn lax" +b 


dx 2 gr/2 
Bt ng in| ———. 
aVartae an rr+aet+a 
3 i dx 2 | a | 
; ————— = — _arccos| —~]. 
avar—az an pele 


‘ / dx _ 2Vv ax2” + bx” 
; aVax2” + bx” bna” ; 


> The parameters a, b, p, m, and n below in Integrals 5—8 can assume arbitrary values, except for 
those at which denominators vanish in successive applications of a formula. Notation: w= aa" +b. 


5. pena" +b)? dx= Ce + pb [aw de). 


m+np+il 


6. femae" +b)? dx = [=a wer! +(mtn+npt+ 1) f vw! dx} ; 


1 
brio) 
1 
7. pena" +b)? dx = re eraT| eran -—amt+nt+np+ 1) f aur du . 
m 
1 


8. ferax" +b)? dz = ————__—_ 
a(m + np + 1) 


ene —b(m—n+t » fom» du . 
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3.3. eg aba Involving Exponential Functions 


1 fe Me dae = “< 
2. fe dx = 
ae 
1 
3. fae dz = ew (=-—). 
aoa 
ta 2D 2 
4. [eeras=e (= 44). 
a oa a 
1 -1 
=f [ore du=et* | — PT grt, MOTD yr aay ate 1) eat [eo le 
a a a 
ax ax (- 1)* de 
6. P, (aye dx=e er GET da ei (x), where P,,(x) is an arbitrary polynomial of degree n. 
‘i 
7. /<= = = -—In|a + be? 
a + beP*® ap 
arctan (e ) if ab>0, 
—_- 2 oT Vb 
a. be 1 b+ eP*\/—ab 
ae n( oS ) if ab <0. 
2pV—-ab b—eP®/—ab 
1 n vat bert - vat bert — Ja ‘€a>0 
if a>0, 
9 / _ ERs Vat beP® + ./a 
Va + bere 2 Vatber™ 
arctan —————___ if a < 0. 
pr/-a Ja 


3.4. Integrals Involving Hyperbolic Functions 


3.4-1. Integrals Involving cosh z. 


1 
1. J cosnca + bx) dx = b sinh(a + bz). 


2. J ecosh za = x sinh x —coshz. 


3. i; a” cosh a dx = (a + 2) sinh a — 2a cosh x. 

2k poke 
4, ie cosh x dx = om!) aa sinh x — Ok=D! Serene]. 

okt! ek 

5. ee cosh x dx = (2n + DD an sinh x — Gi Suro. 
6. i cosh x daz = x? sinh x — px?! cosh x + p(p— 1» fa cosh x dz. 
7. [ cost? adx = 42 + t sinh 27. 
8. [ cost’ a dx = sinha + + sinh? x. 


3.4. INTEGRALS INVOLVING HYPERBOLIC FUNCTIONS 
n-1 


Pn 2(n—k) 


1 inh[2(n—k 
9. [cosn™ de = Ch, + Se ee = 12s 56 
k=0 
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ie sinh[(2n-2k+ lz] sinh?**! 7 
2n+1 Fc ypcntrn, k = k 
10. [cost wda = >, os = ok ee a 
k=0 k=0 
i I pol 2 
11. cosh? x dx = — sinh x cosh? x + —— | cosh?~ x dz. 
Pp Pp 
1 
12. [cost ax cosh br dx = 7 (a cosh bz sinh ax — bcosh az sinh bx). 
a _ 
dx 2 oe 
13. / eae arctan(e ). 
ia / dx __ sinhx | 1 
: cosh?”?z  2n-1 | cosh?”"! x 
> 2*(n—1)(n-2)...(n—k) 1 Pe 
ee _ |. n=l, 2, 
= (2n —3)(2n—5)...(2n-2k-1) cosh?”2*! x 
dx sinh x 1 
1S). IOS oni on “pao 
cosh" x 2n [cosh x 
n-l 
2n-1)(2n-3)...(2n-2k +1 1 2n—-1)!! 
a ee + ica arctansinhe, n=1,2,... 
= 2k(n-1)(n-2)...(n-k) — cosh?”?* x (2n)!! 
7 sign x ne b+acoshz per 
dx b2 — a2 a+bcoshaz 
16. —__—___ = 
foe 1 \ a+b+Va? —b? tanh(2/2) € o2 > be 
———_—_. |. Ss — , —- 10 : 
Vva-b atb-vVa?—6? tanh(2/2) 
3.4-2. Integrals Involving sinhz. 
1 
1. / sinh(a + bx) dx = > cosh(a + bx). 
2: fe sinh x dx = x cosh x — sinh x. 
3. fe sinh x dx = (2? + 2) cosha — 22 sinha. 
es gel Mp 2k-l 
4, pe sinh x dx = (2n)! bs Gp! cosh x — So GRID sinh 7 ; 
k=0 k=l 
n g2hel oh 
5. ag sinh x dx = (2n + 1)! s on cosh x — Gp sinh 7 
6. ie sinh « dx = x? cosh x — px? sinh x + p(p— 1) / az? sinh x dz. 
7. = sinte adx =-4x+ } sinh 2c. 
8. [sion x dx =-—coshx + + cosh’ x. 
n-l 3 
9. i k smh Sel ea 


sinh?” a dx = (-1) Cin 5am + Font S7CDECS, 
k=0 


2(n—k) 
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10. sinh?”*! x dx = 


y Cyck.. cosh[(2n —2k + 1a] 


22n 2n-2k+1 


h2 k+1 
=S (tot on=1,2,... 
2 ary a ee 


sinh? x dx = — ~ sinh? x cosh x — —— al aes x dz. 


— 


1 
=-1 r n=]. 
ae sh 


14. 


12. Is sinh az sinh bx dx = ——; (a cosh ax sinh bx — b cosh bz sinh ax) ; 


_ cosha wt 1 
sin 


a De - inh?”"! x 


|, 2(n-1)(n-2)...n—-k) 1 
k-1 = 
Sen (2n—3)(2n—5)...(2n—2k—-]N eae al ae 


15 | dx _ cosh x | 1 
, sinh?”*! 2n sinh?” x 


n-l 
_, (2n-1)(2n-3)...(2n—2k+1) 1 (2n-1)!! x 
+ a en a 
D6 Find)... ke) nb e | OP apy tanh 
(7 a 
16 7 dx _ 1 in atanh(x/2)—b+ Va? + b? 
a+bsinhr Va? +02 atanh(x/2)—b— Va2 +b? 
3 [oS B - Ab- Ba no tanh(a/2)— b+ Va? +8? 
: dr = = 2 ¢§ — SS. 1 —  __.. 
a+ bsinh x b bVa2+b? — atanh(x/2)-b- Va? +b? 
3.4-3. Integrals Involving tanhz or cothz. 
1. J sath.rd = Incosh 
2: [ ssah? 2dr = 0 tanh. 
3. sah! cae = -4 tanh’ x + Incosh x. 
™  tanh2?2h+1 
4. | tanh?” adr =2- ) © —___ =1,2,... 
[om re 2 eT sale ea: 
(- Dec” tanh2”~ —2k+2 


2nt+l es 
tanh «x dx = Incoshz— See re In cosh x — a ere n=1, 2, Sats 


tanh? x dx =-— 


1 
i tanh?! x + frame? x dx. 
coth x dx = In|sinh z|. 


coth? x dx = x —cothz. 


Pa 
Bh, Sk ee ek 


coth?® x dx = -4 coth’ x + In|sinh 2]. 


3.5. INTEGRALS INVOLVING LOGARITHMIC FUNCTIONS 


n coth2”2*t! r 
10. th se Se Ss ey ee ee 
Jo pete ee » ae 


n = 
k coth2” 2k+2 r 


de S 
11. coth?”*! x dx =In sinh 2|- ——"___=In sinh x|- ee 
is en 2k sinh” « ai 2n—2k +2 


k=1 


1 
12. [cow adx=-— i coth?! x + / coth?* x dx. 


3.5. Integrals Involving Logarithmic Functions 
1. [irarde=einar 2, 
2. emede= 42? ine 42° 


x nar x! if p#-1, 


1 
3. [orinarde= ptl (p+ 1)? 
4 In? ax if p=-l. 


A 


: 4 (Inz) dx = x(Inx)* — 2x Inzx + 22. 


5. / a(n) dx = 4a°(Inax) - 52" Ine + 42°. 
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so MUSED bee 


p+l gh Dept! 
(ina)? le i pe, 
6. fans) dx =< p+l (p+ 1)? (p + 1)3 
+In'x if p=-1. 
7 [ona ie Sop n+ Dn...m—k+(nz)"*, n=1,2,... 
n+l oar 
8. if (Ina)? dx = x(In x)? —q / (Inx)t! dx, q#-l. 


9. f 2ranny des Om ym. m— + Dnay™ 
e x XL= ——__ (mm m...(Mm— 
o m+t she m8 
1 
10. / a? (nx)? de = ——2?"(In 2)? - if x?(Inx)t! dz, p,q# -l. 
ptl pti 


11. [a+ 0) de = *(ar + b)In(ax+b)~2. 


1/5 a? 1/2 a 
12. [sina+boar=5( -5) Ina + 00)-5(S Fr), 


1 3 1 3 2 2 
13. [ Pivartoae=3(0°-) Ina oo) 5(-S 4 S). 


14 / Inedx _ Inz Z 1 In 
, (a+bey Wiatbr) ab atba’ 
15 Inedx _ Ina af 1 é 1 In x 
. (a+bzr)3—- 2h(at+ bry? 2ab(at+ br) -2a2b-s a + be 
2 Vv b 
5 ne-2Varbe+ fa in | if a>, 
Ina dx b Vatbar—- Ja 
16. = 
Vat ba Vat br 


2 
5 [ne 2a Br + 2G arctan if a<0. 


J-a 


n,m=1,2,... 
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17. / In(x? + a”) dx = x In(a? + a?) — 2x + 2a arctan(x/a). 
18. / a In(a* +a”) dx = $[(a? +.a7) In(x* +07) 2°]. 


19. Le In(a? + a’) dx = + ke In(a? + a’) - 3a? +2a7x -2a3 arctan(«/a)]. 


3.6. Integrals Involving Trigonometric Functions 


3.6-1. Integrals Involving cosx (n= 1, 2,...). 


1 
1. [costa + bx) dz = > sin(a + bx). 


2. [cosa = cosie + sine. 


x cos x dx = 2x cos x + (x* —2)sina. 


2 n-l ORS 
g2n2k 2h 2k-1 


x” cos.x dx = (2n)! pe Se EET yay sin + Le 1 Gea oko! cos | 


2n-2k+1 g2n2k 


2ntl _— bk : 
x See a oe 


cos? «dx = 4a + + sin 22. 
cos’ «dx = sinz — + sin? x. 


1 sin[(2n — 2k)a] 
2n = Th aaa , 
cos*” «dx = Fin Cane + Jn-l » Cn Fn hk 


6. [er cosicdie= 2° sina + peo” cosr—plp=1) f 1? cos.rd 


1 sin[(2n-2k + la] 
g2ntl = 
10. [ cos"! nde = 55, YC 
dx “oT 
LL. nle ltan( = *)|. 
|= OS xz 7 2 :; 4 
12. / is = tan x. 
cos? x 
dx sin x 1 T 
1 ath I (= *)|. 
a: |= 2cos? x a aia a4 
14. J= dx sin x al dx a 
cos” x "Gi Teow ts n—-1 J cos”? 2 
15. / a dx >3 (2n-2)(2n-4)...(2n—2k+2) (2n-2k)x sin x—cos x 
cos?” a (Qn—N(2n—3)...(2n—2k+3) (2n—2k+ N(2n—2k) cosh 


2"(n-1)! 
erie (x tan x +In |cos a). 
n—-1)!! 


sin{(b—a)x] — sin[(b+ a)a] 
16. [os ax cos ba dx = ~26=a) Ds “Dear? a# xb. 
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2 (a—b) a2 ba 
——. arctan ——___——— if a2 > b?, 
rr / dx _jv az — b2 Vaz —b? 
: a+bcosxz — 1 nv —a? +(b—a) tan(x/2) € be > 
ee ee 1 
Vb? - zt Vb? — a? —(b-a) tan(x/2) 
18 / dx he bsinz a / dx 
. (at+bcosz)2 (b2-a2)\(a+bcosz) b-a2 J at+bcosx’ 
19 / dx 1 : atanx 
: $$ = ——_ arctan ——__.. 
a2+bcos?2 aq Va : b2 ‘ SI a 
=H arctan = mee if a2 >b? 
20 i: La ee | 
, a2 —b2 cost x 1 ae : 
—— _|n| ——————| if 0? >a?. 
2av b? — a? b2-—a?+atanz 
b 
21. fe cos ba dx = e°” ( ae sin bx + 5 cos be). 
ax 2 ex 2 : 2 
22: e cos’ «dx = 7 acos'x+2sinzxcosx+— }. 
a*+4 a 
ax n-l 1 
23. e*” cos” x dx = Eg cos x +n sin x) + ———— Moe) a eos”? x dav. 
a+n2 a2 +n? 
3.6-2. Integrals Involving sinx (n= 1, 2,...). 
1 
1. / sin(a + bx) dx = =F cos(a + bx). 
2. jf esine ae = sinx—xcosa. 
3. ey sin x dx = 2x sin x — (x7 —2) cosa. 
4. i, x sina dx = (327 —6) sinx —(x2* — 6x) cos. 
g2n-2k nl ln 2k-l 
s} i x” sine dx = (2n)! pe I api coset Xe De ory aT lass ar 
Int] os “ k+l aul k care 
6. le sin x dx = (2n+ ap - EO So sinc. 
7. ye sina dx =—x? cosa + px?! sin x — p(p— » fa sin x dx. 
8. [so xdx = 4a - + sin 22. 
9. fe sin’ x dx = ta? - 42 sin 2x7 — t cos 2”. 


3 


10. [oe xdx =-cosx+ + cos” x. 
n-l 
Lobe (-1)” sin[(2n — 2k)x] 
14: [se edz = = _ an Cin’ + eet » (1)"Ch, 
k m! 
where C7, = ————— re binomial coefficients (0! = 1). 


k!(m-—k)! 
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1 cos[(2n — 2k + 1)z] 
2n+1 ntk+1 
12, f sin?! nde = 5 Ye yt Ciel — og 
d 
13. / i = Inftan >). 
sin x 
d 
14. / <= —cotz. 
sin 
dx cos x 1 
15. = a I |. 
[= ie 2emee 2 
16. [= dx 7 cos x “= / dx bi 
sin? (n—l)sin™! x n—-1/ sin’ 2’ Gre 
a. ea Bie. Ua ce 2)(2n—4)...(2n—2k+2) sin x+(2n—2k)x cos x 
sim” x Gn NQn-3)...2n—2k+3) (2n—2k+ (2n—2k) sine” 
2”"(n-1)! 
Ze in I (ln|sin 2|-2 cote). 
(Qn—)! 
sin[(b—a)x]  sin[(b+ a)z] 
1 bz dx = —— —- ——— +b. 
8. [sinar sin bx dx 2G: a a x 
b+atanaz/2 
arctan —————— if a2 > b?, 
i a 7 TEE Va? —b? 
ae 7 1 6.0 Ve-a@t+atanz/2| ..1,_ 5 
—— . In| —__———__| _ if dD’ >a’. 
b? — a? "\6#4/ae 4-oune 2 
bcosx a dx 
20. ee eae ee 
a (a2 —Py\a+bsinz) @-e J at+bsina 
Bi /=== 7 1 ; Va? +02 tanx 
os sim xz aVa2 + b2 ee a ; 
1 Va? —b? tanx ee ee 
arctan ————————_ if a“ > b’, 
22. [=== SM ait i 
a? =P sin? x z sin? x 1 b?-a? tanz+a 
——— |n] ——————] if >a’. 
2av b? — a? b2 —a? tanx-—a 
73. = sin x dx gears kcosx 
V1+k2sin2 x vk V1+k2 
d jd 
24. i mee 7 In|kcosx + 1—k? sin? x |. 
V1 —k sin? x 
1+k k 
25. Js sing V1 + k2 sin? x dx deel ree TeV Ee = arti 
V14+k 
_ cos x - 1-k? ; 
26. sing V1 —k? sin? x dx = V1—k? sin? x - In|k cos x + 1 —k? sin? 2 |. 
Qs i‘ ” sin bx dx = fl = sin b : cos b ) 
ee, a? +b Oe Be “ye 
ax 2 2 
28. © sin adr = 7 (asin x —2sinxcosx+— =). 
a* +4 a 
ax n-l | 
29. fo sin” «dx = = sus (asin x — (jee SY sin”? x dx 
az +n? a2 +n? 
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3.6-3. Integrals Involving sin x and cos z. 


+b cos|(a—b 
1. J sinaxeosbz dx = acl eao) - eos|(a—B)a] a#x+b. 
a+b) 2(a—b) 
, / dx 1 é ( c F ) 
. —_______ = ——_ arctan( — tanaz ). 
b?cos?ax+c? sinzax abc b 
3 / dx 1 ctanax +b 
7 —— n| —————— |.. 
b2cos?ax—c? sin2ax 2abe | ctanar—b 
ntm-1 n2k-2m4l op 
4. — ———_—_— = 2s 
/ cos2” a —_ x eae nme St nie 
n+m n2k-2m 


dx x 
Bi a ae iene ee Et. Spee Se a 
cos2"t! y sin2™+! x mem nem = 2m’ aia 


3.6-4. Reduction Formulas. 


> The parameters p and q below can assume any values, except for those at which the denominators 
on the right-hand side vanish. 


+ pti q-l 
sin’ acos? a2 q-l F = 
$+ =— | sin’? xcos?? x de. 


= 


sin? x cos? x dx = 


sin?! x cost! x -1 
1. [sin cos" te <<< + — J sia? 200s" de. 
ptrd ptrd 
sin?! x cost! x -1 
2: / sin? x cos? x dx = are ae + Es 7 [soe xcost? x dx. 
prd prd 
sin?! x cost! x -1 
3. [sia cos" de = | i *g-—1—) 
pt+q tgs 
—1)\(q-1 
espa Get). sin? x cos? x dx. 
(p+ Q(pt+q-2) 
; sin?t! x cost! x +q+2 : 
4. i sin? x cos? x dx = ao an —— / sin?*? x cos? x dz. 
Pp Pp 
sin?*! x cost! « +q+2 
5. / sin? x cos? x dx = a + —- / sin? x cos’? x dz. 
qd q 
sin?! x cost! x -1 
6. if sin? x cos? x dx = ater kia + i sin? x cos?*? x dz. 
qd 


+ 
ptl ptl 


3.6-5. Integrals Involving tan x and cotz. 


1. [sncae =—In|cos 2]. 


2. [90° ede =tanx-2. 
ow’ adx = + tan? x +In|cos z|. 
be a 7 n (-1)*(tan gyn eke 7 
4. [im x dx = (—-1) SD eer ee ee ee (an eee are 


k=1 
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mnt _ ar te (-1)*(tan yen 2k 7 
5. om x = (-1) In |cos x| - D - Aye hao. n= 1, 2; See 
dx 1 ; 
6. —_——_ = —— (ar + bIn|acosz + bsina|). 


7 / anaes : arcos( 1 = cos ) b>a, b>0 
. ——_————. = — x}, a, : 
Vat btan? x b-a V b 


8. [cote de = Injsinct 
9. [ect xdxz =-cotx-«x. 
10. [cot ede =-5 cot? x —In|sin a]. 
ay (-1)*(cot yen 2kel 
11. C' adx =(-1)"2+ > ————__ = ee 
Joe ee make I > n > Zs 
2n+1 +. n : “ (-1)* (cot 2)???" = 
12: Je ot?"*! ¢ dx = (-1) Hal oecoeos n=1,2,... 
13 / a ( bin|a sin x + bcos |) 
; —__ = —— (ar- x z| ). 
a+bcotzr a?2+b? - 


3.7. Integrals Involving Inverse Trigonometric Functions 
1. jf srosin = der = x aresin = + Vea, 
2. J (axes =) ‘ dx = a =) - 2a +2Va2—22 aresin —. 
a a a 
3. fe arcsin = dx = 5020" —a’) aresin — —+— vad a2 — x2, 
xL - x 
4. i x’ arcsin = dx = = arcsin 7 + 5 +2a7)V a2 — x. 


x x 
5: [ sxccos — dx = xarccos — — Va? — 2?. 
a a 


an 


x \2 r\2 a 
J (at000s =) dx = x(arecos =) —22 —2V a? — x? arccos —. 
a a a 
x 1 Ce 
7. xarccos — dx = —(22x? — a”) arccos — — —V a2 — 2?. 
a 4 a 4 
3 
x Ah x 1 
8. x? arccos — dx = — arccos — — ~(2? + 2a”) V a2 — 2?. 
a 3 a 9 
x x a 
9. / arctan — dx = x arctan — — — In(a’ + 2). 
a a 2 
x 1 x ax 
10. x arctan — dx = —(x* +a”) arctan — — —. 
a 2 a 2 


3 2 3 
x x Lv ax a 

11. jee arctan — dx = — arctan — — —— + — In(a* + 2’). 
a 3 a 6 6 
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x Ye 
12. arccot — dx = x arccot — + — In(a? + 27). 
a a 2 
x 1 cL ax 
13. x arccot — dx = —(x” + a”) arccot — + —. 
a 2 a 2 
3 2 3 
x x axe a 
14. x arccot — dx = — arccot — + —— — — In(a* +2’). 
a 3 a 6 6 


© References for Supplement 3: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (2000), A. P. Prudnikov, 
Yu. A. Brychkov, and O. I. Marichev (1986, 1988), D. Zwillinger (2002), I. N. Bronshtein and K. A. Semendyayev (2004). 


Supplement 4 


Tables of Definite Integrals 


> Throughout Supplement 4 it is assumed that n is a positive integer, unless otherwise specified. 


4.1. Integrals Involving Power-Law Functions 


4.1-1. Integrals Over a Finite Interval. 


x” dx 2 (-1)* 
1. = (-1)”| In2 
| al GI) c pe : | 
2 | ds = 8 
"Jo 22 +2xcosB+1 2sinB’ 
(x* +a) de 7 sin(a(3) 
oe rare re ee 1 2n+ 1)r. 
3 i x2+2xcos3+1 — sin(za) sin 3’ lal< 1, G4 (Qn+1)7 
1= 
4. [eo de = OO. af Be 
0 2 sin(7a) 
5. [=-=S O0<a<l. 
o e(1-a2)'* — sin(ra) 
ad 
6. (=: -l<a<l. 
o (-2)* © sin(ma) 
= P@lr@ 
7. | a d-a)t! de = Biy,g = ——*,_ p,a>0. 
i , Tp+g) 4 
8. i, a1 — 29)? /? de = ——"—_., qg>p>o. 
0 qsin(mp/q) 
9. ib etry = ty P/4 dz = a q>p. 
0 ¢ sin(rp/q) 
1 
10. | at PA(y — tl? dy = ———__ — p>Il,q>0. 
0 q sin(7 /'p) 


1 .p-l _ p-P 
ll. [ FS a= reourp, Il <1. 
0 


1 .p-l _ pp 
D2. / SG een. 
0 l+az sin(7p) 
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P _ y-P 1 
13. ‘: cai ee =—-7cot(mp), |pl< 1. 
9 «-1 Pp 
P _ y-P 1 
14. [ —Y«--- 7 » Ipl<l. 
9 lta p  sin(p) 
l+p _ ~|-p 1 
15. } 2 *— de =F cot() --, pl <1. 
0 l-zx 2 2 Pp 
gl+P _ x !-p 1 T 
16. ae = SB Sen - 
| I¢+a ~ p 2sin(rp/2) ca 
d 2 
17. | ——— = —arctana. 
0 (1+a2z)(1-2) 
dx 1. Ita 
18. ——_—__——————— = — ]1n . 
0 JU-@ai-2) @ I-a 


dx 7 
on |S = l<a. 
4 (a-2)\V1-2 Va@-1 
a’ dx _ 2(2n)!! 
20. ir See ies, -12,... 
i Vl-x (Qn+1)!! a 
ed 2n—1)!! 
i {/— 4S ae tse 
0 l-2x (2n)!! 
” d, 1x3x...x(Qn-1 
22. | CF fo eee Ciel on te eee 
Oo. Vie? 2 DKA KON) 
23 f3- =. Sis 
Jo l-xv2 1x3x...xQn+41)’ Ds des 
A-l q 
24. [Sao eee se: 
9 (+ax)l-x) (1 +a)sin() 
gr !/2 dr 


oo | (l+azx)\(1-x) 


-$<A<1, a>0. 


4.1-2. Integrals Over an Infinite Interval. 


1 [ dx oo 
~ Jo at2+b- fab’ 


i dx _ my2 

do BSL 
co a-l ¢. 

3. i, a O0<a<l. 
0 r+ sin(7a) 


ES 2 <2. 
aeaee ner 


i gr! dz ma! ~ bv!) 
0 


4 a xa dx m(1—A) 
0 


Dd: = —————_, 0< <2. 


(xt+a)\(xt+b) (b—a)sin(rA)’ 


= 20D (A+ 5)P(1-A) cos” k 


a>-l. 


sin[(2\ — 1)k] 
(2A-1)sink’ 


k = arctan /a, 
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© ola +0) dx T a-c y,. b-¢ 
: ————_—_ = —— me ee A<1. 
; [ (c+aa+b) sin) ( =p hee 1, oSAe 
7 [ x dx mA(1 — A) 
0 


ee et 2: 
(c+1 2sin(7A)’ me 


00 M1 2 _ gd 
= / ee) A ee 
0 (a2 +a?)(a2? + b*) 2(a? - b?) sin(A\/2) 


CO Pl _ 7 G-l 
9. | = dx = x[cot(rp)—cot(7q)], p,q>0. 
A = 


co Al dp TCS _ A-DA- 2)...(A=n) 
10: Alana nel {js O<) 1, cn Q=DA-2...A=n) 
1 (1+ ax)! Cy @ sin(rA)” <A<nt La — 
oo a™ dr eer (2n —2m—3)!! qmntl/2 ; 
11. i (at baryt/2 — ne a,b>0, n,m=1,2,..., 
m<b-3s. 
12 [ de _ #Qn-3)" 1 Ee 
. ) (a2 + a2)” 2 (2n—2)!! quent > =1,2,. 
foe) (a + 1)! l-a> 
13. MOTE As, ee 
: i (a +a)>*! sa NG@= 1)" a>0 
co gon! dx Ps 
14. Me a HS ei 
i. goa] bsin(ra/b)’ O0<a 
loo) a: lide nab) 
ie (+1? Bsin[r(a—b)/b]’ 2b. 
I (co +1) & sin[r(a—b)/b] a< 


oo d-1/2 = 
16. | ae DS Are ae eo 
0 


(a +.a)*(a +b) TO) 
ee ee asin A Ta _ 
17. el gy = — Pe Le : ; 
[ 1-ao . bsinC sin(A +C)’ db? C ie at+c<b, c>0 


(+22) 
i es dx — r(2m-1)!!(2n-2m-3)!! 
0 


oo a-l q 
18. | ae Bla isb ota), teeb<4, 250 
0 


=  ,, ,b> 0, n>metl. 
(az? +b)" 2(2n—2)! a™br-™-1/ad 


oo g2mtl dx m!(n—m—2)! 
i: (ax? +b)” 2(n—-L)!a™ orm a nam 


gt! da 1 m m 
21. i Tee ae p>Od, O<u<pv. 
co * nant! 
22. ss dx =——-, n=2,3,... 
n2—1 
n 
23. = ——_.—_., — ie See 
ie wes a(n —1)? 
ntm+l 
24. Te aaa eae Ie we n,m=1,2,..., 
(n-m—-1)(n-m+1)...(n+m+1) 
0 


<m<n 
as a min 


) a ae eee 
2 ie (c+ Ve+a)” ~ (n—-m-D(n—-m+)...nt+m+ harm’ eae 
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4.2. Integrals Involving Exponential Functions 


1. 


© 


S 


—~ 


14. 


15. 


16. 


oy 


Co 


1 
ee" dr=—, a>O. 


a 
Te aan a my ayant 1 
[ate dt = a = Te qr? a>0O, n=1,2,... 
k=0 
| ae" dz = —_, a>0O, n=1,2,... 
0 a” 
oe) eat 
dx=,/—, a>O 
hae 
re T 
| gv le H® dy = se) Ly >0. 
0 pe 
dz _ In2 
9 ite a’ 
OO 7 2n-l 27 \ 2” Bon 
| fe (-1)""! (=) ay n=1,2,...; the B,, are Bernoulli numbers (see 
o  epr—] p 4n 
Supplement 11.1-3). 
co ,.2n-1 d 2 2n |B é 
| pe (1- gran) (=) [Bonk n=1,2,...; the B,, are Bernoulli numbers. 
o eb& +1 Pp 4n 
i eegs a >p>0 O>p> 
ee or é 
“oo LHe qsinrp/g’ 47? eee 
Of Ett 4 eae T 


Sar ee 


Cc 


8 


o—~ o_o 


8 


8 


Be ee 
8 


8 


8 


eee 
ba —ba Ta\ ?’ 
Ce 2beos(<") 


J —e-ta)« ie 


of EP? _ ed? 


b>a. 
2b 


T 
cot p,q>0. 


pt+q pt+q 


(1 — et)" ue dx = 5B(S.v+ 1). 


= Qqnrtl?’ 


1x3x...x(2n=1 
Psi Cae aes es ee 


p 


n! 


Ant gnti/2 » a>O, n=1l,2,... 


a a) 


| 
= a= exp(-2Vab), a,b>0. 
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4.3. Integrals Involving Hyperbolic Functions 


1 ie de Ff 
“Jy coshar — 2Ial’ 


vb? — a? ; 
3 arctan ————— if [b| > lal, 
; | dz 7 b2 — a2 at+b 
“Jy atbcosha 1 in ot ve — 
Vae-b? atb—-Va?4+b? 


if |b] <a]. 


co gen dx qT \2n+l 
3. : = (=) |Exn|, a@>O; the £,, are Euler numbers (see Supplement 11.1-4). 
9  coshax 2a 
oo 2n d 2n g2n _2 
4. | sa = sell aT the B,, are Bernoulli numbers (see Supplement 11.1-3). 
0 cosh? ax la|(2a)°” 
°° cosh 
i aes ta 
9 coshbxr 2b cos( =) 
2b 
ne cosh az: an a” 1 
6. pe dx = ——~—- ——_——_.,, ; 1 Dee ae 
ih * coshbs 2b dar cos(47a/b) pi 
( Ta ) ( mb ) 
oo cos{ — } cos{ — 
7 | cosh ax cosh ba Pel 2 2 0 Se Slalein 
9 coshcr) - cos(=*) + cos (=) 
é Cc 
°° axdx ‘a 
8. =—, > 0. 
[ sinhax 202’ “ 


Pe dx 1 atb+vVa?4+b? 
9. ————— = ——. |n ——, 2) 0. 
o a@t+bsinha Vq24R at+bd-Vae+? 
°° sinh ax T Ta 
10. dx == (=), b> Ial. 
¢ | sinhbe 2b "\ 2p ale 
it sinh ax a dn Ta 
ii. 2n Fea eae (=), oo es ee 
| vsinhba > 26 da "20 ? |ale oot 


love) 2n 2n 

T ; 

12. | a eae dx = =r els a>Q; the B,, are Bernoulli numbers. 
0 sinh ax at” 


4.4. Integrals Involving Logarithmic Functions 


1. fect ede = cima, a>0, n=1,2,... 
0 

Zi [=a po 
o ztl 12 


uly pol 
4. i SA gies [Ina-mcot(rp)], O<p<l. 
0 «ata sin(7 pu) 
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1 
i Ingl’dx=Tqi+1), p>-t. 


x In(1 + ax) dx = é 


fo aH sin(7p)” 


-l<p<0. 


gent 1 (1) 7 
7. In(l +2) dx = — S~ oy ee a a, 


0 2n oar k 
2n+1 
1 (-1)* 
2h 
In. +2) dz = In4 aie! 
fe n(l+2)dz = lines ~|. n=O, 1, 
k=1 
2In2 4(-1)” Sey 
n-1/2 1 1 dz= = -1,2 
s hen Me = SET ald 2. 2k+T)) MO 


10. [ m ee 3 =7(a—b), a,b>0. 


xe?! Ine mr cos(1r 
hae sd B/D) jenee 
0 “T4+a7— @ sin?(rp/q) 


12. | eM Ingde = (C+ Inj b>O0, C=0.5772... 


o 


4.5. Integrals Involving Trigonometric Functions 


4.5-1. Integrals Over a Finite Interval. 


1 [cost nde = EB OND n=1.2 
“Jo 2 2K4x---x(2n) ’ Vere 


n/2 2x4x---xK(2 
2. i peep g gs ut ey. 
P 1x3x---xQn+l) 


n/2 m-l b 7 _ 
3. | iota Oe 1 
0 ie (n-2k)(n-2k +2)... n—2k 
xQm-—2)! 
Done eee sing 
n2 (2m-—1)!! ie - mMa1,2,... 
pts oe 
(2n—2k—1)!! (2k—1)!! / atb\ * 
4. pe Qn-2k-DMN 2k) ‘i 
i — TREN = mena D> (n—k)!k! (=) , a>|d 


n/2 
son _ @71xX3%x-+:xQn-1) - 
5. | sin a EE ROY OREO Sa al Ge ee 


mie 2x4x--+x (2n) 
: 2nt+l _ 2 
6. sin CO Te EL WS De ss cecd 


Tw 2 
cls [asin vac = itech p> tl. 
0 ae Pet 9) 


15. 


4.5. INTEGRALS 


INVOLVING TRIGONOMETRIC FUNCTIONS 


sin x dx : 1 1+k 


ee Sp 
0 1-ksintx 2k 1-k 


nim! 
n,m=1,2,... 


n/2 
| sin?! x cost! x dx = +B(sp, 4q). 


Qn 


(asinx + bcos x)" dx = 2 
0 


A sin x dx -{3 


0 a2+1-—2acosx 


n/2 
| (tan x)*> dx = 
0 


“cos(at)dt _ « 


0 Va 2 
* tsin(at) dt 


Tv 
9 var eee 


ny! (a 


== —-ie =, 
2 cos(47A) 


(2n—1)!! 


if O<a<l, 


2/a if l<a. 


» |Al<l. 


—Jo(ax), Jo(z) is the Bessel function (see Supplement 11.6). 


J\(z) is the Bessel function. 


4.5-2. Integrals Over an Infinite Interval. 


~ cos ax [a 
dx =,/—, >0. 
0 Jr i 2a . 


1. 


iS 


an 


© 


b 
dx = In| — 
a 


> 


x 


i cos ax — cos bx 


Ee cos ax — SOS 0 CONTE ae Zing 
0 


ab #0. 


a), a,b=0. 


=) w' cosax dx = aT (1) cos(> TL), a>0, O<yu<l. 
0 


loc) 
cos ax =. ot ab 
0 +22 eo 2b : : 


Tr eas — a cos ae +sin( a b>0 
eat = aps MPL V2 os aaa 


> 0. 


 cosax -ab 
‘ rey dx = a — (1+ ab)e a,b>0. 


re cos ax dx 7 

9 (+22) 422) 

Te cos(az”) dx = i lee a 
) y) 2a’ 


ie cos(ax”) dz = PA /p) cos 


0 pal/P 


°° sin ax Me, 
dx = Dy sign a. 


m(be-*° —cee 


2bc(b? - c?) : 


a,b,c>0. 
> 0. 
T 
—, > 0, >1 
2p . P 


ie em oe ee 
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1D. | sin a aA 
0 

13 | a. ah 
0 x 2a 


0 
2 1 a 
15. | sin(ax*) dx = 5 aa a>O 
16. JP sin(ac)a 2c) fire a>0, p>l. 
0 pa'/P 2p 
a8 z if lal<1, 
(7. | de = 2% if jal =], 
: - 0 if 1<|al. 


19. e*” sin ba dx = aa a>0O. 
) a2 +b? 


20. i e** cos ba dx = —, a>0O. 


a 
ioe) b b2 
22. | cos(ax’) cos ba dx = 4/ _ cos( =) + sin( | , a,b>0. 
0 8a 4a 4a 
23 [os ax + sin ax) cos(b*) dx = » w ex a a,b>0 
> “VBE SS PMC DR t ne 


24 [ (cosa + sina ieee = x (=) a,b>0 
og Poa Oa ee 


4.6. Integrals Involving Bessel Functions 


4.6-1. Integrals Over an Infinite Interval. 


"S 1 
1. i J(ax)dx=—, a>O0O, Rev >-l. 
0 a 


oo 1 ; 
2. if cos(xu) Jo(tu) du = Vpuat = if x <t, 
0 
0) 


if «>t. 
°° 0 if r< t, 
a sin(au)Jo(tu) du = : = ife>t 
a 
1 
= pe if x <t, 
4. | cos(xu) J;(tu)du=& * t 
0 pa eS ee eh PE 
Va2—-?(2+V x2 -t7) 
© sin(t inh(bt 
5. | sna) du = sm Kab), b>0, 0<t<a, Ko(z) is the modified Bessel 
U 


function (see Supplement 11.7). 


4.6. INTEGRALS INVOLVING BESSEL FUNCTIONS 959 


oe) in(t 
6. i CSCW TGW 7 OOF aie pL, we Soe, Ie eahe modihed Beseal 
0 u2 + b2 2 
function. 
[o.e) + t 
fi | SY AGW) 4, 1,(qb), b>0, a<t<oo, 11(2) is the modified Bessel function. 
© wsin(tu) J 
8. | wane) du = sinh(bt)K (ab), b>0, 0<t<a, Ki(z) is the modified Bessel 
0) U 
function. 
°° SJ\(au) 1-e% 
9. ———- du = , a>O, Reb>0. 
0 Vur+b2 ab 
4.6-2. Other Integrals. 
1 
1. | uJo(xcu) du = uu) 
0 x 
* Ji(bx)dx 1-cos(ab) 
2, bal Ne acre pease 
ae ae Pe 
z ‘udo(vu)du _ sin(at) 
Jo VP w an 
4. “silo an smn) x>0, t>0. 
t Vw-# x 


© References for Supplement 4: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (2000), A. P. Prudnikov, 
Yu. A. Brychkov, and O. I. Marichev (1986, 1988), D. Zwillinger (2002), I. N. Bronshtein and K. A. Semendyayev (2004). 


Supplement 5 


Tables of Laplace Transforms 


5.1. General Formulas 


Original function, f(a) Laplace transform, f(p) = | e?* f(x) dx 
0 


afi(a) +bfA@) afi(p) + bf) 
fai, a>0 


0 if 0<x4<a, ahs Se 
(henw teen 
1 
1 me 
x p 


7 | sinh(ax) f(x) 
cosh(ax) f(x) 


sin(wx) f(x) 


— 


11 


2 | om'f(2), @>-t (t/p)"" Ja(2v/pt) Fb) at 


0 


14 | f(v+a)= f(x) (periodic function) ee | f(aje?* dx 
Fer 6 


f(w+a)=—-f(x) ie a f(xe?* dx 
0 


(antiperiodic function) 1+e-%P 
6 | fr() pf(p)- f+0) 
17 | f2@) pe" fe) — op fe P40) 


k=1 


ae 
ea 
a 
o 
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| onenateton oy ee ee | tnteranstom Fons [ems © f(a)ds 
[amen [eae 
Elfen im 

——— 


"iol [a(a -t)] f( dt gf () 


af(p) 
i sin{a(x —t)] f(t) dt p+ 


[ filt) folw —t) dt fi@) frp) 
a 1 1 oO 
Me 1 
Pim He x i 
— (2 t) dt ee 
eink ie us 


[aL cos( (2V'zt ) ) f@ dt 


> 
Tae OP( -z) f@ dt 


se = f@ dt 


f(z)- af V 22-2 (7) ) Jy(at) dt Jp? + a2 Vp +a?) 


faa f V 22-22 t?) ) Ii (at) dt 
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5.2. Expressions with Power-Law Functions 


a Original function, f(a) Laplace transform, f(p) = [ e?* f(x) dx 


if O0<2 <a, 
ifa<a«<b, 
if b<a. 


1 
pe 
gr 
ata 
a 
1- .(2n-1 
[ele snus | Paar 


= e* erfe(,/ap) 


/s- m/ae” erfc (./ap ) 
ic) ar 
i 


5.3. Expressions with Exponential Functions 


[No] Oval neti, 0) | Original function, f(a) Laplace transform, f(p) = a e?* f(x) dx 


a ay 


—— 


a nee nes 34 
a 
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oe Original function, f(a) Laplace transform, f(p) = inca it acl e?* f(x) dx 
x 
fat a oto 


| 8 | exp-a/a), 2/a/pK, (2,\/ap ) 


[5 [veers 050 [Wve aya oa 
fofspevsin oe [viene 
[serine [viene 


ae —! exp(—a/a), —_ 2\/ap) 
exp( (-2,Vaz ) p! —(ra)!/2 73/2 e*/? erfe(./a/p a Va/p) 


<a ex0(-2Va2) (1 /p)'/7e%/? erfe(\/a/p) 


5.4. Expressions with Hyperbolic Functions 


No] Ovainat neon fe | Original function, f(a) Laplace transform, f(p) = } Lantacr trast, f= fem sede | e?* f(x) dx 
Fe 
2 p 
nz +a 
a 


ae ) ar 


Va sinh(2V/az ) ml? /? (1p +a)e%” erf(/a/p 


Aaa (2V/az ) mp6 o/P erf(4/ a/p) 


a 2 i ae i 7 z 
poem 
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[xo | orinicion fo Original function, f(x) Laplace transform, f(p) = ie e?* f(x) dx 
i a oa eset —— 
4a2p 


ee p>’? (Ap+a)e/? 


5.5. Expressions with Logarithmic Functions 


<< Original function, f(a) Laplace transform, f(p) = [tanec trmaorm, fo= ff erste e?* f(x) dx 


i... . -.- | 

——(Inp+C), 

Pp 

C =0.5772... is the Euler constant 
Bc In(1 + az) el “ Ei(—p/a) 


n! 
ntl <a ( 
C=0. ae. . is the Euler constant 


1l+i+44---+4+-Inp-C), 


—In(4p)-C], 


243424454 


oats [ so 1 


by = 1-3-5...Qn— DE, C =0.5772... 
Ine, Twp’ [w [wv) —In P|, wv) is the logarithmic 
derivative of the gamma function 
_In@ta)tC 
Dp  pta 
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5.6. Expressions with Trigonometric Functions 


Original function, f(a) Laplace transform, f(p) = | e?* f(x) dx 
0 
1 | sin(ax) pte 
: a Tp 
|sin(ax)|, a>O pe coth( =) 
3 eee < a2"(2n)! 
SGD, es Ney p[p? + (2a)] [p? + (4a)’] ... [p? + 2na)?] 
2nt+1 ! 
mn = a tae Ee — = a 
sma ae); a us + a?| [p? + 32a] 2 Ss [p? +(2n + 1)?a?] 


ia 2k+1 ant 
x” sin(az), n= 1, 2, Gat a (= bs Casi (< ) 
Os2k<n 
1, 
— sin(ax) arctan( _ 
x @) 
1 
x 
1 
= sin (ax) aarctan(2a/p) — +p In( (1 +4a7p? 


sin(2,/az ) yi VTA ap 


— — sin( (2Vaz ) preva) preva) 


. r + 2a? 
pr! 
xz” cos(az), @any™ > (-1) ont (F ‘a 
0s2k<n+1 
1 
Pi [1 —cos(az)] : (lta *p”) 
al 
A 2 + bP 
re +a 


Va cos(2V/az ) m'/2975/2 (py — 2a)eo/? 


—= Ta (2Vaz ) /1/p ee! 


AF sin(ax) sin(bx) 2p 
[p? + “ + ee [p? +(a- b)?] 
-a+ ofp a? +h) 
oi cos(ax) sin(ba) fe Fi a Fi re ee fe aS Dy] 
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Original function, f(a) Laplace transform, f(p) = | e?* f(x) dx 
0 


p(p +a ee 
a Fee 
oo ee 
a 
afer | area 


; : 2a2p 
24 | sin sinh abut a 
| i ii 
2 2 
25 | sin(ax) cosh(az) a(p? + 2a*) 
pt +4a4 
2. 2 2 
26 | cos(ax) sinh(ax) alp a’) 
pt +4at 
p 
27 | cos cosh — 
(ax) (ax) Fae 


5.7. Expressions with Special Functions 


Original function, f(x) Laplace transform, f(p) = | e?* f(x) dx 
0 
1 ae 1 
1 | erf(ax) P exp(b°p’) erfe(bp), b= Be 
Ja 
2 | erf(/ax 
— _ 
* erf (Jax Vaz ) 
st Fw a) 
c) 


- + a 
erfc(/ax Jax Eee REPOS Va 
p,/p+ta 
* erfc(/ax Vax ) 
pt, pt+./ap 
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No] OFeimtimncton, fo) Original function, f(x) Laplace transform, f(p) = }Eevtacetranstorm, fid= fer fede | e?* f(x) dx 
as SS 
Pp 

r 1 
11 | Jo(ax) gene 
en 


ca 2 V*P(v4 Hal (vee) a 
5 eee 


aes (2\/az), a’? y —y-1 ee! 


ne 


cs a rere? a 
Slee 2 PT(vs Hat n(p a8) 


ae : e 


ah (2V/az ) (e%?= 
“Fst 
—— 
In(p + Vp? - a?) -Ina + \/p-a — —Ina 
Jp? - a 


@© References for Supplement 5: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and 
A. P. Prudnikov (1965), F. Oberhettinger and L. Badii (1973), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, 
Vol. 4). 


Supplement 6 


Tables of Inverse Laplace Transforms 


6.1. General Formulas 


1 C+i0O 
[No] Lanier, Fon) Laplace transform, f(p) Inverse transform, f(x) = ae } verse transform, f= 555 fl emf de | e?® f(p) dp 


= 
mE 
a 


f(p-a)+ f(pta) 2 f(x) cosh(ax) 
f(p-a)-fp+a 2 f(x) sinh(ax) 


if O<a<a 
f(@-a) ifa<z 


df («) 


os 

pa 

Q 

As} 

+ 

o 

=. 

— ale 

es & 

S 
i feel Ses 
alo 

8 

has oy 
SS 

aS 

a|e 
NS 


if f(+0) 
f(t) dt 

a f(t) dt 
(a -t) f(t) dt 


5p Ux ‘all f@ dt 


[sf 
or 
GF 
oF 
BE 
10 | > 

P 


s—~,| 2 l-|s— a ad 
=, a 8 — 88 
—- | oo . 
= 8 
« @ e 
o 
Il 
oO 


0 


fo) ie seat) 
2a I iil i 
fo (p) [ete = -b(x-t) 
bs (p+aprd) ere] FL) dt 


ae i i e%™ sin [b(a — 1)] f(t) dt 


fie) fo) | ” f(t) fole—t) dt 
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a —— oa 
18 —i(- = fecal d 
ele) | fe 
19 | a [air Jo, (2V at) f( dt 
- 
20 | a. ii Jo(2Vat) f(t) dt 
— fp ~ Jo(2V xt — t?) fd) dt 
| 

d 

ne [ ae = Be t 


fa ay =e z= = qeg|ron 


Vp +a?) 
IVP +@) [v0 aV x2 — Vi? -1) f@dt 
ae Jp +a i 


[» (av x? - 1?) f(t) dt 


e** f(x) + be oe f (va? -t?) (bt) dt 


2f(x) ~ 
2 f(x) sin(ax) 


on a - fo) 
ie 
C0)" f(a) 
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1 C+i0O 
Laplace transform, f(p) Inverse transform, f(x) = aa j lnvereansfom, fa)= 53 ff od e?® F(p) dp 


pO kg ei wa a yrs [2 F(x)] 


sS 
~— 
Q 
Q 
Ss 
Ye 
he 
~— 


re), 
t 


Q 
~s 


Sle[sle 


a oe: 


1 c+t0o 2 
Inverse transform, f(x) = —- | eP* f(p) dp 


271 


—100 


(1 -—ax)e*” 


1 
— 7 nh(az) 


cosh(ax) 
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1 C+i0o S 
Laplace transform, f(p) Inverse transform, f(x) = a | e?* f(p) dp 
Tt Jog 


For 


(p+ nee b) 


(c— bye + (a—c)e* + (b- ale 
(p+a)(p+ b)\(p +c) (a—b)(b—c)(c—a) 
a(b— c)e** + b(c—a)e” + cla — be 
(p+a)(pt b)\(pt+ec) ~ @-b(b-(e-)———™ 
a2(c— b)e** + P(a-c)e* + 2(b- ale 
(p+a)(pt b)\(pt+o) (a—6)(b—c)(c-a) 
1 


x —bx —ba 
CERN CRIS -e°" +(a—b)re | 


(p+ ay(p +b)? 


ii 
p 
= 
Pp 
1 1 
1 
Pp 
2: 
ee 
1 
zs _ 
Pp 
2 
24 coe! ae eee 
ae a)(p +b)? 
. : 
2 


(1 —2axr+ 302") e* 


P 
pre 


ass + zi ral [1 - cos(ax)] 


{1 _ eb [eos(asx) ras ” sinaa)] \ 
a 


Eee mera 


1 ax a. 
(p + a)(p? + b*) PRED) le a sin(ba) — cos(bir) 
— 
31 | @+ ala +?) —— |-ae™” + acos(bx) + b sin(bz)| 


e¢* _ ab sin(bx) +b” cos(bz)] 


N 
o \o 
3 
bis ioe 
TS) 


(p+ Ie (p+ a\(p? + b?) 
— az)? [cos(ka) — V3 sin(kx)], 


3 
ro) 

ae 

=) 
ww 


iE eye [cos(kx) + V3 sin(kx)| P 
a 
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ctioo 
| Laplace transform, f(p) Inverse transform, f(x) = sf. e?® F(p) dp 


e? cos(cx) + keo® 
(pt al[(p+ bP +2] a +b) +07] (a—b+e 
—bax 


sin(cx) 
> 


—ae + ae* cos(cx) + ke” 


po ie Fe (a—b)? +e 
(p+a)[ptbyP +e] b+ —ab 
Ge 
we +(b2 +¢?—-2ab)e* cos(cx) + ke~* sin(cx) 
p Gabe? 


b+ 2 73 
(p+a)[(p+ ) + c7] eee ae ab* —b 


sin(cx) 


1 
For oe+d aoa ee Gy 


oni ae Guage 
lee 
oe 
‘teh reall 
-a 
h — sinh 
Taga Comhésng sinh cos), 
: sin( a mG oe ) 
am oa PLO) Va 
1 
prt a aV/2 


+f3|- 
+ 
8 
— 
| 


+ 
=) 

— 

- 


Ss 


\o 
SB 


Nn 
oO 
ie 


ae 


Nn 
N 
ie 


Nn 
Ww 


RIES. 
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e 1 C+100 . 
Laplace transform, f(p) Inverse transform, f(x) = —— / e?” f(p) dp 


27 J e-ico 


1 
(p2 + a2) 


1 
2a3 
Pp 1 
p as 
(p2 + a2) a [sin(ax) + ax cos(az)] 


p 


Gray 


1 1 
[(p +b)24 a?] 2 sao [sin(azx) —ax cos(az’)] 
i te pais 1. 
(P= AP =P) ae [sz sinhlan) — 5 sinha] 


Pp cosh(ax) — cosh(bx) 


(p? — a?)(p? — b*) a2 —b2 

py asinh(ax) — b sinh(bx) 
(p? — a?)(p? — b*) a2 — b2 

p a’ cosh(ax) — b? cosh(bx) 


(p? — a \(p? — b°) a2 —? 
1 


1 1, 1. 
(p? + @2)(p2 +b) poe [- sin(az) — Ge sin(bz) 


p cos(ax) — cos(bx) 


(p? + a2)(p? + b?) Bae 
p —a sin(ax) + b sin(bx) 


Prey a = a 
p —a’ cos(ax) + b? cos(bx) 


(p? +. a?)(p* + 0”) b? — a? 


[sin(ax) —axr cos(ax)] 


cos(ax) — fax sin(ax) 


n-l 


1 
(n-1)! 
1 


n-l erat 


(n—-l! 


x 
am x 
—n ax z gt 
a [1-e en(ax)], Cd a oc ae | 


es S- exp(ap2) [ak cos(byx) — by sin(b,x)| . 
k=l 


. m(2k —-1) 
ak = acos yz, by = asin yr, YE = ——— 
2n 

firs 3 lo 
a2 sinh(ax) + a2 » exp(ax2) 
x [ax cos(by.x) — by sin(b,.2)| ; 


: m(k—1) 
ap =acos yz, by = asin yr, Y= 
n 
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Laplace transform, f(p) 


1 


penal + qantl’ Oy Apogee 


1 


pent = q2ntl z ee 0, I, Fe 


Qe) 
P(p)’ 
P(p) = (p—ay)...(p- an); 
Q(p) is a polynomial of degree 
S<n-1; a, #a;if i497 
Qe) 
P(p)’ 
P(p) = (p—a)™!...(p-Gn)"™"; 
Q(p) is a polynomial of degree 
<M, +mM+-+-+My-1; 
ay F aj if 2 #j 
Q(@)+ PRO) 

Pip). ~ © 
P(p) = (p" +a)... @" +.4;,); 
Q(p) and R(p) are polynomials 


of degree $< 2n-2; ay #aj;, l#9 


1 c+t0o 
Inverse transform, f(x) = an / eP* f(p) dp 
TM JS e-ico 


be n 
Crus 2 


Gna De ~ Bae paeet 2H) 


x [ax cos(byx) — by sin(b;,x)| : 
: m(2k—1) 
ak = ACOS Yr, by =asin Yr, Pr= es a i 
as + a (Ap2x) 
Qn+ Da * Qn+ Nam A ae 
x [ax cos(byx) — by sin(b,.2)| ; 
20k 


ap =acos yz, by = asin yr, YR = Tae 


P'(ax) 
(the prime stand for the differentiation) 


S- Q(ax) exp(ax) 
k=1 


n Mrz 


yy ®zi (ax) ” 
(mp —D!(—1)! 
d | QQ) 

dp Es 


nl exp(a;.2) . 


P(r) 


(p— ax)™* 


| Px(p) = 


3 Q(ia,) sin(aypx) + ap R(iax) cos(azx) 
apPp (tag) 


’ 


k=1 


P 
jon 


pr +ar,” 


C+i0o 


1 
Inverse transform, f(x) = — i 
2771 


Lac-**/?[ (Laz) + Jo(4a2)) 


e€ 
VTL 


+ (a—b)'/e erf [(a — b)!/7a'/?] 


976 


ee 
: 
: 


TABLES OF INVERSE LAPLACE TRANSFORMS 


1 C+100 
Laplace transform, f(p) Inverse transform, f(x) = — | imeretmacntom, Fed= ae | em Hende e?® f(p) dp 


a 


S| 


~— 
2 
=|_)2|- 


Sot s _ erf [(b—a)!/2¢!/?] 


1 ax 
a erf(/az ) 


q3/2 eat -1/2,,1/2 


BED: a erf( (Jaz ) - 2a 
a a = “© erfc(aV/Z ) 
* erfc(ay/z ) 


* erfc(a/z ) 


3 
+ 
=) 

“la 


<ata2)'" + (1-2aax)e** [erf (az ) — 1] 


1 2 
cae “+ (20-2) et enfe( Vaz) - = 
re Qn '/2g1/?2 _2arer® erfc(ay/z ) 


2 2 = 2 ax 
(pee van ** x +1) f/x -ax(2a7x + 3)e erfc(ay/Z ) 


Pia 1/2 


wt 1-3...Qn-DJm 


Z 
s 

iS) 
= 

Il 
in 
N 


n-1/2 ax 


= 1-3...Qn-DVa~ 


a Ss 
~ os 
Q 8 
& Sy 


i?) 
tal 


Ve costar) 
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C+io0o 
[xo | tala nin, Fy Laplace transform, f(p) Inverse transform, f(x) = | Tver tanstorm, f)= 3. f | Fondo | eP® f(p) dp 


EN 
1 


—n-1/2 Gar intaay (ax) 

(p° +a’) 134552.,00—1) 
al 1/2 —_ (@/a)"In(ax) _ 

153-5 ...02n=1) 


6.4. Expressions with Arbitrary Powers 


e 1 ctioo 2 
Laplace transform, f(p) Inverse transform, f(x) = or / eP* f(p) dp 
Me JS c-ico 
Pea, oat ———_ ieee 


(ptay”, v>O 


(a a x! exp [-4(a + b)x] i [4a = bya] 


VE (EY exp (tbe) ya 25e2) 


ps — a 
(2ay"Tw + 4) 


corer 
(2a)"T(v + 5) 


mote QayT(v +4)” ¥ Jy (ax) 


ote —__—~ 2" 1, (az) 


ste y+) 


[@ +07)'? +p] = 
qe] [(p" aa ale 


21/2 
were: + 
) pl va’ aI, (ax) 


a! Jy4(ax) -v(v + la’ x? J, (ax) 


vale! I,\(ax) -vv + la’ x7 1, (az) 
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6.5. Expressions with Exponential Functions 
Inverse transform, f(x) = ae / eP* f(p) dp 
271 c-i00 
0 if O<2<a, 
3 p'(e?-e"?), O<sa<b {1 ifa<2<b, 
0 if b<a. 
0 if 0<x<a, 
4 p’(e?-e"), O<sa<b {2-0 ifa<a«<b, 
b-a_ if b<a. 
ee > 
? e — 
0 


if 0<z<a 
if a<z. 
if 0<2<a, 


v-l 
{ fa ifa<z. 


a>0O —b(a-a) 


f@e=n if na<a<(n+la; n=0,1,2,... 


[fn (Vaz) 


cosh(2,/az ) 


1 
JTL 


Ta sinh(2V/az ) 


/= cosh(2,/az ) — a sinh(2\/az ) 


Fes 
fs neve 

‘clan 

‘cin 

a pg Oe) 


pve? y>-l (x/a)’? J, (2\/az ) 


te 
va a 


Wire (a—6a)a-7/? exp (-z) 
Ja 
Md 
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1 C+ioCo . 
Laplace transform, f(p) Inverse transform, f(x) = ae / e?” f(p) dp 
Me J c-ico 
ements 


ama 


exp(- Vp? +a?) if O<a<k, 


~ yee — RB) if k<a. 


tw 
K 


Nn 


0 if 0<a2<k, 
Ip(av'x? — k?) if k<x. 


6.6. Expressions with Hyperbolic Functions 


Me SJ c-~ico 
a See =2n if aQn-1)<x2<aQn+1); 
a n=0, 1, 2,... (7 >0) 
f(x) =2n(a@-an) if aQn-1)<2<aQ2n+1); 
p oy n=0, 1, 2,... (@>0) 
sinh(a/p) 1 
7, ae [cosh(2\/az ) —cos(2V/az )| 
— We ist (24/aze ) ain (iar) 


p’|sinh(a/p), v>-2 3(x/a)’? (I, (2faz ) — J, (2Vaz )] 
1 if a(44n—-1)<ax<a(4n+]1), 


Save 0 7 ; 
pcosh(ap) ae if oe i <x <a(4n+3), 


1 £50 ee eee if 2n-1l<a/a<2n+1; 
p cosh(ap)’ n=0,1,2,... (x >0) 


cosh(a/p) 1 
a5 IRE [cosh(2,\/az ) + cos(2V/az ) | 


cosh(a/p) 1 . ; 


ie CNR] 


f(z) =(-l)"! if 2a(n-1) < a <2an; 


tanh(ap), ee 


980 TABLES OF INVERSE LAPLACE TRANSFORMS 


1 C+i00 7 
xo] tapers, Fo | Laplace transform, f(p) Inverse transform, f(x) = a / eP® F(p) dp 
Me J c-ico 


fiz] Feotwap, a0 re i Ce -1) if 2a(n-1) <2 <2an; 
1 
x 


6.7. Expressions with Logarithmic Functions 


a 1 ctioo “a 
Laplace transform, f(p) Inverse transform, f(x) = ae / eP* f(p) dp 
Me J c-ico 
1 —Inx—-C, 
1 | —Inp 
p C =0.5772... is the Euler constant 


he 
3 | pein a 
C =0.5772... is the Euler constant 
kin [2+ 242 4-0-4 52, -In(4z)-C]la™'”, 
3 |p?! inp an 
kn = ——>— =: C= 0.5772... 
1-3-5...(2n-1)/7 
1 
4: Gin SO r ye [v(v)-Ina], ~(v) is the logarithmic 
> Vy 
derivative of the gamma function 
1 
1 
p 0 


1 b 
Es _Inp_ 
1 
pta 
1 o 


pr+b 


n 
pta 


pier) 
eae +0 
pee 
ne pt+ae A 


in Oto tk 
a 


1 a 
VP +e) : 
pin( : Jp+a +a z [cos(az) - 1] + . sin(az) 
1 1 
D n(- Vp? - ~ => [cosh(ax) — 1] — = sinh(az) 
x x 


= cos(kx)(e°” — eo) 
x 
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6.8. Expressions with Trigonometric Functions 


1 c+t0o 2 
[xo | Laas, fy | Laplace transform, f(p) Inverse transform, f(x) = Oi if eP* f(p) dp 
TM J e-ico 


ae a = sinh(V2az ) sin(V2az ) 


oD : i 
7 Tia cosh(V2az ) sin(V2az ) 
ae +3 cosh(V2az ) cos(v2az’) 


1 
= sinh( V2az ) ) cos( V2az ) 
Vira 
ie ) sin( : 
p(- Ga lo) 
1 
— exp(-,/a cos( a — — 
ne cuit a arcana ee Fc Vie 12 
a 1 
7 | arctan — — sin(ax) 
Pp x 
1 a F 
— arctan — Si(ax) 
Pp Pp 
a 1 
parctan ra a =z [ax cos(ax) — sin(az’)] 
2ap 2 
10 | arctan =—; — sin(ax) cos(aV a? + b? ) 
pe +b x 


6.9. Expressions with Special Functions 


1 C+t00 7 
aa Laplace transform, f(p) Inverse transform, f(x) = a | e?” fp) dp 
TM JS e-ico 
1 2 


exp(ap’) erfc(pva) 


Ta 4a 
L 
— ~ xp ap) erfe(py/a ) et(s75) 


0 if 0<2<a, 
erfc(./ap DP), ao sah. 
TE/t—4 


— ae erfc(./ap 


erf(/a/p 
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[xo | Laas tanto, fi | Inverse transform, f(x) = mil. a ePt GD) dp 
L*|spenernensem) | eee) 
Hee eee) 
p “ya, bp), a,b>0 
if b<a. 


fe [wai . Ty, a 


if a $= 
apy? af aa: 
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Supplement 7 


Tables of Fourier Cosine Transforms 


7.1. General Formulas 


No | Orisinalfunetion, for) Cosine transform, fe(u) = }_ Cosine transform, Jw) = ff fa)eostury de _| f(x) cos(ux) dx 
Pi fai@+A@ fa AE Fae(u) 


a 


a” f(x), (-1 yp F(a} 


du 2n 


2n+1 


a Fae), nes 1, 14: Cyr Shaw, faw= | f(x) sin(wu) dx 
0 
lrysutb u—b 
Haren; GOL = (=) 


7.2. Expressions with Power-Law Functions 


ae Original function, f(a) Cosine transform, fu) = = }_ Cosine transform, Jutw)= ff fa)eosury de _| f(x) cos(ux) dx 
if O0<a<a, i — sin (Gi) 
ifa<2 iis 


if 0O<2<l, 
2- x ifl<a2<2, “cos sin? 4 
ae | 2<2 


- sina sau) —costauycicau) | si(au) — cos(au) Ci(au) 


po ao 


(the integral is understood 
Pa a 2 sense of Cauchy principal value) 
Sie ae 
a2 — x?’ 
Ei Tbe" PIE 
VEE! +2 


tna” exp(——z ) sin 
— qe a0 = za) a 


983 
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[ee ee ee) function, f(x) Cosine transform, fe(u) = ') f(x) cos(ux) dx 


Pee Tr ae eu — bet 
(a? + a2)(b? + a) ae a)" 2 ab(a2—b)~ 


gem 


o” 
(- jyrtm ——(al/Vme ae) 


2 n+l’ 
(x* +a) In! Oa” 


n,m=1,2,...; n+l1l>m20 


if O0<x<a, 


ifa<az 
if O0<x<a, 


ifa<az 


if 0<2<a, 


ifa<az 


- Joan) 


sin(4av)T( -v)u"! 


ot: i ala 
at+(a? +u?)!/2 71/2 
z(t a +u2 
ge” et, ko 
0<2k<n+1 


o” 1 


knt Aina > 
gh l/2 ae n=1,2,... “Gan rJ/r-a 
where r= Va?4+u?, kp =(-1)" 7/2 


a 


7.5. EXPRESSIONS WITH LOGARITHMIC FUNCTIONS 985 


Original function, f(a) Cosine transform, feu) = | f(x) cos(ux) dx 
x 


1 


uw 2a2 sinh? (xa7!u) 


7.4. Expressions with Hyperbolic Functions 


No] Orsinalfunton, for) | Original function, f(a) Cosine transform, fe(u) = 7 } Cosine wanstorm, A(u)= ff fledeos(ua)de | f(x) cos(ux) dx 
| aao 9 |e 
2 oa! a>0O ee 
ae] ah) 


cosh(aa) 5 [salam ') cosh($7b"! 3] 
lal <b — a 
‘cosh(bz) ’ cos(zab- ') + cosh (7b- | u) 


m sinh(a! ea 
en cosh(azx) + cos b asinb a (ma- rm) 


»( 
exp( ax ) cosh(bz), 


sinh(ax) ee us —— ‘ 
sinh(bz) ’ s(mab- f )+ cosh( tou 


(4 


7.5. Expressions with Logarithmic Functions 


[No] Ovisnat function fe) | Original function, f(a) Cosine transform, fu) = = } Cosine transform, fu) = ff fledeos(ua) de | f(x) cos(ux) dx 


rg if 0<av<l, 
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Original function, f(x) Cosine transform, fe(u) = ‘i a f(x) cos(ux) dx 
I T T 
) a —\/ 57 [Indu +C + >], 
C =0.5772... is the Euler constant 
(ia TY 
petro fet 
atx 


In(1 er 


ppes [se 
-02 In a + ta In(u? + a”) + warctan(u/a) 
— +a? 


rer) 
In (1-e°*), a> ar (ra7'u) 
u u 


ma 


, ar>O 


7 e tay’ —lutal” ree a) 
| sin(ax), a>O0, |f<1 4™(1-v) cos ( 


x sin(ax) aa ime #bcosh(bu) if u<a, 
“page One -tre" sinh(ab) if u>a 


sin(ax) mb? [1 - e “° cosh(bu)] if u<a, 
a(x. +b)’ Tb- | —>u sinh(ab) if u>a 


b atu —* 
*" sin(az), a,b>0 5) larwet (a— au 
2 
a , 0 = a ae 
eee ae 
1 L 5 : 
7 | —sin’(axr), a>O ‘ae u) if u < 2a, 
x? 0 if u>2a 
1 T 
x 46 o) 


1 
a,b>0 4 
2 
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oO sean _tH function, f(x) Cosine transform, fe(u) 7 a f(x) cos(ux) dx 


a cee 


5 


Virk Au . Bw 
(A?+B?)1/4 “1 ee) sin(- A?+B?/)’ 
Az=4a, B= 4b, p= 4 arctan(b/a) 


1- a if u<a, 
if u>a 


x’ cos(ax), a>0,0<v<1 )lu-al” +(utay” 


cos(azx) eo tbe ee if u<a, 
pipe ee Use = cosh(ab)” if usa 


x), a,b>0 


stove EH 


1 2 2 
exp( (-bx”) ) cos(ax), 5\ | — ue ee cosh (<*) 


Vist u Bu 
exp(-az’) cos(bz"), a>0O (A24+B?)1/4 os ee cos(o- A2+ B? ), 


Az=4a, B=4b, p= 4 arctan(b/a) 


7.7. Expressions with Special Functions 


[No] Orginal anction, 02) Original function, f(a) Cosine transform, fe(u) = = } Cosine transform, A(u)= ff fle)eos(ua)de | f(x) cos(ux) dx 
ee 


if 0<u<a, 
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LS eee function, f(x) 


J(az), a>O,v>-l 


=) (az), a>0,v>0 


xu’ Jax), a>QO0, v>-5 


ave, (ax), 
a>0O, -l<v<-3 


Jo (aV x? +b?) 


Yo(ax), a>O 


x’Y (ax), a>O, |< 4 


a,b>0 


Fa Ko(avz? +07), 


@© References for Supplement 7: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and 


A. P. Prudnikov (1965), F. Oberhettinger (1980). 


(2a) (v + +) 
0 


Cosine transform, fu) = = i f(x) cos(ux) dx 


1 
a? — u2 
0 


if O<u<a, 
ifa<u 


cos [v arcsin(u/a)| 


‘Gl ge— aye 
a” sin(rv /2) 


if O<u<a, 


-———_—— ifa<u, 


E(u + §)” 


where €=Vu?—-a? 


vy! cos[v arcsin(u/a)| if 0O<u<a, 
a’ cos(rv /2) 


v(u+t u2—a?)” 


Jr (a? = u’) v-1/2 


ifa<u 


if O<u<a, 


ifa<u 
if O<u<a, 


QML rau 


ifa<u 
me 1) (y2— g2)"3? 


if O<u<a, 


ifa<u 


if 0<u<a, 


ifa<u 
1 v+1/2 
eee) 


————= exp(-bV'u? + a?) 


Supplement 8 


Tables of Fourier Sine Transforms 


8.1. General Formulas 


No] Original function, for) | Sine transform, fi(u) 7 | Sinetransform, A(w)= f, f(e)sin(uayde | 7 f(x) sin(ux) dx 
Pifat@+A@ | 7G + bfrs(u) 


a 


< “Ayo i) 


2n+1 


0 


f(az)cos(bz), a,b>0 


8.2. Expressions with Power-Law Functions 


No] Original function, for) | Original function, f(a) Sine transform, fi(u) = = } Sine transform, fw) =f f(o)singur) de | f(x) sin(ux) dx 
if O0<ax<a, 
eg — ee 


if 0<2<l, 
if l<xz<2, “sin sin? 
if 2<az 


a 
2 


atx’ 
ce Te 
lise [se 
x+b (bu) 
a +(x +b) (x +b) ~~ @+(x—b) — b)? FEOOY 


989 


990 TABLES OF FOURIER SINE TRANSFORMS 


Original function, [eee | (x) Sine transform, fx(u) = 7 ae f(x) sin(ux) dx 


Tue (2n-—k-4)! k 
et ; Pan EREBELSY (5 ry 
22n-2(n — 1)! a2n-3 5 ki(n Seay 2 


g2metl 


aaa (i 
;O<msn 2nl dan 


T 


x(ar +2°) mee 
Var + 22 - 


~ (paae 


C2kt1 ( 


n+l 


Vaz +u2-a)!/? 
Var +u2 


Sr eae 


n [wt Oo (Va2+w-a)'” 
PRO RSI WE ee | See 
2 Oa” Vae+ue 


Twa +2"? sin(v arctan “) 
a 


U u2 +b? U Uw 
<In( ) + barctan(—) ~ aaretan(—) 
2 uz +a? b a 
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bo An Original function, f(a) Sine transform, fu) = = ) ae Renato AGS) nay | f(x) sin(ux) dx 
mu) 
— th( 

a 


8.4. Expressions with Hyperbolic Functions 


Co ae Original function, f(a) Sine transform, fi(u) = = | Sinetransform, A )= ff /C@)sinua)de f(x) sin(ux) dx 
— = tanh ( tna 'u) 
soo 


T ? sinh( 47a 'u) 
a> 


ae 4a? at <7 lu) 


2au 
= 


arctan a a ‘u) 
slam Oo | 


1 , 
a sinh(ax), 06> |al 4 arctan( 


ae 
a sinh (ma u) 
ce 


cosh(ax) sinh( mb! u) 
ee lated elena ats Eee 
sinh(bz) ’ 5 cos s(mab- " + cosh (7 b- lu) 


sinh(a2) 7 sin($7ab"! ) sinh(+ mb! u) 
——.,,_|al<b — A 
cosh(bz) b cos(zab-) + cosh (bu) 


992 TABLES OF FOURIER SINE TRANSFORMS 


8.5. Expressions with Logarithmic Functions 


eres 5] function, f(x) Sine transform, f(u) = f(x) sin(ux) dx 


1a if 0<a¢<1l, [Ci(u) -Inu-C], 
if l<a C =0.5772... is the Euler constant 


“2 x a 
if [inca +C-— 
7! 

t 


aot i mu’ | [w(v) + $ co eee eee ) -Inu] 
al 2P —v) cos (22) 
a 


mera 


ne Gare a,b>0 7  sin(bu) 


“02 In, a aarctan(u/a)— zuln(ue + a°)—- eS u su In(u? + a?) — eCu 


ea a 


8.6. Expressions with Trigonometric Functions 


a Original function, f(x) Sine transform, fi(u) | | Sine tansform, Ju)= f) fla)singus)ds | f(x) sin(ux) dx 
_ |“ ‘i-.iea °° ~~ OO~*~S=*é<‘“‘_OS™S*' | 
fe a 


a, [Fr if O0<u<a, 
ce tra if u>a 


7 era let at al’ Sen ve 


| sin(ax), a>0,-2<v<l "40 —) sin(anv) 


= iG ees ! ee if O<u<a, 
pe ee ae 'e- sinh(ab) if u>a 


sin(72) Pe if O<u<rq, 
1-2? Vo ifu>7 


x le sin(br), a>O0 Zin 
1 ., 
—sin‘(axr), a>O 
x 
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oO Original function, f(a) Sine transform, fi(u) = f f(x) sin(ux) dx 
0 
Letom ooo | Hiimeratterznninas 
-Su Inu 


exp( -ax* ) sin(bx), 


if 0<u<a-b, 
if a—b<u<atb, 
if atb<u 


; 
we 1 (ova) 


le [sin( (2Vau) ) —cos( (2V/au ) ) + exp( (-2Vau )] 


_ 
_ 


1 
— sin(ax) sin(bz), a=>b>0 
x 


n 
Z, 
i=] 
a 
al|s 
Nena 
a 
Vv 
oO 


2 
=) 
ee 
ale 
aed 
Q 
Vv 
(=) 


if O0<u<a, 


cote i rae 
° 


40 ifa<u 


mu+a)” —sign(u—a)|u—al” 
cos(ax), a>O0, |v|<1 40(1-v) APC =v)cos(inv) v) 


x cos(ax) -zrew sinh(bu) if w<a, 
9 a, b > 0 1 —bu r 
gt 5me~" cosh(ab) if u>a 


1- aoe 


008 (az ) cos(b/z ), a,b >0 


8.7. Expressions with Special Functions 


i al Original function, f(a) Sine transform, fi(u) 7 | f(x) sin(ux) dx 


ses oe 
if O0<u<a, 
{ope - eee 
2 
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if 0<u<a, 


ifa<u 


sin| vy arcsin(u/a 
sin[v arcsin(u/a)} if 0O<u<a, 
pea 


a’ cos(rv/2) 
E(u + €)” 


where €=Vu 


if a<u, 


2_@2 


arcsin(u/a) if O<u<a, 
n/2 ifa<u 

v'sin{varcsin(u/a)] if O0<u<a, 
Vg 2) 
a” sin(rv/2) : ete in 
v(u+ wu? —a?) 
if O0<u<a, 

zt’ J,(ax), a>0,-l<v<4 vray ifa<u 


PG) e-ay? 


: 2u 
ssin( Ju+beta+ vera) 


eae if O<u<a, 
0 ifa<u 

0 if O<u<a, 

4 me" Ip(ab) ifa<u 


—-1)” sinh(bu) Kon+1/2(ab) if O<u<a, 
ifa<u 


VEIrn41/2(ax) 
rn 
a,b>0, n=0,1,2,... 


x +h? ” 
a,b>0, -l<v<4 


( 
0 
bY! sinh(bu)K (ab) if O<u<a, 
0) ifa<u 


{ 
x” J, (ax) { 


l-v 
av Jaz) {4 if O< a <A, 
1 


i smb Ve?" I,(ab) ifa<u 
a, > 
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Original function, f(a) Sine transform, fi(u) = if f(x) sin(ux) dx 


aa) if 0<u<a 


if O<u<a, 
ifa<u 


In (ut u2+a?)—Ina 


eae 


aK (az), a>0,v>-3 aa D(v + 3) uw? + a2y"9? 
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Supplement 9 


Tables of Mellin Transforms 


9.1. General Formulas 


—— afi(a) + bfrle) lateahe. oo = || 
a 


z 
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TABLES OF MELLIN TRANSFORMS 


9.2. Expressions with Power-Law Functions 


No Original function, fe) | Original function, f(x) 


if 0<2<l, 
2 x ifl<ax<2, 


if 2<az 


Mellin transform, fs) = i f(a)! dz 


2(2°- 1) 
s(s + 1) 
21n2 


if s#0, 


if s=0 


Res >-l 


Piee Ta tee 
r+a — 

b 
. ot aed 


T+a 


(2+ b\(x@+c)’ 


b,c>0 


a>0O, <7 
a2 +2ax cos B-+a2 a , 191 


b 
(@2 + a@y\(a? +B) me Ry oe 


oe Tae a>0O, n=1,2,. 


a>0O, n=1, 2, 


if 0<2<l, 
ifl<a 


— p> ') 
Res <2 
ae 7 = Dehees 


er a hee | 


0<Res<l 


as 
a 0<Res<2 
2 sin( (47s) ” 


sin| O(s — 1)] 
“apa 1 aie 
eer). 
2(b2 — a?) 2(b? = a2) sin(Lms) ms)” 
eli 


as ea) Cm 


ae 


0<Res<4 


», O<Res<ne+l 


———., 0<Res< 
ene Ss 


m sin(a/n) 


———___—___———., 0<Res<n-l 
n sin(s/n) sin [m(s + 1)/n] 


m sin(/n) 


5) in| =)” 0<Res<(n-1)v 


TW sin (2 


9.3. Expressions with Exponential Functions 


oo Original function, f(a) 


Mellin transform, f(s) = | Melintransform, fle)= f) flader'de | f(a)r*! dz 


er if O<a<a, 
lie tan = a os ae REST 


if O0<a2<a, 
if a<z, 


un 
eC 


a,b>0 


exp( -ax? 


gr are Res>0 
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Original function, f(x) Mellin transform, f(s) = ih f(a)a*! dx 


exp(-az”), a,8>0 “1a5/PT(-s/8), Res <0 
1-exp(-ar"), a,B>0 -6a*/T(s/B), -B<Res<0 
1- exp(-az*), a,B>0 -G'a9/°T(-s/B), O<Res<f 


9.4. Expressions with Logarithmic Functions 


Original function, f(a) Mellin transform, f(s) = ii faa! dex 
0 


[[ey nosey | if 0<2<a, ens Rees 6 
ifa<2z s2as 


-1<Res<0O 
et nl sea), sas ee a 


Ina "In a-T mart [Ina —ncot(ns)| 
0<Res<l 
cta’ sin(7s) 


nee mas! Ina—b*" Inb-7 cot(rs)(a*! — b*')] 
a,b>0 


(xta\(at+by> ” ocnescr VOY 


i if 0<2<l, Rey 
if l<a com 
[2 — sin? 
ila ee oe 
z+l1 ep sna 


v-1 
io BORE Ss Ty(-s)”, Res<0, v>0 


if l<az 
2m cos(s) 


ue Bl <a , 
ssin(7s) 


-1<Res<0O 


In 72 rl -1<Res<1 


9.5. Expressions with Trigonometric Functions 


Original function, f(z) Mellin transform, f(s) = | f(a)a*! dx 
@T%)sin(4ns),-1<Res <1 


3 | sin(ax)sin(br), a,b>0, a#b 31(s) cos(37 1b al*—(b+ ay], 
—2<Res<l 
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Original function, f(x) Mellin transform, f(s) = f fla)a*! dex 
@T(s)eos(575),_0<Res <1 


Is) 
5 | sin(ax)cos(bx), a,b>0 apo (= 5 = ) [(a+ by + |a—bl* sign(a —6)}, 
-l1<Res<1l 
T(s) sin [sarctan(b/ T(@) sin[s arctan(b/a)| 
js [ersinto, or0 eye SS 


aaa if 0<a<l, wearer Res>0O 
if l<a@ s* +a? 
a if O0<2<1, ry Res >0 
if l<a s +a? 
T 


2s za 4 ms)” 


0<Res<l 
6 Teo) 


9.6. Expressions with Special Functions 


LL. Sees | function, f(z) Mellin transform, f(s) = | f(a)a*! dx 


——$<—<— Fr,_Resxs 
3/8) ny a ! ms)I(s), -1<Res<0O 
a ' sin — -1<Res<0O 


Qe — y+ 4s) 


T(s cos| [s arctan b/a 
pr[ewewe oo . (+ 7 eae Oh ores 


arctan x -1<Res<0O 


jo, oso | ; -v <Res< 


al (5 v-4s+1) 


wt ors ov Ss ov m(s—v) 
Y, (az), sagt ata (oa) Sa 
Iyj<Res<3 
7 Td /2-s)['(s+v) P 
eT, : So ,, - <Res<s 
VE QayTU+y=s)) 
252 8 
K,(az), a>0 —r(S+2)r(+-5), lv] <Res 
a \2' 27 \2 2 
T(s—-v0 
eo K.(ax), AOS SUGAR) Gp 
~@QaysT(s+ 1/2) 


© References for Supplement 9: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhet- 
tinger (1974). 


Supplement 10 


Tables of Inverse Mellin Transforms 


See Section 9.1 of Supplement 9 for general formulas. 


10.1. Expressions with Power-Law Functions 


1 atico , ; 
pp Direct transform, f(s) Inverse transform, f(x) = ee ys aan pees ee _ f(s)a eds 
Res>0 i fi £Oee2i ° | 
if l<az 
if O<2z<l, 
fe if 0O<2<l, 
0 ifl<z 
on if 0<a<l, 
x if l<a 
ral Inz if O<a2<l, 
0 if l<zaz 
ts if 0<a<l, 
wing ifl<az 
—2 


if 0<z<l, 


’ 


(s+a)(s+b) 


if O<2<l, 


ee -—a<Res<-—b 
(s+a)(s+b) 


if O<2<l, 


———.,_ Res <-a,-b 
(st+a)(s +b) 


sta 


———.,, Res>-— 
(s+a)?+b2 ae 
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fe) Direct transform, | eo | (s) Inverse transform, f(x) = 


{-pehcens toes | Dplicalne) if 0<2<1, 
o! if l<az 


Vs?-a?2-s, Res>|al 


ote Res > |al alj(-alnz)+al\(-alnz) if 0<a<1, 
if l<z 


1 


gt v-l 
(sta)y”’, Res>-a,v>0 To" (-In a) if O<a<1l, 


ifl<az 


s\(sta)”, ie “ITW)|) y,-alnz) if O<a <1, 
Res>0, Res>-a, v>0 fe ifl<z 
s\(sta)”, ax) “Tw,-aInz) if 0O<2<1, 
-a<Res<0,v>0 ifl<z 


Vr (-Ina)y’/72,, 1 2(-aInz) 


(s*-a’)”, Res>|al, v>0 “Raj aaz if O<a<1, 


if l<z 
(-Ina)’/? K,_)(-alnz) 


Ja T(v)\(2a)r-!/2 
(Inx)’/?K,, (ana) 


Vrl(y(2ay/2 


if O<2x<l, 
(a?-s*)”, Res<|al, v>0 
if l<a 


10.2. Expressions with Exponential and Logarithmic 
Functions 


Direct transform, va (s) 
a a 


sets, Res>0:; a,v>0 Jy-1 (2 ain a) if 0<a<l, 


if l<a@ 


a . 
exp(-V/as ), Res>0,a>0 Wn 13/2 (gag) if 0<a2<1, 


if l<a 


if O0<2<l, 


bs exp(-aV/s), Res>0 
s 


if l<a 


+ lexp(-aV8) -1], Res>0 TEN cen 
s . 
if l<az 


10.3. EXPRESSIONS WITH TRIGONOMETRIC FUNCTIONS 


1003 
os 1 atioco , ; 
oO Direct transform, f(s) Inverse transform, f(x) = oa | f(s)x* ds 
Tt Jo-ico 


a—2|In a] ( 


if x<l 
Vsexp(-Vas ), Res >0 ) if 0<a2<1, 


a 
7[In > 4\In | 


if l<a 


1 a 
v Tan ang) | 
hes a Ab cama 


if l<a 


Reise a aE Oe SA 
Soa - 
ifl<2 
|" 1 YY) -In{[In z| 


Tv) 
0 if l<z 


s’Ins, Res>0,v>0 [In if 0<2<1l, 


1 at+ioo 
ts a Direct transform, f(s) Inverse transform, f(2) = [eee Ce Faria te o) — f(s\as 
0<Res<1 
ew 


—n<Res<l- 
ae 


nm=...,-1,0,1,2,... 


n<Res<n+l, mw +1n? x 
iO. 100) (-x)"(x# + 1) 


cos((s) 


puedes 1 
-1<Res 2 
<n ee 0, [Bl <a = In(a* + 2x cos 3 + 1) 
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B 1 atioco , ; 
Direct transform, f(s) Inverse transform, f(x) = a | f(s)a* ds 
Tt Jo-ico 
ll (s?/a), a>0 nt oceos Minar a 
cos(s*/a a a4 cos(4al n2| - {r) 


b 
a aa sin(allnzl) if 0<a<1, 


0 if l<a 


10.4. Expressions with Special Functions 


a 1 o+ico , ; 
Direct transform, f(s) Inverse transform, f(x) = oa | f(s)a ds 
Tt Ja-t0c0 


3 sin(57s)I(s), -1<Res<l sin x 


sin(as)I'(s), 


Res >-l, <= 
es Jal 5) 


cos(47s)I(s), -2<Res<0 ~2 sin’(x/2) 


7 | cos(as)I(s), Res>0, lal < - exp(—2x cos a) cos(x sin a) 


T(s) 1 ; 
aan: 0<Res< a e€ erfc(/z ) 


T(a+s)Il(b-s), ; = 
-~a<Res<b, a+b>0 D(a + b)x*(a + 1) 


T(a+s)[(b+s), 
Res >—-a,—b 


exp(—2x cos a) sin(x sin a) 


Qe /2 Ke, (2Vz) 


_ 
_ 


Hee hag ——— if 0<2<1, 


Bes) ies 


Td -v-s) {\ if 0<a<l, 


N 


ra-9 @-y"! 
Res<l-v,v>0 Tv) 


T(s) 
Tv-s+t+l : —v /2 
ee ie wD (2a 
<Res<~+— 
ser ae 


Tis +v)T(s-v) apnea 
T@+1/2” Res > |v| w/e! K(x /2) 


if l<a 


— 
WwW 
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a atico , ; 
fe) Direct transform, f(s) Inverse transform, f(x) = —— § ds 
271 Ja-ico 


(s+ Prs+ydj2-s) CO 
Td+v- 8) ; m2 e*/27 (¢/2) 
-y <Res<5 


Ys + a)— PG + 0), ee ee a 


Res >-a,—b Babe 


aaa 
I(s, a), if 0<x<a, 
e* ifa<az 
Naa 
eke init > 
ifa<z 


if O0<x<e% 


if e° <2 <e’, 


mV a2 —In* x 


if e"<2 


if O<a<e! 
slip(s), Res>0 m'arccos(Inz) if oe! <x<e, 
0 ife<ax 


2” sin(7v) 


- F(a)Vin x —1 


cos [v arccos(In x)] 


mV 1-1 x 


F(z) = ( -l-Inz+ 


Is), Res>0O 


2” sin(7v) 
my F(x) 
sin [v arccos(In x)] 


if O<a<ell, 


s'I(s), Res>0 if el <a<e, 


TV ; 
0 if e<z, 


F(a) = (V-1-Ina + V1-Ina)” 


0 if O<a<ell, 
(1—In? 2)? 


VaaTw+i/2 
0 ife<2z 


i =I 
s'Ko(s), Res>0 ian if ee ' 
if ec’ <2 
s'K(s), Res>0 ea x-1 if Dee Se: 
ifel<a 


s“I(s), Res >a if el <a<e, 
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a 1 otico , ; 
Direct transform, f(s) Inverse transform, f(x) = OE | fis)a> ds 
Tt Jo-ico 


cosh [v Arcosh(- In z)| 
Kis), Res>0 Ciel 
0 


if O<a<e'l, 


ifel<a 


J (In? & — 1)”-1/2 
s”“Ki(s), Res>0, v> -4 2’T(v + 1/2) 
0 ifel<a 


if O<a<e, 


i a 
09 | 1K (ir ‘Ress — sinh |v Arcosh(- In x)] if O0<x<e°," 
V > V 
0 ifel<a 


© References for Supplement 10: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965). 


Supplement 11 


Special Functions and Their Properties 


e Throughout Supplement 11 it is assumed that n is a positive integer, unless otherwise specified. 


11.1. Some Coefficients, Symbols, and Numbers 


11.1-1. Binomial Coefficients. 


Definitions (special cases): 


bh (R\ _ n! 7 : 
cb = (.) = mac where k=1,...,n; 
Co =1, ob = (4) = case = Me ene) where k=1,2,... 


Here a is an arbitrary real number. 


Definition (general case): 
r 1 
e 7 gaa where I(x) is the gamma function. 
T(o+ DI(a-6 + 1) 
Properties: 


Co =1, Cr =0 for k=-1,-2,... or k>n, 


Or oe Se. Cher ocr, 
rn (-1)” ,2n-I1)!! 
Ch. = pin Cin = CD" 


pe oO sear a Cpa 
1/2 yQ2m-1 ~2n-2 n  (2n—2)!!’ 
Crt, = (CD21 CR,,  Cohaaty2 = 2°" CR, 


nN 


g2ntl 


Cl? = nf — 2 un /2 
T n 7 


peas $5407 = 2", 
{=O eG? SCIP CC? = 0; 
Here (2n)!!=2-4-6...(2n), (2n-1)!!=1-3-5...(2n—1), where n= 1, 2, 3, ... (OM! =1!!=1). 


11.1-2. Pochhammer Symbol. 


Definition: 


T(at+n) = (-1)" Td -a) 


(@n = a(a41)...(aen-1)= = = CEG 
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Some properties (k = 1,2,...): 


k-1)! 

Coots. ine Oe Oe 
=)! 
_T(a-n)_ Ct" . 
Oras Tap 2 daa,” where a#1,...,7; 

(Dn ent, O/2_= 2 2et ee 
n! nm! 
MEAN n k n 


11.1-3. Bernoulli Numbers. 


The Bernoulli numbers are defined by the recurrence relation 


Numerical values: 


Bo=1, By =-3, Bz = 
Booms, =O for m=1,2,... 


1 \ \ 5 
Ba=-x% Bo=q Bs=-3y Bo=aZ ---> 


All odd-numbered Bernoulli numbers but B, are zero; all even-numbered Bernoulli numbers have 
alternating signs. 
The Bernoulli numbers are the values of Bernoulli polynomials at x = 0: B,, = B,(0). 


Generating function: 
x = a” 
ER a > Ba |x| < 27. 


n=0 


This relation may be regarded as a definition of the Bernoulli numbers. 
The following expansions may be used to calculate the Bernoulli numbers: 


Pra Ouzea | 
tn = 1B ae a, jal < S; 


(2n)! 2 
= on 2n-1 
cotx = LCD" Bm ait ml al <r. 


n=0 


11.1-4. Euler Numbers. 


The Euler numbers E,, are defined by the recurrence relation 


2 (Ohus Fo, =O (even numbered), 


ae =0 (odd numbered), 


where n = 0, 1, ... 
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Numerical values: 


Po=l, F,=-l, M=5, Ee =-61, Eg =1385, Ly =-50251, ..., 
Fons, =O for n=0,1,... 
All Euler numbers are integer, the odd-numbered Euler numbers are zero, and the even-numbered 
Euler numbers have alternating signs. 
The Euler numbers are expressed via the values of Euler polynomials at 1 = 1/2: E, = 


2” E,(1/2), where n =0, 1,... 


Generating function: 


x Co 


e€ x” 
Deay =D, En: |x| < 27. 


n=0 


This relation may be regarded as a definition of the Euler numbers. 
Representation via a definite integral: 


dt 


E. = | aed . 
7 CD 9 cosh(rt) 


11.2. Error Functions. Exponential and Logarithmic 
Integrals 


11.2-1. Error Function and Complementary Error Function. 


Definitions: 
On ie 2 ‘ eee 
erf x = i exp(—t“) dt (error function, also called probability integral), 
T JO 
2 [oe) 
erfex = 1-erfx= Win i exp(—t?) dt (complementary error function). 
us xz 


Properties: 
erf(-x) =-erfx; erf(0)=0, erf(co)=1; erfc(O)=1, erfc(co) =0. 
Expansion of erf x into series in powers of x as x — 0: 


x 


2 oo ‘ 2k+1 2 . oo Qh p2k+1 
pyee ey Cie ee aia 
ee Fa Fl Qk+ 1) Fa oP *) 2. Qk+ Dl! 


Asymptotic expansion of erfc 7 as 7 — oo: 


M-1 1 
1 im (Bom = = 
erfor = a exp(-«")| J (-1) samit + O(lel au |. M =1,2,... 


m=0 


Integral: 
. 1 1 > 
erft dt = xerf x- — + — exp(-a’*). 
0 Qa 2 
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11.2-2. Exponential Integral. 


Definition: 
© ot oo pt 
Ei(z) = / ea dt =- Fe. dt for «r< 0, 
oe —E et < a et 
Ei(z) = lim —dt+ / — dt for x>0. 
e—+0 —~0o t € t 


Other integral representations: 


cs int+t t 
Ei(-r) =- a ek or a0! 
x? +t? 
eS int—t t 
Fi(-r) = e* | dt fer 20, 
0 xe t+t 
Ei(-x) = ~« | e' Int dt for x>0O, 
1 
. v et _] 
Ei(z) =C + Ina + dt for x>0, 
0 
where C = 0.5772... is the Euler constant. 
Expansion into series in powers of x as x — 0: 
C+in-a)+ oz if «<0, 
Ei(a) = ie 
x : 
C+inz+ Te if x>0. 
k=1 
Asymptotic expansion as 7 — oo: 
k- ! 
Fi(-x) =e" we —— ei Bae ale 
k=l 
11.2-3. Logarithmic Integral. 
Definition: F 
” dt 
| ine if 0<a< 1, 
n 
li(z) =< “° = Fe 
: dt dt : 
lim —+ — if «>1. 
e +0 \ Jog Int lee Int 
For small z, 
ioe 
In(1/x) 
For large x, 
: x 
li(x) = —. 
Inzx 


Asymptotic expansion as 7 — |: 


li(x) = 


Relation to the exponential integral: 
lic=Eidnz), «<1; 
li(e*) =Ei(@z), «<0. 
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11.3. Sine Integral and Cosine Integral. Fresnel Integrals 


11.3-1. Sine Integral. 


Definition: 
Si(z) = ie an at si(x) = -[- ont dt = Si(x) - = 
Specific values: 
Si(0) =0, Si(oo) = - si(co) = 0. 


Properties: 


Si(-x) =-Si(x), si(x)+si(-x)=-m, —_lim_si(w) = -7. 


Expansion into series in powers of x as x — 0: 


sass (-1)*Hy2k1 


Sie) =) | Gk ak=DT 


k=1 


Asymptotic expansion as 7 — oo: 


M-1 Py N-1 th 
si(x) =—cosx [X ee + o(lar2*)| + sin x [> Oe + O(|al?’) ’ 


where VM, N = 1,2,... 


11.3-2. Cosine Integral. 


Definition: 


co t i t-l 
cite) =- [ = at=C+ines | — dt, 
x 0 


where C = 0.5772... is the Euler constant. 
Expansion into series in powers of x as x — 0: 


: 7 eS (-1)ka2* 
ci(x) = C ae Qk)! 
Asymptotic expansion as 7 — oo: 
M-1 N-1 
. (-1)"(2m = 1)! 2M 2 (-1)"(Qm)! —2N-1 
cee) = cose | SO + OU )| + sina: 2 poe, Ol Vs 


where VM, N = 1,2,... 
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11.3-3. Fresnel Integrals and Generalized Fresnel Integrals. 


Fresnel sine and cosine integrals: 
1 f?sint , ee ad 
S(x) = =4/— i sin ¢? dt, 
Ved Nady 
cost D ARGE 
Cla -—| FE] cos t” dt. 
v2 V2n Jo VE T Jo 


Expansion into series in powers of x as x — 0: 
(- la 2k+1 
os Vz “> GGETI (4k+3)Qk+D!" 
(- 1a 2k 
MDs /- *) GEnoe (4k+ Dk)!” 


Asymptotic expansion as 7 — oo: 


S(@) = 5 - EP) il 
Ca) = 5+ SE P@)- 0), 
Py ei a: 4 . , Qa) = 5 OP ; 
Generalized Fresnel sine and cosine integrals: 
S(a,v) = “ye sintdt, Rev <1; 


C(x, Vv) - | t’'costdt, Rev<l. 


11.4. Gamma Function, Psi Function, and Beta Function 


11.4-1. Gamma Function. 


The gamma function, I'(z), is an analytic function of the complex argument z everywhere except for 
the points z = 0, -1,-2,... 
For Re z > 0, 


T(z)= i: t? e+ dt. 
0 


For -(n + 1) < Rez < —-n, where n = 0, 1, 2,..., 
a . Ey z-l1 
Ti) = ae t=! dt. 


Simplest properties: 


Tie+)D=2T@), Tm+le=n!, TA)=TQ=1. 
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Fractional values of the argument: 


ea a r(n+5) WF oaiyih 


2 2” 
1 1 NG 
rH) 1(d-n) ae 
2 a pe pay 
Euler formula 
n!n* 
(yy = im ~ ——_ #0,-1,-2,...). 
Ot Coico. C ) 


Symmetry formulas: 


T(2re2)=-—"—, Twra-2=— +, 
zsin(7z) sin(7z) 
1 1 7 
Tris T(i-z)= : 
(5 . :) (5 2) cos(7z) 
Multiple argument formulas: 
922-1 1 
12) = STO (z + 5)> 
32-1/2 
Wey oe rer (z+ 5)t (+ =), 
T 


n-1 
k 
Dinz) = 2m)??? TT] r(z n =) 
n 
k=0 


Asymptotic expansion (Stirling formula): 


I(z) = V 20 ae mail tiett se? t+ O(2%)| (larg z| < 7). 


11.4-2. Psi Function (Digamma Function). 


Definition: 
dinT(z) s T(z) 


Vz) = as = TH" 


The psi function is the logarithmic derivative of the gamma function and is also called the digamma 
function. 
Integral representations (Re z > 0): 


Wz) = if * [e*-(1+t)*]t" dt, 
0 


wz) =Inz+ [ [e!-d-e*y"Je dt, 
0 
1 t=! 


dt, 
-t 


wa=-c+ | 
0 


where C = —-7(1) = 0.5772... is the Euler constant. 
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Values for integer argument: 


n-l 


wl) =-C, wn) =C+ Sok (n = 2,3,...). 


k=l 
Functional relations: ; 
P2)- vd +2=-—, 
W(z)- wd - z) = -7 cot(7z), 
Y@)—YC2) =r cot(n2)— =, 
v(5 + Z) - (4 - z) = 7 tan(7z), 


m-l 
1 k 
w(mz) =Inm+t Fy » b(e+ ~). 
Asymptotic expansion as z — oo (arg 2| < 7): 


1 1 1 1 oS Ban 
ae ee ee ee ee 
WG) = "ne 5 oe * oot D508 ne re Ine’ 


where the B>,, are Bernoulli numbers. 


11.4-3. Beta Function. 


Definition: , 
Bia, y) = i t?1(1-t)%! dt, 
0 


where Re x > 0 and Rey > 0. 
Relationship with the gamma function: 
Par) 
B =. 
Pee y) 


Some properties: 
Bia, y) = BYy, 2); 


Bia, y+ l= ze +1y=—~- Bez, y); 
u+y 


B(x, 1-x) = ———,, 0<2< 1; 
am 


1 
Bim pi ais 


where n and m are positive integers. 


=nC™ 


Hiroe 1> 


11.5. Incomplete Gamma and Beta Functions 


11.5-1. Incomplete Gamma Function. 


Definitions: 3 
(a, £2) = | eto! dt, Rea > 0, 
0 


Ia, 2) = i - ett! dt =T(a)- 7a, 2). 
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Recurrence formulas: 


Vat+1,x2)=aya,xz)-x%e™, 
Yat1,x2)=(e#+a)y(a,xz)+U-a)xy(a- 1,2), 
T(a+1,x7) =al(a,x)+ 2%” 


Special cases: 


n k 
y(n+1,x) =n! t-e(SS)}. n=0, 1, ..03 
k=0 . 


n k 
Pint la)=nte* oF, n=0,1,..03 
k=0 


Pen, 2) =<" [r0.2)- ove I)*= =I: Wet, Qask 


k=0 


Asymptotic expansions as x — 0: 


bce 


T(a, 2) =T(a)- 5 Se eae 


; ni(atn)- 


Asymptotic expansions as 7 — oo: 


M-1 (ia) 
Ya, 2) = T(a)- ate | ys eae O(lah ), 
m=0 


T(a, 2) = 2° 'e* [So Se (L= a) +oller™) (-37 <argx < in). 


(-x)™ 


Asymptotic formulas as a — oo: 
1 , 1 
(at, 2) = ra) |® (2Ve-Va-1) + o(—)]. D(x) = = | exp(-5 1") dt: 


n(a,0) = (a) [®(3¥az) +0(—)], z= (£)"- ! 


+—. 
9a 
Representation of the error function, complementary error function, and exponential integral in 
terms of the gamma functions: 


1 sl fi 
erfx = ay e erfc x = aly 2), Fiz) =-I'(0,2). 


11.5-2. Incomplete Beta Function. 


Definitions: 
B,(a, 6) 


B(a, b)’ 
where Re a > 0 and Reb > 0, and B(a, b) = B;(a, b) is the beta function. 


B,(a, b) = | ta -t) | dt, 1, (a,b) = 
0 
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Symmetry property: 
T,(a, b) + Ty__(b, a) = 1. 


Recurrence formulas: 


I,,(a, b) = xI,(a—1,b)+ (1 -2)I,(a, b- 1), 
(a + b)I,(a, b) = al, (a + 1, b) + bI,(a, b+ 1), 
(a+ b-azx)I,(a, b) = a(l—-2x)I,(at+1,b-1)+b1,(a, b+ 1). 


11.6. Bessel Functions (Cylindrical Functions) 


11.6-1. Definitions and Basic Formulas. 


The Bessel function of the first kind, J,(x), and the Bessel function of the second kind, Y,,(x) (also 
called the Neumann function), are solutions of the Bessel equation 


ey" + xy! + (a? —v*)y =0 


and are defined by the formulas 


wm Cha /2)"7* _ Jax) cosmv — I(x) 
he) > Mle@skey 1 sin ny () 


The formula for Y,,(z) is valid for vy #0, £1, +2,... (the cases vy #0, +1, +2,... are discussed in 
what follows). 

The general solution of the Bessel equation has the form Z,(a) = C, JL (x) + CrY_(a) and is 
called the cylinder function. 

Some formulas: 


QVZ(x) = x[Zp_1(@) + Zp41(2)], 


d 1 
2 (a) = 5 (Zr-1(@) -Zruo)] = £[—Z@)- Zv4i(@)], 


dx 
d d 
qu lt 2] = 2" Z,1(2), ——[2" Z,(a)) = -2@ Z,41(2), 
he dx 
1d\” 1d\" 
(==) [x F(a) = 2° Jpn (2), (==) [a¥ I(x) = C12 Svan (2), 
x dx x dx 
J_m(x) = (-1)"Jn(z), = Y¥-n(x) = 1)” Y;,(2), n=0,1,2,... 
Bessel functions for vy = +n 4 (n=0,1,2,...): 


fe De [| 2 
Ji /2(2) = <7 sin z, J_\ /2(Z) = a COS Z, 
{2 1 jad, 1 
J3/2(2) = ae (+ sin -cos-), J_3/2(&) = arm (- cosr=sin-). 
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[n/2] k 
ae ie (-1)*(n + 2k)! 
Inert) = \f sin(e- oe, » Bhi aia 
(n-)/2] (-1)*(n+2k +1)! 
oe = (Qk +1)! (n—2k— 1)! (2x)2h+! |’ 


[n/2] k 
_ 2 a (-1)*(n + 2k)! 
Fn1p(x) =f — cos(x+ *) > (2k)! (n— 2k)! (2a)2* 


ere erat (-1)*(n +2k + 1! | 
- sin(« + — , 


2 k=0 (2k + 1)! (n—2k—1)! (2ay2t! 


/ 2 VoD & 
Yj /2(@) = - re Y_1/2(2) = a 


Yet /2(@) = (-1)" Dnt /2(@), Yn/2(t) = CD)" Ins j2(@), 


where [A] is the integer part of the number A. 
Let v = n be an arbitrary integer. The relations 


Jn(@) = (-1)"In(@), — ¥-n(v) = (-D"Yn (2) 
are valid. The function J;,(x) is given by the first formula in (1) with v = n, and Y;,(x) can be 


obtained from the second formula in (1) by proceeding to the limit v — n. For nonnegative n, Y,,(x) 
can be represented in the form 


2 a LA (n-k-Dl2yr2k 1 Qa yrPk (ke Ded(ntkt 1) 
a OR eg Gg) ee) eee 


n-l 
where w(1) =-C, w(n) =-C + > k!, C = 0.5772... is the Euler constant, and 7)(x) = [InT'(z)]J}, is 


k=l 
the logarithmic derivative of the gamma function, also known as the digamma function. 
Wronskians and similar formulas: 


2 2 
W(d, Jv) =-— sin(rv), WJ), Yv) = — 
TX 


’ 
TL 


2 si 2 
LV eens asm Fenn) — Fila) ¥ (2) =, 


Here the notation W(f, 9) = fgi. — fig is used. 


11.6-2. Integral Representations and Asymptotic Expansions. 


The functions J,(x) and Y,,(x) can be represented in the form of definite integrals (for x > 0): 


T(x) = | cos(x sin 0 — v0) d0 — sin rv | exp(—a sinh t — vt) dt, 
0 0 


TY,(2) = i sin(x sin 0 — v0) dé — | (e" +e%' cosmv) es dt. 
7 0 
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For |v] < 4,2 >0, 


J,(a) = Qhvay °° sin(xt) dt 
UNL mT(d —v) (#2 — 1)4t!1/2” 
Qhy gy eos) dt 
Y@) = Ne 71/2T(L _ py) _v) he = (2-1/2 
For v > -4, 
ee) ae = id 
J)(@) = cos(xz cost) sin” tdt (Poisson’s formula). 


mT (s +v) Jo 


For vy = 0, x > 0, 
Df os Do Sf 
Jo(x) = — sin(x cosh t) dt, Yo(x) = -— cos(x cosh ft) dt. 
T JO W Jo 
For integer v =n =0,1,2,..., 


1 Tv 
Jp(x) = — | cos(nt—asint)dt (Bessel’s formula), 
T JO 
2 n/2 
Jon (x) = = | cos(x sin t) cos(2nt) dt, 
T Jo 


2: n/2 
Jonsi(“) = ; sin(x sin t) sin[(2n + 1)t] dt. 
0 


Asymptotic expansions as |x| — oo: 


2 4 2 M-1 
TON Ney {cos(= 77-7) [eon 2m)(2ay2™ + oder?" 


M-1 


= sin( Vt") [Lore 2m + 1)\(2Qzry2"! + omer?) \ 


Vv . 2 ( . (4e-2vx-7 pa L)™(y. 2m)(22)2™ + Ole! 
Hay yf {sn ) | (v, 2m)(2ay*" + Ole ) 


4e-2ue—n\ (XS 
+ cos(— 7") | SOCp™"’, 2m + Yaz2yer os omer?) \ 


4 
m=0 


4, 
a ae 23)\.,,/)4i = Ome 1) |= Mg tyutm) 


where (v,™) = ———$___—_. 
eam mn mi T(4 +v—m) 


For nonnegative integer n and large zx, 


Ve Jom(x) = (-1)"(cos x + sin x) + O(a”), 
Ve Jonri(2) = (-1)"*(cos x - sin x) + O(a). 


Asymptotic for large vy (v — 00): 
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where « is fixed, and 


21/3 1 21/3 1 
IW) = SBEGPH pis Yi) area 73 


Integrals with Bessel functions: 


x Atu+l Xr 1 2 
| espe RE A ie), Gee 
Y WA+v+DIWt) 2 2 4 


where F’(a, b, c; x) is the hypergeometric series (see Supplement 11.10.1), 


[evwa- cos(v7)I (-v) poet p(Atee od Atu+3_ =) 
0 


WY a(A + +1) 2 : : 2 > 4 
2h - 1 - 2 

_ TY) vel p ved Dy (age aes ' Re\ > |Rev|—1. 
A-vtl1 2 2 4 


11.6-3. Zeros of Bessel Functions. 


Each of the functions J,(a2) and Y,(a) has infinitely many real zeros (for real v). All zeros are 
simple, except possibly for the point x = 0. 
The zeros Ym Of Jo(x), i.e., the roots of the equation Jo(7m) = 0, are approximately given by 


vm =2.44+3.13(m-1)  (m=1,2,...), 


with a maximum error of 0.2%. 


11.6-4. Orthogonality Properties of Bessel Functions. 


1°. Let 2 = Lm be positive roots of the Bessel function J,(z), where vy > —-1 and m = 1, 2, 3,... 
Then the set of functions J,,({um7/a) is orthogonal on the interval 0 < r < a with weight r: 


. Lm? Ler 0 if m#k, 
/ Jo( a ) (A a )r aS 1 4e2[I1Gags]? <4 50 J? (um) if m=k. 


2°. Let 4 = [lm be positive zeros of the Bessel function derivative J/(4), where v > -1 and 


m = 1, 2, 3,... Then the set of functions J,({4,7/a) is orthogonal on the interval 0 < r < a with 
weight r: 
a Lm [er 0 if mF k, 
lt aos 22.4 
| Jul a ) Jo a )rar D @ (1-2) 21m if m=k. 


3°. Let {4 = [4m be positive roots of the transcendental equation wJ/,(41) + sJ_(y) = 0, where v > -1 
and m = 1, 2, 3, ... Then the set of functions J,(4,17/a) is orthogonal on the interval 0 <r <a 
with weight r: 


a 0 
”, Ju(*) 1,() rar = 1 5 1 av 
0 a a zt * 12 


2 m 


if m#k, 
2 
) Bum) if m=k. 
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4°. Let jt = [4m be positive roots of the transcendental equation 

TLOAmdDYOAm® — IV Am®YL(Am»b) = 0 (v>-l, m=1, 2, 3,...). 
Then the set of functions 

ZiAmPr) = IvAmnY,. Ama) -— IV Ama@YvOAm?), m= 125535. o085 


satisfying the conditions Z)(Ama@) = Z,)(Amb) = 0 is orthogonal on the interval a < r < b with 
weight r: 


b 0 if m#k, 
[ 4QonZOnrrdr=) 2 HQma)— TO) ig yy 2 
a mre, J2(Amb) nate 


5°. Let ps = Um be positive roots of the transcendental equation 

TL AmbdYJ Ama) — JL Ama@Y; (Amb) = 0 (v>-l, m=1, 2,3,...). 
Then the set of functions 

ZiAmt) = IVAmnYAma — I. OAm@Y Amt): MS 12 3yii es 


satisfying the conditions Z!(Ama) = Z!(Amb) = 0 is orthogonal on the interval a < r < 6 with 
weight r: 


0 if m#k, 


b 
[ 2:Qnr Zn dr = ar(( a ) ewe (: v° )| Pk 


MIN PM) (RO b Noe 


11.6-5. Hankel Functions (Bessel Functions of the Third Kind). 


The Hankel functions of the first kind and the second kind are related to Bessel functions by 


H(z) = Jy(z)+i¥,(2), 
H(z) = J,(z)-1Y(2), 


where i? = -1. 
Asymptotics for z — 0: 


2i i Tw) 
Deo) mw Cipecne te 
Hy @)~ — nz, HiP(2) = —— Gay (Rev > 0), 
2i i Tw) 
(2) Jon (2) eae 
Hy@)~-— nz, HP(@)e — Gay (Rev > 0). 


Asymptotics for |z| — oo: 


H(z) ~ j= exp[i(z- 47 -47)| (-m < arg z <2n), 
H(z) ~ \/ = exp[-i(z— dr tn) (-27 < arg z <7). 
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11.7. Modified Bessel Functions 


11.7-1. Definitions. Basic Formulas. 


The modified Bessel functions of the first kind, I, (x), and the modified Bessel functions of the second 
kind, K,(«) (also called the MacDonald function), of order v are solutions of the modified Bessel 


equation 
ay! + eae - (x? + yy =0 


and are defined by the formulas 


Gaye _ mL (@)- 1) 
ty G's a ress mTo@xbady (eC o-—inaa) 


(see below for K,() with vy = 0,1,2,...). 
The modified Bessel functions possess the properties 


K_j(a) = K,(a); Lp(a) =(-1)"Lp(x), n=0,1,2,... 
2v,(«) = yi (©) — L141 (@)], 2vK/(x) = -2[ Kyi (©) — Ky+1(a)], 


d 1 d 1 
Fg YO = GU a@ + La @, Gq hy @) = Gla @) + Kyi @). 


Modified Bessel functions for vy = +n 4 (n=0,1,2,...): 


OE qe sinha, L492) = "Es cosh x, 

Iyp(a) = i (-+ sinh x + cosh c) , Lp(a) = (2 (G cosh + sinh r) 
imines rele rapier POD rec mr ear | 
se ral" » ner aes ao3 HG ieee cena 

Kaiple) = le Kagplx) = l= (1 + “le, 


- (n+k)! 
Knoi/2@) = Kn2(®) = ae Wn Sag naar ki(n- ki (n—k)!Q2)* 


If v = n is a nonnegative integer, then 


n-l 


eer ee petnaing +3 yn(s _ —— 
r\r2m w(n+m+1)+v(m+4 1) 
yo (5) see 


m!(n+m)! 


+e? 


5) > = 0,1, 2, 02, 


where ~(z) is the logarithmic derivative of the gamma function; for n = 0, the first sum is dropped. 
Wronskians and similar formulas: 
2 1 
WL, Ly) ee sin(7V), WL, Ky) = Ss 
Tx x 


2 si 1 
La) Lyn (2) - Ly (a)1,1() = — La) Kyai(@) + Ir @)K Aa) = —, 


where W(f,9) = fai. — fig. 
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Modified Bessel functions can be expressed in terms of Bessel functions: 


Lz) =e"? I, (ze™/?) (-n < arg z < 71/2); 
BASE r Ger?) (1/2 <argz< 7m); 
Kz) = Amie™ HO (ze™/?) (-1 < arg z < 1/2); 


Ka) =-Amie HO (zet?) (a /2 <argz <7). 


11.7-2. Integral Representations and Asymptotic Expansions. 


The functions [,,(a) and K,() can be represented in terms of definite integrals: 


Vv 1 
13 x 2\v-1/2 1 
I(2) = WDE + 4) 4 exp(—at)(1 -t) dt (x >0, v> -5), 


K,(2) = sh exp(—x cosh t) cosh(vt) dt (x > 0), 
0 
1 co 
K,(a) = ; i cos(x sinh t) cosh(vt) dt (x >0, -l<v< 1), 
cos(47v) 0 
1 co 
Ki (a2) = | sin(« sinh t) sinh(vt) dt (x2 >0, -l<v< 1). 
sin(S7v) 0 


For integer v = n, 


1 i i 
Iy(a) = e ; exp(x cos t) cos(nt) dt (n=0,1,2,...), 
0 


[oe [o.e) t 
Ko(2) = ip cos(a sinh t) dt = | COMO ay 
0 0 +1 


Asymptotic expansions as 7 — oo: 


M 

e” (4v? — 1)(4v? — 37)... [402 —(2m—- 197] 

L(2) = {1 + ot 
V2Tx d m! (82) 


me of, A? = 2-3)... 4? - 2m - 1) 
K(x) = ae je eee 


m=1 


The terms of the order of O(a") are omitted in the braces. 
Integrals with modified Bessel functions: 


At+v+l 


x 1 2 
| Gig 8 ey. eet 
, WVA+v+l)lutl) 2 2 4 


where F’(a, b, c; x) is the hypergeometric series (see Supplement 11.10-1), 


m 2 Tv) A-vt+l \-vt+3. x 
m A-v+t1 

K, (2) dx = ———— F | ——., 1-v, ———_;; — 

| UR a ( 2 a) 4 


=O hop (AEE i Atv+3 2 


a ‘ Vv, ———_;; ; Re A > |Rer|—1. 
Atyt+l 2 2: 4 
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11.8. Airy Functions 


11.8-1. Definition and Basic Formulas. 


The Airy function of the first kind, Ai(x), and the Airy function of the second kind, Bi(x), are solutions 
of the Airy equation 


Yoo — ty =0 
and are defined by the formulas 
1 Co 
Ai(x) = — | cos(zt? + xt) dt, 
T J0 


Bi(x) = + i [exp(—24? + 2t) +sin(4e? + 2t)] dt. 
0 


Wronskian: W {Ai(x), Bi(x)} = 1/7. 
Relation to the Bessel functions and the modified Bessel functions (a > 0): 


Ai(z) = 47% [Lip-hp@) =r! 4e Kio, 2= 40°”, 
Aix) = V2 [Jap + Aj], 


Bi(a) = \/ te [Lis(2) + is], 
Bir) = / 42 [Jas()- Aa). 


11.8-2. Power Series and Asymptotic Expansions. 


Power series expansions as x — 0: 


Ai(x) = cy f(x) — c2g(2), 
Bi(x) = V3 [ei f(x) + g(a], 


ih. 990, IE BART ig aS OE 
f@=1+ 5% + 6! x vor snetie = apr 

ee ae er es eT Ss 
Mame ge eae tag 2 = Gea pi 


where c, = 3°°/3/T(2/3) = 0.3550 and cz = 37!/3/T(1/3) = 0.2588. 
For large values of x, the leading terms of asymptotic expansions of the Airy functions are 


Ai(z) & dq rg 4 exp(-z), z= 243/?, 
Ai(-a) ew ?a"/4 sin(z + 5), 
Bi(x) ~ 1 /?27!/4 exp(z), 


Bi(-ax) ~ ql2gl/4 cos(z + 4), 


where x > 0. 
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TABLE 1 
Special cases of the Kummer confluent hypergeometric function ®(a, b; z) 


Incomplete gamma function 


vioe= | ett! dt 
0 


Error function 


ae i . 
erf 2 = ——= exp(—t’) dt 
ff 


Hermite polynomial 


Hy(x)=(-l)"e” a (ec), 
A049... 


Laguerre polynomial 


(a) eB d”™ —2  n+a 
BOR ar aan Co OP 
a=b-1, 


(b)n =b(b+1)... (b+n—1) 


Modified Bessel function 
Ia) 


11.9. Confluent Hypergeometric Functions 


11.9-1. Kummer and Tricomi Confluent Hypergeometric Functions. 


The confluent hypergeometric functions ®(a, b; x) and W(a, b; x) are solutions of the degenerate 
hypergeometric equation (or confluent hypergeometric equation) 


LY + (b-x)y', —ay =0. 


In the case b # 0, -1, —2, -3, ..., the Kummer confluent hypergeometric function ®(a, b; x) can 
be represented as Kummert’s series: 


(a) a 
®(a,b;x) =1+ —_ —, 
LOB 


where (a), = a(at+1)...(a+k-—1), (a)o = 1. 
Table 1 presents some special cases where ® can be expressed in terms of simpler functions. 
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TABLE 2 
Special cases of the Tricomi confluent hypergeometric function W(a, b; z) 


|} “theompieeeammamunedan | gamma function 


T(a,x)= : ett! dt 


Complementary error function 


erfe x= = a exp(—t’) dt 


Exponential integral 


Lua 
rio= | < dt 


Logarithmic integral 


dt 


liz= 


Hermite polynomial 
n a d” -2? 
H,p(a)=(-1)"e car (© ). 
n=0,1,2,. 


1 y+ 1p ae Modified Bessel function 
Ube V+ (2x) “e” K(x) Ki(2) 
V i 2 
panies; v/2. x 21/4 
= D(a) Weber parabolic cylinder function 
D(a) 
ef wet D Ac) 


The Tricomi confluent hypergeometric function V(a, b; x) is defined as follows: 


T(1—b) oe T(b-1) 


Ee eae 55) Ta) 


x! @(a—b+1, 2—); 2). 


Table 2 presents some special cases where V can be expressed in terms of simpler functions. 
Kummer transformation: 


®(a, b; x) = e” ®(b—a, b;-2), W(a,b; x) = x! Wd +a-—b,2-b;2). 
Linear relations for ®: 


(b—a)®(a—1,b; 7) + (2a—b+ x)®(a, b; x)-—a®(at+ 1,6;x2) =0 

b(b — 1) ®(a, b- 1; 2) — b(b-— 14+ 2) (a, b; x) + (b-a)x®(a, b+ 1; x) = 0, 
(a—b+1)®(a, b; x) —a®(a + 1, b; x) + (b—- 1) ®(a, b- 1; x) = 

b®(a, b; x) — b®(a — 1, b; 7) —x®(a,b+ 1327) =0 

b(a + x) ®(a, b; x) — (b- a)x®(a, b+ 1; 7) -ab®(at+ 1,6; x2) =0, 
(a—1+2)®(a, b; x) + (b- a) ®(a— 1, b; x) —(b- 1) O(a, b- 1; 7) = 0. 
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Linear relations for WU: 


W(a-1,b;7)-(a-—b+ x)W(a, b; 2) + a(a—b + 1)V(at 1,6; x) = 0, 
(b—a—1)W(a, b- 1; 2) -(b-14+ x2)V(a, b; 7) + eV(a,b+ 1; 2) = 0, 
Wa, b;2)-—aW(a+ 1, b; x) — V(a, b- 1; 2) = 0, 

(b—a)V(a, b; x) -—2V(a,b+ 1,2) + V(a-1,6; x) =0, 

(a+ x)WV(a, 6; 7) + a(b—a—1)V(at+1,b;2)-—xV(a,b+ 1;2) =0, 
(a—1+2)WV(a, 6; x)- V(a—1,b; 7) + (a—c+1)V(a, b-1;2) =0. 


Differentiation formulas: 


d a d” (@)n 
— S“)=— : ame b; 
as ®(a, b; x) D O(a+1,b4+1;2), (a, b,x) = ()n 


,0;2) = (-1)"(a),V(atn,b+n; 2). 


P(at+n,b+n; 2), 


d 
— Wa, b; x) = -aV(a+1,b4+1;2), 
dx 


Wronskian: 
rE 
W(O,V)= OU! 6’ W= FO) ee, 
T(a) 


The Tricomi confluent hypergeometric function for b= n+1(n=0,1,2,...): 


n-l 
Want 1:2) = lhe ntl;2)Inz 


(ar (n-1)!  (a=N)r & 
72 aay, [Wa+r)-v( +r) - vd +n+n)]|— an Tw yee 5 


Here the last sum is dropped for n = 0, w(z) = [InT'(z)]} is the logarithmic derivative of the gamma 
function, 


n-l 


wd)y=-C, yny=-C+ Sok, 


k=1 


where C = 0.5772... is the Euler constant. 
If b < 0, then the formula 


Wa, b; 2) = 2! W(a-b+1, 2-b; 2) 


is valid for any zx. 
For b # 0, —-1, —-2, -3, ..., the general solution of the degenerate hypergeometric equation can 
be represented in the form 


y = C1 O(a, b; x) + C2V(a, b; x), 


and for b = 0, —-1, -2, -3,..., in the form 


y=x'?[C,@(a—b+1, 2-b; 2) + C,W(a-b+ 1, 2-b; 2)]. 
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11.9-2. Integral Representations and Asymptotic Expansions. 


Integral representations: 


®(a, b; x) = en Te. et7 11-2)?! dt (for b>a>0) 
re T(a)T(b—a) Jo ; 
1 co 
W(a,b; xz) = —— ‘i acs hal Ole se) Sakae (for a>0, x >0), 
T(a@) Jo 


where I’(a) is the gamma function. 
Asymptotic expansion as |x| — oo: 


N 
®(a, b; x) = PO) ox yar bs = @n1= On jn + | , «&>O0, 


Ta) a n!} 
T b x n ~< b 1 n <i 
O(4, ba os (—2) ps Oe Ona) m4 ‘| #20, 


N 
W(a,b;2) =x | oc eee Da en + | », —OO<2<0O, 


nr 
n=0 


where ¢ = O(a7-*~"). 


Integrals with confluent hypergeometric functions: 


b-1 
| ®a.b:2) de = pe OE, 
a- 


| ¥a.din) de = (a= 1,b- 132) +, 
-a 
ntl 
(-1)*1(1 _ b)par ht! 
"@(a,b;x)dz =n! ——_——__—\— 8(a-k,b-k; 
Ee (a,b;x)dx=n d CE Fa (a—k, ;x)+C, 


ntl (-1)**! grktl 
fe W(a, b; x) dx =n! Ss (=)G.iep +C. 
k=1 


11.9-3. Whittaker Confluent Hypergeometric Functions. 


The Whittaker confluent hypergeometric functions (or Whittaker functions) My,,,(z) and Wx,,,(2) 
are linearly independent solutions of the Whittaker equation: 


Yoo t [-g+ okt (4-H a7 ]y=0. 


The Whittaker functions are expressed in terms of the Kummer and Tricomi confluent hyperge- 
ometric functions as 


Mi ey = ghtl/2 2/26 (4 +p—k, 1+2p; cae 
Way(x) = ghtt/2ee/2y (4 + u—k, 1+2p; a) 
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11.10. Gauss Hypergeometric Functions 


11.10-1. Various Representations of the Gauss Hypergeometric Function. 


The Gauss hypergeometric function (or hypergeometric function) F(a, 3, y; x) is a solution of the 
Gaussian hypergeometric equation 
va — ly, + (a+ 8+ la—ylyi, + aby = 0. 
For y # 0, -1, -2, -3, ..., the function F(a, /3, y; x) can be expressed in terms of the hypergeo- 
metric series: 
(Q)e(B)_ v* 


()) eee (a)p =a(a+1)...(a+k—-1), 


F(a, 8.732) = 1+) 7 
k=l 


which certainly converges for || < 1. 
If y is not an integer, then the general solution of the hypergeometric equation can be written in 
the form 
y = C1 F(a, 8,32) + Coz! 1F(a-y4+1, B-y+1, 2-7; 2). 
Table 3 shows some special cases where F' can be expressed in term of elementary functions. 
For y > 3 > 0, the hypergeometric function can be expressed in terms of a definite integral: 
1X6), 
POT) Sa 
P*T@ATG-B Jo 
where I'(3) is the gamma function. 


11.10-2. Basic Properties. 


Linear transformation formulas: 
F(a, 8, yt) = F(G, a, Y3 2), 
F(a, 8,32) = (1-2) °F F(y-a, y- 8, 7; 2), 


F(a, 8,730) = (1-ay°F (a, y-2, 3 —), 


F(a, 8,732) = (1-2) F(B, y-a, 7 ). 


x-1 


1 
t?1(1 —£)7-F'(1 - try dt, 


Gauss’s linear relations for contiguous functions: 
(G-a)F(a, B,y;2)+aF(a+1,8,7;2)-BF(a,8+1,7;x) =0, 
GH0= DING 262) FOP et 12.52) =O— Die, 8.7- 1a) =9, 
(y- 8-1) F(a, 8,732) + BF (a, B+1,7;2)-(y¥- DF (a, B,y- 152) = 0, 
(y-a-P) F(a, By; 2)+ a0 - 2) F(a +1, 8,93 2)-(¥- DP) F(a, B- 1,75 2) = 0, 
(y-a-P)F(a, 8,9; 2)-(y- a) F(a-1, 8,952) + PI - 2) F(a, B+ 1,752) =0. 
Differentiation formulas: 


d 
— F(a, 3,32) = BP ct: B+, 74+1: 2), 
dx y 


(Q)n(P)n 


Flatn, B+n, y+n; 2), 
(Wn 


d” 
<= F(a, 8.732) = 
XL 


nm 


< — [27 F(a, B,7;2)] =(¥- na?” | Fla, 8, y-Nn; 2), 
XL 


d” 
sa [2 Fa, B,752)] = (Ona Flatn, 8, 2), 
where (@), = a(a+1)...(a+n-—1). 
See Abramowitz and Stegun (1964) and Bateman and Erdélyi (1953, Vol. 1) for more detailed 


information about hypergeometric functions. 
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TABLE 3 
Some special cases where the Gauss hypergeometric function F'(a, /, y; z) 
can be expressed in terms of elementary functions 


(a) (PDe at 


2 fe RE where n= 1,2,... 
Wr 


(—n)e(B)e 2” 


( ) ae where n = 1,2,... 
—n-m), k! 


(1-2) 
(jaa y 
2 
=. 
V1l-2 2 
(+2)'?*-(1-2)' 
2x(1 -2a) 
3 [d+ay°*+(1-2y7*] 


+ 
vie 


+ 
ie 


cos’ x cos(2ax) 
21 (14V1-a)* 


(l+2)(1-ay°" 
sin[(2a—2)a] 
(a—1) sin(2x) 
sin[(2a— 1)a] 
(a= 1 sina) 

( i+a+e) + (Vita?-2) 
2V1+a2 
cos[(2a- 1)a] 
cos £ 


5|( [tate] + (Vi+a2-2)*] 


cos(2@x) 


| 


iS) to 


vie 
Q 
+ 
mn 


x 
1 
a = aresinh x 


aes am fa 
n+tm+1 n+tm+l4+2 niil(n+m)!(m+l)! dxrm % np 
OD. be Png oe. 
xv 
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11.11. Legendre Polynomials, Legendre Functions, and 
Associated Legendre Functions 


11.11-1. Legendre Polynomials and Legendre Functions. 


The Legendre polynomials P,,(a) and the Legendre functions Q,(«) are solutions of the second-order 
linear ordinary differential equation 


(l-a*)y”,, —2ay/, +n(n + Dy = 0. 


The Legendre polynomials P,,(x) and the Legendre functions @,,(x) are defined by the formulas 


l+az 


“1 
— ae — Prn-t()Pn-m(2)- 


Qn) = 5 Pa(a)In 
The polynomials P,, = P,,(@) can be calculated using the formulas 


P(@w=l, Pi@w)j=2, Pi(x)= 530? 1), 


1 1 
P3(x) = 5 Sx" —32x), P(x) = 3s" — 302? +3), 


1 
P(x) - ——P,1(c). 
+1 n+l 


Pasi(£) = rs 


The first five functions Q, = Q,(x) have the form 


l+az l+az 
x1 =51 -1 
sins, Qi@)=Fny—-1, 


1 1 1 1 2 
Qa(a) = 2? = 1)In= gh 3, Oo Ge ah eee, 
4 2 4 = 
1 1 35, 55 
Qu(x) = = G52 - 30x? +3)In Sr + Se 


Qo(x) = 


The polynomials P,,(x) have the explicit representation 


[n/2] 
Pa So" CH OCn Ce oat, 


m=0 


where [A] stands for the integer part of a number A. 
Integral representation of the Legendre polynomials (Laplace integral): 


1 /* n 
P,(2) = =| (a + Vx? -1 cost)” dt, a>. 
T JO 
Integral representation of the Legendre polynomials (Dirichlet-Mehler integral): 


J2 cos| (n+ cos[(n + 5) ¥] dw 7 
P, (cos 6) = 4p ease” 0<O0<7, n=0,1,... 
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Integral representation of the Legendre functions: 


(oe) : n 
Qn(e)=2” f a tt aot 


Properties: 
Py, (-&) = (-1)"Pr(a),  Qn(-2) = 1D)" Qn (2). 
Recurrence relations: 
(n+ 1)Ppsi(a)—(2n + DaP,(a) + nPp1(a) = 0, 


n(n + 1) 


d 
7 doom — 
(a* —- 1) as Py(2) = n|vPp(x) = Pn-1()] Su re 


[Pn+i(2) = Pr (x)] . 


Values of the Legendre polynomials and their derivatives at x = 0: 


(2m—1)!! 


Prm(0) = (-1)” Imm!” Prm+i (0) = 0, P3,,,(0) = 0, Pad (0) = (1) 


Asymptotic formula as n — oo: 


iat 1\, 7 
P,(cos @) = ey sin (n+ = )o4+2 ’ 0<6<7. 
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(2m + 1)! 
2™m 


The polynomials P,,(x) (with natural n) have exactly n real distinct zeros; all zeros lie on the 
interval —1 < x < 1. The zeros of P,,(x) and P,,4;() alternate with each other. The function Q,,(x) 


has exactly n + 1 zeros, which lie on the interval-1 <x < 1. 
The functions P,,(a2) form an orthogonal system on the interval —1 < x < 1, with 


0 if n#m, 


I 
“1 if n=m. 
2n+1 


The generating function for Legendre polynomials is 


1 foe) 
a ae S- P,(x)s"—— (\s| < 1). 
V1-2sr+s* “F 


The generating function for Legendre functions is 


1 a= 1-—2sx +s? 


ae re Sor = i Th “; 1, 1. 
Vi-wse+e Viz X@ (x)s" — (Is< 1, 2 > 1) 


11.11-2. Associated Legendre Functions with Integer Indices and Real Argument. 


The associated Legendre functions P/"(x) of order m are defined by the formulas 
m 2\m/2 a™ 
Pi'(a) = (1 - 2") Fam bn), n=1,2,3,..., m=0,1,2,... 
gm 


It is assumed by definition that Po (x) = P, (x). 
Properties: 
Pr(2)=0 if m>n, Pr (-a)=(-)"™P7"(a). 
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The associated Legendre functions P?” (x) have exactly n—m real zeros, which lie on the interval 
-l<ae<l. 
The associated Legendre functions P?”(x) with low indices: 
Pi@)=(1-2)"?, P}(a)=3a(1-27)'?, P}(@) = 3(1-2”), 
Ph(a) = 352? -0-27)'/?, P22) = 15a(1-2?),  P3(@) = 15(1 — 2)?” 


The associated Legendre functions P’"(a) with n > m are solutions of the linear ordinary 
differential equation 


(1—22)y" -2ay!, + |n(n4+1) ee eer, 
=< Yaar — 4UY x TUN 7? yY=Vv. 


The functions P?”(a) form an orthogonal system on the interval —1 < x < 1, with 
0 if n#k, 


i} 
/ P(e) Pr" (a) dz = 2 (n+m)! 
me 2n+1 (n-m)! 


1 


r) 


The functions P?”(x) (with m #0) are orthogonal on the interval —1 <x < 1 with weight (l-a?)- 
that is, 


/ end (n+m)! , 
4 1-22 ————  _ if m=k. 
m(n—-m)! 


11.11-3. Associated Legendre Functions. General Case. 


In the general case, the associated Legendre functions of the first and the second kind, P/'(z) 
and Q(z), are linearly independent solutions of the Legendre equation 


ad — 2*)\y", —2zy/, + Co 1)- = 3|9 =0, 
-2Z 
where the parameters v and yz and the variable z can assume arbitrary real or complex values. 


For |1 — z| < 2, the formulas 


1 z+1y\4/2 l-z 
Piz) = ——— (<) F(-, 1+, 1-s 4), 
QO" Tq sy eal Dare dase tees iy 
PAINS l-z z+1\5 l-z 
Qh) = A(——) 7 Fv, lev, 14p; —) +B( —)  F(-v, Ley, La 
ie Lew) CU + vy + p) ipo l(H) ao 
Rai SEN. BR eee ei 
IT ev—-) ss es 
are valid, where F’(a, b, c; z) is the hypergeometric series (see Supplement 11.10). 
For |z| > 1, 
—v-1 1 
P#(z) = 2 eB OY) rene (g2_ yyw /ap (LEY oe, cc a ee 5) 
Jal(-v-p) 2 2 2 2 
2’T (5 +V) rn(g yeep (LAE fee bse =) 
Td +v—-p) 2 2 2 2 
my VEY ttl) oto Q+v+p l+v+p 2v+3 1 
H+) = pith V- | - 1? P( =). 
MOT! orang sy a ae ee 
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The functions P,(z) = P9°(z) and Q,(z) = Q°(z) are called the Legendre functions. 
Forn = 1,2,..., 


PP(z) = (2 - yn ~ P,(2), QR(2) = (z See — Q(z). 
Relations between associated ae functions: 
T 1 
Pager. Pies pe). moO e 2, 
Tw-n+1) 
2v+1 + pL 
Ere ae zPH(z)- a (2), 
ae PH (z)+ (2u4 (2-1)? PH (2), 


(22 - LN * Pia) = = vzP(z)-(v+m)P" (2), 


eit Tdt+vt+yp 
QU) = ae «| Pee > Tas HP), 
in y v-1/2 z 
QU(z)=e eae Tw tpt 122-1) serosa —). Re z>0. 


Integral representation for Re(-yz) > Rev >-1: 


I (72 |] =p /2 oo 
ey | (z + cosht)"’"!(sinh t)"*" dt, 


FeO" Te DUCaaey dh 


where z does not lie on the real axis between —1 and oo. 
Integral representation for p< 1/2: 


2H(z? — 1H? 
Vis -1) 


where z does not lie on the real axis between —1 and 1. 
Integral representation for Re vy > —1 and Re(v + 4+ 1) > 0: 


V+ 


P#(z) = (z+Vz2-1 cost)” “(sint)* dt, 


2 —p/2 
nui TY + wt 1)(2? - 1h! 


QV) = 2D + 1) 


Tv 
| (z+cost ees (sin t)°”*! dt, 
0 


where z does not lie on the real axis between —1 and 1. 


Forn=0,1,2,..., 
T 1 £ v 
Pog) = a : (z+ z2—1 cost) cos(nt) dt, Rez>0; 


Twt+nt+l) 
2¥ITW +1) 
Note that z # 7, -1 < x < 1, in the latter formula. 


The modified associated Legendre functions, on the cut z = x, -1 < x < 1, of the real axis are 
defined by the formulas 


Q"(z) = (-1)” Gal ey (z+cost)””l(sint)"’*! dt, Rev>-l. 


P#(x) = 4 [e7™ PH (a + 40) + 2" PH(a — i0)| 

1 lta \h/2 l-z 

Sl lp; 
=U 7) (-v. aa ). 

QU (x) = Se" [oF ™ QU(a + 10) +e ™™ QU (a — 10)| 
Tw+putl) p-! | 
a X)|. 
tone 


7 
= 2sincrp) cost Pi (x) = 
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Notation: 


Pi(x)=P®(x), Q,(2) = Aq). 


For -1 < x < 1, the modified associated Legendre functions can be represented in the form of 
the trigonometric series: 


_ 2k Det pe), Ss (Ft Me tytn. 
P#' (cos ~) = Var Bre tas pyle a kot De sin[(2k +VU+ULt+ 1)6], 
Twt+pt+l).. . (S+mel+yv+ we 
Me = Lu ML 
Q’ (cos 0) = /x 2 Tos) (sin 6) » ES cos[(2k + + + 19], 


where 0 <0 <7. 
ForO0<a<l, 
PY (-a) = Pf (x) cos[a(v + 1)] - In! Q' (x) sin[r(v + 1)], 
QP (-x) = - Q(x) cos[a(v + 1) — $4 PE (a) sin[a(v + j4)]. 


For-l<2<1l, 


2v+1 y+ 

Le a a es Le Ae eee “DM 
PY (2) = Pope v-utl PY (2), 
PH (2) = P#_,(2)-(2v + I) -2?)'/? P#!(a), 


PH (a) =2P4(2)-(t p(1—2”)'/? PH" (a), 


Oh, erie ans SURE nes V+ on 
an P(x) = ol PY (x) - wo] PY (x). 
Wronskian: 
d d T( v+putl )r( mp) 
Lem)“ OH») — OH) PH(r) = —92u 2 2 
PH (x) a Q’ (a) - QU (2) rE PP (ax) ie k=2 re rr Fue) 


Forn=1,2,..., 


Pr(cy = (1-222 pa), Qa) =I)" - 22"? @@). 
dx” dx” 


11.12. Parabolic Cylinder Functions 


11.12-1. Definitions. Basic Formulas. 


The Weber parabolic cylinder function D,(z) 1s a solution of the linear ordinary differential equation: 
Wet (Arty dy =0, 


where the parameter v and the variable z can assume arbitrary real or complex values. Another 
linearly independent solution of this equation is the function D_,_;(iz); if v is noninteger, then 
D,,(—z) can also be taken as a linearly independent solution. 

The parabolic cylinder functions can be expressed in terms of confluent hypergeometric functions 
as 


v(z) = P-42)) |= ys O(-$, 3 3) + 
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For nonnegative integer v = n, we have 


2 Zz 
Dy (Zz) = suse (- =) (+). n=0,1,2,...; 


d 
A(z) = (-1)” exp(z’) aot exp(—z”) : 


where f7,,(z) is the Hermitian polynomial of order n. 
Connection with the error function: 


2 
D_\(z) = 3 exp(=) erte( =), 
2 2 
D_o(z) = \/ee0(=) erfe( =) —exp (-=). 


11.12-2. Integral Representations, Asymptotic Expansions, and Linear Relations. 


Integral representations: 
D2) = 2/4 exp(42”) ie ” exp(-zt?) cos(zt-zmv)dt for Rev >-l, 
0 
D(z) = rar D —— exp(-5 7) i ae exp(— zt — 40’) dt for Rev <0. 
0 


Asymptotic expansion as |z| — oo: 


3 (Cress): 4 


n! yan 


3 
+ Olli) for arg z|< >. 


D(z) = 2” exp(-72”) | 


n=0 


where (a)9 = 1, (a), = a(a + 1)...(a+n-—1) forn = 1, 2, 3,... 
Recurrence relations: 
Dysi(Z) = 2D,(z) + yDy1(z) = 0, 
d 1 
om D(z) + ZPD) -vDyi@) =0 
# (2) — =2DA2) + Dusil2) = 0. 
ar Z)- 5? z ve (Z 


11.13. Elliptic Integrals 


Complete elliptic integral of the first kind: 


Ki) = | fey =} rv 
Jo 6(V1-Rsinta Jo | 22) — F222) 


Complete elliptic integral of the second kind: 


n/2 1 1 — 2 2 
EW = | [=P sina da = | ay 
0 0 vi-2 


The argument k is called the elliptic modulus (k* < 1). 
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Notation: 
ki=V1-k?, K(k) =K(R’), E(k) = E(k’), 


where k’ is the complementary modulus. 
Properties: 


K(-k) = K(k), E(-k) = E(k); 
K(k) =K'(k’), E(k) = E'(k’); 
E(k) K’(k) + E/(k) K(k) — K(k) K'(k) = - 


Conversion formulas for complete elliptic integrals: 
1-k’ 1+ a 

K = K(k 

( 1+k’ )- co 


1k! ' 


K( 2) =(1+k)K(h), 
l+k 

Wk = 1 WK? 
EFS) eg oe ee 


Representation of complete elliptic integrals in the form of series in powers of the modulus k: 
ty 1x 2n-1)!! 
K(k) = 2214 (=) 4 2 ha Gye ie “yan Sactebe 
2 2 2x4 ~ (ny)! 
Eye thy 1 came 1x3 ad (n—1)!!]° 2" 
“2. Va) 1 \ax4) 30 | Qn) | Qn-1 ‘ 


Representation of complete elliptic integrals in the form of series in powers of the complementary 


modulus k! = V1 — k?: 
7 LY 7ISRY (13 (12k (Qn-1)" 7 (1-k\?? 
K(k) = 1+(— Eanes peed Se ee aes 
(k) at +(5) (=) +(33) (=) - +| Onl! | (=) = \ 
hee PAN. Be DNs LARS Yo ee BD ia 
a nz+(5) (m5 Jee (23) (1 oe ) 
2 
4 (BBxSV (4222 Vane yg. 
2x4x6 k’ 1x2 3x4 5x6 
_ atk’) 1 /1-k’ PP /1-k\* (2n—3)!1]? (1—k! \*” 
Ss ay fied (te) teh) 77} ay | ee) OS 
heat ihe Ss A 2 ae 
BSS (mts) me (in lead : 


2 2: 
ee (n aes on 


22x 42x6 k’ 1x2 3x4 5x6 
Differentiation formulas: 


dK(k) E(k) Kk) d E(k) _ E(k)- K(k) 


dk kk’  k? dk k 
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The functions K(k) and K’(k) satisfy the second-order linear ordinary differential equation 


d 


dK 
——t — 2) _ —} 
ral ad kK =0. 


The functions E(k) and E’(k)—K’(k) satisfy the second-order linear ordinary differential equation 


dE 


a= (e=) +kE=0. 


11.13-2. Incomplete Elliptic Integrals (Elliptic Integrals). 


Elliptic integral of the first kind: 


dx 


F( a= da -{"" 
Pes TERRES lo (—22)\(1—k222) 


Elliptic integral of the second kind: 


7) sine \/] _ p272 
Ey.b= f V1-k sin? ada = eae. 
0 0 V1-22 


Elliptic integral of the third kind: 


: dav me d 
Tite.n.k)= f —-____ } = . 
0 (l-nsin? a)V1—-k? sin? a 0 (1 —na?),/(1 — 22)(1 — k?x?) 


The quantity k is called the elliptic modulus (k? < 1), k! = V1 — k? is the complementary modulus, 
and n is the characteristic parameter. 
Complete elliptic integrals: 


K(k) = F(4.k), E(t) = E(5.,k), 
K(k) = F(4.h'), E(k) = B(5,#'). 
Properties of elliptic integrals: 


F(-y,k) =-F(y,k), F(nt + 9g, k) = 2n K(k) + Fy, k); 
E(-y, k) =-E(y,k), E(na + 9, k) = 2n E(k) + Ely, k). 


Conversion formulas for elliptic integrals (first set): 


F( eZ) =kF@W 
1 1 
EB (v. x) = 7 [Ee b)-hY Fy. b)), 


where the angles and 7 are related by siny) = ksiny, cosw = ./1—k? sin? 
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Conversion formulas for elliptic integrals (second set): 


1-k 
F(w 25) =(1+k)F(y,k), 


1-k’ 2 1- 
EB («. =) ra Tae — [Ely, k) + k’ Fy, k)] - JF in, 


where the angles y and 7 are related by tan(y — vy) = k’ tan y. 
Transformation formulas for elliptic integrals (third set): 


r(v. 24) - = (1+ b)F(y,h), 


l+k 
2Vk 1 sin y cosy 
EB = ——|2E(v,k)—(k' Fy, k) + 2k-———_— V1 — k? sin? 
(74) | (6h) (HP PCG, ) + 2h EOE at °|. 
1+k)si 
where the angles y and w are related by sin w = ae 


Trigonometric expansions for small k and y: 


2 2 2x4 
F(y,k) = 2 Kane—sinyeos o( a+ Fan sin’ y + sr Sansin' p+), 


2 

ae _ (2n-1)!] on. 

ao = 7 K@)-1, Qn = An-1 — Seer Bers 
2 2 2x4 

Ble. k) = 2 Elbye—sin 00s (bp +5 sin? y + ee Zyc5 02 sin" pt: ), 


ony hen 


3 
ipl bebo. ie tege |S |S 
. aoe : | Qn)!! | 2n-1 


Trigonometric expansions for k — 1: 


2 p Tt tan yp 2 2x4 
F(y,k) = = Kyintan( $+ 7) eee («5 5a tan? y + SS astant o—-+), 


o) Om eoaye 
ag = a K'(k) -1, ar, = ay - SS (k’)? 3 


Fit - 
3 axe ne ~), 


F (Q2n-1)! 2 (RI pn 
ieee i ees 
by = <E(k)-1, H, == | 2n— 1" 


2 t 2 
B(y,k) = = Eh) intan( $ iy *) “ee (,- Eine 


11.14. Elliptic Functions 


An elliptic function is a function that is the inverse of an elliptic integral. An elliptic function is a 
doubly periodic meromorphic function of a complex variable. All its periods can be written in the 
form 2mw, + 2nw 2 with integer m and n, where w; and w2 are a pair of (primitive) half-periods. 
The ratio T = w2/w) is a complex quantity that may be considered to have a positive imaginary part, 


Im7t > 0. 


Throughout the rest of this section, the following brief notation will be used: K = K(k) and 


K’ = K(k’) are complete elliptic integrals with k’ = V1 — k?. 
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11.14-1. Jacobi Elliptic Functions. 


When the upper limit vy of the incomplete elliptic integral of the first kind 


? da 
U= ia = F( Kk) 
[ V1—k?sin2 a ° 


is treated as a function of u, the following notation is used: 
u=amy. 


Naming: ¢ is the amplitude and u is the argument. 
Jacobi elliptic functions: 
snu = siny = sinamu (sine amplitude), 


cnu = cosy = cosamu (cosine amplitude), 


d 
dnu=/1—k sin 9 = 7A (delta amIplitude). 
UW 


Along with the brief notations sn u, cn u, dnu, the respective full notations are also used: sn(u, k), 
cn(u, k), dn(u, k). 
Simple properties: 
sn(—u) = —snu, 


cn(—u) = cnu, dn(—u) = dnu; 


si utcnu= 1, k’ sn’ u+ dn? u = 1, dn? u—k? cn? u = 1-k’, 


where i* = -1. 
Jacobi functions for special values of the modulus (k = 0 and k = 1): 
sn(u, 0) = sin u, cn(u, 0) = cos u, dn(u, 0) = 1; 
1 


sn(u, 1) = tanh u, ; 
cosh u 


cen(u, 1) = 


dn(u, 1) = 


cosh wu’ 


Jacobi functions for special values of the argument: 


sn(u + 2i K’) = snu, 


dnu 


cn(u + 2K’) =—cnu, 
k! 


1 | ki 
1 = 1 = 1 2 Tolle 
sn(5 K, k) = eae = i a cn(s K, k) = Tak’ dn(5 K, k) = ne 
sn(K, k) = 1, cn(K, k) = 0, dn(K, k) = k’. 
Reduction formulas: 
cnu _,,snu k! 
sn(u + K) = +—_, en(u + K) = =k'—, dn(u + K) = —-; 
dnu dnu dnu 
sn(u + 2K) =—snu, cn(u + 2K) =—cnu, dn(u + 2K) = dnu; 
1 i d 
sn(u+ik’) = eneg hee diwiiki=42— 
ksnu k snu snu 


dn(u + 27K’) =—dnu; 


sn(u + K+7 K’) = sont 


cn(u+K+ik’) =i dn(u + K +i K’) = ik’ 


cnu’ 
dn(u +2K+2iK’) =-dnu. 


kenu’ 
cn(u+2K+2i Kk’) = cnu, 


kenu’ 
sn(u + 2K+2iK’) =—snu, 
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Periods, zeros, poses, and residues (see Table 4). 


TABLE 4 
Periods, zeros, poles, and residues of the Jacobian elliptic functions 
(m,n = 0, £1, £2,...; 7? = -1) 


vel 
4m K 42n K' i 2m K+2n K’ i 2m K+2n41)K' i Cre 


(4m+2n)K+2nK’ i (2m+1)K+2n K’ i 2mK+(2n+1)K' i 


Double-argument formulas: 


> _2snucnudnu — — 2snucnudnu 
ae 1-ksntu  cn2utsn2udn? wu’ 

> _cru-smudn’u — cn?u-sn?udn’u 
i 1-ksntu crn2 wt sn? udn? wu’ 
dn(2 _ dr u-k?snucru — dn’ uten?u(dn’ u-1) 
Ms ie eae = ae Ge 


Half-argument formulas: 


eee 1 1-dnu _ 1—cnu 
2° kB l+enu 14+dnu’ 
on? H = CHutdny _ 1-k? 1-dnu 
2 It+dnu 2 dnu—cnu’ 
wu cnut+dnu l—cnu 
dr = ei 
: 2 l+cnu ( ane ena 


Argument addition formulas: 


snucnudny + snuvcnudnu 


sn(u + v) = ; 
1-—k? sn? usn2 v 
( ) cnucnv + snusnudnudny 
cn(u + v) = —————_—_—_—__.____——__ 
1—k? sn? usn2v : 
dnudnv =k? snusnvcnucny 
dn(u + v) = ————_.—_.—__.___—_. 


1-—k? sn2 usn?2 v 


Table 5 presents conversion formulas for Jacobi elliptic functions. If k > 1, then k} = 1/k < 1. 
Elliptic functions with real modulus can be reduced, using the first set of conversion formulas, to 
elliptic functions with a modulus lying between 0 and 1. 

Descending Landen transformations (Gauss’s transformations): 

(1 +p) sn(v, LU’) 


en(v, 2) dn(v, 11?) dn*(v, y7) + w- 1 


sn(u, k) = » en(u,k)= ,  dn(u,k)= 2 
(u, k) 1+ psn2(v, 11?) Muy) 1+ psn2(v, 12) oe 1+ p—dn*(v, p2) 
where 
_. | P=k! ou 
~l14+k ~1s2: 
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TABLE 5 
Conversion formulas for Jacobi elliptic functions. Full notation is used: sn(u, k), cn(u, &), dn(u, k) 


: ay : me 
: ‘ F sn(u, k) 1 dn(u, k) 
<n k cn(u, k) en(u, k) cn(u, k) 
z! Sau, k) cn(u, k) 
in dn(u, k) dn(u, k) ms dn(u, k) 


;, Snes k) cn(u, k) 
Lares k) we ‘dn(u, k) dn(u, k) 
jp! Se k) dn(u, k) 


Moa, k) cn(u, k) — k) 


(1+k) sn(u, k) en(u, k) dn(u, k) 1—ksn?(u, k) 
1+ksn2(u, k) 1+ksn2(u, k) 1+ksn2(u, k) 


(1+k’) sn(u, k) cn(u, k) 1- 1-(1+k')sn°(u, k) (u, k) 1- 1-(-k')sn“(u, k) k’) sn*(u, k) 
dn(u, k) dn(u, ~~ dn(u,k) dn(u, ~~ dn(u,k) 


Ascending Landen transformations: 


l+o dn’ = l-o dn? 
sateeties) sn(v, j4) cn(v, [L) » ene to dn‘*(v, p)-—o ana o dn‘(v, W)+o 
dn(v, 41) dn, 44) Hw — dn(v, 12) 
where 
_ Ak _{1-k _ 4u 
ent g IE 5 = irean 


Representation Jacobi functions in the form of power series in wu: 
1 1 1 
snu=u- aie. +k*)u> + al + 14k? + kyu - all + 135k> + 135k4 4 k%)u7 +--+, 


1 1 1 

cnu=1- i oa + 4k?)ua — rae + 44k? + 16k4)uo+---, 
1 1 1 

dnu=1- ah + qk +k)u4 - ak 6 444k? + k)uo +--+, 
1 1 1 

amu =u- yee + rid k*)u - = k(16 444k 4 kyu +... 


These functions converge for |u| < |K(k’)]. 
Representation Jacobi functions in the form of trigonometric series: 


Co 


snu = 


——~— sin =sin|(an - Dae: 


= TU 
cnu= = Ente ee, = ae 
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_ (nu 
amu= se + 1D oes sin( "7", 


where g = exp(—7m K’/ K), K = K(k), K’ = K(k’), and k! = V1 —k?. 
Derivatives: 


d d 
—snu=cnudnu, —cnu=—-snudnu, — dnu=—k? snucnu. 
du du 


du 


Integrals: 


1 1 

[osvudu = 7 In(dn uu —k enw) = | In(dnu+kecnu), 
1 1 : 

/ cnudu = z arccos(dn w) = ; arcsin(k sn wu), 

[enw du = arcsin(sn u) = amu. 


The arbitrary additive constant C in the integrals is omitted. 


11.14-2. Weierstrass Elliptic Function. 


The Weierstrass elliptic function (or Weierstrass ¢-function) is defined as 

(2) = plzlwi,w2) = = + pS : : 
z z|w - _——— ee 
a Pree (2—2mw, —2nu»)2 = (2mw + 2nw2)? |’ 


where the summation is assumed over all integer m and n, except for m = n = 0. This function is a 
complex, double periodic function of a complex variable z with periods 2w, and 2w}: 


9(-z) = pz), 


(z+ 2mw, + 2nw2) = (2), 


where m, n = 0, +1, +2, ... and Im(w2/w,) #0. The series defining the Weierstrass go-function 
converges everywhere except for second-order poles located at zy, = 2mw + 2nw. 
Argument addition formula: 


e(z1)- zal) 


Az + 22) = (21) — (Z2) + > | (21) — (22) 


The Weierstrass function 9 = ¢(, 92, 93) = (z|wW1,W2) is defined implicitly by the elliptic 
integral: 
,, as = / as dt 
Q 4/4t3 — got — 93 9 2V(E= e:)(E= e2)(t = 3) | 


The parameters g2 and g3 are known as the invariants. 
The parameters €1, €2, €3, which are the roots of the cubic equation 473— 922-93 = 0, are related 
to the half-periods w 1, w2 and invariants go, g3 by 


Zi 


€1=9(41), €2 =P tu), e1 = —(w2), 


1 
ey tert+e3=0, e1e2 +e1€3 + €2€3 =-ig, €1€2€3 = 793. 
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Homogeneity property: 
(2, 92. 93) =’ (AZ, A G2, X93). 


The Weierstrass naira can be expanded into a Laurent series: 


9. CO 
D8 os DA. eo 39293 8 1 2k-2 
= Paes eS + pte See 
2) = 3 + 50% +98 * To007 + S160" zt Dane 
3 k-2 
Ak = oo Amar-m for k>4, 0 <|z| < min(w)|, lw2]). 


(k-—3)(2k + 1) oer 


The Weierstrass g-function satisfies the first-order and second-order nonlinear differential equa- 
tions: ‘ 5 
/ 
(92) = 49" — 929 93, 
no 2, 1 
Pez = 6" — 792. 
Direct and inverse representations of the Weierstrass elliptic function via Jacobi elliptic functions: 


ft NE 


= €2 + (€; — €3) — 


2 
cen? w 

g(z) = e1 + (e1 —€3)—5 Ow 
sn? w sn 


mw 
ba aA De Ea Ais os POSE og eZ) ~ €2 
9(z) — €3 p(z) — €3 (2) 3" 
w = z/e,—€3 =Kz/a. 


The parameters are related by 


€2 — €3 €1 —€2 


ki= 


> > 
€1 — €3 €1 — €3 


k= K=u),/ep—63, iK’ =u,/e] 63. 


11.15. Jacobi Theta Functions 


11.15-1. Series Representation of the Jacobi Theta Functions. Simplest Properties. 


The Jacobi theta functions (or elliptic theta functions) are defined by the following series: 


1) = V1, = AOlr) = 2 CDG” sinl(2n+ Lav] = 4 YY Cyrg/" elon», 


n=0 N=—0O0 
J2(v) = Jo(v, ¢) = V2(v|T) = 2s> g""/ cos[2n + lyrv] = 2 go eee 
n=0 nN=—0oO 


93(v) = 93(v, q) = ¥3(v|T) = 14+25¢ g” cos(2nmv) = 3 g” etinne 


n=0 N=-00 


00 00 
J4(v) = Ba(v, q) = Va(vir) = 142 S°C-1)"q”™ cos(2nmv) = S> C"g™ e2i™™, 
n=0 00 
where v is a complex variable and q = e’"7 is a complex parameter (7 has a positive imaginary part). 
The Jacobi theta functions are periodic entire functions that possess the following properties: 
Yi(v) odd, has period2, vanishes at v =m+n7; 
Yo(v) even, has period2, vanishes atv =m+nrT+ 4; 
J3(v) even, has period1, vanishes atv =m+(n+ 4)r sks 
J4(v) even, has period1, vanishes atv =m+(n+ 4)r. 
Here m,n =0, £1, +2,... 
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Remark. The theta functions are not elliptic functions. The very good convergence of their 
series allows the computation of various elliptic integrals and elliptic functions using the relations 
given above in Supplement 11.15-1. 


11.15-2. Various Relations and Formulas. Connection with Jacobi Elliptic Functions. 


Linear relations (first set): 


ie™ (v+) OY, (v). 


S 
+ 


al (v+ 5) = 95(v), da(v+ 5) = —-0\(v), 
D3 (v + 5) = I4(v), U4 (v + 5) = 93(v), 
al (v + =) = ie TT) 94(v), Do (v + =) = eit (oF) a.(v), 
(v+5) 


3 (v + 5) =e" \"T) 9(v), V4 


Linear relations (second set): 
Air+ =e" 47), — Po(ulr + 1) = e'*/* 9.017), 
J3(u|7 + 1) = Varlr), Va(v|T + 1) = V3(el7), 


ee | 1 
=) = =,/— ei” /"9\(uI7), v(= ey at = ei"! 94(uIr), 
T 4 1 T T v7 
1 1 
03 (= |—) = ,/— ei’! 95(v\r), v(= =) = ,/2 eit”/* 90K). 
T SO 1 T T v7 


Quadratic relations: 
9}(v)93(0) = V5(wy93(0) — 3(v)970), 
I] (0930) = B5(vy93(0) — 93(v04(0), 
Bi (W)IG(O) = 03(v)93(0) — 03(v)93(0), 
5(vy9G(0) = 93(vy93(0) — 03(v)03(0). 
Representation of the theta functions in the form of infinite products: 


31(v) = 2qoq'/* sin(rv) | | [1 - 29°” cos(2rv) + g*”], 


n=l 


0o(v) = 2qoq'/4 cos(rv) II [1+ 29°" cos(27v) + q*”], 


n=l 


03(v) = q II [1 +297"! cos(2mv) + q4”*], 


n=l 


94(v) = qo | [ [1 - 29°"! cos(2mv) +g], 


n=l 


where qo = [[(1-¢"). 
n=l 
Representations of Jacobi elliptic functions in terms of the theta functions: 
pz 2D) Bal) Do) _ Ba(0) Va) 
V2(0) Va(v)’ V2(0) Va(v)’ 03(0) Va(v)’ 
The parameters are related by 
_ 730) 4, _ 9500) 
330)’ (0) 


K = 5 93(0), K’ =-i7 K. 


11.16. MATHIEU FUNCTIONS AND MODIFIED MATHIEU FUNCTIONS 


TABLE 6 


1045 


The Mathieu functions ce,, = ce,(x, q) and se, = se,,(x, g) (for odd n, functions 
ce, and se,, are 27-periodic, and for even n, they are 7-periodic); definite 
eigenvalues a = a,(q) and a = b,,(q) correspond to each value of parameter q 


‘ ; Recurrence relations Normalization 
Mathieu functions ; oo 
for coefficients conditions 


foe) 
y} 
Cern = As” cos 2mx 
2m 


m=0 


co 
CO2n+1 = ) Asn! cos(2m+l)x 


m=0 


co 
One 8 
Son = ) B3y, sin2ma, 


qA3” oa don Ag”; 
Aq” = (a2n—4)A5”—2q A”; 
GAs = (aon—4m?) AZ, 
—qAsro, m22 


qA;""! os (a2nvi-1-q) Ay" : 
g Agni ls = [aansi—(2m+1) Agr 
a gAsn*t, m21 


qBi”" = (bon -4)B"; 
q BaP 49 = (bon 4m?) Bz, 


oo 


(Ab + SAR)? 


m=0 
_J2 ifn=0 
1 ifn21 


SSA y= 


m=0 


m=0 


seo =0 


—qBxro, m22 


ae qB3""! = (bonvi-1-g) Bi"; ae ee 
Seansi=) | Bin SinQm+ Dx |g Bt = (bapqi COm+l) BR > Bina =1 
=0 - Birt, m2] m=0 


11.16. Mathieu Functions and Modified Mathieu 
Functions 


11.16-1. Mathieu Functions. 


The Mathieu functions ce,,(~, q) and se,(x, q) are periodical solutions of the Mathieu equation 
Yun + (a—2qc0s 2x)y = 0. 


Such solutions exist for definite values of parameters a and q (those values of a are referred to as 
eigenvalues). The Mathieu functions are listed in Table 6. 
The Mathieu functions possess the following properties: 


T T 

C€2n (x, —G) = (-1)” cern, (F-2, 4) » Cans (@, —G) = (-1)” seams (5 -2, 4) ; 
T Tv 

Seon (x, -g) = (-1)""" sean (5 -2, a) »  S€m1(@, —G) = (-1)” cerns (+ -2, 4) : 


Selecting sufficiently large number m and omitting the term with the maximum number in the recur- 
rence relations (indicated in Table 6), we can obtain approximate relations for eigenvalues a, (or by) 
with respect to parameter g. Then, equating the determinant of the corresponding homogeneous 
linear system of equations for coefficients A”, (or B? ) to zero, we obtain an algebraic equation for 
finding a,,(q) (or by (q)). 

For fixed real g # 0, eigenvalues a,, and b,, are all real and different, while 


if qg>O then ap<b) <a; <bno<a<-::; 
if qg<O then ap<a, <b <n <a<a3<b3<by<---. 
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The eigenvalues possess the properties 


Gan (-q) = a2n(q), bon (-q) = bon(q)s G2n+1(-q) = bon+1(q). 


Tables of the eigenvalues a, = a,(q) and by, = b,(q) can be found in Abramowitz and Stegun 
(1964, chap. 20). 

The solution of the Mathieu equation corresponding to eigenvalue a,, (or b,,) has n zeros on the 
interval 0 < x < zm (q is areal number). 

Listed below are two leading terms of asymptotic expansions of the Mathieu functions ce,,(z, q) 
and se,(x, q), as well as of the corresponding eigenvalues a,,(q) and b,,(q), as g — 0: 

2 4 
ceg(x, g) = = (1 - ; cos 2), ao(q) = -- + ae 


ce;(x, g) = cosx — ; cos3z, a(g=1+q; 


4 2 
cep(a,q) = cos 2x + 4 (1- > *). ao(q) = 4+ _ 

2 a9 : 
ce, (x, g) = cosnax + 4 aes - ou > Anl(g = n+ ae 1D (n = 3); 
se, (x, q) = sina — ; sin3z, bi(q)=1-4; 

. 4 2 
sex(a,q) = sin2x-g——=, bq) = 4- 
F q|sin(n+2)x2  sin(n-2)a 2 ¢ 

sen(g)=sinnue 4] SUPE _ SnD 5 bn(qg) =n aoa B (n= 3). 


Asymptotic results as g > 00 (-17/2 < a < 1/2): 
An(q) = —2¢q + 2(2n + 1)./q+ 4(2n? +2n+1), 
bnsi(Q) ~ -2q + 2(2n+ 1/7 + LQn? +2n + 1), 
cen (2, q) = Ang /*cos | x [cos?”*1¢ exp(2,/q sin x) + sin?”*!¢ exp(—2,/q sin x)] ? 
S€nii(2, Q) ~ Uns g/4cost! x [cos?”*1¢ exp(2,/q sin x) — sin??*!¢ exp(—2,/q sin x)] : 


where \,, and /,, are some constants independent of the parameter q, and € = 4a see 


11.16-2. Modified Mathieu Functions. 


The modified Mathieu functions Ce,,(z, q) and Se,,(x,q) are solutions of the modified Mathieu 
equation 
Ynx —(a—2q cosh 2x)y = 0, 
with a=a,,(q) and a=b,,(q) being the eigenvalues of the Mathieu equation (see Supplement 11.16-1). 
The modified Mathieu functions are defined as 
Ceonsp (a, q) = Cernsp(ix,q) = )~ Azz? cosh{(2k + p)=], 
k=0 


Seonsp(, q) =i S€rnap(ix, q) = S> Byes” sinh[(2k + p)], 
k=0 


where p may be equal to 0 and 1, and coefficients Ae and Be are indicated in Supplement 
11.16-1. 
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11.17. Orthogonal Polynomials 


All zeros of each of the orthogonal polynomials P,, (7) considered in this section are real and simple. 
The zeros of the polynomials P,,(x) and P+) (x) are alternating. 
For Legendre polynomials see Supplement 11.11-1. 


11.17-1. Laguerre Polynomials and Generalized Laguerre Polynomials. 


The Laguerre polynomials L,, = L,,(x) satisfy the second-order linear ordinary differential equation 
ry, t+ —x)y;, +ny =0 


and are defined by the formulas 


1 
L(x) = ie 


The first four polynomials have the form 
Io(a)=1, Li(a)=-e+1, Lo(x)=4(@*-4r4+2),  13(x) = 4a + 927 - 182 + 6). 


To calculate L,,(x) for n = 2, one can use the recurrence formulas 
1 
Lnsi(e) = —— [2n+ 1-a)Ln(2)-nLpa@)). 
nt+1 


The functions L,,(x) form an orthonormal system on the interval 0 < x < oo with weight e~”: 


0 if n#m, 
1 if n=m. 


/ ” Ee Lae) des { 
0 


The generating function is 


1 Co 
Tas (T) = Levwss I< 


The generalized Laguerre polynomials L? = L°(x) (a >-1) satisfy the equation 
ry, t+(at1l—a)y,, +ny =0 


and are defined by the formulas 


1. d” = ony a Tas ]). 5)" 
Lo i . 2 eet Nt+a xv = n—m = : 
n(a) = pa et (ae) dCi mi a icerra m!(n—m)! 


Notation: L°(@) = L,(2). 
Special cases: 
Lo(@=1, Le@=atl-2z, Li (a= Cy. 
n! 


To calculate L(x) for n 2 2, one can use the recurrence formulas 
1 
T= a [(2n+at1—a)L°(x)-(n+a)L& ,(2)]. 
n 
Other recurrence formulas: 


d d 
L(x) = LY (a) + Lo: Fy bn) — aL). w7En(2) =nLo(x)-(n+a)L (a). 
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Oo one 


The functions L(x) form an orthogonal system on the interval 0 < x < oo with weight x 


if n#m, 


if n=m. 


oo 0 
[ ereteswin ade = { rhe 
0 ni 


The generating function is 


(1-8) exp(-_) = dbs" Is] <1. 


11.17-2. Chebyshev Polynomials and Functions. 


The Chebyshev polynomials of the first kind T,, = T,(«) satisfy the second-order linear ordinary 
differential equation 


(l-2”)y”,,-ayl,+n’y =0 (1) 
and are defined by the formulas 
—2)"n! d” 
T,,(a) = cos(n arccos x) = ¢ ss 1-2? [d-27)""3] 
[n/2] 


pe py 2am" ym (= 0,1,2,...), 


m!(n-2m)! 


where [A] stands for the integer part of a number A. 
An alternative representation of the Chebyshev polynomials: 


T,(&) = Gn GD ea aa yn da” —(1 Joe2yr/2, 


The first five Chebyshev polynomials of the first kind are 
T(z)=1, Ti@)=2, Th(z)=227-1, T3(z)=4a°-32, Ty(x) = 824-82? +1. 
The recurrence formulas: 
Trai(x) = 22T,, (x) — Ty_1 (2), n=2. 
The functions T;,(x) form an orthogonal system on the interval—1 <x < 1 with weight (1-a?y!/ ze 


" Tr(2)Tm(2) 
- Vil-2? 


The generating function is 


a0 if n=m#0, 


wT if n=m=0. 


0 if n#m, 
dx = 


Lees >» T,(x)s" — (\sl< 1). 


1 —2sx + 82 


The functions T;,(x) have only real simple zeros, all lying on the interval -1 < x < 1. 

The normalized Chebyshev polynomials of the first kind, 2'""7;,(x), deviate from zero least 
of all. This means that among all polynomials of degree n with the leading coefficient 1, it is 
the maximum of the modulus max, |2''"'T, (x)| that has the least value, the maximum being equal 


to2!, 
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The Chebyshev polynomials of the second kind U,, = U,(«) satisfy the second-order linear 
ordinary differential equation 


(l-2°)y”,, —32ry/, + n(n + 2)y =0 
and are defined by the formulas 


sin{[(n+1l)arccosz] 2”(n+1)! 1 d” Dyn /2 
pas abe ae tala aaee ee _ 


SS 1 
V1—272 (2n+1)! V1—272 dat | 
[n/2] 


m (n m)! n—2m 
22) ier each ca il (n=0, 1, 2,...). 


Un (x) = 


The first five Chebyshev polynomials of the second kind are 
Ux) =1, U(x) =22, Un(r)=42?-1, U3(x) = 82° -42, Ug(x) = 1624-1227 + 1. 
The recurrence formulas: 
Ons (x) = 22U n(x) — Un_1 (2), ne22. 


The generating function is 


: = S- U,(z)s” — (\s| < 1). 
n=0 


1-2sx +s? 


The Chebyshev polynomials of the first and second kind are related by 


1 d 
—-—T, ; 
n+1 dx 1) 
The Chebyshev functions of the second kind, 


Un (x) = 


Uo(x) = arcsin x, 


V1-<2x? dT,(x) 
n dx 


just as the Chebyshev polynomials, also satisfy the differential equation (1). 
The first five Chebyshev functions are 


Uo(z) =0, Ua) =V1-2?, Ud(2) = 22rvV 1-27, 
U3(x) = (427 -1)V1—22, Us(x) = (82° —42)V1 - 2?. 


The recurrence formulas: 


(n =1,2,...), 


U,,(x) = sin(n arccos x) = 


Uns (2) = 22 U(x) a Un-1 (x), n = 2. 
The functions U,,(x) form an orthogonal system on the interval —1 <x < 1 with weight (1-x?y!/ as 


[ +O Un(a) Um(2) e={y if n#Am or n=m=O, 


JV1l—-22 2 in if n=m#0. 


The generating function is 


1-2sa + CES “> Un+i(x)s” (Is| < 1). 
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The Hermite polynomials H,, = H,,(x) satisfy the second-order linear ordinary differential equation 
You ~ 2xy,, + 2ny =0 

and are defined by the formulas 

. [n/2] 


d 
Hy(x) = (-1)" exp(x*) = exp(— = oe art a eon, 


where [A] stands for the integer part of a number A. 
The first five polynomials are 


Ho(x)=1, Hy(x)=22, Ho(x)=40?-2, H3(x) = 82°-12x, Hy(x) = 1624 — 4827 + 12. 
Recurrence formulas: 
Anyi (@) = 24H, (x) — 2nAy-1(2), Hao 


as = 2n Ay, \(2). 
dx 


Integral representation: 


Han (X) = (Sle an exp (a?) i< exp (-t?) 0?” cos(2xt) dt 
m WZ < > 
Ayni(&) = Levee exp(x) i exp(—t?)1?”*! sin(2xt) dt 
Vr 0 


where n = 0, 1, 2,... 
The functions H,,(2) form an orthogonal system on the interval —oo < x < oo with weight e” 


if n#m 


oo 0 


OO 


Generating function: 


exp( ae 2sx) => Hy (a). 
Asymptotic formula as n — oo: 


ml nm _n 
A, (24)=2 2 n2e 2 exp(z”) cos(V2n+1«—4rn). 


The Hermite functions h,,(x) are introduced by the formula 


- exp(-a’), n=0,1,2,... 


The Hermite functions satisfy the second-order linear ordinary differential equation 


hn(a) = exp(-52”) H,(2) = (- 1" exp(52 2) 


he +(Qn+1-27)h=0. 
The functions h(x) form an orthogonal system on the interval —oo < x < oo, with 


if n#m 


Co 0 ? 
/ hy(&)hm(«) dx = { Jr2"n! if n=m. 
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11.17-4. Jacobi Polynomials. 


The Jacobi polynomials, P‘*-?)(x), are solutions of the second-order linear ordinary differential 
equation 

(l-2”)y"+ [(B-a-(at B+2)z]y/, tn(ntatB+ly=0 
and are defined by the formulas 


(-1)” 
2 


=2” yon me CEE (eI e+), 


POA) = (1-2) “(14 ay? -|a- eo eae 


where the C/ are binomial coefficients. 
The generating function: 


2+8R1(1-54+ RY*(1+s+ Ry = Se PO Oa\s%, R=V1-22s+s?, |s| <1. 
n=0 
The Jacobi polynomials are orthogonal on the interval —1 < x < 1 with weight (1 —x)°(1 + 2)?: 
1 0 if n#m, 
/ (1-2)*(1 42)? P(x) PF (x) dx = 2841 T(atntD(Btntl) . : 
TO tt Wwn=m. 
= at+B+2n+1 niT(a+B+ent+)) 


For a >—1 and 3 > -1, all zeros of the polynomial P‘~*)(x) are simple and lie on the interval 
-l<a<l. 


11.17-5. Gegenbauer Polynomials. 


The Gegenbauer polynomials (also called ultraspherical polynomials), C2 (x), are solutions of the 
second-order linear ordinary differential equation 


(-a7)y”,, -(2A + lay’, + n(n + 2A)y = 0 
and are defined by the formulas 
(-2)” Tint AYP (n+ 2A) 2-41 /2_4" 2yn+d-1/2 
a a (tar)? 
mi TO)r@nt2y 7? ae ®) 


[n/2] 


2 m L(n-m+A) Pave 
= 2G) Touma 


O(a) = 


Recurrence formulas: 


CO (a) = MOY poor(q)- BEA7? 


ea ee n+1 
d 
OMG cnecbies Bon @ = INO): 


COM (¢ ); 


The generating function: 


a— ss => cen" 


The Gegenbauer polynomials are orthogonal on the interval —1 < x < 1 with weight (l—-a?)*"!/?: 
0 if n#m, 
2) d-1/2. 0) O) = T(2A 


22>-1(\ + n)n! T2(A) 
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11.18. Nonorthogonal Polynomials 


11.18-1. Bernoulli Polynomials. 


The Bernoulli polynomials B,(x) are introduced by the formula 


BAD= SC Be) -Gua0/1, 2.3), 
k=0 
where C* are the binomial coefficients and B,, are Bernoulli numbers (see Supplement 11.1-3). 
The Bernoulli polynomials can be defined using the recurrence relation 
n-l| 
Bo@et: \ CeBe)a na: qe S2s 90s 
k=0 
The first six Bernoulli polynomials are given by 
Boa)=1, Biw)=2-4, Blx)=2°-2+4, Bsa) = 2° - 42" +42, 


Baa) = 04-203 +0?-4, B(x) = 25 - Sat + S03 42. 


Basic properties: 
By(a + 1)- Bp(x) = nal, BY (2) =(n+1)B,(2), 
B,(1— x) = (-1)" Bra), (-l)"E,(-2) = En(x) + na”, 


where the prime denotes a derivative with respect to x, andn =0, 1, ... 
Multiplication and addition formulas: 


B,(maz) =m"! 3 By, (« + =): 


By(a+y)= 5° CRBg(x)y”™, 
k=0 


where n =0, 1,... andm=1,2,... 
The generating function is expressed as 


ert = t™ 
[= d, Br(x)— (|t| < 27). 


This relation may be used as a definition of the Bernoulli polynomials. 
Fourier series expansions: 


n! > cos(27ka — 47) 


Bu(a) =—25 yn i (n=1,0<a2<1; n>1,0<2<1); 
TT 
2 2k 
Banal) = 2-1 22 a : = — 7) (el O<a<l; n>1,0SeS)); 
n (2n)! cos(2k7x) 
Ban (2) = 2-1)" a Ss <a MS 2at OSes”), 
k=1 
Integrals: 
n By {ay 
B,(t) dt = Bnsi@) = Bn+i(@ +1 
i. © eo 
! 
ie Brn(t)By(t) dt = (1) Baan, 
0 (m+n)! 


where m and n are positive integers and B,, are Bernoulli numbers. 
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11.18-2. Euler Polynomials. 


Definition: 


E neoy= DCE (# =) G00 0, 


where C¥ are the binomial coefficients and E,, are Euler numbers (see Supplement 11.1-4). 


The first six Euler polynomials are given by 


Fo(a) = 1, E\(x) = «2-4, E(x) = x —2, E3(z) = a — 32° +4, 


1 


Ex(a) = x* -273 +a, Es(x4)= x -in' +5 377 - De 


Basic properties: 
E,(a+1)+E,(2)=22", El, =(n+ IE,(a), 
E,-2)=(l"En@),  (-1)"'Ea(a) = En(a) - 22", 


where the prime denotes a derivative with respect to 7, andn =0, 1, ... 
Multiplication and addition formulas: 


Ene = me Soke n(a+=), Fe | iy Oe ee ee 


m-1 


2 k 
En (ma) =-——m" J (-1)*Ensi (w+ —), PSO yoke SOA 
k=0 


E,(x + y) = S- CrE,(a)y”*, n=0,1,... 
k=0 


The generating function is expressed as 


t oo tr 
=F — (Wtl<7). 
n=0 , 


ef+1 


This relation may be used as a definition of the Euler polynomials. 
Fourier series expansions: 


sin ((2k + 1l)rax- 47) 


E, (2) =4 = (n=0,0<a2<1; n>0,0<2<1); 


(2n)! SS sin((2k + rz) 
grant ar (2k + 1)2n+1 


Ey (x) = 4(-1)” 


,(2n-1)! cos ((2k + 1)72) 
En a(a) = 4(-1) oe ea a (n=1,2,..., OSaSD). 


Integrals: 


ie E, (t) dt = Ennai (@) - Ena (@) 


n+1 
min! 


(m ae. 2)! m+n+2> 


[ E,,(t)E,(t) dt = 4(-1)"(2™*"*? — 1) 
0 


(n=0,0<2<1; n>0,0< 21); 
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where m, n = 0, 1, ... and B, are Bernoulli numbers. The Euler polynomials are orthogonal for 
even n+m. 
Connection with the Bernoulli polynomials: 


raster» [B(244) -25(8)] = 2[200-2"9.()] 


where n = 1, 2,... 


@ References for Supplement 11: H. Bateman and A. Erdélyi (1953, 1955), N. W. McLachlan (1955), M. Abramowitz and 
I. A. Stegun (1964), W. Magnus, F. Oberhettinger, and R. P. Soni (1966), H. Buchholz (1969), S. Yu. Slavyanov and W. Lay 
(2000), D. Zwillinger (2002), A. D. Polyanin and V. F. Zaitsev (2003), E. W. Weisstein (2003). 


Supplement 12 


Some Notions of Functional Analysis 


12.1. Functions of Bounded Variation 


12.1-1. Definition of a Function of Bounded Variation. 


1°. Let f(a) be a function defined on a finite segment [a, b]. Consider an arbitrary partition of the 
segment by the points 
A=%) <2 <4. <+++< In) < Xn =d 
and construct the sum 
n-1 
v= >_|f(cru)- f(wx)| (1) 
k=0 
whose terms are absolute values of the increments of f(x) on each segment of the partition. 
If, for all partitions, the sums (1) are bounded by a constant independent of the partition, one 
says that the function f(x) has bounded variation on the segment [a, b]. The supremum of all such 


sums over all partitions is called the total variation of the function f(x) on the segment [a, b]. The 
total variation is denoted by 


b 
V f(a) = sup{v}. 


A function f(x) is said to have bounded variation on the infinite interval [a, oo) if it is a function 
of bounded variation on any finite segment [a, b] and its total variation on [a, b] is bounded by a 
constant independent of b. By definition, 


V f(a) = anf V f@)}. 


2°. In the above definitions, the continuity of the function f(x) is not mentioned. A continuous 
function (without additional conditions) may have bounded or unbounded variation. 


Example. Consider the continuous function 


jean | 2° Be if « #0, 
= x 
0 if r=0 


and the partition of the segment [0, 1] by the points 


Then the sums (1) corresponding to this partition have the form 


Un =1l+—+-:-+——- Cc as n-o. 
2 n 


1 
Therefore, V f(~=oa. 
0 
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12.1-2. Classes of Functions of Bounded Variation. 


Next, we list some common classes of functions of bounded variation. 


1. Any bounded monotone function has bounded variation. Its total variation on the segment 
b 


[a, b] is defined by Y f(x) =|f(b)- f@l. 
Remark. The last statement is true for infinite intervals (—oo, a] and [a, co); in the latter case, 
the total variation is equal to V f(x) =|f(w~)- f@. 
2. Suppose that f(a) is a bounded function on [a, b] and this segment can be divided into finitely 
many parts 
lar, @k+1] (kK =0,1,...,m-1; ap=a, Gm =bd), 
so that the function f(a) is monotone on each part. Then f(a) has bounded variation on [a, b]. 


Remark. This statement is also true for infinite segments. 
3. Let f(x) be a function on a finite segment [a, b] satisfying the Lipschitz condition 


| f(ai) — f(@2)| S Lay - a2], 


b 
for any x; and x2 in [a, b], where L is a constant. Then f(x) has bounded variation and V f(s 


TSO). : 
4. Let f(x) be a function on a finite segment [a, b] with a bounded derivative | f’(x)| < L, where 


b 
L=const. Then, f(x) is of bounded variation and V f(x) s L(b-a). 


5. Let f(x) be a function on [a, b] or [a, oo) and suppose that f(a) can be represented as an 
integral with variable upper limit, 


fa=c+ f° eat, 


where y(t) is an absolutely continuous function on the interval under consideration. Then f(x) has 


bounded variation and : 
b 
V i@= f be@lae. 


Corollary. Suppose that y(t) on a finite segment [a, b] or [a, oo) is integrable, but not absolutely 
integrable. Then the total variation of f(x) is infinite. 


12.1-3. Properties of Functions of Bounded Variation. 


Here, all functions are considered on a finite segment [a, b]. 

1. Any function of bounded variation is bounded. 

2. The sum, difference, or product of finitely many functions of bounded variation is a function 
of bounded variation. 

3. Let f(x) and g(x) be two functions of bounded variation and |g(x)| => kK > 0. Then the ratio 
f(x)/g() is a function of bounded variation. 

4. Leta<c<_b. If f(x) has bounded variation on the segment [a, b], then it has bounded 
variation on each segment [a,c] and [c, b]; and the converse statement is true. In this case, the 
following additivity condition holds: 


b Cc b 
V f@= Vf@+ V fo. 
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5. Let f(x) be a function of bounded variation of the segment [a, b]. Then, for a < x < b, the 
variation of f(a) with variable upper limit 


F(a) = 'V fa) 


is a monotonically increasing bounded function of x. 
6. Any function f(a) of bounded variation on the segment [a, b] has a left-hand limit lim | f(x) 
L— 2X0: 


and a right-hand limit lim , f(x) at any point xo € [a, 5]. 
LZ Lot 


12.1-4. Criteria for Functions to Have Bounded Variation. 


1. A function f(a) has bounded variation on a finite segment [a, b] if and only if there is a 
monotonically increasing bounded function ®(x) such that for all x;,x2 € [a,b] (a < 2), the 
following inequality holds: 


If (x2) — Fel S O(a2) — O(@1). 


2. A function f(a) has bounded variation on a finite segment [a, b] if and only if f(a) can be 
represented as the difference of two monotonically increasing bounded functions on that segment: 


f(®) = 92(@) - gi(@). 


Remark. The above criteria are valid also for infinite intervals (—oo, a], [a, 00), and (—co, co). 


12.1-5. Properties of Continuous Functions of Bounded Variation. 


1. Let f(x) be a function of bounded variation on the segment [a, b]. If f(a) is continuous at a 
point xo (a < Xo < b), then the function F(x) = V f(a) is also continuous at that point. 


a 
2. A continuous function of bounded variation can be represented as the difference of two 
continuous increasing functions. 
3. Let f(x) be a continuous function on the segment [a, b]. Consider a partition of the segment 


QA=%) <2 <4. <+++< Ayn) < Xn =d 


n-l 
and the sum v = >> | fers) — (ae) |. Letting \ = max |x44; —x,| and passing to the limit as A — 0, 
k=0 


we get 


b 
lim v = Vv f(a). 


12.2. Stieltjes Integral 


Let f(x) and v(x) be functions defined on an interval [a,b]. Let us partition this interval into 
n elementary subintervals defined by a set of points {%, %1,...,%»} such that a = 1% <4 <---< 
Ln = b. Each subinterval [x,_1, 2%] will be characterized by its length Ax, = x, — xp and an 
arbitrarily chosen point €, € [vp-1, 7%]. Let us make up a Stieltjes integral sum 


Sn = S- FEAR (a), 


k=1 
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where Ayy(x) = y(x~) — Y(ax-1) is the increment of the function v(x) on the kth elementary 
subinterval. 

If there exists a limit of the integral sums s,,, as the number of subintervals n increases indefinitely 
so that the length of every subinterval Ax; vanishes, and this limit depends on neither the way the 
interval [a, b] was partitioned nor the way the points &; were selected, then this limit is called the 
Stieltjes integral of the function f(a) with respect to the function v(x) over the interval [a, b]: 


b 
', f(x) dy(a) = lim sn ( max Ar, — 0 as n> 00). 


lsksn 
Then f(a) is called an integrable function with respect to y(x), and v(x) is called an integrating 
function. 


The Stieltjes integral is a generalization of the Riemann integral; the latter corresponds to the 
special case v(x) = x + const. 


12.2-2. Properties of the Stieltjes Integral. 


The Stieltjes integral has properties analogous to those of the definite Riemann integral: 


b 
1) / dp(x) = (b) - pla); 


b b b 
2) / [Af(x) + Bg(a)] dp(a) = A / f(x) dy(x) + B / g(x) dp (a), 


b b b 

3) / f(a) d[Ap(2) + Bu(a)] = A / fa) dp(x) + B / fla) dela); 
b c b 

4) | Hadoey= ‘ f(a) dla) + i: FOIA: KOSORD): 


It is assumed that all integrals on the left- and right-hand sides exist. 


THEOREM (MEAN VALUE). Ifa function f(x) satisfies inequalities m < f(a) < M on an interval 
[a, b] and is integrable with respect to an increasing function v(x), then 


b 
if f(x) dy(x) = plyp(b)- v(a)], 


wherem<u< M. 


12.2-3. Existence Theorems for the Stieltjes Integral. 


The existence of the Stieltjes integral and its reduction to the Riemann integral is established by the 
following theorem. 


THEOREM 1. If f(x) is continuous on [a, b] and y(x) has a bounded variation* on [a, b], then 


b 
the integral | f(x) dy(a) exists. 


* A function v(x) is said to have a bounded variation on an interval [a, b] if there exists a number MM > 0 such that for 


n 
any set of points a = % < 21 <-+-<2@n = b the inequality >> |y(rxR41) -— p(ax)| < M holds (see also Supplement 12.1). 
k=l 
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THEOREM 2. Let f(x) be integrable on [a, b] in the sense of Riemann and let (x) satisfy the 
Lipschitz condition 
lp(x2) — p(x1)| < Kaz - x1], 
Where x, and x are arbitrary points of the interval [a,b] and K is a fixed positive constant. Then 
the function f(a) is integrable with respect to the function p(x). 


THEOREM 3. Let f(x) be integrable on [a, b] in the sense of Riemann and let p(x) be differen- 
tiable and have an integrable derivative on [a,b]. Then the function f(x) is integrable with respect 
to the function p(x) and, moreover, 


b b 
Yi F(x) dy(x) = / f(x)e"(@) da, 
where the integral on the right-hand side is understood in the sense of Riemann. 


Remark. If a function f(x) is integrable on an interval [a, b] with respect to a function y(z), 
then, vice versa, the function y(x) is also integrable with respect to the function f(x) on [a, b]. 
Owing to this property, the functions f(«) and y(x) are interchangeable in Theorems | and 2. 


THEOREM 4. Let f(x) be continuous on [a, b] and let y(x) have an absolutely integrable deriva- 
tive y'(a) everywhere on [a, b], except, perhaps, finitely many points. Let, in addition, the function 
p(x) undergo a jump discontinuity at finitely many points 


A=Co< Cy <+++<Cm =D. 


Then the Stieltjes integral exists and is calculated as 


b b 
i f(a) dy() = | f(a)y'(a) da + f@lpla + 0)- pa) 
m-l| 
+ 3° flea )ly(ce +0) — plex - 01 + FLO) - 9(b- 0), 
k=l 
where the right-hand side contains a Riemann integral. Note the presence of terms outside the 
integral on the right-hand side, where, apart from the ordinary jumps of the function (x) at the 
internal points of discontinuity, there are terms with one-sided jumps at the endpoints (if there is no 
jump at either endpoint, the corresponding term vanishes). 


The Stieltjes integral is useful for finding static moments, moments of inertia, and some other 
distributed quantities on an interval [a,b], where, apart from continuous distributions, there are 
concentrated quantities like point masses that correspond to a discontinuous function y(x) with 
finite jumps. 


12.3. Lebesgue Integral 


The space C[a, b] of continuous functions on a finite interval [a, b] is a metric space with the metric 


b 
at. = if fw) — g(a)|de, 


where the integral is understood in the sense of Riemann. It is well known that this metric space 
is incomplete, in the sense that there is a Cauchy sequence (with respect to this metric) that does 
not converge to any element of C[a, b]. One can consider a formal completion L[a, b] of the space 
Cla, b] in this metric. The space L[a, b] is wider than C[a, b] and the problem is to describe the 
structure of its elements. It turns out that L[a, b] consists of the so-called summable or Lebesgue 
integrable functions. Below, we briefly describe a version of the Lebesgue integration theory. 


* Supplement 12.3 was written by G. A. Yosifian. 
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12.3-2. Sets of Zero Measure. Notion of “Almost Everywhere”. 


Let [a, b] be a finite interval on the real axis x. 

A set A C [a, b] is called a set of zero measure if for any € it can be covered by finitely many or 
countably many intervals whose joint length is less than ¢. 

In particular, any finite or countable set of points on [a, b] is a set of zero measure on [a, b]. 

The union of finitely many (or countably many) sets of zero measure is a set of zero measure. 

A set B C [a, b] is called a set of full measure on [a, b] if its complement [a, b] \ B is a set of 
zero measure on [a, }]. 

If some property holds for all points of a segment [a, b] except points of some set of zero measure, 
one says that this property holds almost everywhere on [a, b], or holds for almost all x € [a, b], or 
holds on a set of full measure. 

A function is said to be defined almost everywhere on [a, b] if it is defined at all points of [a, 5] 
except points forming a set of zero measure on [a, b]. 

Let f(x) be a sequence of functions defined almost everywhere on [a,b]. One says that the 
sequence f(x) converges to a function f(x) almost everywhere on [a,b] as n — oo if there is 
pointwise convergence f,,(x) — f(x) for almost all x © [a, b]; in other words, if there is pointwise 
convergence on a set of full measure. 


12.3-3. Step Functions and Measurable Functions. 


A partition of a segment [a, b] is a system of intervals (x;, 741), 2 = 0,1,...k, such that a = xo < 
Up<:++< apd. 

A step function on [a, b] is a function that takes a constant value on every interval (x;, x;41) of 
some partition of [a, b]. 

A measurable function f(x) on [a, b] is a function that is defined and finite almost everywhere 
on [a, b] and can be represented as the pointwise limit (almost everywhere) of a sequence of step 
functions; in other words, there is a sequence of step functions f,,(2) such that f,,(x) converges to 
f(x) almost everywhere on [a, b] as n — oo. 

Since measurable functions are defined almost everywhere, two such functions are identified if 
they coincide on a set of full measure. 

Obviously, any step function is measurable. Many properties of step functions can be transferred 
to measurable functions. In particular: 

(1) All step functions on [a, b] form a linear space, i.e., if f, g are step functions, then their linear 
combination af + Gg is a step function. It follows that all measurable functions on [a, b] form a 
linear space. 

(ii) The product of two step functions is a step function, and accordingly, the product of two 
measurable functions is a measurable function. 

(iii) The ratio of two step functions is a step function, provided that the denominator is different 
from zero. The ratio of two measurable functions is a measurable function, provided that the 
denominator differs from zero almost everywhere on [a, b]. 

(iv) The absolute value |h(x)| of a step function h(x) is a step function. The absolute value of 
any measurable function is also a measurable function. 

(v) Let f(x), g(x) be measurable functions, then the functions 


hy(x) = max{ f(x), g(@)}, h(x) = min{ f(x), g(a)} 
are measurable. In particular, for any measurable function f(x), the functions 
f*(v) = max{ f(z), 0}, f(x) = max{0,—f(x)} 


are measurable. The functions f* and f~ are called the positive part and the negative part of f, 
respectively. 
Any continuous function on [a, b] (or even a piecewise continuous function) is measurable. 
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12.3-4. Definition and Properties of the Lebesgue Integral. 


Let h(x) be a step function on the interval [a, b] taking constant values h,...,h, on mutually 
disjoint segments Aj,..., Ax into which [a, b] is divided by points a = xp < 41 <--- <a, =0b. The 
integral of such a step function h(x) is defined by 


k 
Th= / h(x) dx = S~ hjlAjl, 
[a,b] 


jal 


where |A,,| is the length of the interval Aj. 

For a sequence of function g,(x) on [a, b], we write gn, /” g if gn converge to a function g almost 
everywhere on [a, b] and the numerical sequence g,,(x) is monotonically increasing for almost all 
x € [a,b]. 


DEFINITION 1. A function f(x) on [a, 6] is said to belong to the class L* if it can be represented 
as the limit (in the sense of convergence almost everywhere) of a monotonically increasing sequence 
of step functions h,, 7 f and the integrals of these step functions are bounded by the same constant: 
Thy SC. 


Any function of class L* is measurable. Continuous functions belong to L*. 
The integral of f € L* is defined by the formula 


If = lim Ihp, 


where h,, 7 f is the sequence from Definition | of the class L*. 
The value If for f € L* does not depend on the sequence of step functions h,, 7 f. 


DEFINITION 2. A function (x) on [a, b] is called summable or Lebesgue integrable on [a, b], 
(or simply, integrable) if it can be represented in the form 


@=f-g, forsome f,g€L*. 


The set of all summable functions is denoted by L. 


Properties of summable functions: 

(i) if f,g € L, then any linear combination ag + Gg belongs to L; in other words, L is a linear 
space; 

Gi) if f € L, then |f| € L; 

ii) if f,g € Land h(x) = max{ f(x), g(x)}, ho(x) = min{ f(x), g(x)}, then hi, he € L. 


DEFINITION 3. The integral of a summable function ¢ € L is defined by 


I¢=If-Ig, where ¢=f-g, f.geL*. 


The value I¢ does not depend on the representation ¢ = f — g. 
Properties of the integral of summable functions: 

(i) [(¢1 + b2) = 161 + [¢2 for any $1, d2 € L; 

(ii) [(a@) = al¢ for any ¢ € L and any scalar a; 

(iii) if f, g € Land f(x) = g(x) almost everywhere, then If > Ig. 
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THEOREM 1. Any Riemann integrable function on [a, b] (in particular, any continuous function 
on [a, b]) is Lebesgue integrable, and its Riemann integral coincides with its Lebesgue integral. 


For a sequence ¢,, € L such that ¢,, — ¢ almost everywhere, it cannot be claimed, in general, 
that [¢,, — I@. For example, consider the sequence 


nsinnx for O<a< 4, 


0 for Sr Sr, 


On() = { 


It is easy to verify that ¢,(x) — 0 for any x € [0,7], but I¢,, = 2. 

An important result with regard to integrating pointwise convergent sequences is the following 
theorem. 

THEOREM 2 (LEBESGUE THEOREM ON DOMINATED CONVERGENCE). Let ¢,, be a sequence of 
summable functions that converges to a function ¢ almost everywhere and satisfies the condition 


lon(@)I S Go(@) € L. 


Then ¢ is asummable function and I¢= lim I¢,. In particular, [¢= lim I¢,, if the functions dy, 


are uniformly bounded. 
Some important properties of measurable and summable functions: 
(1) If ¢ is a measurable function that satisfies (almost everywhere) the inequality 


—go SOS G0 € L. 


Then ¢ € L. 

(ii) The limit of a sequence of measurable functions that converges almost everywhere to a finite 
limit is a measurable function. 

(i11) (Fatou lemma.) If ¢,, = 0 is a sequence of summable functions, ¢,, — ¢ almost everywhere, 
and Id, < C, then ¢ is asummable function andO< 1¢<C. 

(iv) If éo(x) = 0 is a summable function such that [¢@p = 0, then ¢9 = 0 almost everywhere. 

THEOREM 3 (FISCHER-RIESZ). The space L endowed with the norm 


Ildll = 10d) 


is a Banach space. 


THEOREM 4. The space L is the completion of the space C'[a, b] with respect to the norm 


b 
lfll= / Ifl@)| de. 


In other words, continuous functions form a dense set in L. 


12.3-5. Measurable Sets. 


A set A C [a, b] is called measurable if its characteristic function 


1 for cE A, 


vated ={ for x € [a,b] \ A 


is measurable. 
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The integral of the characteristic function of a measurable set A C [a, b] is called the measure 
of A and is denoted by j(A), i.e., 


p(A) = / xa(a) de. 
[a,b] 


In particular, for a set B of zero measure, we have j1(B) = 0. 

Measurable sets have the following properties: 

(i) the union A = ) A, of finitely many or countably many measurable sets A;,...,An,... is 
a measurable set; moreover, if the sets A; are mutually disjoint, i.e., A; M.A; = © for all 7 4 J, then 


P(A) = W(A1) +--+ (An) +-° 5 


(ii) the intersection A=() A, of finitely many or countably many measurable sets Aj,..., An,... 
is a measurable set; 

(iii) the difference A = B \ C of measurable sets B, C is a measurable set, in particular, the 
complement of B, i.e., [a, b] \ B, is a measurable set; 

(iv) any interval [a, 3], (a, 3], (a, 2), [a, @) is a measurable set and its measure is equal to its 
length 6 -—a; 

(v) any open and any closed set on [a, b] is measurable. 


12.3-6. Integration Over Measurable Sets. 


So far, the domain of integration has been the interval [a, b]. It is easy to extend the notion of integral 
to any measurable set FE C [a, b]. 

A function ¢ is called summable (or integrable) on a measurable set E if the function x g(x)¢(2) 
is summable on [a, b], where yg is the characteristic function of E. The integral of ¢ over E is 
defined by 


| pdx 4 XE(x)¢(x) dx = I(x Ee). 
E [a,b] 


This integral has the following additive property: if @ is summable on a set FE = FE; UD) U---, 
where E, £2,... are mutually disjoint measurable sets, then ¢ is summable on each £; and 


[oaw= [oars f dare. 


12.3-7. Case of an Infinite Interval. 


The above considerations pertain to functions defined on a finite interval [a, b]. Itis not very difficult 
to extend the above theory to the cases of intervals [a, 00), —(co, b], or (—co, 00). 

In all these cases, a step function is defined as a function taking constant values on finitely many 
finite intervals A; = (xj, %j41) (aj < %j41) and on the rest of the infinite interval, it is supposed to 
be equal to zero. A measurable function is a function ¢(«) that is the limit (almost everywhere on 
every finite segment) of a sequence of step functions. The integral of a step function h(x) taking 
values h; on an interval A; of length |A,| (j = 1,...,&) is naturally defined by the formula 


k 
Th= ye hj|Ajl- 
j=l 


The class L* consists of all functions f(x) that can be represented as the limit of an increasing 
sequence of step functions f,,(x) with bounded integrals. The class L is defined as the set of 
differences 6 = f —g, f,g € L*. The results formulated above for a finite interval can be easily 
extended to the case infinite intervals. 
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12.3-8. Case of Several Variables. 


We limit ourselves to functions of two variables (x, y) defined on a rectangle D={a,; <x <b), ao 
y S bo}. 

A set A C Dis called a set of zero measure in D if for any € the set D can be covered by a finite 
or countable system of rectangles D; = ae <2<db, a? <y<vl a whose joint area does not 
exceed €. 

A partition of D is a system of mutually disjoint open rectangles D;,...,D, C D such that 
D=D,U---U Dg, where D; is the closure of D;. 

A step function on D is a function that takes constant values on each rectangle D; of some 
partition of D, D= D, U---UDg. 

The integral of a step function h(x) with values h; on the rectangles D,; of some partition is 
defined as 


k 
Th=S~ hjlDjl, 
j=l 


where |D,,| is the area the rectangle of D;. 

As in the one-dimensional case, the class L* is the set of functions f such that f is a limit 
(almost everywhere on D) of a sequence of step functions f,, with uniformly bounded integrals. 
The class L of summable functions is again defined as the set of differences 6 = f—g, f,g € L*. 

The properties formulated above for the one-dimensional case are obviously modified in the case 
of two dimensions. However, in the two-dimensional case, there is the question of the reduction of 
an integral over a two-dimensional domain D to a double integral over linear segments, and also the 
question of changing the order of double integration. The answers to these questions are given by 
the following theorem. 

THEOREM 5 (FUBINI THEOREM). Let $(x, y) be a summable function on a rectangle D = {a, < 
u<b, a2 Sy by}. Then: 

(i) regarded as a function of the argument « for a fixed y, this function is integrable in x for almost 

all y; 

(ii) its integral over the interval a, < x < b,, denoted by I,,¢(a, y), is a summable function of y on 

the interval az < y < b; 

(iii) the integral over D can be reduced to a double integral in which the order of integration can be 
changed: 


Io = Ty{Ie O(a, yt = Le {ly P(@, y)}- 


As in the one-dimensional case, a set G C D is called measurable if its characteristic function 
xa@(a, y) is measurable and the integral of ¢ over G' is defined by the formula 


| daz dy = i} xala, y)o(a, y) dx dy. 
G D 


12.3-9. Spaces Lp. 


For a measurable set G' and p > 0, the class L(G) consists of all measurable functions f(x) on G 
for which | f|? is summable on G,, i.e., 


| | fl? da < co. 
G 


For any p > 0, this class of functions is a linear space. 


12.4. LINEAR NORMED SPACES 1065 


For p = 1, the class L(G) is a Banach space (complete normed space) with the norm 


istp= (f ur) 


The set of continuous functions is dense in the Banach space L(G), i.e., for any f € Lp, there is a 
sequence of continuous functions f,, such that || f — fn ||» + 0 asm — oo. 

Let p > 1, g> 1 be real numbers such that p'!+q! = 1. For f € Ly, g € Lg, the product fg is 
summable on G' and the Hdlder inequality holds: 


ip fgde <|Ifllollalle 
G 


12.4. Linear Normed Spaces 


12.4-1. Linear Spaces. 


A linear space or a vector space L over the field of real or complex numbers (called the field of 
scalars) is a nonempty set of elements (also called vectors) for which two operations are defined: 
addition of elements and their multiplication by scalars. To be more precise: for any two elements 
x,y € L, there is a unique element z € JL, called their sum and denoted by z = x+y € L, and for 
any scalar a (real or complex) and any element x € L there is a unique element y, called the product 
of a and x and denoted by y = az, so that for these two operations the following axioms hold: 

I. Axioms for addition of vectors: 

1) x+y=y+2 (commutative property); 

2) x+(yt+z)=(@+y)+ z (associative property); 

3) there is an element 0 € L such that x + 0 = x for all x € L (existence of zero); 

4) for any x € L, equation x + y = 0 is solvable; the element y is called the opposite of x and is 
denoted by —2, so that x + (-x) = 0 (existence of an opposite element). 

II. Axioms relating addition of vectors with their multiplication by scalars: 

5) a(Gx) = (a2)x for any vector x € L and any scalars a, (3; 

6) 1-x2=-2 forany z € L; 

7) (a+ B)x = ax + Bx for any x € L and any scalars a, (3; 

8) a(a + y) = ax + By for any scalar a and any vectors x,y € L. 

If the field of scalars is the set of real numbers, then L is called a real linear space. If the field 
of scalars is the set of all complex numbers, then L is called a complex linear space. 


Elements (vectors) yi, yo, -.-, Yn Of a linear space L are called linearly dependent if there 
exist scalar coefficients a1, a2, ..., @, such that at least one of them is different from zero and 
Q1Y1 + Q2Y2 ++++ + AnYn = 0. Otherwise, vectors y1, y2,..-, Yn are called linearly independent. 


A nonempty subset L of a linear space L is called its subspace if for any x, y € L and any scalars 
a, 3, we have ax + By € L. 


12.4-2. Linear Normed Spaces. 


A linear space L is called a normed space if any element y € L is associated with a real number 
||y|| = 0, called the norm of y, so that the following properties (axioms of a linear normed space) 
hold: 

1) ||y|| =O if and only if y = 0; 

2) ||Ay|| =lAll|y|| for any scalar A (homogeneity of the norm); 

3) |lyi + yall < Ilyi|| + |ly2|| Criangle inequality). 

A sequence {y,,} of elements of a normed space L is called convergent to an element yo if 
Ilvo - Yn|| > 0 as n — on. 
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12.4-3. Space of Continuous Functions Ca, b). 


The linear normed space Ca, b) consists of all continuous functions y(x) on the interval [a, b], with 
the norm defined by 


llyl| = max |y()]. 
asaxsb 
The distance between two functions in this space has the form 
p(y, Y2) = max |yi(x) — yo(a)I. 


The convergence of a sequence of functions {y,,} in the space C’'(a, b) to an element yo(x) means 
uniform convergence of the functions y,(x) to yo(x). 


12.4-4. Lebesgue Space Lp(a, b). 


The linear normed space L,,(a, b) (p 2 1) consists of all measurable functions y(x) on (a, 6) such 
that |y(2)|? is integrable (has finite integral) on [a, b], and the norm in L?(a, b) is defined by 


b 1/p 
lull = ( / iP dr) . 


Convergence ¥, — yo in Lp(a, b) means that 


b 
i lyn(x) — yo(x)|? dx — 0. 


Remark 1. Functions y;(2) and y2(x) in L,(a, b) that coincide almost everywhere (i.e., may 
differ only on a set of zero measure) are identified. 


Remark 2. With regard to the space L2(a, b), see also Subsection 9.1-1. 


12.4-5. Holder Space C,(0, 1). 


The normed linear space C,,(0, 1) is the set of all functions y(x) defined on the interval [0, 1] and 
satisfying the Holder condition with exponent a (0 < a < 1): 


ly(a1) — y(@2)1 S$ Alzi-a2|* (OS x1, 22 <1). 


The norm of a function y(x) in C,(0, 1) is introduced by the formula 


lyll=lOl+ sup Meow 


O<ey,02<1 [1 —@2|% 


12.4-6. Space of Functions of Bounded Variation V (0, 1). 


The normed linear space V (0, 1) is the set of all functions of bounded variation (see Supplement 12.1) 
on the interval [0, 1]. 
The norm of y(x) in V (0, 1) is introduced by 


1 
Ilyll =lyOl+ Y ya). 
0 
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12.5. Euclidean and Hilbert Spaces. Linear Operators in 
Hilbert Spaces 


12.5-1. Preliminary Remarks. 


The mathematical concept of a Hilbert space generalizes the notion of Euclidean space in a way 
that extends methods of vector algebra from the two-dimensional plane and three-dimensional space 
to infinite-dimensional spaces. In more formal terms, a Hilbert space is an inner product space— 
an abstract vector space in which distances and angles can be measured—which is “complete,” 
meaning that if a sequence of vectors approaches a limit, then that limit is guaranteed to be in the 
space as well. 

Geometric intuition plays an important role in many aspects of Hilbert space theory. An element 
of a Hilbert space can be uniquely specified by its coordinates with respect to an orthonormal basis, 
in analogy with cartesian coordinates in the plane. This means that Hilbert space can also usefully 
be thought of in terms of infinite sequences that are square-summable. Linear operators on a Hilbert 
space are likewise fairly concrete objects: in good cases, they are simply transformations that stretch 
the space by different factors in mutually perpendicular directions. 


12.5-2. Euclidean and Hilbert Spaces. 


A Euclidean space E is a (real or complex) linear space endowed with a scalar product {x, y} t> 
(x, y), i.e., a mapping of EF x F into the field of real or complex numbers satisfying the following 
conditions: a+ 

(x,y) =(y, x) forall z,y € EL, 

(x+y, z) = (a, z)+(y, z) forall x,y,z € E, 

(Aa, y) = A(z, y) forall x,y € E and all (real or complex) 4, 

(z,x)20 forall « € EF, and x=0 <> (a,x) =0. 


Here the bar over a complex number denotes its complex conjugate. 
For a Euclidean space EF, the formula 


|zll=/(@,2), «eb, 


defines a norm on &. Therefore, any Euclidean space can be regarded as a normed space. Vectors 
x,y € E are called orthogonal if (x, y) = 0. A set of nonzero vectors {e;,2 € I} C FE (here I is a set 
of indices) is called an orthogonal system in E if e; and e; are orthogonal for all i 4 j, 7,7 € J. An 
orthogonal system {e;,i € I} is called an orthonormal system if \\e;|| = 1 for any i € I. A system 
of vectors {e;,2 € I}, e; € E, is called complete if any x € E can be approximated in the norm of 
FE (with any given accuracy) by finite linear combinations of the vectors e;, i.e., for any € > 0 there 


is a finite linear combination )~* c;e; such that lz - >> Geil] <e. 
i i 


a 
A normed linear space is called a complete space or a Banach space if the Cauchy criterion 


holds for that space, namely, for any sequence {2,7 € N}, x, € G (here N is the set of all positive 
integers) the following conditions are equivalent: 
a) there exists an vo € G such that lim ||x,, — ol] = 0; 
n—co 


b) for any ¢ > 0, there exists an N € N such that ||v7, -—2m|| <¢ forall mn > WN. 

A complete Euclidean space is called a Hilbert space. An orthogonal system {e;,7 € J} ina 
Hilbert space EF is complete if and only if the only vector in FE’ orthogonal to every vector of the 
system {e;,2 € I} is the zero-vector. For a closed linear subspace L in a Hilbert space FE, the 
symbol L+ denotes the set of all vectors y € E such that (a, y) = 0 for all 2 € L. The set L+ is 
a closed linear subspace of & called the orthogonal complement of L. Any vector x € E& can be 
uniquely represented as a sum x = y + z, where y € L and z € L+. In particular, the orthogonal 
complement of L+ coincides with L. 
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THEOREM 1. Any closed subspace of a Hilbert space is either finite-dimensional or is itself a 
Hilbert space. 


A Hilbert space H is said to be represented as a direct sum of its orthogonal subspaces 
M, Mp, oe, 89: Mn, 
H=M,®M)®---®M,, 


if for any f € H there exist hy € M),..., hn € My such that f = hy +---+hy, and any element 
of M; is orthogonal to any element of 1), for 7 # k. 


THEOREM 2. Any element f € H can be uniquely represented in the form f =h,+h2+---+hn, 
where h; € M;. 


CorROLLARY. If {y',} are complete orthonormal systems in the subspaces M;, then the union of 
all {y',} is a complete orthonormal system in H. 


12.5-3. Linear Operators in Hilbert Spaces. 


Given two linear spaces L and L,; any mapping 
y=Ax (wel, ye ly) 


of subset of L (possibly L itself) int L, is called operator (from L to L,). The operator A is said to 
be linear if 


A(az + By) = aA + Ay. 


Let Da be the set of all x € L for which A is defined. Then Dg is called the domain (of definition) 
of operator A. Although in general Da need not equal L, we will always assume that Da is a linear 
subspace of L, i.e., that x, y € Da implies ax + Gy € Dsg for all a and £. 

The operator A is said to be continuous at the point xo € D if, given any neighborhood V of the 
point yo = Azo, there is a neighborhood U of the point xo such that Ax € V foralla © UNM Dag. 
We say that the operator A is continuous if it is continuous at every point xo € Da. 

Suppose L and L, are normed linear spaces. Then it is easy to see that A is continuous if and 
only if, given any € > 0, there is a 6 > 0 such that 


Iz-yl| <6 (@, ye Da) 


implies 
||Av — Ay|| <e. 
Given a bounded linear operator mapping a normed linear space L into another linear space Ly, 
the number ||A|| = sup ||/Az||, equal to the least upper bound of ||Az|| on the closed unit sphere 
I|z||<1 


||a|| < 1, is called the norm of A. 
The norm ||A|| has the following properties: 


Ax 
Al] = sup Ac 


avd |larll ” 


\|Azl| < ||Allllzl] for all a € L. 


An eigenvalue of a linear operator A in H is defined as a scalar ys for which there is x # 0 
such that Ax = yx. The element z in this relation is called an eigenvector or an eigenfunction of A 
corresponding to the eigenvalue js. The set of all eigenvalues of A is called spectrum of A, and all 
other values of js are said to be regular (points). 
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If H is Hilbert space, then by the adjoint of an operator A mapping H into H, we mean the 
operator A* defined by (Az, y) = (a, A*y) for all x, y € H. 

A bounded linear operator A mapping a Hilbert space H into itself is said to be self-adjoint if 
A =A", ie., if (Az, y) = (2, Ay) for all x, y € H. 

An operator A in H is positive definite if for all nonzero x, (Ax, x) > 0. 

Let A be a linear operator mapping a Hilbert space H into itself. Then A is completely continuous 
if and only if: 

1) A maps every relatively compact set in the weak topology into a relatively compact set in the 
strong topology; 

2) A maps every weakly convergent sequence into a strongly convergent sequence. 


THEOREM 3. All eigenvalues of a self-adjoint operator in H are real, and eigenvectors corre- 
sponding to different eigenvalues are orthogonal. 


THEOREM 4. The set of all eigenvalues of a compact operator in H is no more than countable. 
Zero is the only possible limit point of this set. 


THEOREM 5. All eigenvalues of a compact self-adjoint positive definite operator in H are 
positive. 


THEOREM 6 (HILBERT-SCHMIDT). Let A be a compact self-adjoint linear operator in a Hilbert 
space H. Then there is an orthonormal system of eigenvectors {¢,,} corresponding to eigenvalues 
{Ln} (Un #0) such that each element € € H can be uniquely represented in the form 


€=S i cudnt €, 
k 
where €' € Ker A, i.e., A€’ = 0. Moreover, 
Ag = S- HECK Pk» 
k 


and if the system {@,,} is infinite, then lim py, = 0. 


COROLLARY. If zero is not an eigenvalue of the operator A, then the system {¢,,} is complete 
in H. In particular, for a compact self-adjoint positive definite operator, this system forms a basis 
in Hi. 

Suppose that a Hilbert space H is represented as a direct sum of its two orthogonal closed 
subspaces: H = H,; ® Hy. Thus each element h € H can be uniquely represented in the form 
h=h, +h (hy € Hj,i = 1,2). 

An operator P; : H — H;, defined by the relation P;h = h, is called the orthogonal projector 
of H onto A; (i = 1,2). Obviously P2 = I— P;, where I is the identity operator. 

Any orthogonal projector is a linear continuous self-adjoint operator in H. 

Orthogonal projectors have the following properties: 


Pihj =h;, Pho =Poh; =0, P\P2h=0,  ||P;|| = 1. 


THEOREM 7. In a Hilbert space H an operator of orthogonal projection onto a subspace is 
compact if and only if this subspace has a finite dimension. 


THEOREM 8. A linear operator P on H is an orthogonal projector if and only if P is self-adjoint 
and satisfies the condition P(Px) = Px for any x € H (i.e., P? =P). 


THEOREM 9. A linear combination of compact operators is a compact operator. 


THEOREM 10. If A is a compact operator and B is a bounded linear operator, then the operators 
AB and BA are compact. 


@) References for Supplement 12: L. V. Kantorovich and G. P. Akilov (1964), R. Edwards (1965), M. G. Krein (1972), 
M. Reed and B. Simon (1972), W. Rudin (1973), K. Yosida (1980), A. N. Kolmogorov and S. V. Fomin (1999), B. M. Levitan 
(2001), A. D. Polyanin and A. V. Manzhirov (2007), http://en.wikipedia.org/wiki/Hilbert_space. 
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Arutyunyan, 198 

auxiliary, 546 

auxiliary, application, 527 
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Bueckner, 801 
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mixed two-dimensional, finite interval, methods 
of solving, 843-854 

mixed two-dimensional, Hilbert—Schmidt kernel 
and auxiliary conditions, finite interval, 845 

mixed two-dimensional, Hilbert-Schmidt 
kernel and auxiliary conditions, ring-shaped 
domain, 856 

mixed two-dimensional, Hilbert—Schmidt kernel 
and given right-hand side, finite interval, 843 

mixed two-dimensional, Hilbert—Schmidt kernel 
and given right-hand side, ring-shaped 
domain, 855 


INDEX 


equation (continued) 

mixed two-dimensional, ring-shaped domain, 
841 

mixed two-dimensional, ring-shaped domain, 
methods of solving, 855-866 

mixed two-dimensional, Schmidt kernel, 841 

mixed two-dimensional, Schmidt kernel, 
equivalent form, 842 

mixed two-dimensional, Schmidt kernel 
and auxiliary conditions, ring-shaped 
domain, 862 

mixed two-dimensional, Schmidt kernel and 
given right-hand side, finite interval, 848 

modified Bessel, 1021 

modified Korteweg-de Vries, 900 

modified Mathieu, 1046 

Nekrasov, 836 

nonhomogeneous, 502, 539, 627, 708, 751 

nonhomogeneous, positive solutions, 649 

nonhomogeneous, solution, 642 

nonlinear, 805, 807, 834, 899 

nonlinear, bifurcation points, 834, 835 

nonlinear, constant integration limits, 806, 829 

nonlinear, constant integration limits, approxi- 
mate methods, 826 

nonlinear, constant integration limits, exact 
methods, 817 

nonlinear, constant integration limits, first 
kind, 433 

nonlinear, constant integration limits, numerical 
methods, 826 

nonlinear, constant integration limits, second 
kind, 453 

nonlinear, degenerate kernels, 817 

nonlinear, eigenfunctions, 834 

nonlinear, existence theorems, 830 

nonlinear, uniqueness theorems, 830 

nonlinear, variable integration limit, 805 

nonlinear, variable integration limit, approxi- 
mate methods, 811 

nonlinear, variable integration limit, exact 
methods, 809 

nonlinear, variable integration limit, first 
kind, 393 

nonlinear, variable integration limit, numerical 
methods, 811 

nonlinear, variable integration limit, second 
kind, 403 

nonlinear, Volterra, 805 

nonlinear, with parameter, local solutions, 835 

nonlinearity, general form, 399, 425, 447, 477 

nonnegative kernel, 648 

nonsymmetric kernel, first kind, 580 

one-sided, first kind, 574 

one-sided, second kind, 626 

operator, general projection problem, 873 

operator, mixed, 866, 869 

operator, mixed with auxiliary conditions, 869 

operator, “quadratic”, 552 

operator, solution, 553 

ordinary differential, 527, 547, 686 
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parameter, 625 

Picard—Goursat, 134 

Poisson, 894 

power-law nonlinearity, 408, 464 

power-law nonlinearity that contains arbitrary 
functions, 444 

quadratic nonlinearity, 819 

quadratic nonlinearity that contains arbitrary 
functions, 397, 406, 437, 456 

quadratic nonlinearity that contains arbitrary 
parameters, 393, 403, 433, 453 

“quadratic” operator, 552 

reducible to symmetric equation, 647 

renewal, 203 

right-hand side, 519, 539, 573, 625 

right-hand side, special, 555 

Schlomilch, 254, 452, 825 

Schlomilch, generalized, 254 

Schmidt integral operator, 843 

Schmidt kernel, 843, 859, 863 

Schmidt kernel and auxiliary conditions, finite 
interval, 851 

Schmidt kernel and auxiliary conditions, 
ring-shaped domain, 862 

Schmidt kernel and given right-hand side, finite 
interval, 848 

Schmidt kernel and given right-hand side, 
ring-shaped domain, 859 

Schmidt operator, 869 

second kind, 591 

second kind, operator method, 654 

semiaxis, 574, 587, 626, 657 

simplest hypersingular, Cauchy-type kernel, first 
kind, 231, 753 

simplest hypersingular, Hilbert-type kernel, first 
kind, 255, 754 

single kernel, first kind, 574, 626 

singular, 228, 255, 319, 344, 707 

singular, Bueckner type, 801 

singular, complete, 757, 770, 772 

singular, first kind, 707, 743 

singular, generalized kernel, 792 

singular, numerical solution, 799 

singular, transposed, 758 

singular, two-dimensional, 231 

skew-symmetric, 647 

solution methods, 501-901 

special right-hand side, 555 

surface concentration, 890 

surface concentration, numerical method, 891 

symmetric, 639, 647 

symmetric, Fredholm alternative, 643 

symmetric kernel, 639 

symmetric kernel, first kind, 577 

system, 701 

transposed, 573, 575, 625, 627, 637 

transposed of characteristic equation, 764 

Tricomi, 319, 769, 769 

Tricomi—Gellerstedt, 320 

trigonometric nonlinearity, 420, 473 
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equation (continued) 
“truncated” first kind, 549 
two kernels, first kind, 574, 607 
two kernels, second kind, 626, 664 
Urysohn, 806, 832 
Urysohn, first kind, 806, 829 
Urysohn, first kind, special, method, 821 
Urysohn, second kind, 806 
Urysohn, second kind, degenerate kernel, 818 
Urysohn, second kind, special, method, 822 
Urysohn type, 806 
variable integration limit, 3 
variable lower integration limit, first kind, 537 
variable lower integration limit, second 
kind, 570 
Volterra, 549, 805, 877 
Volterra, first kind, 519, 524, 565 
Volterra, first kind, connection with Volterra 
equations of second kind, 524 
Volterra, first kind, existence of solution, 519 
Volterra, first kind, Hammerstein form, 806 
Volterra, first kind, problems, 520 
Volterra, first kind, uniqueness of solution, 519 
Volterra, first kind, Urysohn form, 805, 815 
Volterra, Hammerstein form, 806 
Volterra, nonlinear, 805 
Volterra, quadratic nonlinearity, 809 
Volterra, reduction to Wiener—Hopf equation, 
528 
Volterra, second kind, 524, 539, 565 
Volterra, second kind, connection with Volterra 
equations of first kind, 524 
Volterra, second kind, Hammerstein form, 816 
Volterra, second kind, sequence, 855 
Volterra, second kind, sequence of independent, 
853, 865, 872 
Volterra, second kind, Urysohn form, 805 
Volterra, sequence, 844, 850, 862 
Volterra, sequence of independent, 847, 858 
Volterra, Urysohn form, 805, 811, 814, 816 
weak singularity, 519 
weak singularity, first kind, 532, 574 
weak singularity, second kind, 625 
weakly singular kernel, 532 
Whittaker, 1027 
Wiener—Hopf, 574, 626, 679 
Wiener—Hopf, first kind, 285, 574, 538, 606 
Wiener—Hopf, Krein’s method, 679 
Wiener—Hopf, second kind, 373, 547, 571, 626, 
660, 679 
Wiener—Hopf, second kind, exceptional 
case, 678 
Wiener—Hopf, second kind, homogeneous, 672 
Wiener—Hopf, second kind, index, 661 
Wiener—Hopf, second kind, nonhomogeneous, 
677 
Wiener—Hopf, second kind, solution, 681 
Wiener—-Hopf, Volterra equation, 528 
equidistant surface, method, 891 
equilibrium potential, 897 
equivalent regularization, problem, 776 
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Erdélyi—Kober operators, 532 
error function, 86, 258, 549, 1009, 1024 
complementary, 1009, 1025 
estimates for spectral radius, 649 
Euclidean space, 845, 857, 863, 869, 1067 
basis, 857, 869 
Euler constant, 533, 1013, 1017, 1026 
Euler formula, 911, 1013 
Euler numbers, 1008 
Euler polynomials, 1053 
exceptional case 
characteristic equation, 767 
regularization, 779 
Riemann problem, 605, 727 
Wiener—Hopf equation, second kind, 678 
existence theorems, 875 
nonlinear equations, 830 
Stieltjes integral, 1058 
expansion, asymptotic, 509 
Airy functions, 1023 
Bessel functions, 1017 
modified Bessel functions, 1022 
parabolic cylinder functions, 1034 
Tricomi confluent hypergeometric functions, 
1024 
expansion in power series, 910, 913, 916, 918 
exponent, growth, 505 
exponential form, 555 
exponential function, 15, 73, 77, 78, 144, 151, 
179-181, 231, 234, 236, 257, 320, 326, 348, 
349, 419, 564, 905, 940, 954, 963, 978, 984, 
990, 998, 1002 
properties, 905 
exponential integral, 86, 258, 1009, 1010, 1025 
exponential nonlinearity, 411, 467 
exponents, singularity, 787, 789 
expressions with 
arbitrary powers, 977 
exponential functions, 963, 978, 984, 990, 998, 
1002 
hyperbolic functions, 964, 979, 985, 991 
logarithmic functions, 965, 980, 985, 992, 999, 
1002 
power-law functions, 963, 983, 989, 998, 1001 
rational functions, 971 
special functions, 967, 981, 987, 993, 1000, 
1004 
square roots, 975 
trigonometric functions, 966, 981, 986, 992, 
999, 1003 
exterior Dirichlet problem, 896 
reduction to integral equations, 896 
exterior Neumann problem, 897 
reduction to integral equations, 896 


F 


factorization, 597, 674, 676, 677, 679, 720, 723 
canonical, 680 

factorization problem, 676, 679 

Feller potential, 226 
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Feller transform, 226 
field of scalars, 1065 
finite functional sums, 922 
finite interval, 683, 840, 843 
equation, 683, 685 
integrals, 951, 956 
mixed equations, 840 
finite numerical sums, 919 
finite sums, 919 
finitely many singular points, 507 
first-order ODEs, 875, 876 
first boundary value problem, 895, 896 
Fischer—Riesz, theorem, 1062 
flow 
fluid, 888 
nonisothermal in plane channel, 884 
fluid flow, 888 
flux, diffusion integral equations, 890 
form 
canonical, 805-807 
canonical of Hammerstein equation, 807 
equivalent of mixed multidimensional equation 
with Schmidt operator, 843 
equivalent of mixed two-dimensional equation 
with Schmidt kernel, 842 
exponential, 555 
Hammerstein, for Volterra equation, 806 
Hammerstein, for Volterra equation of first 
kind, 806 
Hammerstein, for Volterra equation of second 
kind, 816 
polynomial, 553 
quadratic, 644 
Urysohn, for Volterra equation, 805, 811, 814, 
816 
Urysohn, for Volterra equation of first 
kind, 805, 815 
Urysohn, for Volterra equation of second 
kind, 805 
form of infinite products, representation, 910, 916 
formula 
Bessel’s, 1018 
Chebyshev, 535 
Euler, 1013 
Fourier inversion, 512 
Gauss, 535 
Gauss, for double layer potential, 894 
Gauss, for volume potential, 894 
Green’s, 895 
Hilbert inversion, 746 
Hopf—Fock, 683 
Kontorovich—Lebedev inversion, 516 
Meijer inversion, 516 
Poincaré—Bertrand, 714 
Poisson’s, 1018 
Post—Widder, 510 
quadrature, 534, 815 
Sokhotski—Plemelj, 713, 785 
Stirling, 1013 
formulas 
addition, 909, 915 
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formulas (continued) 
calculation, 504 
De Moivre, 911 
differentiation, 910, 913, 916, 917 
Euler, 911 
integration, 910, 913, 916, 918 
quadrature, 534, 793 
reduction, 907, 939, 947 
Sokhotski—Plemelj, for real axis, 713 
Fourier cosine transform, 514, 518 
asymmetric form, 514 
Parseval’s relation, 514 
tables, 983 
Fourier integral 
left, 594 
one-sided, 593, 594 
relationships with Cauchy type integral, 592 
right, 594 
Fourier inversion formula, 512 
Fourier sine transform, 514, 518 
asymmetric form, 515 
Parseval’s relation, 515 
tables, 989 
Fourier transform, 235, 511, 512, 518, 658 
alternative, 512 
asymmetric form, 512 
definition, 512 
inverse, 512 
inversion formula, 512 
properties, 513 
rational, 685 
fractional derivative, 529 
definition, 529 
integrable, 531 
left-sided, 529 
properties, 530 
right-sided, 529 
fractional differentiation, method, 529 
fractional integral 
definition, 529 
left-sided, 529 
properties, 530 
Riemann-Liouville, 529 
right-sided, 529 
fractional integration, 548 
by parts, 529 
operator, 529 
semigroup property, 529 
fractional order, integral, 529 
fractional powers, 138 
fracture mechanics, 791 
Fredholm alternative, 637, 638 
symmetric equations, 643 
Fredholm determinant, 636 
method, 635 
Fredholm equation, 615, 881 
degenerate kernel, second kind, 627 
first kind, 573, 623 
second kind, 625, 685, 698, 701 
second kind, on contour, 759 
second kind, system, 701 
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Fredholm equation (continued) 
spectrum, 760 
symmetric kernel, second kind, 639 
Fredholm kernel, 573, 625, 839-841 
positive definite, 840 
positive definite, symmetric, 866 
symmetric definite, 840 
symmetric positive, 841 
symmetric positive definite, 866 
Fredholm minor, 636 
Fredholm operator, 758, 842 
symmetric kernel, generalization, 843 
Fredholm theorems, 637, 702, 777 
Fresnel cosine integral, 1012 
generalized, 1012 
Fresnel integrals, 87, 258, 1011, 1012 
generalized, 1012 
Fresnel sine integral, 1012 
generalized, 1012 
Fubini theorem, 1064 
full measure, set, 1060 
function 
absolutely continuous, 529 
Airy, 1023 
arccosine, 66 
arccotangent, 71 
arcsine, 68 
arctangent, 70 
associated Legendre, 107, 271, 1030-1033 
associated Legendre, first kind, 1032 
associated Legendre, general case, 1032 
associated Legendre, integer indices and real 
argument, 1031 
associated Legendre, second kind, 1032 
Bessel, 88, 187, 264, 269, 353, 958, 1016 
Bessel, asymptotic expansions, 1017 
Bessel, definitions, 1016 
Bessel, first kind, 261, 297, 1016 
Bessel, integral representations, 1017 
Bessel, modified, 97, 189, 269, 355, 1021 
Bessel, modified, first kind, 266, 1021 
Bessel, modified, second kind, 266, 1021 
Bessel, orthogonality properties, 1019 
Bessel, second kind, 264, 299, 1016 
Bessel, third kind, 1020 
Bessel, zeros, 1019 
beta, 1012, 1014 
beta, incomplete, 1014, 1015 
canonical of nonhomogeneous Riemann 
problem, 605 
Chebyshev, 1049 
complementary error, 1009, 1025 
confluent hypergeometric, 107, 1024 
confluent hypergeometric, Kummer, 1024 
confluent hypergeometric, Tricomi, 1024 
confluent hypergeometric, Whittaker, 1027 
confluent hypergeometric, Wronskian, 1026 
cosine, 46 
cotangent, 62 
cylinder, 1016 
cylindrical, 1016 


INDEX 


function (continued) 


digamma, 1013, 1017 

elementary, 73, 179, 255, 257, 348 

elementary, properties, 905 

elliptic, 1038 

elliptic, Jacobi, 1039 

elliptic, Weierstrass, 1042 

elliptic theta, 1043 

error, 86, 258, 549, 1009, 1024 

error, complementary, 1009, 1025 

exponential, 15, 73, 77, 78, 144, 151, 179-181, 
213, 234, 236, 257, 320, 326, 348, 349, 419, 
564, 905, 940, 954, 963, 978, 984, 990, 998, 
1002 

exponential, properties, 905 

gamma, 260, 1012 

gamma, incomplete, 88, 260, 1014, 1024, 1025 

gamma, logarithmic derivative, 1017, 1021 

Gauss hypergeometric, 275, 1028 

generalized Riemann zeta, 277 

generating, 555, 580 

generating, power-law, 557 

generating contain cosines, 558 

generating contain sines, 558 

generating of exponential form, 555 

Green’s, 881-883 

Hankel, 1020 

Hankel, first kind, 265 

Hankel, second kind, 265 

harmonic, 893 

Hermite, 1050 

hyperbolic, 22, 73, 83, 84, 154, 164, 179, 185, 
186, 238, 255, 327, 334, 348, 351, 352, 564, 
911, 913, 922, 940, 955, 964, 979, 985, 991 

hyperbolic, inverse, 917 

hyperbolic, of half argument, 915 

hyperbolic, of multiple argument, 915 

hypergeometric, 1028 

hypergeometric, confluent, 107, 1024 

hypergeometric, confluent, Wronskian, 1026 

hypergeometric, Gauss, 275, 1028 

hypergeometric, Kummer confluent, 272 

hypergeometric, Tricomi confluent, 273, 1025 

hypergeometric, Whittaker confluent, 274, 1027 

incomplete beta, 1014, 1015 

incomplete gamma, 88, 260, 1014, 1024, 1025 

index, 595 

influence, 577, 882 

integrable, 501, 502, 1058 

integrable, Lebesgue, 1059, 1061 

inverse hyperbolic, 917 

inverse trigonometric, 66, 176, 344, 911, 948 

irrational, 937 

Jacobi elliptic, 1039 

Jacobi elliptic, connection with Jacobi theta 
functions, 1044 

Jacobi theta, 110, 1043 

Jacobi theta, connection with Jacobi elliptic 
functions, 1044 

Jacobi weight, 793 

Kummer confluent hypergeometric, 272, 1024 
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Lebesgue integrable, 1059, 1061 

left, 594 

Legendre, 270, 1030 

Legendre, associated, 107, 271, 1030-1033 

Legendre, associated, first kind, 1032 

Legendre, associated, second kind, 1032 

Legendre, modified associated, 1033 

Legendre, spherical of first kind, 299 

Legendre, Wronskians, 1034 

logarithmic, 42, 45, 77, 83, 85, 164, 165, 180, 
185, 187, 242, 244, 255, 256, 334, 335, 349, 
351, 353, 905, 943, 955, 965, 980, 985, 992, 
999, 1002 

logarithmic, properties, 906 

MacDonald, 266, 1021 

Mathieu, 1045, 1046 

Mathieu, modified, 1046 

measurable, 1060 

modified associated Legendre, 1033 

modified Bessel, 97, 189, 269, 355, 1021 

modified Bessel, asymptotic expansions, 1022 

modified Bessel, definitions, 1021 

modified Bessel, first kind, 266, 1021 

modified Bessel, integral representations, 1022 

modified Bessel, second kind, 266, 1021 

modified Mathieu, 1046 

multivalued, 711 

Neumann, 1016 

of complicated argument, 227, 346, 254 

one-sided, 594 

parabolic cylinder, 276, 1034 

parabolic cylinder, asymptotic expansions, 1035 

parabolic cylinder, basic formulas, 1034 

parabolic cylinder, definitions, 1034 

parabolic cylinder, integral representations, 
1035 

parabolic cylinder, linear relations, 1035 

parabolic cylinder, Weber, 1034 

power, properties, 905 

power-law, 4, 45, 127, 151, 165, 217, 236, 244, 
301, 326, 335, 419, 951, 963, 983, 989, 998, 
1001 

power-law generating, 557 

psi, 1012, 1013 

rational, 7, 136, 220, 314, 933, 971 

rational, inverse transforms, 506 

Riemann zeta, generalized, 277 

special, 86, 111, 187, 258, 277, 353, 967, 981, 
987, 993, 1000, 1004 

special, properties, 1007 

spherical, Legendre of first kind, 299 

square integrable, 501, 502 

Struve, 264, 299, 516, 518 

summable, 1059, 1061 

summable, integral, 1061 

tangent, 60 

theta, Jacobi, 1043 

total variation, 1055 

Tricomi confluent hypergeometric, 273, 1024, 
1025 
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Tricomi confluent hypergeometric, asymptotic 
expansions, 1024 
Tricomi confluent hypergeometric, integral 
representations, 1024 
trigonometric, 78, 84, 85, 166, 176, 181, 186, 
187, 246, 252, 256, 295, 335, 344, 349, 352, 
353, 564, 907, 922, 944, 956, 966, 981, 986, 
992, 999, 1003 
trigonometric, inverse, 176, 344, 911, 948 
trigonometric, of half argument, 909 
trigonometric, of multiple arguments, 909 
trigonometric, of single argument, relations, 908 
trigonometric, powers, 908 
Weber, 88 
Weber parabolic cylinder, 1034 
Weierstrass elliptic, 1042 
weight, Jacobi, 793 
Whittaker, 1027 
Whittaker confluent hypergeometric, 274, 1027 
function of bounded variation, 1055 
function of real argument 
values in Banach space, continuous, 840 
values in Hilbert space, continuous, 840 
values in space of functions square integrable 
functions, continuous, 841 
values in space of functions square integrable 
over closed bounded set, continuous, 842 
values in space of functions square integrable 
over ring-shaped domain, continuous, 841 
function of several variables, 839 
functional analysis, some notions, 1055 
functional series, infinite, 925 
functional sums, finite, 922 
functions 
coordinate, 693, 697 
measurable, 1060 
of bounded variation, 1055, 1058, 1066 
orthogonal, 582 
power, 905 
real-valued, multidimensional, 839 
with finitely many singular points, 507 
fundamental solution, 881 


G 


Galerkin method, 582 
gamma function, 260, 1012 
incomplete, 88, 260, 1014, 1024, 1025 
logarithmic derivative, 1017, 1021 
Gauss formula, 535 
for double layer potential, 894 
for volume potential, 894 
Gauss hypergeometric functions, 275, 1028 
Gauss transform, 237 
Gaussian hypergeometric equation, 1028 
Gegenbauer polynomials, 1051 
Gelfand—Levitan—Marchenko equation, 900 
general degenerate kernel, 523 
general equation of first kind with Cauchy 
kernel, 745 
general hypersingular equation of first kind with 
Cauchy-type kernel, finite interval, 751 
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general hypersingular equation of first kind with 
Hilbert-type kernel, 751 
general projection problem, 873 
special case, 846, 852, 857, 870 
general scheme 
Bateman method, 689 
method of quadratures, 568 
quadrature method for Fredholm equations of 
second kind, 698 
solving of dual integral equations, 611 
successive approximation method, 566 
general singular equation of first kind with Hilbert 
kernel, 708, 747 
generalization of Fredholm integral operator with 
symmetric kernel, 843 
generalized Abel equation, 519, 527 
first kind, 531 
second kind, 141, 548 
generalized Cauchy kernel, 783 
generalized Fresnel cosine integral, 1012 
generalized Fresnel integral, 1012 
generalized Fresnel sine integral, 1012 
generalized Jentzch theorem, 648 
generalized kernel of integral equation, 783 
generalized Laguerre polynomials, 1047 
generalized Liouville theorem, 595, 714 
generalized Mehler—Fock transform, 271 
generalized Riemann zeta function, 277 
generalized Schlomilch equation, 254 
generating function, 555, 580 
containing cosines, 558 
containing sines, 558 
exponential form, 555 
power-law, 557 
Green’s formula, 895 
Green’s function, 881-883 
growth exponent, 505 


H 


Hammerstein equation, 807, 817, 830 
canonical form, 807 
degenerate kernel, second kind, 817 
first kind, 807 
second kind, 807 
Hammerstein form, Volterra equation, 806 
first kind, 806 
second kind, 816 
Hankel function, 1020 
first kind, 265 
second kind, 265 
Hankel transform, 261, 515, 518 
Parseval’s relation, 515, 516 
Hardy transform, 264 
harmonic function, 893 
Hartley transform, 252, 518 
Hermite functions, 1050 
Hermite interpolation polynomial, 716 
Hermite polynomial, 108, 1024, 1025, 1050 
Hilbert boundary value problem, 742 
Hilbert inversion formula, 746 
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Hilbert kernel, 707, 780 
characteristic equation, 769 
complete singular equation, 759, 780 
equation, 759 
equations of first kind, 746 
Hilbert—Plessner equation, 255 
Hilbert problem, 742 
Hilbert—Schmidt kernel, 841, 843, 845, 853, 855, 
856, 860 
approximate values of eigenvalues, 845 
eigenfunctions, 854, 856, 858, 861, 864, 865 
eigenvalues, 854, 856, 858, 861, 864, 865 
Hilbert-Schmidt operator, 842, 843, 866, 871 
approximation for eigenfunctions, 868, 872 
approximation for eigenvalues, 868, 872 
eigenfunctions, 871 
eigenvalues, 871 
Hilbert-Schmidt theorem, 641, 1069 
Hilbert-Schmidt theory, 843 
Hilbert space, 839, 845, 857, 863, 867, 869, 
1067 
abstract, 873 
basis, 857, 867, 869 
linear operators, 1067, 1068 
special basis, 869 
Hilbert transform, 228, 255, 518, 743 
Hilbert transform on semiaxis, 229 
Hilbert-type kernel, 751, 754 
Holder condition, 709, 1066 
Holder condition on real axis, 575 
Holder constant, 709 
Holder inequality, 1065 
Holder space Ca(0, 1), 1066 
homogeneous integral equation, 301, 502, 539, 
625, 627, 637, 708, 751 
homogeneous problem, 596, 602, 742 
homogeneous problem solution, 720 
homogeneous Wiener—Hopf equation, second 
kind, 672 
Hopf—Fock formula, 683 
hyperbolic cosine, 22, 154, 238, 327 
hyperbolic cotangent, 38, 162, 242, 333 
hyperbolic function, 22, 73, 83, 84, 154, 179, 185, 
186, 238, 255, 327, 334, 348, 351, 352, 564, 
911, 913, 922, 940, 955, 964, 979, 985, 991 
combinations, 164 
half argument, 915 
multiple argument, 915 
hyperbolic nonlinearity, 414, 468 
hyperbolic sine, 28, 156, 238, 329 
hyperbolic tangent, 36, 161, 241, 332 
hypergeometric equation, 1028 
confluent, 1024 
degenerate, 1024 
hypergeometric function, 1028 
confluent, 107, 1024 
confluent, Kummer, 272, 1024 
confluent, Tricomi, 1024, 1025 
confluent, Whittaker, 274, 1027 
confluent, Wronskian, 1026 
Gauss, 275, 1028 
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hypergeometric function (continued) 
Gauss, basic properties, 1028 
Kummer confluent, 272, 1024 
Tricomi confluent, 273 
Whittaker confluent, 274, 1027 
hypergeometric series, 1028 
hypersingular equation, 751 
Cauchy-type kernel, 751, 753 
collocation method, 755 
first kind, Cauchy-type kernel on finite 
interval, 751 
first kind, Hilbert-type kernel, 751 
Hilbert-type kernel, 751, 754 
numerical methods, 754 
simplest of first kind, Cauchy-type kernel, 231, 
753 
simplest of first kind, Hilbert-type kernel, 255, 
754 
hypersingular integral 
definition, 751 
in sense of Hadamard principal value, 752 


identities, integral, 895 
identity operator, 842, 873 
ill-posed problem, 623 
general notions, 623 
incomplete beta function, 1014, 1015 
incomplete elliptic integrals, 1036 
incomplete gamma function, 88, 260, 1014, 1024, 
1025 
incomplete kernel, 578 
incomplete system of eigenfunctions, 640 
indefinite integrals, tables, 933 
independent elements, linearly, 843, 1063 
index, 603, 661, 664 
notion, 716 
index of function, 595 
index of Riemann problem, 596, 731 
index of Wiener—Hopf equation, 661 
inequality 
Cauchy—Schwarz—Bunyakovsky, 501 
Holder, 1063 
triangle, 501 
infinite functional series, 925 
infinite numerical series, 924 
infinite products, 910, 916 
infinite system of linear algebraic equations, 858, 
861, 864, 868, 971 
infinite system of linear algebraic equations with 
symmetric matrix, 850, 853 
influence function, 577, 882 
inner product, 501, 644 
integrable fractional derivative, 531 
integrable function, 501, 502, 1056 
Lebesgue, 1059 
integral 
Cauchy, 708 
Cauchy type, 708 
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Cauchy type, relationships with Fourier 
integral, 592 

complete elliptic, 1035 

complete elliptic, first kind, 1035 

complete elliptic, second kind, 1035 

cosine, 87, 258, 1011 

definite, tables, 951 

Dirichlet—Mehler, 1030 

elliptic, 1035, 1036 

elliptic, complete, 1035 

elliptic, first kind, 1036 

elliptic, incomplete, 1036 

elliptic, second kind, 1036 

elliptic, third kind, 1036 

exponential, 86, 258, 1009, 1010, 1025 

Fourier, left, 594 

Fourier, one-sided, 593, 594 

Fourier, relationships with Cauchy type 
integral, 592 

Fourier, right, 594 

fractional, definition, 529 

fractional, left-sided, 529 

fractional, properties, 530 

fractional, Riemann—Liouville, 529 

fractional, right-sided, 529 

fractional order, 529 

Fresnel, 87, 258, 1011, 1012 

Fresnel, generalized, 1012 

Fresnel cosine, 1012 

Fresnel cosine, generalized, 1012 

Fresnel sine, 1012 

Fresnel sine, generalized, 1012 

hypersingular, definition, 751 

hypersingular, in sense of Hadamard principal 
value, 752 

incomplete elliptic, 1036 

indefinite, tables, 933 

involving arbitrary powers, 939 

involving Bessel functions, 958 

involving exponential functions, 940, 954 

involving hyperbolic functions, 940, 955 

involving inverse trigonometric functions, 948 

involving irrational functions, 937 

involving logarithmic functions, 943, 955 

involving power-law functions, 951 

involving rational functions, 933 

involving trigonometric functions, 944, 956 

Jacobi weight function, 793 

Laplace, 1030 

Lebesgue, 1057 

Lebesgue, definition, 1059 

Lebesgue, properties, 1059 

left Fourier, 594 

logarithmic, 258, 1009, 1010, 1025 

Mehler, 299, 615 

one-sided Fourier, 593, 594 

probability, 1009 

Riemann, 1057 

Riemann-Liouville fractional, 529 

right-sided fractional, 529 
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right Fourier, 594 
sine, 87, 258, 1011 
singular, 709 
singular, principal value, 709 
step-function, 1059 
Stieltjes, 1055, 1056 
Stieltjes, basic definitions, 1055 
Stieltjes, existence theorems, 1056 
Stieltjes, properties, 1056 
summable function, 1059 
integral conditions, auxiliary, 841-843 
integral equation, see equation 
integral identities, 895 
integral operator 
compactness, sufficient condition, 842 
Fredholm, 842 
Fredholm, symmetric kernel, 843 
Hilbert—Schmidt, 842, 843, 866 
positive definite, 842 
positive definite kernel, 843 
Schmidt, 843, 866 
self-adjoint, 842, 843 
spectral radius, 649 
symmetric kernel, 843 
Volterra, 842 
integral representations 
Bessel functions, 1017 
modified Bessel functions, 1022 
parabolic cylinder functions, 1034 
Tricomi confluent hypergeometric functions, 
1024 
integral sum, Stieltjes, 1055 
integral transform, see transform 
integrand 
contain exponential functions, 419 
contain power-law functions, 419 
nonlinearity, 414-416, 418, 420, 422-424, 
467-470, 472-475 
integration 
fractional, 548 
fractional, by parts, 529 
fractional, operator, 529 
fractional, semigroup property, 529 
interior Dirichlet problem, 895 
reduction to integral equations, 895 
interior Neumann problem, 895 
reduction to integral equations, 895 
interpolation nodes, 534 
interpolation polynomial 
Hermite, 716 
Lagrange, 748 
inverse Fourier transform, 512 
inverse hyperbolic functions, 917 
inverse Laplace transforms, tables, 969 
inverse Mellin transform, 510, 1001 
inverse transform 
rational functions, 506 
representation as asymptotic expansions, 509 
representation as convergent series, 509 


INDEX 


inverse trigonometric function, 66, 176, 344, 911, 
948 
inversion formula 
Hilbert, 746 
Kontorovich—Lebedev, 516 
Meijer, 516 
inversion of functions with finitely many singular 
points, 507 
investigation of differential equations, 875 
irrational functions, 937 
iterated kernel, 566, 632 
bilinear series, 642 
iteration process, 811, 814 


J 


Jacobi elliptic function, 1038 
connection with Jacobi theta functions, 1042 
Jacobi polynomials, 1049 
Jacobi theta function, 110, 1042 
connection with Jacobi elliptic functions, 1042 
properties, 1042 
relations and formulas, 1042 
series representation, 1042 
Jacobi weight function, 793 
Jentzch theorem, generalized, 648 
Jordan lemma, 505 
jump problem, 596 


K 


#-transform, 518 
Kadomtsev—Petviashvili equation, 901 
Kellog’s method for finding characteristic values 
in case of symmetric kernel, 645 
kernel 
approximation, 687 
Cauchy, 707, 757 
Cauchy, characteristic equation, 761 
Cauchy, complete singular integral equation, 
757 
Cauchy, generalized, 783 
Cauchy, integral equations, 757 
Cauchy-type, 751, 753 
closed, 578 
complete, 578 
conjugate, 582 
containing arbitrary functions, 111, 191, 278, 
357 
containing arbitrary powers, 12, 139, 223, 317 
containing arccosine, 66, 176, 344 
containing arccotangent, 71, 178, 347 
containing arcsine, 68, 177, 345 
containing arctangent, 70, 178, 346 
containing associated Legendre functions, 107, 
271 
containing Bessel functions, 88, 187, 353 
containing Bessel functions of first kind, 261, 
297 
containing Bessel functions of second kind, 
264, 299 
containing Chebyshev polynomials, 109 
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kernel (continued) 


containing combination of Bessel and modified 
Bessel functions, 269 

containing combination of Bessel functions, 264 

containing combination of elementary functions, 
179, 255, 348 

containing combination of hyperbolic functions, 
39, 164, 334 

containing combination of trigonometric 
functions, 63, 176, 252, 344 

containing combination of various functions, 
565 

containing confluent hypergeometric functions, 
107 

containing cosine, 46, 166, 246, 335 

containing cosine integral, 87 

containing cosine integrals, 258 

containing cotangent, 62, 175, 252, 343 

containing elementary functions, 257 

containing error function, 86, 258 

containing exponential function, 15, 19, 73, 77, 
78, 144, 151, 179-181, 231, 234, 236, 257, 
320, 326, 348, 349 

containing exponential integral, 86, 258 

containing fractional powers, 138 

containing Fresnel integral, 87, 258 

containing gamma function, 260 

containing Gauss hypergeometric function, 275 

containing Hermite polynomial, 108 

containing higher-order polynomial in 
arguments, 6, 133, 311 

containing hyperbolic cosine, 22, 154, 238, 237 

containing hyperbolic cotangent, 38, 162, 242, 
333 

containing hyperbolic function, 22, 73, 83, 84, 
154, 179, 185, 186, 238, 255, 327, 348, 351, 
352 

containing hyperbolic sine, 28, 156, 238, 329 

containing hyperbolic tangent, 36, 161, 241, 
332 

containing incomplete gamma function, 88, 260 

containing integer powers of arguments, 220 

containing inverse trigonometric function, 66, 
176, 344 

containing Jacobi theta functions, 110 

containing Kummer confluent hypergeometric 
function, 272 

containing Laguerre polynomial, 110 

containing Legendre function, 270 

containing Legendre polynomial, 105 

containing Legendre spherical function of first 
kind, 299 

containing logarithmic function, 42, 45, 77, 83, 
85, 164, 165, 180, 185, 187, 242, 244, 255, 
256, 334, 335, 349, 351, 353 

containing logarithmic integral, 258 

containing modified Bessel function, 97, 189, 
355 

containing modified Bessel function of first 
kind, 266 
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containing modified Bessel function of second 
kind, 266 

containing other special function, 111, 277 

containing parabolic cylinder function, 276 

containing power-law function, 4, 19, 45, 127, 
151, 165, 217, 236, 244, 301, 326, 335 

containing rational function, 7, 136, 220, 314 

containing sine, 52, 169, 247, 337 

containing sine integral, 87, 258 

containing special function, 86, 187, 258, 353 

containing square roots, 9, 222 

containing square roots powers, 138 

containing sum of exponential functions, 564 

containing sum of hyperbolic functions, 564 

containing sum of trigonometric functions, 564 

containing tangent, 60, 174, 251, 342 

containing Tricomi confluent hypergeometric 
function, 273 

containing trigonometric function, 46, 78, 84, 
85, 166, 181, 186, 187, 246, 256, 295, 335, 
349, 352, 353 

containing Whittaker confluent hypergeometric 
function, 274 

cubic in arguments, 5, 132, 307 

degenerate, 111, 191, 278, 357, 519, 522, 539, 
540-543, 569, 573, 589, 625, 627, 631, 810, 
817 

degenerate, general, 523 

degenerate, general case, 628 

degenerate, simplest, 627 

difference, 114, 203, 283, 372, 519, 524, 539, 
544, 573, 574, 586, 610, 625, 626, 655, 683 

difference, on entire axis, 655 

difference, with weak singularity, 588 

eigenfunction, 844 

eigenvalue, 844 

Fredholm, 573, 625, 839-841 

Fredholm, positive definite, 840 

Fredholm, positive definite, symmetric, 866 

Fredholm, symmetric definite, 840, 841 

general degenerate, 523 

generalized, 783 

Hilbert, 707, 780 

Hilbert, characteristic equation, 769 

Hilbert, complete singular integral equation, 
759, 780 

Hilbert, integral equations, 759 

Hilbert-Schmidt, 841, 843, 845, 853, 855, 856, 
860 

Hilbert-Schmidt, approximate values of 
eigenvalues, 845 

Hilbert-Schmidt, eigenfunctions, 854, 856, 858, 
861, 864, 865 

Hilbert-Schmidt, eigenvalues, 854, 856, 858, 
864, 865 

Hilbert-type, 751, 754 

incomplete, 578 

iterated, 566, 632 

iterated, bilinear series, 642 

linear in arguments, 4, 127, 217, 301 
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logarithmic, 519, 588 
nondegenerate, 589, 631 
nonnegative, 648 
nonsymmetric, 580, 647 
of integral equation, 519, 573, 625 
of integral transform, 503 
orthogonal, 634 
oscillation, 651 
oscillation, definition, 651 
oscillation, theorems, 651 
polar, 519, 532, 574, 588 
positive definite, 641 
quadratic in arguments, 4, 129, 219, 304 
resolvent, 844 
Schmidt, 582, 841, 848, 851, 859, 860, 862 
simplest degenerate, 627 
singular, weakly, 532 
spectral radius, 649 
stochastic, 654 
symmetric, 573, 577, 625, 639, 645 
symmetric, resolvent, 644 
trace, 646 
transformation, method, 532 
Volterra, 839 
weakly singular, 532 
with logarithmic singularity, 533 
with rational Fourier transforms, 685 
with weak singularity, 519, 532, 574, 588, 625 
Kontorovich—Lebedev inversion formula, 516 
Kontorovich—Lebedev transform, 267, 516, 518 
Korteweg-de Vries equation, 899 
modified, 900 
Krein’s method, 588, 683 
for integral equations, 588 
for Wiener—Hopf equations, 679 
Kummer confluent hypergeometric function, 272, 
1024 
Kummer series, 1024 
Kummer transformation, 1025 


L 


L-norm, 501 
Lagrange interpolation polynomial, 748 
Laguerre polynomial, 110, 1024, 1045 
generalized, 1045 
Lalesco—Picard equation, 323 
Lanczos approximation, 798 
Laplace equation, 893 
potentials, properties, 892 
Laplace integral, 1030 
Laplace transform, 235, 505, 511, 518, 524, 544, 
658, 809 
definition, 505 
inverse, tables, 969 
inversion formula, 505 
properties, 507 
solution method, 524 
tables, 961 
two-side, 234, 518 


INDEX 


large A, solution, 619 
Lavrentiev regularization method, 621 
layer potential, single, 893 
least squares method, 695 
description, 695 
normal system, 695 
Lebedev transform, 269 
Lebesgue integrable function, 1059 
Lebesgue integral, 1057 
definition, 1059 
properties, 1059 
Lebesgue space L,(a, b), 1064 
Lebesgue theorem on dominated convergence, 
1060 
left-sided fractional derivative, 529 
left-sided fractional integral, 529 
left Fourier integral, 594 
left function, 594 
left regularization, 775 
method, 775 
left regularizer, 703 
Legendre equation, 1032 
Legendre functions, 270, 1030 
associated, 107, 271, 1030 
associated, first kind, 1032 
associated, modified, 1033 
associated, second kind, 1032 
modified associated, 1033 
Wronskians, 1034 
Legendre polynomials, 105, 856, 1030 
orthonormal, 844 
Legendre spherical functions, first kind, 299 
lemma, Jordan, 505 
limit theorems, 507 
linear algebraic equations 
infinite system, 858, 861, 864, 868, 971 
infinite system with symmetric matrix, 850, 853 
linear boundary value problems, representation, 
892 
linear equation, 898 
constant integration limits, 502 
first kind, 502 
first kind, constant integration limits, 217, 573 
first kind, variable integration limit, 3 
operator methods, 549 
second kind, 502 
second kind, constant integration limits, 301, 
625 
second kind, variable integration limit, 127 
solution methods, 519, 539, 573, 625 
structure of solutions, 502 
variable integration limit, 502 
linear normed spaces, 1063 
linear operator, 502, 1066 
eigenfunction, 1066 
eigenvalue, 1066 
linear operators in Hilbert spaces, 1065, 1066 
linear ordinary differential equations, 881 
linear relations of parabolic cylinder functions, 
1034 


INDEX 


linear space, 1063 
complex, 1063 
real, 1063 
linear superposition principle, 502 
linearly dependent elements, 1063 
linearly independent elements, 843, 1063 
Liouville theorem, generalized, 714 
Lipschitz condition, 709, 1054, 1057 
local solutions of nonlinear integral equation with 
parameter, 835 
logarithm 
Napierian, base, 905 
natural, base, 905 
logarithmic derivative of gamma function, 1017, 
1021 
logarithmic function, 42, 45, 77, 83, 85, 164, 165, 
180, 185, 187, 242, 244, 255, 256, 334, 335, 
349, 351, 353, 905, 943, 955, 965, 980, 985, 
992, 999, 1002 
properties, 906 
logarithmic integral, 258, 1009, 1010, 1025 
logarithmic kernel, 519, 588 
logarithmic nonlinearity, 419, 472 
logarithmic singularity, 533, 618 
kernel, 533 
Ly, spaces, 1062 
L,(a, b), Lebesgue space, 1064 


MacDonald function, 266, 1021 
mass transfer to particle in fluid flow complicated 
by surface reaction, 888 
Mathieu equation, 1043 
modified, 1045 
Mathieu function, 1043, 1044 
modified, 1043, 1045 
matrix 
eigenvalues, 845, 848, 856, 859, 861, 868, 872 
eigenvectors, orthonormal, 845, 848, 856, 859, 
868, 872 
orthonormal eigenvectors, 845, 848, 856, 859, 
868, 872 
mean-square convergence, 501 
measurable function, 1058 
measurable set, 1060 
integration, 1061 
measure 
full, set, 1058 
zero, set, 1058 
measure of set, 1061 
mechanics, fracture, 791 
Mehler—Fock transform, 270, 518 
generalized, 271 
Mehler integral, 299, 615 
Meijer inversion formula, 516 
Meijer transform, 266, 516, 517 
Mellin transform, 510, 511, 518, 587, 657, 658 
definition, 510 
inverse, 510 
inverse, tables, 1001 
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Mellin transform (continued) 


inversion formula, 510 
properties, 511 
tables, 997 


method 


approximation, successive, 566 

Bateman, 689 

Bateman, general scheme, 689 

Bateman, special cases, 690 

Bubnov-Galerkin, 697 

Bubnov-Galerkin, description, 697 

Carleman, for characteristic equations, 761 

Carleman, for equations of convolution type of 
first kind, 606 

Carleman, for equations with difference 
kernels, 610 

Carleman, for integral equations of convolution 
type of second kind, 660 

collocation, 692, 693, 815 

collocation, for solving hypersingular integral 
equation, 755 

exact, 588 

Galerkin, 582 

Kellog’s, for finding characteristic values in 
case of symmetric kernel, 645 

Krein’s, 588, 683 

Krein’s, for integral equations, 588 

Krein’s, for Wiener-Hopf equations, 679 

Multhopp—Kalandiya, 747 

Newton—Kantorovich, 813, 814, 827 

Newton—Kantorovich, modified, 814, 827 

nonlinear equations with constant integration 
limits, exact, 817 

nonlinear equations with variable integration 
limit, exact, 809 

operator, 549, 654 

operator, for solving integral equations of 
second kind, 654 

Picard, 876 

projection, for solving mixed equations on 
bounded set, 866 

quadrature, 698, 816 829 

quadrature, general scheme, 698 

regularization, 704 

regularization, for complete singular integral 
equations, 772 

regularization, for equations with infinite limits 
of integration, 702 

regularization, Lavrentiev, 621 

regularization, Tikhonov, 622, 829 

solution, Laplace transform, 524 

successive approximation, 566, 811, 826 

successive approximation, general scheme, 566 

successive approximation, resolvent, 566 

Tikhonov regularization, 829 

trace, for approximation of characteristic 
values, 646 

Wiener—Hopf, 671 

Wiener—Hopf, scheme, 676 

Zakharov—Shabat, 898 
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method based on solution of auxiliary equation, 


546 


method for 


solving “quadratic” operator equations, 552 
special Urysohn equations of first kind, 821 
special Urysohn equations of second kind, 822 


method of 


approximating kernel by degenerate one, 687 

differentiating, for integral equations, 820, 564, 
583 

differentiation, 564, 583, 810 

differentiation, for nonlinear equations with 
degenerate kernel, 810 

equidistant surface, 891 

fractional differentiation, 529 

fractional integration, for generalized Abel 
equation, 548 

Fredholm determinants, 635 

Fredholm determinants, 635 

integral transforms, 586, 655, 809, 819 

least squares, 695 

least squares, description, 695 

least squares, normal system, 695 

left regularization, 775 

model solutions, 559, 655, 659 

model solutions, description, 560 

numerical integration of equation for surface 
concentration, 891 

quadratures, 534, 568, 698 

quadratures, algorithm based on trapezoidal 
rule, 536 

quadratures, general scheme, 535, 568 

quadratures, trapezoidal rule, 568 

replacing kernel by degenerate kernel, 687 

right regularization, 775 

successive approximations, 579, 632, 633, 811, 
876 

successive approximations, for ODEs, 876 

transformation of kernel, 532 


methods 


approximate, for nonlinear equations with 
constant integration limits, 826 

approximate, for nonlinear equations with 
variable integration limit, 811 

asymptotic, 618 

asymptotic, for solving equations with 
logarithmic singularity, 618 

exact, for integral equations, 588 

exact, for nonlinear equations with constant 
integration limits, 817 

exact, for nonlinear equations with variable 
integration limit, 809 

for solving complete singular integral equations, 
757 

for solving equations with difference kernels on 
finite interval, 683 

for solving integral equations, 499 

for solving linear equations, 519, 539, 573, 625 

for solving multidimensional mixed integral 
equations, 839 

for solving nonlinear integral equations, 805 
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methods (continued) 
for solving singular integral equations of first 
kind, 707 
integral equations of first kind, 707 
numerical, for hypersingular equations, 754 
numerical, for nonlinear equations with constant 
integration limits, 826 
numerical, for nonlinear equations with variable 
integration limit, 811 
of solving mixed integral equations on finite 
interval, 843 
of solving mixed integral equations on 
ring-shaped domain, 855 
operator, for solving linear integral equations, 
549 
regularization, 621 
minor, Fredholm, 636 
mixed equation, 839 
bounded set, projection method, 866 
circular domain, 841 
closed bounded set, 842 
finite interval, 840 
Hilbert—Schmidt kernel, finite interval, 843 
Hilbert-Schmidt kernel, ring-shaped domain 
and given right-hand side, 855 
multidimensional, 839 
multidimensional, solution methods, 839 
on finite interval, methods of solving, 843 
on ring-shaped domain, methods of solving, 
855 
ring-shaped domain, 841 
Schmidt kernel and auxiliary conditions on 
ring-shaped domain, 862 
Schmidt Kernel and given right-hand side on 
interval, 848 
mixed multidimensional equation 
Fredholm operator, 842 
Schmidt operator, 843 
Schmidt operator, equivalent form, 843 
symmetric Fredholm kernel, 842 
Volterra and Hilbert-Schmidt types operators, 
866 
Volterra and Schmidt types operators, 866 
mixed operator equation, 866, 869 
with given right-hand side, 866 
mixed operator equations with auxiliary condi- 
tions, 869 
mixed two-dimensional equation, Schmidt 
kernel, 841 
Schmidt kernel, equivalent form, 842 
model solution 
cosine-shaped right-hand side, 563 
exponential right-hand side, 561 
power-law right-hand side, 562 
sine-shaped right-hand side, 562 
method, 559, 655, 659 
modified associated Legendre functions, 1033 
modified Bessel equation, 1021 
modified Bessel function, 97, 189, 269, 355, 
1021 
asymptotic expansions, 1022 
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modified Bessel function (continued) 

definitions, 1021 

first kind, 266, 1021 

integral representations, 1022 

second kind, 266, 1021 
modified Korteweg-de Vries equation, 900 
modified Mathieu function, 1043, 1045 
modified Newton—Kantorovich method, 814, 827 
modulus, 278, 583 

complementary, 1036 

elliptic, 1036 
Multhopp—Kalandiya method, 747 
multidimensional domain, 839 

integration, 839 
multidimensional equation, mixed, 839 

Fredholm operator, 842 

integral operators of Volterra and Hilbert— 

Schmidt types, 866 
integral operators of Volterra and Schmidt 
types, 866 

Schmidt operator, 843 

solution methods, 839 

symmetric Fredholm kernel, 842 
multidimensional real-valued functions, 839 
multiply connected domain, 731 
multivalued functions, 711 


N 


Napierian base, 906 
Napierian logarithms, base, 905 
natural logarithms, base, 905 
natural numbers, powers, sums, 919 
Nekrasov equation, 836 
Neumann function, 1016 
Neumann problem 
exterior, reduction to integral equations, 896 
interior, 895 
interior, reduction to integral equations, 895 
Neumann series, 567, 633 
Newton—Kantorovich method, 813, 814, 827 
modified, 814, 827 
nodes 
Chebyshev, 748 
interpolation, 534 
quadrature, 534 
nondegenerate kernel, 589, 631 
nonhomogeneous equation, 502, 539, 627, 708, 
751 
positive solutions, 649 
solution, 642 
nonhomogeneous problem, 604, 742 
solution, 721 
nonhomogeneous Riemann problem, canonical 
function, 605 
nonhomogeneous Wiener—Hopf equation of second 
kind, 677 
nonisothermal flow in plane channel, 884 
nonlinear equation, 807, 834, 899 
bifurcation points, 834, 835 
constant integration limits, 806, 829 
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nonlinear equation (continued) 
constant integration limits, approximate 
methods, 826 
constant integration limits, exact methods, 817 
constant integration limits, numerical methods, 
826 
degenerate kernel, 817 
degenerate kernel, method of differentiation, 
810 
eigenfunctions, 834 
existence theorems, 830 
first kind with constant limits of integration, 
433 
parameter, local solutions, 835 
second kind with variable limit of integration, 
403 
second kind with constant limits of integration, 
453 
solution methods, 805 
uniqueness theorems, 830 
variable limit of integration, 805 
variable limit of integration, approximate 
methods, 811 
variable limit of integration, exact methods, 809 
variable limit of integration, numerical 
methods, 811 
nonlinear operator, eigenfunctions, 834 
nonlinear PDEs, 898 
nonlinear problem of nonisothermal flow in plane 
channel, 884 
nonlinear Volterra integral equation, 805 
nonlinearity, 414-416, 418, 467-470, 472-475 
exponential, 411, 467 
general form, 399, 425, 447, 477 
hyperbolic, 414, 468 
logarithmic, 419, 472 
power-law, 408, 444, 464 
quadratic, 393, 397, 403, 406, 437, 453, 456 
trigonometric, 420, 473 
nonnegative kernels, 648 
nonorthogonal polynomials, 1050 
nonsymmetric kernel, 580, 647 
norm, 501, 644, 839 
Iz, 501 
operator, 1066 
normal system of method of least squares, 695 
normality condition, 596 
normed space, 1063 
linear, 1063 
notion of almost everywhere, 1058 
notion of index, 716 
nth-order differential equations, boundary value 
problems, 882 
nth-order linear ODE, 876 
number e, 905, 906 
numbers, 1007 
Bernoulli, 1008 
Euler, 1008 
natural, powers, sums, 919 
numerical integration, method, 891 
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numerical methods for hypersingular equations, 
754 
numerical methods for nonlinear equations with 
constant integration limits, 826 
numerical methods for nonlinear equations with 
variable limit of integration, 811 
numerical series, 924 
infinite, 924 
numerical solution, singular equations, 799 
generalized kernels, 792 
numerical sums, 921 
finite, 919 


O 


ODE 
first-order, 875, 876 
method of successive approximations, 876 
nth-order, linear, 876 
second-order, 876 

Olevskii transform, 276 

one-dimensional domain, 839 
integration, 839 

one-sided equation, 574, 626 

one-sided Fourier integrals, 593, 594 

one-sided function, 594 

open curves, 734 
Riemann problem, 734 

operator 
compact, 
compact, 
compact, 


842, 843, 1067 

self-adjoint, 843 

self-adjoint positive, 873 

compact, self-adjoint positive definite, 1067 

compact, self-adjoint positive definite, 
eigenvalues, 1067 

Erdélyi—Kober, 532 

Fredholm, 758, 842 

Fredholm, symmetric kernel, generalization, 843 

Hilbert-Schmidt, 842, 843, 866, 871 

Hilbert-Schmidt, approximation for eigenfunc- 
tions, 868, 872 

Hilbert-Schmidt, approximation for eigenvalues, 
868, 872 

Hilbert-Schmidt, eigenfunction, 871 

Hilbert—Schmidt, eigenvalues, 871 

identity, 842, 873 

integral, characteristic, 758 

integral, characteristic, transposed, 758 

integral, compactness, sufficient condition, 842 

integral, continuous, 1066 

integral, domain, 1066 

integral, domain of definition, 1066 

integral, eigenvalues, 867 

integral, positive definite, 842 

integral, self-adjoint, 842, 843, 1067 

integral, self-adjoint, eigenvalues, 1067 

integral, self-adjoint, eigenvectors, 1067 

integral, spectral radius, 649 

integral, spectrum, 1066 

integral, transposed, 758 

integral, transposed characteristic, 758 
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operator (continued) 
integral with positive definite kernel, 843 
integral with symmetric kernel, 843 
linear, 502, 1066 
linear, eigenfunction, 1066 
linear, eigenvalue, 1066 
linear in Hilbert spaces, 1065, 1066 
nonlinear, eigenfunctions, 834 
norm, 1066 
orthogonal projection, 1067 
point, continuous, 1066 
positive definite, 842, 1067 
regular, 758 
regularizing, 703 
Schmidt, 843, 866 
singular, 758 
singular, certain properties, 772 
Volterra, 842, 873 
operator equation 
general projection problem, 873 
general projection problem, 873 
mixed, 866, 869 
mixed with auxiliary conditions, 869 
“quadratic”, 552 
solution, 553 
operator method, 549, 654 
operator method for solving integral equations of 
second kind, 654 
operator of fractional integration, 529 
operator of orthogonal projection, 846, 852, 857, 
563, 870 
order, fractional, integral, 529 
ordinary differential equations, 527, 547, 686 
linear, 881 
orthogonal function, 582 
orthogonal kernels, 634 
orthogonal polynomials, 1045 
system, 795 
orthogonal projection, operator, 846, 852, 857, 
563, 870, 1067 
orthogonal projector, 1067 
orthogonal subspaces, 873 
direct sum, 845, 863, 869 
orthogonal system, 1065 
orthogonal vectors, 1065 
orthogonality properties of Bessel functions, 1019 
orthonormal basis, 855, 856 
orthonormal eigenvectors of matrix, 845, 848, 856, 
859, 868, 872 
orthonormal Legendre polynomials, 844 
orthonormal system, 1065 
complete, 844, 855 
oscillation kernel, 651 
definition, 651 
theorems, 651 


P 


go-function, Weierstrass, 1041 
Paley—Wiener transform, 260 


INDEX 


parabolic cylinder function, 276, 1034 
asymptotic expansions, 1034 
basic formulas, 1034 
definitions, 1034 
integral representations, 1034 
linear relations, 1034 
Weber, 1034 
parameter of integral equation, 625 
parameters, arbitrary, 408, 411, 433, 453 
Parseval’s relation 
Fourier cosine transform, 514 
Fourier sine transform, 515 
Hankel transform, 515, 516 
particular solutions of PDEs, 887 
PDEs, nonlinear, 898 
PDEs with boundary conditions 
third kind, 887 
third kind, reduction to integral equations, 887 
permutator, 654 
Picard—Goursat equation, 134 
Picard method, 876 
Pochhammer symbol, 1007 
Poincaré—Bertrand formula, 714 
point 
bifurcation, 835 
bifurcation of nonlinear integral equations, 834, 
835 
collocation, 693 
cuspidal, 708 
regular, 1066 
singular, 507 
point operator, continuous, 1066 
Poisson’s formula, 1018 
Poisson equation, 894 
polar kernel, 519, 532, 574, 588 
polynomial 
Bernoulli, 1050 
Chebyshev, 109, 1047 
Chebyshev, second kind, 750 
Euler, 1051 
Gegenbauer, 1050 
generalized Laguerre, 1045 
Hermite, 108, 1024, 1025, 1048 
higher-order in arguments, 6, 133, 311 
interpolation, Hermite, 716 
interpolation, Lagrange, 748 
Jacobi, 1049 
Lagrange interpolation, 748 
Laguerre, 110, 1024, 1045 
Laguerre, generalized, 1045 
Legendre, 105, 856, 1030 
Legendre, orthonormal, 844 
nonorthogonal, 1050 
orthogonal, 1045 
orthogonal, system, 795 
orthonormal Legendre, 844 
ultraspherical, 1050 
polynomial form, 553 
positive definite Fredholm kernel, 840 
symmetric, 866 
positive definite integral operator, 842 
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positive definite kernel, 641 
positive definite operator, 1067 
positive eigenvalue, 648 
positive Fredholm kernel, symmetric, 841 
positive solutions of nonhomogeneous integral 
equation, 649 
Post—Widder formula, 510 
potential 
density, 893 
double layer, 893 
double layer, Gauss formula, 894 
equilibrium, 897 
Feller, 226 
Laplace equation, 892 
Laplace equation, properties, 892 
layer, single, 893 
Riesz, 226 
Roben, 897 
single layer, 893 
volume, 893 
volume, Gauss formula, 894 
power-law functions, 4, 45, 127, 151, 165, 217, 
236, 244, 301, 326, 335, 419, 951, 963, 983, 
989, 998, 1001 
power-law generating function, 557 
power-law nonlinearity, 408, 464 
power-law nonlinearity that contain arbitrary 
functions, 444 
power function, 905 
properties, 905 
power series, 925 
expansion, 910, 913, 916, 918 
power series in parameter, 632 
power series of Airy functions, 1023 
powers, arbitrary, 139, 223, 317, 939, 977 
powers, fractional, 138 
powers of natural numbers, sums, 919 
principal value 
curvilinear integral, 712 
singular curvilinear integral, 712 
singular integral, 709 
principle 
linear superposition, 502 
superposition, linear, 502 
principle of argument, 714 
principle of continuity, 714 
probability integral, 1009 
problem 
Abel, 520 
boundary value, first, 895, 896 
boundary value, for nth-order differential 
equations, 882 
boundary value, for ODEs, 877, 881 
boundary value, for second-order differential 
equations, 883 
boundary value, linear, representation, 892 
boundary value, Riemann, 595 
boundary value, second, 895, 897 
Cauchy, for ODEs, reduction to integral 
equations, 875 
Cauchy, for second-order ODEs, 876 
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problem (continued) 


Cauchy, for special nth-order linear ODE, 876 

Dirichlet, exterior, reduction to integral 
equations, 896 

Dirichlet, interior, 895 

Dirichlet, interior, reduction to integral 
equations, 895 

electrostatic, Roben, 897 

factorization, 676, 679 

general projection, 873 

general projection, for operator equation, 873 

general projection, special case, 846, 852, 857, 
870 

Hilbert, 742 

Hilbert, boundary value, 742 

homogeneous, 596, 602, 742 

homogeneous, solution, 720 

ill-posed, 623, 624 

ill-posed, general notions, 623 

interior Dirichlet, 895 

interior Dirichlet, reduction to integral 
equations, 895 

interior Neumann, 895 

interior Neumann, reduction to integral 
equations, 895 

jump, 596 

linear boundary value, representation, 892 

Neumann, exterior, reduction to integral 
equations, 896 

Neumann, interior, 895 

Neumann, interior, reduction to integral 
equations, 895 

nonhomogeneous, 604, 742 

nonhomogeneous, solution, 721 

nonhomogeneous Riemann, canonical function, 
605 

nonlinear of nonisothermal flow in plane 
channel, 884 

projection, general, for operator equation, 873 

projection, general, special case, 846, 852, 857, 
870 

Riemann, 596, 685, 714 

Riemann, boundary value, 595 

Riemann, coefficient, 596, 718 

Riemann, discontinuous coefficient, 739 

Riemann, exceptional cases, 727 

Riemann, for half-plane, 725 

Riemann, for open curves, 734 

Riemann, for real axis, 592 

Riemann, general case, 741 

Riemann, index, 596, 731 

Riemann, multiply connected domain, 731 

Riemann, nonhomogeneous, canonical 
function, 605 

Riemann, open curves, 734 

Riemann, right-hand side, 596, 718 

Riemann, statement, 718 

Riemann, with discontinuous coefficient, 739 

Riemann, with rational coefficients, 723 

Roben electrostatic, 897 

second boundary value, 895, 897 
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problem (continued) 
tautochrone, 520 
well-posed, 623 
well-posed, general notions, 623 
problem of equivalent regularization, 776 
problem with rational coefficients, 601 
process, iteration, 811, 814 
product 
infinite, 910, 916 
inner, 501, 644 
scalar, 839 
progressions, 919, 924 
projection, orthogonal, operator, 846, 852, 857, 
563, 870 
projection method for solving mixed equations on 
bounded set, 866 
projection problem 
general, for operator equation, 873 
general, special case, 846, 852, 857, 870 
projector, orthogonal, 1067 
properties 
basic of Gauss hypergeometric functions, 1028 
certain of singular operators, 772 
orthogonality of Bessel functions, 1019 
property, semigroup of fractional integration, 529 
psi function, 1012, 1013 


Q 


quadratic form, 644 
quadratic nonlinearity, 393, 397, 403, 406 
containing arbitrary functions, 437, 456 
containing arbitrary parameters, 433, 453 
quadrature formula, 534, 793, 815 
quadrature method, 698, 816, 829 
general scheme, 698 
quadrature nodes, 534 
quadratures, method, 534, 568, 698 
method, algorithm based on trapezoidal 
rule, 536 
method, general scheme, 535 


R 


radius 
spectral, estimates, 649 
spectral, of integral operator, 649 
spectral, of kernel, 649 
rational coefficients, 601, 723 
rational Fourier transforms, 685 
rational functions, 7, 136, 220, 314, 933, 971 
inverse transforms, 506 
reaction, surface, 888 
real-valued functions, multidimensional, classes, 
839 
real axis 
Holder condition, 575 
Sokhotski—Plemelj formulas, 713 
real linear space, 1063 
rectangle rule, 534 
recurrent relations, 636 
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reduction formulas, 907, 939, 947 Riemann problem (continued) 
regular operator, 758 for real axis, 592 
regular points, 1066 general case, 741 
regular value, 301, 625, 637 index, 596, 731 
regularization, 774 nonhomogeneous, canonical function, 605 
Carleman—Vekua, 778 right-hand side, 596, 718 
equivalent, problem, 776 statement, 718 
left, 775 with discontinuous coefficient, 739 
left, method, 775 with rational coefficients, 723 
right, 776 Riemann zeta function, generalized, 277 
right, method, 775 Riesz potential, 226 
regularization in exceptional cases, 779 Riesz—Schauder theory, 843 
regularization method, 621, 704 Riesz transform, 226 
complete singular integral equations, 772 right-hand side, 757 
equations with infinite limits of integration, 702 equation, 519, 573, 625 
Lavrentiev, 621 integral equation, 539 
Tikhonov, 622, 829 Riemann problem, 596, 718 
regularizer, 774 special, 555 
left, 703 right-sided fractional derivative, 529 
right, 704 right-sided fractional integral, 529 
regularizing operators, 703 right Fourier integral, 594 
relation right function, 594 
linear of parabolic cylinder functions, 1034 right regularization, 776 
Parseval’s, Fourier cosine transform, 514 method, 775 
Parseval’s, Fourier sine transform, 515 right regularizer, 704 
Parseval’s, Hankel transform, 515, 516 ring-shaped domain, 841, 855, 862 
recurrent, 636 Roben electrostatic problem, 897 
relations between Mellin, Laplace, and Fourier Roben potential, 897 
transforms, 511 roots, square, 138, 222, 975 
remainder, 534 rule 
renewal equation, 203 rectangle, 534 
representation Simpson’s, 534 
Bessel functions, 1017 trapezoidal, 534, 568 
form of infinite products, 910, 916 
Gauss hypergeometric functions, 1028 S 
inverse transforms as asymptotic expansions, 
509 scalar, 1063 
inverse transforms as convergent series, 509 scalar product, 839 
modified Bessel functions, 1022 scalars, field, 1063 
parabolic cylinder functions, 1034 scheme 
series of Jacobi theta functions, 1042 general, Bateman method, 689 
Tricomi confluent hypergeometric functions, general, method of quadratures, 568 
1024 general, successive approximation method, 566 
residual, 692 Schlomilch equation, 254, 452, 825 
residue theorem, Cauchy, 504 generalized, 254 
residues, 504 Schmidt integral operator, 843, 866 
resolvent, 539, 567, 626, 633, 635 Schmidt kernel, 582, 841, 848, 851, 859, 860, 
construction, 633 862 
kernel, 844 Schmidt operator, 866 
symmetric kernel, 644 second-order differential equations, boundary 
results, auxiliary, 784 value problems, 883 
Riemann boundary value problem, 595, 714 second-order ODEs, 876 
Riemann integral, 1057 second boundary value problem, 895, 897 
Riemann-Liouville derivatives, 529 segment, finite, equation, 683, 685 
Riemann-Liouville fractional integrals, 529 self-adjoint operator, 842, 843, 1067 
Riemann problem, 596, 685, 714 eigenvalues, 1067 
coefficient, 596, 718 eigenvectors, 1067 
exceptional cases, 727 semiaxis 
for half-plane, 725 equation, 574, 587, 626, 657 
for multiply connected domain, 731 Hilbert transform, 229 


for open curves, 734 semigroup property of fractional integration, 529 
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sequence of independent Volterra equations, 847, 
858 
sequence of independent Volterra equations of 
second kind, 853, 865, 872 
sequence of Volterra equations, 844, 850, 862 
sequence of Volterra equations of second 
kind, 855 
series 
bilinear, 640 
bilinear, iterated kernels, 642 
convergent, 509 
functional, infinite, 925 
hypergeometric, 1028 
infinite, 919 
infinite functional, 925 
infinite numerical, 924 
Kummer, 1024 
Neumann, 567, 633 
numerical, 924 
numerical, infinite, 924 
power, 913, 925 
power, expansion, 910, 916, 918 
power in parameter, 632 
power of Airy functions, 1023 
trigonometric, in one variable, involving 
cosine, 928 
trigonometric, in one variable, involving 
sine, 927 
trigonometric, in two variables, 930 
series representation of Jacobi theta functions, 
1042 
set, 866 
bounded, closed, 842 
closed bounded, 842 
measurable, 1060 
measure, 1061 
set of full measure, 1058 
set of zero measure, 1058 
sets, measurable, 1060 
measurable, integration, 1061 
zero measure, 1058 
several variables, function, 839 
side 
right-hand, 757 
right-hand, of equation, 519, 573, 625 
right-hand, of integral equation, 539 
right-hand, of Riemann problem, 596 
right-hand, of Riemann problem, 718 
right-hand, special, 555 
simple hypersingular equation of first kind with 
Cauchy-type kernel, 231 
simple hypersingular equation of first kind with 
Hilbert-type kernel, 255 
simplest degenerate kernel, 627 
simplest equation with Cauchy kernel, 743 
simplest hypersingular equation for first kind with 
Hilbert-type kernel, 754 
simplest singular equation of first kind with 
Hilbert kernel, 707, 746 
Simpson’s rule, 534 


INDEX 


sine, 52, 169, 247, 337, 558, 927 


hyperbolic, 28, 156, 238, 329 


sine integral, 87, 258, 1011 

sine transform, Fourier, Parseval’s relation, 515 
single layer potential, 893 

singular curvilinear integral, principal value, 712 


228, 255, 319, 344 

Bueckner type, 801 

Cauchy kernel, complete, 757 

Cauchy kernel, first kind, 707 

complete, 757, 770, 772 

first kind, 743 

generalized kernels, 792 

generalized kernels, direct numerical solution, 
792 

Hilbert kernel, 759 

Hilbert kernel, complete, 759, 780 

numerical solution, 799 

simplest of first kind with Hilbert kernel, 707, 
746 

transposed, 758 

two-dimensional, 231 


singular equations of first kind, 707 
singular integral, 709 


principal value, 709, 712 


singular kernel, weakly, 532 

singular operator, 758 

singular operators, certain properties, 772 
singular points, 507 

singularities, solutions, 783 

singularity 


logarithmic, 533, 618 

logarithmic, kernel, 533 

weak, 574, 588, 625 

weak, kernel, 519, 532, 574, 588, 625 


singularity exponents, 787, 789 
skew-symmetric integral equation, 647 

small X solution, 620 

smooth contour, 708 

Sokhotski—Plemelj formula, 713, 785 
Sokhotski—Plemelj formulas for real axis, 713 
solution 


approximate, 688, 693 

approximation, 854 

convolution representation, 526 

direct numerical of singular integral equations 
with generalized kernels, 792 

exact of simple hypersingular equation with 
Cauchy-type kernel, 753 

exact of simple hypersingular equation with 
Hilbert-type kernel, 754 

fundamental, 881 

homogeneous problem, 720 

integral equations, exact, 1-500 

model, cosine-shaped right-hand side, 563 

model, exponential right-hand side, 561 

model, power-law right-hand side, 562 

model, sine-shaped right-hand side, 562 

nonhomogeneous problem, 721 

numerical, of singular integral equations, 799 
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solution (continued) 


simple hypersingular equation with Cauchy-type 


kernel, exact, 753 
simple hypersingular equation with Hilbert-type 
kernel, exact, 754 
stable, 623 
trivial, 502 
solution method, Laplace transform, 524 
solution method based on Laplace transform, 544 
solution of auxiliary equation, method, 546 
solution of generalized Abel equation, 531 
solution of operator equations of polynomial 
form, 553 
solutions 
closed-form, case of constant coefficients, 770 
closed-form, general case, 771 
fundamental, 881 
local of nonlinear integral equation with 
parameter, 835 
model, method, 559, 655, 659 
particular of PDEs, 887 
positive of nonhomogeneous integral equation, 
649 
solutions of dual integral equations, general 
scheme, 611 
solutions of nonlinear PDEs, representation 
in terms of solutions of linear integral 
equations, 898 
solutions singularities, 783 
solving linear equations, methods, 519, 539 
solving “quadratic” operator equations, 552 
Sonine transform, 114 
space 
Banach, 1065 
basis, 844, 863 
complete, 1065 
complex linear, 1063 
Euclidean, 845, 857, 863, 869, 1065 
Euclidean, basis, 857, 869 
Hilbert, 839, 845, 857, 863, 867, 869, 1065 
Hilbert, abstract, 873 
Hilbert, basis, 857, 867, 869 
Hilbert, linear operators, 1065, 1066 
Hilbert, special basis, 869 
Holder C(O, 1), 1064 
Lebesgue L,(a,b), 1064 
linear, 1063 
linear, complex, 1063 
linear, normed, 1063 
linear, real, 1063 
normed, 1063 
normed linear, 1063 
real linear, 1063 
vector, 1063 
space Ly, 1062 
space of continuous functions C’(a, b), 1064 
space of functions of bounded variation V0, 1), 
1064 
special basis of Hilbert space, 869 
special case of general projection problem, 846, 
852, 857, 870 
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special functions, 86, 111, 187, 258, 277, 353, 
967, 981, 987, 993, 1000, 1004 
calculations, 797 
properties, 1007 
special right-hand side, 555 
special Urysohn equations of first kind, method, 
821 
special Urysohn equations of second kind, 
method, 822 
spectral radius, estimates, 649 
spectral radius of integral operator, 649 
spectral radius of kernel, 649 
spectrum of Fredholm integral equation, 760 
spectrum of operator, 1066 
spherical functions, Legendre of first kind, 299 
square integrable function, 501, 502 
square root, 9, 138, 222, 975 
stable solution, 623 
statement of Riemann problem, 718 
step-function, 1058 
integral, 1059 
Stieltjes integral, 1055, 1056 
basic definitions, 1055 
existence theorems, 1056 
properties, 1056 
Stieltjes integral sum, 1055 
Stieltjes transform, 221 
Stirling formula, 1013 
stochastic kernel, 654 
structure of solutions to linear integral equations, 
502 
Struve function, 264, 299, 516, 518 
subspace, 1063 
orthogonal, 873 
orthogonal, direct sum, 845, 863, 869 
successive approximation method, 566, 579, 632, 
633, 811, 826, 876 
for ODEs, 876 
general scheme, 566 
resolvent, 566 
sufficient condition for compactness of integral 
operator, 842 
sum 
contain binomial coefficients, 920 
contain integers, 920 
finite, 919 
finite functional, 922 
finite numerical, 919 
functional, finite, 922 
integral, Stieltjes, 1055 
involving hyperbolic functions, 922 
involving trigonometric functions, 922 
numerical, 921 
numerical, finite, 919 
of exponential functions, 564 
of hyperbolic functions, 564 
of orthogonal subspaces, direct, 845, 863, 869 
of powers of natural numbers, 919, 920 
of powers of natural numbers, alternating, 920 
of trigonometric functions, 564 
Stieltjes integral, 1055 
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summable function, 1059 

integral, 1059 
superposition principle, linear, 502 
surface, equidistant, method, 891 
surface concentration 


equation, method of numerical integration, 891 


integral equations, 890 
surface reaction, 888 
symbol, Pochhammer, 1007 
symbols, 1007 
symmetric definite Fredholm kernel, 840 
symmetric equation, 639, 647 
Fredholm alternative, 643 


symmetric kernel, 573, 577, 625, 639, 645 


resolvent, 644 


symmetric positive definite Fredholm kernel, 866 


symmetric positive Fredholm kernel, 841 
system 
complete, 1065 
complete orthonormal, 855 
Fredholm integral equations of second 
kind, 701 


infinite of linear algebraic equations, 858, 861, 


864, 868, 971 


infinite of linear algebraic equations with 


symmetric matrix, 850, 853 


normal of method of least squares, 695 


orthogonal, 1065 

orthonormal, 1065 

orthonormal, complete, 855 

Volterra integral equations, 549 
system of characteristic values, 640 
system of eigenfunctions, 640 

complete, 640 

incomplete, 640 
system of equations, 701 

reduction to single equation, 701 


system of Fredholm equations of second kind, 


701 
system of functions 
complete orthonormal, 844 
orthonormal, complete, 844 
system of orthogonal polynomials, 795 


T 


tables of definite integrals, 951 
tables of Fourier cosine transforms, 983 
tables of Fourier sine transforms, 989 
tables of indefinite integrals, 933 
tables of inverse Laplace transforms, 969 
tables of inverse Mellin transforms, 1001 
tables of Laplace transforms, 961 
tables of Mellin transforms, 997 
tangent, 60, 174, 251, 342 
hyperbolic, 36, 161, 241, 332 
tautochrone problem, 520 
terms of potentials, 892 
theorem 
analytic continuation, 595, 714 
Cauchy residue, 504 
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theorem (continued) 
convolution, 507, 513 
existence, 875 
existence, for nonlinear equations, 830 
existence, for Stieltjes integral, 1056 
Fischer—Riesz, 1060 
Fredholm, 637, 702, 777 
Fubini, 1062 
generalized Jentzch, 648 
generalized Liouville, 595, 714 
Hilbert—Schmidt, 641, 1067 
Jentzch, generalized, 648 
Lebesgue on dominated convergence, 1060 
limit, 507 
residue, Cauchy, 504 
uniqueness, 875 
uniqueness, for nonlinear equations, 830 
theory 
Hilbert—Schmidt, 843 
Riesz—Schauder, 843 
theta functions, Jacobi, 110, 1042 
Tikhonov regularization method, 622, 829 
total variation of function, 1053 
trace method for approximation of characteristic 
values, 646 
trace of kernel, 646 
transform 
alternative Fourier, 512 
Boas, 250 
Bochner, 263, 518 
Buchholz, 274 
cosine, Fourier, Parseval’s relation, 514 
Crum, 268 
divisor, 269 
Feller, 226 
Fourier, 235, 511, 512, 518, 658 
Fourier, alternative, 512 
Fourier, asymmetric form, 512 
Fourier, definition, 512 
Fourier, inverse, 512 
Fourier, inversion formula, 512 
Fourier, properties, 513 
Fourier, rational, 685 
Fourier cosine, 514, 518 
Fourier cosine, asymmetric form, 514 
Fourier cosine, Parseval’s relation, 514 
Fourier cosine, tables, 983 
Fourier sine, 514, 518 
Fourier sine, asymmetric form, 515 
Fourier sine, Parseval’s relation, 515 
Fourier sine, tables, 989 
Gauss, 237 
generalized Mehler—Fock, 271 
Hankel, 261, 515, 518 
Hankel, Parseval’s relation, 515, 516 
Hardy, 264 
Hartley, 252, 518 
Hilbert, 228, 255, 518, 743 
Hilbert, on semiaxis, 229 
integral, 503, 515 
integral, kernel, 503 
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transform (continued) 
integral, method, 586, 655, 809, 819 
integral, table, 517 
inverse, 503 
inverse, representation as asymptotic expan- 
sions, 509 
inverse, representation as convergent series, 509 
inverse Fourier, 512 
inverse Laplace, tables, 969 
inverse Mellin, 510 
inverse Mellin, tables, 1001 
inverse of rational functions, 506 
kernel, 503, 586, 655, 809, 819 
Kontorovich—Lebedev, 267, 516, 518 
Laplace, 235, 505, 511, 518, 524, 544, 658, 
809 
Laplace, definition, 505 
Laplace, inverse, tables, 969 
Laplace, inversion formula, 505 
Laplace, properties, 507 
Laplace, solution method, 524 
Laplace, tables, 961 
Laplace, two-side, 234, 518 
Lebedev, 269 
Mehler—Fock, 270, 518 
Mehler—Fock, generalized, 271 
Meijer, 516, 517 
Mellin, 510, 511, 518, 587, 657, 658 
Mellin, definition, 510 
Mellin, inverse, 510 
Mellin, inverse, tables, 1001 
Mellin, inversion formula, 510 
Mellin, properties, 511 
Mellin, tables, 997 
Olevskii, 276 
Paley—Wiener, 260 
rational Fourier, 685 
Riesz, 226 
sine, Fourier, Parseval’s relation, 515 
Sonine, 114 
Stieltjes, 221 
table, 517 
two-side Laplace, 234, 518 
Weber, 265, 518 
Weierstrass, 237, 518 
transformation, Kummer, 1025 
transformation of kernel, method, 532 
transposed characteristic equation, 758 
transposed characteristic operator, 758 
transposed equation, 573, 575, 625, 627, 637 
transposed equation of characteristic equation, 
764 
transposed operator, 758 
transposed singular equation, 758 
trapezoidal rule, 534, 568 
triangle inequality, 501 
Tricomi confluent hypergeometric function, 273, 
1024, 1025 
asymptotic expansions, 1024 
integral representations, 1024 
Tricomi equation, 319, 769 
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Tricomi—Gellerstedt equation, 320 
trigonometric functions, 46, 78, 84, 85, 166, 181, 
186, 187, 246, 252, 256, 295, 335, 344, 349, 
352, 353, 564, 907, 922, 944, 956, 966, 981, 
986, 992, 999, 1003 
addition, 908 
combinations, 176 
inverse, 176, 344, 911, 948 
inverse, addition, 912 
inverse, relations, 912 
inverse, subtraction, 912 
of half argument, 909 
of multiple arguments, 909 
of single argument, relations, 908 
powers, 908 
products, 908 
relationship, 916 
subtraction, 908 
sum, 564 
trigonometric nonlinearity, 420, 473 
trigonometric series 
in one variable, involving cosine, 928 
in one variable, involving sine, 927 
in two variables, 930 
trivial solution, 502 
two-dimensional equation of Abel type, 15 
two-dimensional integral equation, mixed with 
Schmidt kernel, 841 
two-dimensional singular equation, 231 
two-side Laplace transform, 234, 518 
type, convolution, 574, 606, 660, 669 


U 


ultraspherical polynomials, 1050 
undetermined coefficients, 692 
uniqueness theorems, 875 
uniqueness theorems for nonlinear equations, 830 
unknown function of complicated argument, 227, 
246, 254 
Urysohn equation, 806, 832 
first kind, 806, 829 
second kind, 806 
second kind with degenerate kernel, 818 
special of first kind, method, 821 
special of second kind, method, 822 
Urysohn form 
Volterra equation, 805, 811, 814, 816 
Volterra equation, first kind, 805, 815 
Volterra equation, second kind, 805 


V 


value 

approximate of eigenvalues of Hilbert-Schmidt 
kernel, 845 

Cauchy principal, 709 
characteristic, 301, 625, 637, 639, 645, 697 
characteristic, approximation, 646 
characteristic, extremal properties, 644 
characteristic, system, 640 
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value (continued) 
in Banach space, continuous function of real 
argument, 840 
in Hilbert space, continuous function of real 
argument, 840 
in space of functions square integrable over 
closed bounded set, continuous function of 
real argument, 842 
in space of functions square integrable over 
ring-shaped domain, continuous function of 
real argument, 841 
in space of square integrable functions, 
continuous function of real argument, 840 
regular, 301, 625, 637 
variable integration limit, 3, 805, 809, 811 
variable limit of integration, 3, 805, 809, 811 
variable lower integration limit, 537, 570 
variable lower limit of integration, 537, 570 
variables, several, function, 839 
variation, total, of function, 1053 
variation function, bounded, 1056 
vector, 1063 
axioms for addition, 1063 
axioms relating addition of vectors with their 
multiplication by scalars, 1063 
orthogonal, 1065 
vector space, 1063 
Volterra equation, 549, 805, 877 
first kind, 519, 524, 565 
first kind, connection with Volterra equations of 
second kind, 524 
first kind, existence of solution, 519 
first kind, in Hammerstein form, 806 
first kind, in Urysohn form, 805, 815 
first kind, problems, 520 
first kind, uniqueness of solution, 519 
Hammerstein form, 806 
nonlinear, 805 
quadratic nonlinearity, 809 
reduction to Wiener—Hopf equation, 528 
second kind, 524, 539, 565 
second kind, connection with Volterra equations 
of first kind, 524 
second kind, in Urysohn form, 805 
second kind, of Hammerstein form, 816 
second kind, reduction to Volterra equations of 
first kind, 565 
second kind, sequence, 855 
second kind, sequence of independent, 853, 
865, 872 
sequence, 844, 850, 862 
sequence of independent, 847, 858 


INDEX 


Volterra equation (continued) 
systems, 549 
Urysohn form, 805, 811, 814, 816 
Volterra integral operator, 842 
Volterra kernel, 839 
Volterra operator, 873 
volume potential, 893 
Gauss formula, 894 


W 


weak singularity, 574, 588, 625 
kernel, 519, 532, 574, 588, 625 
weakly singular kernel, 532 
Weber function, 88 
Weber parabolic cylinder function, 1034 
Weber transform, 265, 518 
Weierstrass elliptic function, 1041 
Weierstrass go-function, 1041 
Weierstrass transform, 237, 518 
weight function, Jacobi, 793 
well-posed problem, 623 
general notions, 623 
Whittaker confluent hypergeometric function, 274, 
1027 
Whittaker equation, 1027 
Wiener—Hopf equation, 574, 626, 679 
first kind, 285, 538, 574, 606 
Krein’s method, 679 
second kind, 373, 547, 571, 626, 660, 679 
second kind, exceptional case, 678 
second kind, homogeneous, 672 
second kind, index, 661 
second kind, nonhomogeneous, 677 
second kind, solution, 681 
Volterra equation, 528 
Wiener—Hopf method, 671 
scheme, 676 
Wronskian, confluent hypergeometric function, 
1026 
Wronskian, Legendre function, 1034 


Y 


Y-transform, 516, 518 
Y_-transform, 264 


Z 


Zakharov—Shabat method, 898 
zero measure, set, 1058 
zeros of Bessel functions, 1019 


